M.Sc.

FUNCTIONAL ANALYSIS

M.Sc. Mathematics
Paper-VI
MAT-106

Y fRren e
Al TN i fosaidenad
HHTTTR, TCHM-846008



SRR IMEER SRS

. .

1. 0. 96ER oRe= Rig  : FRus, greg Rer Mg, o. 1. Wi fwefeE, s

2. . oo AR : JUas, qed e FRaeE, o. 1. e RsafemE, s

3. M. WA %. AN [T, Eeia o (@9, . . iR ot e

4. 2. . wq. Awh D Tl WHH, FRHIR T e, | . Wi e, am

5. 2. 99 yHE : e s, qrey Ruen e, o. 1. MR et s
NEE T4 qHAIS

q. . &. s@E Ph.D.
frTTeRe, SR T s,
q. 1. R [eataererE, avEm
Dr. Shambhu Prasad-Co-ordinator, DDE, LNMU, Darbhanga

ERRSERA

X e gO-ReafEed agee o, T Rl § 9 W @ §Rd 1. L 9L (3
qTeH) TETHT & [T BH Bled MR T&e X &l 39 W-JARH Ugd ARl Hl AW B gy &
TG T B @ B % B & U g8 @l it SiX Suied &Rl (Functional Analysis)
AE I8 I AR I T THE B
(. FER Rfa= fe)
REHES

TRIS a9 2019

X UG Tl A R B ST og o0 R ewer, &, . R gafid, sme,
A (98R)-846008 & T T ST Tl oI 36 TEhIT H ThIAM (Tosih, 30 frenm Faemem,
qfer AR AR giafdd, s &g ded el afemmdd WL . Rl arn e

DLN-2649-165.00-FUNC ANALYSIS MAT 106 C—-
Typeset at : Atharva Writers, Delhi Printed at :




qiteta STt (teran faeatiEnaer, BHaRsmR, BFPN-846004 (fEMR)
Wil Ga BAA : 06272 - 246506, ATASE : www.ddelnmu.ac.in, $-drer: dde@Inmu.ac.in

frer foremett

gRRel iaw afosg, 1S feeet A T-3FHILMCAD TGH AT #AZ B FecHd qred fesrr
SERTE Fl AT A JGA TGH AW ot JAHA BAA §S FAT TAA &t T 81 forganr &
fop gReer et Jotdt ® AEAH A IR Ut FBRA A fEntErEit et fere e aEr EEEr
B forTer-arg oot AEl R F Bl TepTR Wt Wi BISAS &l BB EA N2 BA & 6
G- AT % 0T I A& A FMIeh (3 STIEN Rz sl

qt. (3T.) Q. ob. s






CONTENTS

Units Page No.
1. Normed Linear Spaces 1
2. Bounded Linear Transformations 23
3. Fundamental Theorems of Functional Analysis 44
4. Continuous Linear Functionals 60
5. Hilbert Space and Its Basic Properties 74
6. Orthogonality and Functionals in Hilbert Spaces 91
7. Operators on Hilbert Spaces 116
8. Projections on a Hilbert Space and Spectral Theory 135
9. The Derivative 154

10. Higher Derivatives 167
11. The Integral in a Banach Space 185
12. Differential Equations 199






CHAPTER -1
NORMED LINEAR SPACES

1.1  Learning Objectives

1.2 Introduction

1.3 Linear (Vector) Spaces
—Normed Linear Spaces

1.4 Basic Concepts of Norm and Normed Spaces
—Norm and Normed Spaces
—Convergence in Normed Linear Spaces
—Summability in Normed Linear Spaces
—Continuity in Normed Linear Spaces
—Allied Spaces to Normed Linear Spaces

1.5 Theorems on Normed Spaces

1.6  Factor (Quotient) Spaces

1.7 Examples of Banach Spaces

1.8  Summary

1.9 Review Questions

1.10  Further Readings

1.1 LEARNING OBJECTIVES
After studying the chapter, students will be able to:

e The theory of normed linear spaces and Banach spaces, and the theory
of linear operators defined on them are the fundamental of functional
analysis.

e In this unit, we discuss basic properties of normed linear spaces and Banach
spaces and give some examples of these spaces.

1.2 INTRODUCTION

Usefull and important spaces are obtained if we take a linear space and define
on it a metric by means of a norm. The resulting space is called a normed linear
space. Normed spaces and metric spaces are special enough to provide a basis for a
rich theory in functional analysis.

Normed Linear Spaces
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Functional Analysis

NOTES

1.3 LINEAR (VECTOR) SPACES

A linear space (or vector spaces) is an additive abelian group L (whose elements
are called vectors) with the property that any scalar o and any vector x can be
combined by an operation called scalar multiplication to yield a vector o x in such
a manner that

@) alx+ty)=oax=ay

(i) (a+p)x=ax+ fx;

(ii1) (af) x = a(pfx)

(v) l.x=x

Alinear space is thus an additive abelian group whose elements can be multiplied

by numbers in a reasonable way. The two primary operations in a linear space-vector
addition and scalar multiplication are called the linear operations.

A linear space is called a real linear space or a complex linear space according
as the scalars are the real numbers or the complex number.

1.4 BASIC CONCEPTS OF NORM AND NORMED SPACES

NoRrM AND NORMED SPACE

If N be a real or complex linear (vector) space and || .|| be a function from N
into R (set of reals) i.e. || .||: # = R or x — || x|| with x € N, then the non-negative
real number || x|| regarded as the length of the vector x and said to be the Norm on
N and the pair (N, || .||) is called as Normed linear space, provided for all x, ye N
aeR (or C), the following axioms are satisfied:

N, x|l =0, ifx=#0
N, :|[x][=0&<x=0
Nyl x Ayl < xl[ { v
Ny :llacx]| = Jec || x|l

The function|| .|| becomes a semi-norm and the corresponding space becomes
semi-normed linear space if N, is replaced by

Mlpll:x=0=x=0

Example: The metric space induced by the metric d (x, y) =|| x — || is a normed

linear space.

CONVERGENCE IN NORMED LINEAR SPACE

Definition: A sequence < x, > in N i.e., normed linear space (N, || .|| is said to
converge to an element x, € N if )iven arbitrary € > 0, 3 a positive number (integer)
ny S.t

Self-Instructional Material



nzn,=x,|x,—xll <€

and we write lim x_|=x, or x— x,asn — o i.e.,
n—owo 0 0

Thus x, — x, iff||x —x,|| =0

Definition: A sequence < x> in 7 is said to be a Cauchy sequence if )iven
€ > 03 apositive integer n,, such that

mnzn,=|x —x|<e.

Definition: A sequence < x, >in N is said to be bounded if 3 a real constant
K>0S8t x| <K forall V.

Definition: If every Cauchy sequence < x, > in Nis convergent i.e. if V. Cauchy
sequence < x, > in N3 an element x, € N S.t. x, — x,;, then the normed linear space
is said to be complete.

SUMMABILITY IN NORMED LINEAR SPACES

A series 2 /f,, of functions in a normed linear space N is summable to a sum s

in AV, if the sequence of partial sums of the series converges, S.t.

n
S—Zfl.H—>O as n—> o

ie. s = Z f;
i=1
The series Z /,, 1s absolutely summable if 2 Il f Il < o0
i=1

ConNTINUITY IN NORMED LINEAR SPACE

If N, M be two normed linear spaces, then a function f: N — M is continuous
atx,e Niffx—x,V € >0,3a6>0St

[x=xoll <&=/()—f(x)ll <e.
The function fis continuous on N iff fis continuous at each point of N.

In other words, /: N — M is continuous at x,€ N iff Vsequence <x, >in N
converging to x, € N, the sequence < f(x,) > in M converges to /' (x,) € M i.e., iff x,
= x, = f(x,) > f(x))

In case of three topological spaces X, Y, Z the continuous function /: X x ¥V

into

——> Z is jointly continuous in x and y if (x, y) = z. In other words, if

f(x,,y,) = f(x,y) wheneverx, — x,y, — yasn —> .

Normed Linear Spaces
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ALLIED SPACES TO NORMED LINEAR SPACES
Banach Space: A complete normed linear space is known as a Banach space.

Function Space: A function space is the metric space which is linear space
with elements as functions defined as x(# ¢) with addition and multiplication, i.e.,
Jix=>R:(f+g) ) =f(x)+g (x)and (o f) (x) = o f (x).

n-Dimensional Enclidean Space: If R” be a set of all ordered n-tuples x = (x,,

X,,..... X,) of real numbers, S.t. R" is a real linear space with additive and multiplicative

operations such as

x+y=x;+y, X, + Y, X, + ) Where y = (y,, ¥55ereo, ¥,) @and a0 x = (@ X,
o Xy,...., @ X,) so that 0 = (0, 0,.....,0) and —x = (—x,, —x,,..., —x,) etc. then R" is a

n-dimensional space. We can regard R” as composed of real functions f defined on

12
known as Euclidean norm, then normed linear

space R" is called n-dimensional Euclidern space.

n-Dimensional Unitary Space: The set C" of all n-tuples z = (z,, z,,...., z,) of
complex numbers constitutes a complex Banach space w.r.t. operations of addition

and scalar multiplication and the norm given by

n

2 |Zi’2 12

i=1

2]l =

It is known as an n-dimensional unitary space.

1.5 THEOREMS ON NORMED SPACES

Theorem 1: If N be a normed linear space and x, y € N, then

Xl =11 yIF < lx =y
Proof: We can write
x| =[x =y) +yli<llx =yl +ll¥ll by N;
giving [ x| =[[y[|<[[x = ]| (1)
and [[y[| =] (v = x) + x| <[[ y = x[| +[| x|, giving
Iyl =llxll<[ly = x[| =[| ==
=[=1[[x=yl[  byN,

=[x =yl

Self-Instructional Material



or [yl =llxl[<[lx =yl -(2)
S (Dyand (2) = [[[x]|=[[y[[<]lx = y.
Theorem 2: Every normed linear space is a metric space.
Proof: Let N be a normed linear space and let
d: Nx N — R defined by d (x, y) =||x— ||
[M]x,ye N=>x-yeN=[(x-»)[=20 (byN))

=d(x,y)=>0
M)l d(x,y)=0<|x-y]|=0
Sx-y=0 (by N,)
Sx=y
[Mi]d (x,y) =[x =yl =[[1) =2
= [=1[{ly = x| (by Ny )
= lly=xll=d(,x)

[M,]d G, p)=llx=yll=llx=-z+z-)]
< llx=zll +lz=yll (by Ny)
=d(x,z)+d(z,)

It follows that d is a metric and hence N is a metric space.

Theorem 3: If N be a normed linear space with the norm/|| .||, then the mapping
fiN—>RSt f(x)= | x| is continuous. In other words, the norm ||.|| on N is a

continuous function.

Proof: Taking a sequence <x, >in N S.it. x, - x € N, as n — o0, we have by

Theorem 1,
f(x,) =) =[x, [l = I x|
<|lx,—x|]| >0as n—oo
f(x,) = f(x)asn— o = fis continuous.
Theorem 4: Every convergent sequence in a normed linear space is a Cauchy
sequence.

Proof: Assuming that a sequence < x, > in a normed linear space N converges

to x, € N. We claim that < x> is a Cauchy sequence.

Given € > 0, and the sequence < x, > — x, 3 a positive integer n, S.t.

Normed Linear Spaces

NOTES
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€
nzn,=e€llx, —x,l <?

so that for all m, n > n, we have

<[lx, = Xoll +llxg —x,[l  byn,
S S

< —+ —=¢
2 2

ie.,||x <x | <e€= thesequence <x > isa Cauchy sequence.
m n n

Note: Its converse is not true, i.e., every Cauchy sequence (particularly in a

metric space) is not convergent.

Consider a metric d (x, y) = x — y in a space x = (0, 1). Then The sequence < x,
1 . . 1 1
>=<->exis clearly a Cauchy sequence, since d (x, y)=|x, — x, | = ‘;— Z‘ —0 as
1 1
m,n—)oo,butd(;, O)Z‘;‘ — 0 as n — oo with 0 ¢ X shows that <x_ >in Xis
not necessarily a convergent sequence.

Theorem 5: The limit of a convergent sequence is unique.

Proof: Consider a convergent sequence < x, >in a normed linear space N,

converging to two limits x, y S.t. x # y i.e., <x, > —> xas wellas<x, > — y. Then||

x —x|—>0and[[x —y|[->0asn—>o. (1)
Now [[x—yll =llx-x,+x, -l
<llx=x, /I +lx, = by N,
< =1, =x (] +[[x, = ¥l by N,

<0Oby(l)asn —> o0
[x=y[=0=x-y=0 by N,

= || x=y]|| i.e., the limit of < x > in N is unique

1 1 b
Lemma 6: If P> 1 and ; + ;, then a,b >0 = al/r b1/a< % + ; where the

sign of equality holds iff a” = b1.
Proof: For a = 0 or b = 0, the result is obvious. Therefore taking a >0, b > 0

and ke (0, 1),1.e.,0< k< 1, set a function

f®)=1-k+kt—tfor T>0 (1)

Self-Instructional Material



a Normed Linear Spaces

and k= ng

1
p’
fO=kt-1)-F*+1=f(1)=0 ..(2)
NOTES
O =k—ki*'=k(1-¢#1
sothat f"(r)<0,for0<ft< 1
f')>0,T>1
For 0 < ¢t< 1 and some ¢ S.t. T< ¢ < 1, the mean value theorem of differential

calculus yields

%zf’(c) =Sf()-fO=f'()1-fH)<0forl—¢>0andf'(c)<0
= S@>f(1) ..(3)
for 7> 1 and some d S't., 1 < d < t, the mean value theorem gives

f(t)t:#zf’(d):f(t)—f(l)zf'(d)(t— 1)>0forT—1>0andf"(d)>0
=  fO>f1) -(4)
Thus (3) and (4) = f(£) > f (1) either T< 1 or T> 1 but T 1 ..(5)
and f(O=k(t-1)-t*+1=f(f)=0forT=1 ...(6)
Also 2)and (5) = f(f)>0for T# 1 (7)

- (6)and (7) = f(£) = 0 for T> 0
=  (-K+k-£20

=N *<kt+(1—k) forT>0 (8
aWw__1la 1
= (b ~ pb o p
al/P<_a+b 1
- ofgf e gy
1 1
. al’r pla < £+£ as |l-—=— (9)
b q p P

Corollary: If we set 7= a’b™? in (8), other assumptions being the same, then

we get

1
= apb*‘?—SLapb*q-ir1—L
p p p

Self-Instructional Material 7
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r 1 1
or ab - g<—a? b1+ 1——
P P

Multiplying both sides by b9, this reduces to

ab1 - < g
P q
P b
or ab£%+7 ..(10)

Now to show that the sign of equality holds iff @’ = b%, we have

P b 1 bi a5 bi 1 1
= 2 = :> - = _ -
a ap p a‘ p paSq P
1 1
or a.ap=br =>a=(ab)p = a’=ab
Similarly b7 = ab
Y b ab 1 1 1 1
< —:a—+a—:ab(—+—=ab as—+—=1
P 49 P 4 Y2 4
P be
ie. ab="=""
P 4

which follows that the sign of equality holds if a” = b4
Theorem 7 [Holder’s Inequality]:

If x = (x, x,, ..., x,) and y = (y,, ¥,...., ¥,) be two n-tuples of scalars (real or

complex), then under the norm

n

I, =| 35 ke

i=1

1/q
, we have the inequality

1p {z% "

n

§|xtyi13

Up [ < 1/g
{z; b’ﬂ , we have the inequality

2 e

=%, Iy,
1 1
where 1 <p <ooand —+ —.
P 9

Proof: For x =0, y = 0, the result is obvious. We therefore consider the case

when x= 0, y # 0.

The inequality (10) of Lemma 6 for a, > 0, b, > 0 yields

a b <L (1)



_ i

Setting @, =——and b, =

IIX1| il

|x,‘| Iyl| <l |xi|p +l lyi|q
I, T, ~ 2 D5z 2 [l

summing over 7 from 1 to n, we find

ZIWI

, (1) reduces to

g > Iy

nww@” IH IM$_
12+ ——— ¢
wa |wq
n l/p n
fastial, = X lep] =l = X
R
p p
or Bl <l 3l since ) )= @)

Note: The theorem is also true for sequence x=<x, >, y=<y >s.t.

Z |x, [P < oo, 2 |y [P |< oo for P> 1
n=1 i=1

Corollary: For P =2, ¢ = 2 the inequality (2) reduces to
u ! 12
> (S (S i)

=[xl 111 -(3)
Theorem 8 [Minkowski’s Inequality]:

172

If x = (x, Xp,..., x,) and y = (y,, ¥,, ..., ¥,) be two n-tuples of real or complex

numbers, then under the norm

Zuw

l14l,, = P21

We have the inequality
e+l <, + I,

i 1/p
D P
i=1

” 1/ " 1/
guﬁwyps -{gwﬂp

1e.,

Self-Instructional Material
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where 1 < p < .

n

Proof: For P=1, ||x||p = {2 e P

i=1

n

=l 2o

i=1

n n n
so that [[x + )1, = 2 b, + v/ < Db/ + 2yl by
i=1 i=1 i=1

or b+l <[l + 115,

which shows that the inequality holds for P = 1.

1 1
Taking P > 1 and setting 7 =1 ) so that ¢ > 1, we have
lx+yll? = 25 b+ yp
i=1

= IZ] |xi+yl'| |xi_|_yi|p—l
= Zl{|x,-+y,.|} e,y

n n
< 2 e b+t Z wllx,+yP-1 byN,
i=1 i=1

IA

n
[2 oy
i=1

p [ & 1/q
e
i=1

v [2 v

p 1 & 1/q
{2 b, + 1~ 1)} by Holder’s inequality
i=1

" l/q " 1/q
= sl X1+ | bt
et 1L o
smce —=1—— — =
q P q p

= e, 1 [ 3 e ]

/
il + Il e + 12



- 1 1
or x4yl Pl vl where P~ £ =1 )= P

or  lx+yl, <lxl,+ vl

Note: The Theorem is also true for sequences x=<x >, y=<y >

n n
s.t. 2 [P < oo, 2 v, [P <o, for P> 1.
i=1 i=1

1.6 FACTOR (QUOTIENT) SPACES

If M be a subspace of a vector space N, then 3 an equivalence relation between

any two vectors x, ye Nie.,x ~yiff x —y € M, since this relation is:
Reflexiveie., x~xasx—x=0e M
Symmetrici.e.,x~y=y~xasx—ye M
=-(x-y)=y-xe M
Transitive i.e., x~y,y~z=>x~zas
x—-ye Mandy—-ze M=>x-y+y—-z=x—ze M
.. Vectors x, y being equivalent under ‘~’ =>x—-ye M.

Thus N is divided into mutually disjoint equivalence classes. We denote the set
N
of all such equivalence classes by R

Let [x] denote the equivalence class which contains the element x. Thus

[x]=iy~xt={y:y—-xe M}

= {y:y—x=m for some me M}

={y:y=x+mforsomeme M}={x+m:me M}

Thus [x] is the set of all sums of x and elements of M. The set [x] is called the
coset of M determined by x and is usually written as x + M. In % M, we define
addition and scalar multiplication by (x + M) + ¢ + M\)=(x+y)+ M;x,ye N

o (x+M)=(ax)+ M, ae Fover which n is defined.

Here % is a vector (linear) space w.r.t. addition and scalar multiplication. Also

N
N is anormed N linear space and exhibits a norm for Y2 The zero element of n /M

1s0+M=M.

Normed Linear Spaces

NOTES
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Functional Analysis . N .
The set of all such equivalence classes {x+ M : xe N} referred as §Y: is known

as the Factor space or Quotient space of n w.r.t. N.

NOTES Our next theorem shows that if M be a closed linear suspance in a normed linear

N . .
space N, then EY: can be made into a normed linear space.

Theorem 9: If M be a closed subspace of a normed linear space N and if the

N
norm of a coset x + M is the quotient space 52 is defined by

IIx+ M| = Inf. {|x +m| :me M},
N . . .
then §V2 is a normed linear space. Also if n is complex (Banach space), then

soisl
I

Proof: We verify all the postulates for a norm. [N, ] since |x + m|| is a non-
negative real number and every set of non-negative real numbers is bounded below,

it follows that inf {||x + m|| : m € M}exists and is non-negative, that is

Ix+M|=0V xe N.
N
[N,] : Letx+ M= M (the zero element ofﬁ ). Thenx e M.

Hence |x+ M| =inf {|x+m| :me M,xe M}
=inf {||ly|l:ye M} =0
-+ M being a subspace contains zero vector whose norm is real number 0]
Thus x+ M=M= |x+ M| =0
Conversely, we have
IIx+m|=0=inf|x+m||:me M} =0
= there exists a sequence <m, >7_ in M

Such that |jx + m,|| — 0 as k — o

= lim m,=—x
k—0
= -xeM

[Since M is closed and < m, > is sequence in M converging to — x]

xe M .+ M is a subspace]

N
= X + M = M (the zero element of ﬁ)

12 Self-Instructional Material



Thus we have shown that Normed Linear Spaces

N
x+M|=0=x+M=M (the zero element ofﬁ)

N
[N;] © Letx+M,y+ Mﬁ’ then NOTES

[[(x+ M)+ (y+M)=(x+y)+ M| by definition of addition of coset
=inf {|x+y+m| :me Mr (1)
=inf{|x+y+m+m|:me M,m € Mr ..(2)

[ M is a subspace, the sets in (1) and (2) are the same]
=inf {||[x+m)+(y+m'):m,m e M}
<inf {|x+m||+|y+m'||:m,m' € M}

[Using N, for N, since x + m,y + m' € N]
=inf{|x+m|:me M} +inf {|[y+m'||: me M}
=[P+ M| + [ly + M]|
N, : |la(x+M)=inf {|lax+m| :me M}

sincea(x+M):ax+Min%
=inf{|lax+m|:me M} ifa+0
=inf {|a||x+m| :me M}
=|afinf|x+m|:me M}
= lof e + M|

For a = 0, the result is obvious.
N . .
Hence 53 is a normed linear space.

R . N .
We now prove that if N is complete, then so is EYa Suppose that<x + M >isa
. N . . .
Cauchy sequence in EYa Then to show that<x + M > is convergent, it is sufficient

to prove that this sequence has convergent subsequence.

We can easily find a subsequence of the original Cauchy sequence for a fixed

n S.t.

1
ey + M) = Gy + M| <

Self-Instructional Material 13



Functional Analysis 1
ey + M) = ey + M| < 55
NOTES -
105, + M) = (x5, + M) <
. . . N . .
We prove that this sequence is convergent in B2 We begin by choosing any

. : . 1
victory y, inx, + M, and we select y, in x, + M such thaty, — y, < > We next select

. 1 e .
a vector y, in x; + M. Such that ||y, — ;|| < 5 containing in this way, we obtain a
. 1
sequence {y,} g in Nsuch that [y —y,  ,lI< o
Thus for m < n, we have
”ym_ynH = H(ym_ym+1)+ (ym+1 _ym+2)+ et (yn_l _yn)H

H.ym_ym-{_IH + |b)m+l_ym+2|| +..t ||.yn_l_yn||

1 1 1
<2_m+2m+1+""+2n—1
—L{l LI }
_Zm 2 T on—m—1

1y—-m
-]
SN P e 1 I U P
om 1 i 2m+1 on—m
2
< —>0as m— o,
2m—1

which follows that <y, > is a Cauchy sequence in N.
Since Nis complete, there exists a vector y in N such thaty, — y. It now follows from

Ny, +M)—@+M)| <y, —y|—>0a n—>o

. . N N .
thaty + M —y+ M . ir,y, + M converges to y + M in Y Hence Y2 1S
complete.

1.7 EXAMPLES OF BANACH SPACES

We now describe some of the main examples of Banach spaces. In each of these,
the linear operations are understood to be defined eithr co-ordinatewise or pointwise,
which ever is appropriate in the circumstances.

14  Self-Instructional Material



Example 1: Show that the linear spaces R (real) and C (complex) are normed Normed Linear Spaces

linear spaces under the norm ||x|| = |x|, xe R or C as the case may be.
Also show that these spaces are complete and hence Banach spaces.
Solution: R is a normed linear space, since NOTES
N, :|lx[[20= x>0, whichis so,V xe R
N,:|X|=0=x=0<x=0,Vxe R
Nyl +yll=pe+y < bl + =[xl + [ V x,y€ R
N, |l x|| = lla x|| = |of [x| = | ||x]|, o being real or complex.
Similarly C is a normed linear space, since
N x| 20= x| 20,V xeC
Ny l[=0&= =0 x=0VxeC
N, :x,ye Candx,y being their conjugates (complex),
We have
K+yP=@+nE+y)= (x+y) (x +y)=xX +yy +xp +xp
< |x*+ [y + 2 [xy }, by properties of complex quantities.
= P>+ DI + 21 ] as [y ] = Dy
= ([ + )
giving [x +y| < x| + [y
= eyl < il + [l
N, lox|| = | [|x| = |a| |x| = a [|x]|, a being real or complex.
By Theorem 4, every convergent sequence in a normed linear space being a

Cauchy sequence, the real (R) or complex (C) normed linear space is complete and

hence a Banach space.

Example 2: Show that the linear spaces R” (Euclidean) and C" (Unitary) of
n-tuples x = (x,, x,,...., x,) of real and complex numbers are Banach space under the

norm
n 1/2
I + {Z |x,-|2}
i=1

Solution: N, : Since each |x| > 0, we have ||x[| > 0

N, lxll=0e Z;Ixi|2=0c>xi:0,i:1,2, ...... n

Self-Instructional Material 15



Functional Analysis = (x], Xogeunens xn) =0

Then
NOTES N, : Letx = (x, x,,...., x,) and
Y= Vyoerrs ¥+ be any two members of C* (or R").
o+ V1P = 1062 Xy X,) + G Y 2

1, + Y1 Xy + Vg e X, + )|

n n
= Dl = Dy I+
i=1 i=1

n

b+ 2= 2 k4] x.+ )

i=1

IA
1 =

N

IA

1

: e + 2l kel + i)

N

1

n
= Dyl ]+ D0+ )
1 i=1

= [[Ge + Yl [xll + [ + ¥ [Wll, by Cauchy’s inequality.
= [+ A (Pl + [l
If ||x + y|| = 0, then the above is evidently true. If ||x + y|| # 0
Then we can divide both sides by it to obtain
e 4yl < [lel[ + [l
N,: lloe x| = [lee (xy, X55ennes X))
= |la xp,0 X500 xn||
_ {; " xi|2}1/2= {; o |xl.|2}1/2

1/

n
2
~ lof [Z | 1ol
i=1

Thus C" and R" are normed linear spaces. Again to show that the normal linear

0

spaces R" and C" are complete, consider a Cauchy sequence <x, >%_ |, i.e., <X,

Xy, weny X,... > Of points in R” or C", so that x; being an n-tuple of real or complex

numbers, we can write
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X, = (ex(’") , xz(’”), s xn(’”)
so that x,™ is the k" co-ordinate of x . Let € > 0 be given. Since <x > isa
Cauchy sequence, there exists a positive integer m,, such that

Im2my=|lx —x|l<e =, —|x|*<e?

i 1/2
= D | —x0f| <&
i=1

= ‘xi('”) - xl.(l)‘ <e
This shows that the sequence < xi(’") >® _, 1s a Cauchy sequence of complex

(or real) numbers for so that each fixed but arbitrary i.

Since C (or R ) is complete, each of these sequences converges to a point, say
z;in C (or R) so that

lim =x™ =z (i=1,2,..,n) (2

m—»0
We now show that the Cauchy sequence < x, > converges to the point z = (z,,
Zyyeess Z,) € C" (O R™). To prove this, we let L — oo in (1). Then by (2), for m 2 m,,

we obtain

n
_Zl =M _z]<e?= |k, —zP<e2= |k, —z|<e
=
It follows that the Cauchy sequence < x, > converges to z € C" (or R"). Hence

(C"and R" are complete spaces and consequently they are Banach spaces.

Example 3: Let P be a real number such that 1 < p < . Show that the space
l’; of all n-tuples of scalars with the norm defined by

i, = {2 et

is a Banach space.
Solution: Let x = (x|, x,, ..., x,) and y = (¥}, ¥,, ..., ¥, + and let a be any scalar.

Then it is understood here that l’; is a linear space with respect to the operations, x
+y=0;+ypx,+y,)and ax=(ax,, ..., ax,). We now show that /2 is a normed

linear space.

N, ||x||p > 0, obvious since |x;| > 0 for each

Normed Linear Spaces

NOTES

Self-Instructional Material
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Functional Analysis n l/p
} B O

N, : ||, =0 < {2} b

NOTES & D k=0
i=1

<=0, (=1,2,...,n)
<=0, i=1,2,...n
S x=(x), Xy x,) =0
Ny e+ y||p < ||x||p + |[y||p, by Minkowski’s inequality.
N, le x||p: llo (xy, x5, ....,xn)||p
= (ax,a xz,....,axn)p
n n

~[Ziaxt = (D)

i=1 i=1

~farZmr)”

" 1/p
— e { X e} = el I,
1

=1
Thus lz is a normed linear space.

Again to show that ll’; is complete, let <x, >* | be a Cauchy sequence in IZ'

Since each x, is an n-tuple of scalars, for convenience, we shall write
— m m m
x, = (X", )", X)),
Let € > 0 be given. Since <x, > is a Cauchy sequence, there exists a positive

integer m,, such that

Lmzmy=|x, - x|, <e =[x, - x|/ <e?
C p
= D lxm -z <er (1)
i=1
p .
= [xm—xW <er (i=1,2,..,n)

= e —xf <e
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This shows that for fixed but arbitrary i, the sequence < xl.(’") >»_, is a Cauchy
sequence in C (or R ) is complete, each of these sequences converges to a point, say
z, in C (or R ) so that

lim xM=z (i=1,2,..,n) .(2)

m—> 0

It will now be shown that the Cauchy sequence < x, > converses to the point z
= (24,250, 2,) € l’;. To prove this, we let/ — oo (1). Then by (2), for m = m,,, we obtain

n
p
Zl‘xi(’")—zl.‘ <el = ||xm—z||1;< ep
P
=[x, —zll<e

It follows that the Cauchy sequence < x, > converges to z € l’; . Hence l’; is
complete and therefore it is a Banach spaces.

Example 4: Consider the linear space of all n-tuples x = (x,, x,, ..., x, ) of scalars
and define the norm by |lx[|, = max {[x,, [x,|, ..., x|}

This space is usually denoted by the symbol /% . Show that (/" , ||.|| ) is a Banach

space.
Solution: We first prove that /" is a normed linear space.

N.

| - since each |x | > 0, we have||x]| , > 0.

N, o lx[],, =0 < max {|x,], |x,], ..., |x,[} =0
< fx[=0,[x,|=0,..,x,| =0
<x,=0,x,=0,..,x,=0
S (Xy, Xy, o0y X,) =0
&x=0

N, letx = (x}, Xp50i0s X,), Y= (V5 Vos o0 V)

Then  |[|x+ y[|,,=max {|x; + [, )y + ¥,ls coves I, + 3, [}

<max [+ |, beol + 1l s b, [+ 1,1

< max {‘x1|9 |X2|, ceee ’Xn|} + max {|y1‘5 |y2|a seees |yn’}
= |Ixl],, + Wl
N,: If ais any scalar, then

ot x]],, = max {lax,[, o3, e, [}

Normed Linear Spaces

NOTES

Self-Instructional Material
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Functional Analysis = max {|a| ‘x]’, || |x2|’ ey | ’xn‘}
= |a| max {|x1|9 |x2|7 AR |Xn|}
= |af [[x]],
NOTES
Hence /" is a normed linear space. We now show that it is a complete space.
Let<x, >*_, be any Cauchy sequence in /" . Since each x  is an n-tuple of scalars,
we shall write.
X, = (xl(m), xz(’"), s X, (m))
Let € >0 be given. Then there exits a positive integer m, such that /, m

>my=|lx, - x|, <€
= max {‘xl(’”) —xl(l)‘, ‘xz(m) —xz(l)‘, - ‘xn(’") —xn(l)‘} <e (1)

= |xl.(’”), xl.(’)‘ <e, i=1,2,..,N.

This shows that for fixed 7, < xl.(’”) >*_, is a Cauchy sequence of complex or
real numbers. Since C (or R) is complete, it must converges to some z, € C (or R).
We assert that the Cauchy sequence < x, > converges to z= (z,, z,,...., z, ). The prove
this, we let / — oo in (1). Then for m > m, we obtain

|, — zll < € . Thus it follows that the Cauchy sequence < x, > converges to z
€ EZO. Hence L’; is a Banach space.

Example 5: If C(X) be a linear space of all bounded continuous scalar valued

function defined on a topological space X. Then show that C (X) is a Banach space

under the norm

A1l = sup{lf(¥)] : x € X}, fe CX).

Solution: Given that C (x) is a linear space, means C (X) is linear under the
operations of vector addition and scalar multiplication i.e., f, g € C (X) and «a being

a scalar, we must have
(f+8) (x)=/(x)+g (x) (1)
(o f)x)=a f(x) (2
We now show that C (X) is normed linear space.

N .

. since f(x) >0V xe X, we have

£ (x) =0
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N, lIfIl =0 & sup {|f(0)]:xe X}=0
S|f@))=0Vxe X
Sfx)=0Vxe X
& f1s a zero function

300 [lfrgll=sup {f+g) (x):xe X}

=sup { [f(x) +g(x)|: xe X}
<sup {|f(x)+ gl xe X}
<sup {|f(x):x€ xj +sup {|(x) :x€ X}
= (711 + llll
Ny lefll=sup {[(af)(x) : xe X}
=sup {laf f(x) :xe X}
=sup {lalf(x) :xe X}
= o sup {[f(x) : xe X}
=laf (I

Hence C(X) is a normed linear space.

Finally we prove that C(X) is complete as a metric space. Let <f > be any

Cauchy sequence in C(X). Then for a given € > 0, there exists a positive integer m,,

such that
m,nzmy= | fi,~fll<e
=sup {|f, —f, (x):xe X}<e
= sup {lf,, () —f, (0):xe X} <e
= {{fn -/, O} <e Vxe X

But this is the Cauchy’s condition for uniform convergence of the sequence
of bounded continuous scalar valued functions. Hence the sequence < f, > must

converge to a bounded continuous function f'on X. It follows that C(X) is complete

and hence it is a Banach space.

Self-Learning Exercise

1. Write whether the following statements are true or false:

(1) Ifx,y,ze N, Nbeing a normed linear space. Thend (x+z,y+2z)=d (x, )

Normed Linear Spaces

NOTES
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Functional Analysis (i1) Every convergent sequence in a normed linear space need not be a Cauchy

sequence.

(i11) Let N be a normed linear space and let x, y € N. Then ||x — y|| < ||x|| — |||

NOTES . 11 @ b -
(iv) Let P> 1’E+?: l,a>0,b2>0. Thenabﬁ7+7wnh equality if a”

= pq
(v) Every normed space is metric space but the converse is not universally true.

(vi) Every metric on a linear space can be obtained from a norm.

1.8 SUMMARY

In this unit, we have seen that the notion of the norm of a vector is a generalization
of the concept of length. Besides discussing a fairly large number of examples of
Banach spaces, we proved an interesting theorem which provides us a very useful
method for constructing new normed spaces from a given normed space.

ANSWER TO SELF-LEARNING EXERCISE
(1) True (i1) False (ii1) False
(iv) False (v) True (vi) False

1.9 REVIEW QUESTIONS

Define normed spaces, Banach spaces. Give two examples of Banach spaces.

2. Prove that the limit of a convergent sequence in a normed space is unique.

3. Show that the set X of all convergent sequences in a normed space is a
normed space. Hence or otherwise show that xis also a linear space.

4. Show that every complete subspace of a normed linear space in closed.

Show that every normed space is metric space but the converse is not
universally true.

6. Prove that a metric d induced by a norm on a normed space N satisfies
(i) dx+a,y+a)=d(x,y)
(i) d(ax,ay)=|ald(x,y)
Y x,y, a € X and every scalar a.

1.10 FURTHER READINGS
e the

e the
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CHAPTER 2 Bounded Linear
- Transformations

BOUNDED LINEAR NOTES
TRANSFORMATIONS

2.1  Leaning Objectives

2.2 Introduction
2.3 Bounded Linear Transformation
2.4 General Properties of Bounded Linear Transformation
2.5 Weak Convergence
2.6 Equivalent Norms
2.7  Compactness and Finite Dimension
—Compactness in Normed Spaces
—Related Theorems
2.8 Reisz Lemma
2.9  Summary
2.10  Review Questions
2.11  Further Readings

2.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e We now consider linear transformations from a normed linear space to a

normed linear space.

e In particular we will be interested in questions related to the continuity of

such transformations.

e As an illustration of the use of compactness in analysis, we shall establish

basic properties of finite dimensional normed linear spaces.

2.2 INTRODUCTION

In calculus we consider the real line R and real valued functions on R (or on

a subset of R). Obviously, any such function is a mapping of its domain into R. In
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Functional Analysis functional analysis we consider more general spaces, such as metric spaces and
normed spaces, and mappings of these spaces.

In the case of linear space and, in particular, normed spaces, a mapping is

NOTES called an operator (transformation). In this unit, we consider general properties of

bounded linear transformations. Weak convergence is defined in terms of bounded

linear transformations.

2.3 BOUNDED LINEAR TRANSFORMATIONS

If Nand N' be two normed linear spaces with the same scalars, then a mapping

T:N-"% N, is known as an operator or a transformation and the value of 7 at
x € N is denoted by T (x).

The operator 7'is known as linear operator (transformation) if it satisfies the

following two conditions :
Tx+y)=T(x)+ T (y)forallx,ye N
and T(ax)=a T(x)forreal @ and x e N.
The above conditions are also equivalent to a single condition
T(ax+By)=aTx)+BTHy)Va,Be FandV x,yeN.
The transformation 7'is bounded if 3 a real constant K > 0 s.t.
T < K[}x]| V xe N.

The transformation 7'is continuous at a point x, € N if givene >0,3 a6 (e,

x,) > 0s.t.

IT(x) — T(x,)|| < € whenever [|x — x| < 6.

ol
Here T'is continuous on N if it is continuous at every point of N. It is uniformly
continuous if 6 (x,) > 0 is independent of x, only s.t.
IT(x) = T (x,) <€ with [x — x,|| < &

The norm of a bounded operator (transformation) is defined as

[|7]| = sup {%:xi 0}

or equivalenty ||7]|=sup {||7T(x): ||x|| <1}
and |[T]] = sup {[|T(x) : ||x[| = 1if N= {0}}
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we can also express it as Bounded Linear
Transformations

[|T]| = inf. {K: K>0and ||T (x)|| < K ||x|| for all x}
which follows that

T < [[T1] {]]]

NOTES

If N’ = R (normed space of reals), then 7'is known as a Functional and denoted
by f. A normed linear space consisting of all bounded linear functional over N, is

known as a conjugate space (or Dual space), denoted by N*.

Note: All continuous (or bounded) linear transformation of N into N’ are denoted
by B (N, N"), where B stands for bounded.

24 GENERAL PROPERTIES OF BOUNDED (OR
CONTINUOUS) LINEAR TRANSFORMATIONS

Our main purpose in this section is to convert the requirement of continuity into
several more useful equivalent forms and to show that the set of all continuous (or
bounded) linear transformation of NV into N’ can itself be made into a normed liear

space in a natural way.

Theorem 1: If 7'be a linear transformation from a normed linear space N into

the normed space N', then the following statements are equivalent :
(1) Tis continuous
(if) T'is continuous at the origini.e.,x, > 0= T (x,) = 0.
(ii1) T'is bounded i.e., 3 real K > 0 s.t. || 7(x)|| < K ||x|| for all x e N
(1v) If S = {x : ||x|| £ 1} is the closed unit sphere in N, then its image 7 (S) is
bounded set in N'.

Proof: (i) < (ii) : Let 7 be continuous and < x_ > is any sequence in N such

thatxn—>0asn—>oo.

Then by continuity of 7, we have x -0 = T (x,) — T (0) = 0. Hence T is

continuous at the origin.

Conversely, let T'be continuous at the origin and < x, > be any sequence in N

such that x, — x € N. Then
(x,-x)>0=>Tx,—x)=0 [+ T1is continuous at origin]

=>Tx)-TKx)=0=>T(x,)=T(x),

Self-Instructional Material 25



Functional Analysis showing that 7' is continuous mapping.

(i) — (iii) : Let 7'be continuous at the origin and suppose, if possible 7 is not
bounded that is, there exists no real number K such that ||7(x)|| < K ||x||, for every x

NOTES € N. Then for each positive integer n we can find a vector x,, such that

TGl > 7l

1
= T > 1
onnH Il (xn)H

1
= T(x )||>1 byn
b O] > 1By
R
Note that =
(Note that [T 111~ a1
xl’l
= HT(n|x ”)H > 1 [ o T(x) =T (a x) for any scalar o]
X, _ gl
Now sety, = . Then ||y |[= —"=—=——0 andsoy, — 0 as n — . But
nlx || x|l 7

T(y,) does not tend to 0, since ||7(y,)|| > 1.

Hence T is not continuous at the origin which is a contradiction. Hence 7 must
be bounded. Conversely, let 7' be bounded so that there exists a real number K > 0
such that

1T £ K ||x]|, V xe N (1)
Let < x, > be any sequence in N such that x, — 0. Then
|, [l =[O} =0
Also from (1), |7 (x )| < K [|x,[| V n -.(2)
It follows from (1) and (2) that ||7"(x,) — 0 which implies that 7(x,) — 0. We
have thus shown that x — 0 = 7(x ) — 0 and consequently 7'is continuous at the
origin.
(ii1) < (iv) : Assume that |7 (x)|| £ K ||x|| for every x € N and let x be any point
of the closed unit sphere S so that ||[x|| < 1. Then ||7 (x)|| < K for all x € S. It follows
that 7'[S] is a bounded set in N'.

Conversely, let T[] be bounded so that there exists a real number K > 0 such that

IT®)|| < K forall xe S .(3)
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If x = 0, then 7(x) = 0 and so clearly ||7(x)|| < K ||x||; and if ||x|| # 0, then Bounded Linear

Transformations
X
X s P.__wzq
|| [l
NOTES
and therefore by (3)
X 1
[ <k | o <
x| x|

1
= |7 <K

= [ITG)] < K |lx]]
Thus it is shown that ||7(x)|| < K ||x|| for all x € N. Hence T is bounded.

Theorem 2: If 7' be a bounded linear transformation of normed space N into
normed space N', then the following norms are equivalent :

Q) |I7] = sup{ I7C )‘  x% o}, xeN

[l

(i) |7 =inf {(K:K>0, |T®)| <K |lx[} V xe N
(1) |7 =sup {[|[TC) : lx]| < 1}, xe N
(iv) (T[] =sup {[|[T®) : [|x[|= 1}, x e N.

Proof: (i) < (i1) : Since

T
in1= s 2

T
= ||T]| > TN H;C')” x#0

= TG < [I71] [}x] as 7(0) = O (1)
= ||7]| is one K’s satisfying ||7(x)|| < K ||x]|
= |||z inf. {K:K>0,||T (%)< K|} (2)

Conversely, for x # 0, and K satisfying ||T(x) || < K ||x||, we have

17| {
<K= sup
[l

ITCIl

[l

¢%£K
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Functional Analysis = ||T|| £ K for all K and T independent of x and K

= [Tl <inf. {K: K=0,[|T(x)]| < K{|x[ }

NOTES S (2)and 3) = ||7]| inf. {K: K2>0,||T(x)|| < K|}
o Tl
(11) < (1ii1) Since ||7]| = sup {—||x|| IX# 0}

= || TG <171 1] forx < 1
= sup 70| :[lx[| < 1} < || e

Again forane > 0,3 x, #0s.t.

1T
|T] = sup{—:x;tO}
[l
T(x
HPCDIE oy — e

[l
so that on setting y = L with |[y|| = M =1
[l el

we observe

sup {||T)| < [lxl| < 1} 2 |IT @) = HT( 3 )H

[l

1
=||x—1||||T(x1)II

or sup {|IT )| :[lx[|< 1} = [|7]| -(5)

S (@) and (5) = [IT]| = sup {[|T)|| : []x[| < 1}

(ii1) < (iv) Since as above, we have

T
im1= s e
= ([T < [[7]] {*]
=7l for [lxfl =1
= sup {[|I71] () : [l = 1| < [|7]] -(6)
FurtherMZHTH —€

[P,
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and sup {7 : x| = 13 2T )] Bounded Lincar

Transformations

h adl
wnere =
Y
NOTES
or sup {[|7(x) : [|x]| =1} = ||T]] - €
Thus sup {[|7(x) : [|x|| =1} = ||T]] (7
From (6) and (7), we have

171 = sup {[|TCOI = [lx]] = 1}

Theorem 3: If N, N' be normed linear spaces and B(N, N') is the set of all
bounded (or continuous) linear transformation from N into N', then B (N, N') is also
a normed linear space under the norm

IT)l = sup (IT @) : Wl < 1} ¥ x e N,

w.r.t. pointwise linear operations

(T+S) (x) =T(x) + S(x) and (a 7) (x) = a T(x), for real a. Also B (N, N') is
complete if N’ is complete i.e., B (V, N') is a Banach space if n ' is a Banach space.

Proof: Since a set S of all linear transformations from a normed linear space N
into normed N’ is itself a linear space w.r.t. pointwise linear operations. Therefore to
show that B (N, N') is a linear space, it suffices to show that B(N, N') is a subspace
of S.

LetT,,T,e B(N,N'). ThenT|, T, are bounded and so there exists real numbers
K, >0 and K, > 0 such that

IT,(x) || < K, |Ix]| and || T,(x)|| < K, |[x|| for all x € N. For scalar a, 8, we have
(T + BT)X)|| = [[(aT}) (x) + (BT

=|laT(x) + BT,

< llaT, ()| + [IBT, ()|

= laT )| + BT, )|

< lal [[K ][ 1lx[] + |B] K, [x]]

= (lof K, + B K) [x]
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Functional Analysis Thus aT, + BT, is bounded and so
al, +BT,e B(N,N")
NOTES = B(N, N') is a linear subspace of S.
Now we prove that B(N, N') is a normed linear space.

We verify the norm postulates one by one.

N, : Since ||T]| = sup {T(x)[ : [|x]| < 1} and [|T(x)|| = 0, we conclude that ||7]| > 0

, B 1T
N, : By Theorem 2, ||T]| = sup W.xeN,xiO
TGOl
[|T]| =0 <« sup W.xeN,xiO =0
Ti
ITON_ o ven,xx0
[l

< [ Tx)| =0, xeN,x#0
&S Tx)=0VxeN
< T'=0 (zero transformation)

Ny :1fT, Ue B(N, N'), then

17+ Ul = sup {{[(T+U) (x) : xe N,[x <[}
= sup {|[70) +[[UX)|| - x e N, [[ol] < 1}
< sup {[ T + U )| = x e N, [l < 15
<sup {[T ()| :xe N, |l < 1} +sup {lUX)]| :xeN,x< 1}
=7 +ul
N, :If a is any scalar, then
o 7} = sup {l(e T) )| : x €N, [ld] < 1}

= sup {la TG :xeN,[lx <1}

sup {of [T ()]l : x e N, [l < 1}

=lof sup {of [[T ()| : xe N, [l < 1}

Hence B (N, N') is a normed linear space.
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Again, we claim that B (N, N') is complete if N’ is complete. Suppose n " is Bounded Linear
Transformations

complete and let< 7" > _, be any Cauchy sequence in B (N, N'). Then

T, — Tl —0asm,n— oo (1)
NOTES
For each x € N, we have

17, ) =T, 0 = (T, - T,) &l
< |7, = T,[lllx[ -0 by (L)
Hence < T (x) > is a Cauchy sequence in N' for each x e N. Since N' is complete,
there exists a vector in N', which we denote by T (x), such that T (x) — T(x). This

defines a mapping 7 of N into N'. We now show that 7'is linear and bounded. If x,

ye N and «a, B are scalars, then

T(ax+py)

lim 7 (ax+pBy)
n—0

lim [a T (x)+ B T (y), T, being linear V n.
n—0

o }lql_r)lolo T (x)+p ’111_r>130 T (y)
—aTE)+BTY)
This shows that 7 is linear. To show that 7' is bounded, we observe that
17 ()l = [[lim 7, (x)[| = Tim || 7, (x)[| < lim (||7,]| |}x]| for all
< sup (|71l [lx[)
< (sup [|T,]| [l -(2)
In view of (1), we observe that
IT, | = I < IIT, = T,J| > 0as m,n —co by (1)
Therefore < || 7 || > is a Cauchy sequence of real numbers and hence convergent
and bounded. So there exists K > 0 such that
sup |7 || < K ..(3)
From (2) and (3), we have ||T(x)|| < K ||x|],
showing that 7' is bounded. In other words, 7€ B (N, N'). Finally we show

that 7 — 7. Let € > 0 be given. Since < T, > is a Cauchy sequence. There exists a

positive m such that
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mnzmy=|T —T]J<e ..(4)
= |[|T,0-T,|<|T,—T,|l x| < €|lx|] for all m, n > m, and any vector xe N

Proceeding to the limit as m — o, we find

lim |7, ~ 17,0 = |76 ~ T, = [(T= Tl < € [l .(5)
Since rlll_r)Igo T (x)= T(x), as norm is a continuous function
and  lim [|T,, ()] = [T

(T T x|

(5) :||T—Tn||=sup{ xiO}Se for all n > n,,

x|
= [[T-T,||>0asn— o
=T —-Tasn—>»

Hence B (N, N') is complete if N' is complete.

Theorem 4: If 7 be a linear transformation of a normed linear space N into

1 inv i.e., 7 exi i inuou i
normed linear space N ', then inverse of Ti.e., 7! exists and is continuous on its

domain of definition iff 3 a constant K > 0 s.t K ||x|| < [|T(x)]| V xe N

Proof: Assuming that
K|x[|<|ITx)|]|V xe N,K> (1)
is true, we claim that 7-! exists and is continuous.
By definition of inverse mapping 7! exists <> T'is one-one.
Taking x,, x, € N, we have
T(x)=T(x)) = T(x) = T(x,)=0=>T(x; —x,) =0
=>x-x=0=x=x,
This implies T is one-one and so 7! exists
= 3 x e N corresponding to each y in the domain of 7!
st. Tx)=y< T lby)=x ..(2)

In view of (2), (1) can be written as

KT Ol < bl = 177" () < % gl

= 7! is bounded and hence continuous



Conversely if 7! exists and continuous on its domain then to eachxe N Bounded Linear
b
Transformations

3 yeT[N]st. T 'by)=x< T(x)=yi.e., Tis one-one.

Now T ~! being continuous, it is bounded and so 3 a positive constant M s.t.,
| NOTES
T Ol < Mlyl[ = [Ix[]| < M||T ()]

1
= Kx< T(x)forK:H>O

Theorem 5: If 7 be a linear transformation from a normed linear space N into

normed space N', then 7 is continuous either at every point or at no point of V.

Proof: Taking arbitrary x, x, € N and T’ continuous at x, to eache > 0,3 6> 0s.t
e — x| <6 = [|T(x) — T(x))l| < € (1)
Then [x—x,||<d = ||(x+x,—x,)—x[[<d
= |[Tx+x,—x) - T(x)l[<e by(1)
= T )+ T0xr) — T(x) — T(x))l| <
=T - Tyl <e
= ||T'is continuous at x,,.

But x|, x, being arbitrary, T'is continuous at all points. Conclusively if 7'is not

continuous at a particular point in &, then it is not continuous at no point of N.

Theorem 6: If M be a closed linear subspace of a normed linear space N and
N
T be a natural mapping (homomorphism) of N onto o s.t. T(x) = x + M, then show

that 7'is continuous (or bounded) linear transformation with ||7|| < 1.

. : N . : :
Proof: Given that M is closed and o is a normed linear space with the norm

N
of a coset x + M in — s.t.
M

[lx + M || =1inf {||x + m|| : me M}
we claim that 7 is linear
For any x, y € N and a, 3 being scalars, we have
T(ax+By)=(ax+pBy)+M=(ax+ M)+ (B y+ M)
a(x+M+pBy+M
or T(ax+Py)=aTx)+p I(y)= Tis linear
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Functional Analysis Again, we claim that 7' is continuous, since

ITCOI = |be + M]| = inf {|pc + m|| m e M}
< x+m|Vme M
NOTES
= ||x|| if m =0 in particular

or ||[Tx)|| <1 ||T(x)||V xe Nas0e M and M is a subspace of N
= T is bounded with bound 1
= T is continuous
Also  [[TN|=sup {IT M| : x| < 1}, xeN

< sup {[lf| : [ < 1}, xe N

<1
Theorem 7 : [f N, N’ are two normed linear spaces and 7'is a continuous linear

transformation of N into N' and if M is the null space (kernel) of 7, then show that

. . . N .
T induces a natural linear transformation 7', of o into N’ and that ||T|| = ||T]|

Proof: Kernel or Null space of 7'is defined as
Ker(T)orn(T)={x:xeN, T(x) =0}
Here is given that Ker (7) or N (T) = M.

We first claim that M is closed, since if x be a limit point of M, then 3 a sequence
<x,>in Ms.t x, — x. But T'is continuous, Therefore 7(x,) — T (x). Now T{(x,)

=0Vn=>Tx)=0=>xe M= Misclosed.
. N . . .
Thus M being a closed subspace of N, o is a normed linear space with the
N
norm of a cost x + M in o st.

[[x+ M| =inf. {||x +m||: me M}

N
Now defining 7' : o — N' and setting 7' (x + M) = T (x), we claim that 7"’
is a linear transformation s.t. ||7°|| = || 7'||. Taking two elements x + M and y + M of

N
B2 and a , B any scalars, we have

T'[a(x+M)+p(y+M)=T"T(ax+M)+(y+M)]
= T'[(a x+ B y)+ M] by property of coset
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aT@X)+BTH)

aT" x+M)y+BT" (y+M)

NOTES
Thus 7' is linear

Now 177]] = sup {[|T"(x+ M)|| : [k + M|| < T}, xe N
= sup {||T@)|| : inf. {||x+m|| :me Mr<1},xeN
=sup {[|TX)||:|x+m||<1},xe NymeM
= sup {[|T(x)+ T(m) : |x+m||[<1},xe NymeM
sinceme M= T (m)=0, by det. of M
= sup {|[T(x+ M| : x| < 1}, xe N
=7 asxeNymeM=>x+MeNandxe N

=x+0eNandO0e M

Theorem 8: Let Nand N' be normed linear spaces over the same scalar field and

let 7 be a linear transformation of # into N'. Then 7 is bounded if it is continuous.
Proof: Let 7 be bounded so that there exists a real number K > 0 such that
ITX)|| < K|[}x[|Vxe N (1)

To show that T'is continuous, let x € N be arbitrary. For any € > 0, we choose
o= % Then for all y € N such that ||y — x || < 5, we have

1T) = Tl = ([T = x|
< Kly—xl by (1)

<KS=cas §=—>|y—x|
K K

Hence T is continuous at x. Since xis arbitrary, 7 is a continuous mapping
Conversely, let 7'be continuous and suppose, if possible, 7 is not bounded i.e.,
there exists no real number A > 0 such that ||7(x) || <A ||x]| V xe N

Then for each positive integer n, there exists a point x, € N such that ||7(x)) ||

>n |, |
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xn
y:
nllx, |l
NOTES
1
so that [[y, || = Pl 0 as n — oo which implies that y, — 0 as n — oo. But for
every n
_ X, H N
1Ty = HT onnH = |n||an T(x)
= T(x
T
||, |
> ——=1||T(x )| > n|lx
e~ 71>

Which implies 7(y,) does not tend to 0 (i.e., 7(0) as n — o). Here<y >— 0
but< T (v,)>->T1(0), is a contradiction showing that 7'is bounded.

2.5 WEAK CONVERGENCE

If N'be a normed linear space and N * its dual space, then a sequence < x> of
N is known as Weakly convergenttoxe N, V fe N * s.t

lim £(x,) =/ @)
or simply x ——> x
i.e. <x, > converges weakly to x, and x is called as the weak limit of <x >.
Note that weak convergence means convergence of the sequence of number a,
=f(x,) for every fe N*.
Weak convergence has various applications throughout analysis (for instance, in
the calculus of variation and the general theory of differential equations). The concept

illustrates a basic principle of functional analysis. For applying weak convergence

one needs to know certain basic properties, which we state in the following theorem.
Theorem 9: The weak limit of a sequence is unique.

Proof: Let <x > be any sequence. Let if possible x, —— x, and x, —> x,
then for an arbitrary linear operater 7 e N*, N* being dual space of normed space

N, we have

I(x,) > T (x,) and T(x,) = T(x)
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implying that 7(x,) = T(x) or T(x,— x)=0 Bounded Linear

Transformations

Choosing T's.t. ||T'||= 1 and T (x, — x) = |Ix, — x||, we have

lbx, — x|| = 0 giving x = x, i.e., the weak limit is unique. NOTES

Corollany 1: If there are two sequences <x, >and <y >in Ns.t.
x ¥ s xand YV, —, then it is observed that
x,ty, ——>xty

and for any scalar «.
ax, —— axetc.

Corollany 2: Every subsequence of < x> converges weakly to x i.e., if < x .
n nj

w
>be a subsequence of <x >of Nsit x " Xo» then every subsequence < X,

> converges and has the same limit as the sequence.

2.6 EQUIVALENT NORMS

Let a linear space L be made into a normed linear space in two ways and let the
two norms of a vector x in L be denoted by x, and x,. Then these norms are said to

be equivalent, written || [, — [ ||,, if they generate the same topology on L.

When two norms are equivalent then if < x> is a Cauchy sequence w.r.t || . [[,,
it is essentially a Cauchy sequence w.r.t. || . ||, and vice-versa. Moreover, in the case
of equivalent norms, the class of open sets defined by one is the same as the defined
by the other. In other words, in any € neighbourhood (n b @) induced by || . ||, a

neighbourhood induced by || ||, is wholly contained and conversely.

Remark: To understand the full implication of the above definition we remind
the reader that a norm || . || on a linear space L induces the metric d (x, y) =[x — )|
which in turns induces a topology on L called the metric topology. This is the topology
generated by the norm.

Theorem 10: If N be a normed linear space, then show that the two norms || ||,

|| I, defined on N are equivalent iff 3 positive real numbers a and b s.t.
allx[; < lxll, < bllx[], V x N.
Proof: If we assume that N, is a normed linea space with norm || ||, and n, is
a normed linear space with norm || ||, and that 7(x) = x is a linear transformation

with domain N, and range n,, then 7! is a linear transformation with domain 7, and

range N, l.e.,
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Functional Analysis Tx)=x= 71 x)=x (1)
Now, we have
T is continuous < 7'is bounded
NOTES
<> 3 positive number b such that
1T, < bllxll, V xe N
< x|, <blX|l,,Vxe N by (1) ..(2)

T -1is continuous < T ~! is bounded

< 3 is positive number 4 such that
T'(x)<A4|x],, VxeN

& [l < Al ¥ xe N by (1)

1
& — Il < |l V xeN

1
<allx, <X, VxeN (on settingazz) ..(3)

Also T and T~ are continuous
< inverse images of open sets in N, and N, under 7, 7' respectively are
openin Ny and N,

< open sets in N, are the same as those in N,; 7, T ~! being identity

transformations
< Norms || ||, and || ||, induces the same topology on N ..(4)
In view of (2), (3) and (4), ||. ||, and ||.||, are equivalent

< 3 positive number a and b s.t.

all, < [l < Bll,, ¥ x e N.
Theorem 11: On a finite dimensional linear space x, all norms are equivalent.

Proof: Let dim X'=n and {x,, x,,.., x_} be any basis for X. Then for each x € X,

there is a list of scalars a,, a,, ..., a, such thatx =, x, + o, x, + ... + @, x,.

Let||.]|, and ||. ||, be two norms defined on X. Then there exists a constant ¢ > 0

such that

[, = lloc,x, + ox, + .o+ o x ||, = Cl(ay| + ...+ |, |)
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Also X[, = [loyx, [ + ... + ¢, x|, %c;%lroef’rg:zlz%

<leeyxlly + .o+ e, x|, using N,

=lot, | x|, + ... + o | x using N,
oty [, 1 la,| x|l g, NOTES
<K(oy| + ... + ||,  where
K=max {|lx[l, s ¥, [l }

c
Thus o[, < |lx[[,, where o = E>0

The reverse inequality is obtained by interchanging the roles of |[. ||, and ||. ||,

in the above argument.

2.7 COMPACTNESS AND FINITE DIMENSION

Some basic properties of finite dimensional normed linear spaces and subspaces

are related to the concept of compactness.

COMPACTNESS IN NORMED SPACES

If N be a normed linear space and A4 is a subset of »V, then 4 is compact or
sequentially compact if every cover of it has a finite subcover whereas a class {G}
of open subsets of N is known as an open cover of N if to each point x € N, there
corresponds atleast one G, i.e., N= U, G, and a subclass of an open cover, which is

an open cover in its own rights, is known as a subcover.

In other words, a subset A — N is compact if every sequence in 4 contains a
convergent subsequence whose limit point belongs to A. It should be remembered
that an x € N is a limit point of 4 — N, if each open n b d (or open sphere with x as

centre) of x contains at least one point of 4 other than x.

In other words, an x € N is a limit point of 4 < N, iff 3 a sequence < x, > — x,,

where x, € 4, x #x,V n.

RELATED THEOREMS
A general property of compact sets is expressed in the following theorem.
Theorem 12: Every compact subset of a normed linear space is complete.

Proof: Assuming that <x, >1is a Cauchy sequence of a compact subset 4
of the normed linear space (N, || . ||). In view of compactness of 4, the sequence

< x, > consists of a convergent subsequence say < x . > —> x, € 4 for any i, we have
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Functional Analysis ”xi - X, | = Hx[ —Xx,+tX, — x0||
< e, =1+ b, = Xl by 7y

e e
NOTES <?+?=e —>0asi—>w

. € . S
Since [|x;— x|l By — 0 as <x, > is a Cauchy sequence and [|x,. — x,|| < > -0

as x . — Xx,.
ni 0

Hence < x, > is a convergent sequence so that 4 is complete.

Theorem 13: Every compact subset of a normed space is bounded but the

converse is not true.

Proof: Assuming that a compact subset 4 of normed space N is not bounded.

Every open covering of 4 consists of unit open sphere S, (x;) with centres at each of

its points x,, i = 1,2,..., n s.t.

Ac v S(x)
Taking K [max |lx|| and assuming that 3 an xe A s.t.

||x || > 1 + K, Since 4 is not bounded, we must have an element x; s.t. x € §|
(x),forxedand 4 = gl S (x).
As such [x — x| < 1.
Now, el = b =, + x|
< e =xll+ el
< l+max|x|[=1+K

i.e. [[x]| £ 1 + K which is a contradiction of the fact that ||x|| > 1 + K.

Hence 4 is bounded.

2.8 REISZ LEMMA

Theorem 14: If M be a closed proper subspace of a normed linear space N and
a is areal number such that 0 < a < 1, then 3 a vector x, € Ns.t. [x || = 1 and [|x — x ||

>aV xeM.

Proof: Select any x, € N— M and let

h=inf . dlx—x[[=d (x,, M)}
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It is clear that # must be strictly greater than zero for otherwise we would have Bounded Linear
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h=0=d(x,M)=0=x,eM= M [ Mis closed]

Which contradicts the choice of x,eN-M.
NOTES

1 h
Now O<a< 1= ;>1:> ;>h as h> 0.

Hence by definition of infimum, there exists x, € M such that
h
h<||x0—xl||SZ (1)

: h .
because if [|x, — x,|| were greater than or equal to P V x, € M, then it would

contradicts the fact that / is the greatest lower bound (infimum) of {d(x,, x,) : x,€ M}.

Moreover x, e N—- M and X, € M= x # Xo-

_ (xl - xo)

Setting x, = pT— =K (x, — x,( where K = [jx, —x,|[" >0
1%

Then |k || =Klx, —x|=KK'=1.
Now let x € M be arbitrary. Then K ~! x + x € M also and so
e = x|l = lbe = K (x; = x)
= K||(K"x+x,)— x| >Kh ..(2)
h:xilelzt\;||x—xl|| and K "' x + x € M, we have
1K tx+x)—x || >h

But Kh=|x —x,|['h>a by() ..(3)
From (2) and (3), we have

|lx — x,|| > a for all x € M.

Theorem 15: Let N be a normed linear space, and suppose the set S={xe N:
||[x| = 1} is compact. Then N is finite dimensional.
Proof: We know that in a metric space, a subset is compact iff it is sequentially

compact is iff every sequence has a convergent subsequence. Since S is given to

be compact, every sequence in S must have a convergent subsequence. Suppose,

if possible, N is not finite dimensional. Choose x, € § and let N, be the subspace
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Functional Analysis — spanned by x,. Then N, is proper subspace of N. Since N, is finite dimensional and

therefore it is closed. Hence by Reisz Lemma there exists a vector x, € § such that

1
[y —x|| = Ex
NOTES
Let N, be closed proper subspace of N generated by x,, x,, then as before there

must exists such that
[[x, — x| >l if xe N
3 -2

Proceeding inductively, we obtain an infinite sequence < x, > of vectors in §

such that[[x —x || = %

This sequence can therefore have no convergent subsequence. But this

contradicts the hypothesis that S is compact. Hence N must be finite dimensional.

Self-Learning Exercise

1. Write whether the following statements are true or false:

(a) We may define the norm of a bounded linear transformation 7 on N into N
! by

Tl

;tO},xeN
x|

17 = sup{

(b) The identity operator /: N— N on a normed space N# {0} is not bounded.

(c) The zero operator 0 : N — N’ on a normed space N is bounded and has
noirm ||0|| = 00

(d) Every subsequence of < x, > converges weakly to x, where x s x.

(¢) Two norms || ||, || ||.||, defined on a normed space N are equivalent iff

3 positive real number a and b s.t
allxlly < i, 2 b |lxll, V xe N

2. What is the zero element of the linear space B (N, N').

2.9 SUMMARY

In this unit, we have seen that the concept of linear transformation can be

generalised from linear spaces to normed linear spaces.

We know that in calculus are defines different types of convergence (ordinary,

conditional, absolute and uniform convergence). The yields greater flexibility in the
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theory and application of sequence and series. In functional analysis, the situation Bounded Linear
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is similar.

ANSWERS TO SELF-LEARNING EXERCISE NOTES
1. (a)True (b)False (c)True (d)True (e) False.

2. The zero operator 0 : n — N’

2.10 REVIEW QUESTIONS

1. Let Nbe the normed space of all polynomials on J =[0, 1[ with norm given

[|x || = max ||x(7); t € J. A differentiation operator 7 is defined on N by
T'x(t)=x (1),

where the prime denotes differentiation with respect to ¢ Prove that this

operator is linear but not bounded.

2. LetX, Yand Z be normed spaces and let 7: X — Yand S : Y — Z be two
bounded linear transformation. Then prove that SoT : x— Z is bounded

linear transformation and [|SoT]| < [|S]| ||T]|-

3. If Tbe alinear transformation of normed space N into normed space N', then
inverse of Ti.e., T ! exists and is continuous on its domain of definition
iff 3 a constant K > 0 s.t. K ||x|| < ||T(x)|| V x € N.

4. If T 1is a linear transformation of a normed linear space N into a normed
linear space N', then show that 7"is bounded iff 7’ maps bounded sets in N

into bounded sets in N’ .

5. Give an example to show that a closed and bounded subset of normed linear

space need not be compact.

2.11 FURTHER READINGS

e the
e the
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Functional Analysis CH APTER —_ 3

NOTES FUNDAMENTAL THEOREMS
OF FUNCTIONAL ANALYSIS

STRUCTURE

3.1 Learning Objectives

3.2 Introduction

3.3  Multilinear Mappings

3.4  Open Mapping Theorem

3.5 Closed Graph Theorem

3.6  Uniform Boundedness Theorem
3.7  Summary

3.8 Review Questions

3.9  Further Readings

3.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e This unit contains the basis of the more advanced theory of normed and
Banach spaces without which the usefulness of these spaces and their
applications would be rather limited.

e The three import theorems included in this unit are, the open mapping
theorem, the uniform boundedness theorem and the closed graph
theorem.

3.2 INTRODUCTION

Banach space in a linear space which is also, in a special way, a complete metric

space. This combination of algebraic and metric structures opened the possibility of
studying of linear transformation of one Banach space into another which had the
additional property of being continuous.

Most of our work in this unit centres around three fundamental theorems related

to continuous linear transformation between Banach spaces. These theorems together
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with The Hahn-Banach theorem are often regarded as the cornerstones of functional Fundamental Theorems of
. Functional Analysis
analysis.

3.3 MULTILINEAR MAPPINGS NOTES

Definition: Let X, X ..., X, Y be linear spaces over the same field of scalars
K. A mapping

[ X x Xy . xX =Y
is said to be multilinear if for each i € n the mapping
X, = f(@yes @; 1, X5 @; qoenns @)
of X, into Y is linear.
Definition: Let X, X,,..., X be normed linear spaces. Then a mapping
[|.]]: X, x X, x..x X —R
given by
[I(xy, X,y x| = max {[lx;, x, ..., x ||}
is anorm on X; x X, x..x X .

The product space X| x X, x X,..x x_of normed linear spaces X, X,...., X is
endowed with the norm defined above

The following theorem is a generalization of Theorem 8-Unit-2.

Theorem 1: Let X, X,..., X , ¥ be normed linear spaces over the same field
of scalars and let

fi X x.xX —>Y
be a multilinear mapping. Then fis continuous iff there exists a number m > 0
such that

[ g X XIS 3 [[2]]-c[ 1
for any (x|, x,,.., x,) € X x X, x..x X .
Proof: Let first the given condition be satisfied and let (a,, a,...., a,) be any
point in X; x X, x..x X .
Since fis linear with respect to each of its variable, therefore
(X Xgeees X,) —f (@5 gy -y @) = [ (X — @y Xpyens X,)

+ fla, x,—ay, Xy, oy X))+t fay,.,a, 1, x, — a,

n
= 21 (@peees @y 5 X; = iy X, (5ees X))
i
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and hence using triangle inequality

| f (), Xgors x ) = f (@), Ay @) ||

n
< D@ @ X = @y X, s x|
i=1
n
< 20 (mllay|l.Jla, Ik, — @ [k, - bx,I)

i=1

Let us assume that [|x, —a|| <€ for i en. Then ||x|| <|la|| +<€ and we can

determine 6 > 0 such that ||x, || < ||| + € <6 forie n, and hence

n
1 s X)) = [ (@peer @ )| < m 811 D |k, — a
i=1

<mndénle

Since for small values of € the choice of 6 is independent of € . We obtain that

f1s continuous at (a,, a,,..., a,).
Next let /'be continuous at the point (0, 0,...,0). Then there exists a number

e > 0 such that

I (xys X50e0s x,) = £(0, 0, ..., 0)] < 1
for lI(xy5 X5e.0s x,) = (0, 0,...,0)|| < €
Let now (x,, X,,..., X,), X; # 0,..., x, # 0 be any point of x, x x,x..x x . If

€x Sl Elwll

V= , = Y=
|, 1 [Py ll

Then [|(y}, 5, ..., v, ) =€ and [[f (¥}, y50rs ) [ 1

| ;i ( ) =<1
f X1y Xogeees X =<
|HX1H [ || 1> Xpoeees Xy
= Gy X ) 1Sl [Ieyll oo

1
where m=——-.
E n

Ifx,=0orx,=0orx, =0, thenf(x,, x,,..., x,) = 0 and the preceding inequality

still holds. Hence the theorem.



3.4 OPEN MAPPING THEOREM Fundamental Theorems of

Functional Analysis

The open mapping theorem states conditions under which a bounded linear
operator is an open mapping. The present theorem exhisits reason why Banach
spaces are more satisfactory than incomplete normed spaces. The proof of the open NOTES
mapping theorem will be based on Baire’s category theorem.

Let us begin by introducing the concept of an open mapping.

Definition : If x and y are two topological spaces. Then a map f: x Moy yis
known as an open mapping if V open set V of X, the set f (V) is open in Y. In other
words, fis open at a point x € X if /(L) contains a nbd of f(x) whenever U is a nbd
of x. Evidently f'is open iff f'is open at every point of X. Thus a linear mapping of
one topological space into another is open iff it is open at the origin. It should also
be noted that a one-one continuous mapping f of X onto Y is homeomorphism when
fis open.

If B and B’ are Banach spaces (i.e. complete normed spaces) then the open
spheres with radius » and centre at x are denoted respectively by S (x, ) or S (x)
and S (x, r) or S' (x) whereas the open spheres in B, B respectively are denoted by
S, S! with radius 7 and centre at origin. As such the unit open spheres with centre

at origin are S|, Slr respectively in B, B'. It is easy to see that
Sx,r)=x+S§, and S =rS§,
For we have
ve S, r)<|y—x||<r
< zlj<randy—-x=2z
<y=x+zand |zl <7

Syex+ S,

and i, {x:||x||<r}:{x:@<1}

%}
I

ryyll <1} =rS,

The following lemma is the key to the proof of the open mapping theorem.

Lemma : If Band B' be Banach spaces and 7 a continuous linear transformation
of B onto B', then the image of every open sphere centred at origin in B contains an
open sphere centred at origin in B’

Proof: Taking S, S 1r as open spheres with radius » and centred at origin in B,

B respectively and S| an open unit sphere, we have
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Functional Analysis S.=rS,
which yields
I(S)=TFS)=rT(S)) (1)
NOTES Hence it suffies to prove that 7(S,) contains some S,

We begin by proving that T(S,)) contains some Slr. For each positive integer n,
consider open spheres S, in B. Then it is clear that B = @l S,
It
Since T'is onto, this gives
B =T(B)= T( nL_JISn) = & 1(5,)

Since B’ is complete, it is of second category. Hence by Baire category theorem,
(s ) * ¢ for some n, that is (S ) has an interior point y,, which may be assumed
to lie in 7(S,0).

[The existence of such a point y, is proved as follows :

y is an interior point of 7' (Sn,)

=  there exists an open set G such that ye G T(Tno) ]

Butye T(Tno) = y is an adherent point of 7'(S )

=  the nbd G of y must contain a point y, of 7'(S ).

Thusy,e T'(S,,) is such thaty e G < T(Tno) which implies that y,, is an interior

point of (S -
The mapping of /: B — B' s.t. f(y) =y —, is a homomorphism. For f'is

evidently one-one onto and if y, € B' is such that y, — y, then
JO)=Y, =Y 2>y ==/

and 7 (,) =1, + ¥ >V +3,=1; ()
so that fand /! are both continuous. We use the mapping fto show that 0 is the

interior point of 7'(S ;) — y,. We have y, is an interior point of 7'(S ).
= there exists an open set G such that y e < T(Tno)
= [0 e f(GST(S,)
= Y= =0e (GO TS )~
=

0 is an interior point of 7(S ) -, -.(2)
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[+ fis an open map (being a homeomorphism) f(G) is an open set in B’ and so Fundamental Theorems of

1(S,,) = ¥, is a nbd of 0]
we assert that 7(S, ) — vy, < 1(S,,,)
Letye T(S,,) — ¥, Then there exists x € Sn, such that
y=T) -y,
But y, € I(S,,)) implies that y, = T (x,) for some x,€ S .
Thus y = T(x) — T(x,) = T(x — x,),
where x, x, € S . Also
x,x,€ S = |Ixl[<ny  lxll < n,
= x| = 5 < el + < 2,
=>x-x,€8,,
=>T(x-x)eT[S,ny]
=>yeTl[S, n] by (3)
Thus we have shown that
yeT[S,,l-y,=yeTlS,,] and therefore
T[S,,0-y,=TI[S,,,=2n,T (S, by (1)

=  IS,)-y,<2,06S,) [~AcB=>A4cB]

Since f'is homeomorphism,
fT(S,) © [TS,) as [fA)=f(4)
JTES,) © [TS,y) as [(A)=f(A)

= 7S, —vo=1(S, ) — v, <2n,T(S)
by definition of f'and (4).
The mapping
g:B— B st gx)=2n,x
is easily seen to be a homeomorphism and so
glT(S))] = 8[1(S))]

= 2n,T(S,) = 2n,T(S,) by definition of g,

-(3)

(%)

(5

Functional Analysis
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Self-Instructional Material 49



Functional Analysis

NOTES

50 Self-Instructional Material

which by (5) implies that
T(S,9) =¥ 21, T(S,) (6)
It follows from (2) and (6) that O is an interior point of T(S,)-

Hence there exists an open sphere SL with radius € > 0 and centered at origin

in B s.t Sle_ c 1(S) (7

3
We complete the proof by showing that L. C T'(S,), which is clearly equivalent

toSL e < T(S)

Let y be an arbitrary point of Sle so that y < e. Then by (7), y € T(S,) which

implies that y is an adherent point of 7(S,) and hence there exists a vector y, € 7(S))

such that [l — y, || < %

Buty, € T(S,) = y, = T(x,) for some x, € S, so that [|x|| < 1.

Again we observe from (7), we have S'. < T(SlE )
2 2

. S
and since ||y —y,|| < > we have

y-y e SL c1(s',|
2 2,

Therefore as before there exists a vector y, in T[S, | such that

2

S

S
II(y—yl)—y2I|<§ or ||y—(y+y)||<22,

where y, =T (x,) and ||x,|| < %

Continuing in this way, we obtain a sequence < x > in B such that [|x || < and

on-1°
(S
||y—(y1 +, +...+yn)||<§ ..(8)

where y = T(x,). If we put,

s, =X, +X,...+ x,, then

lls Il = [P, + Xyt X

IA

[P [+ Tl | e

1
1+ o et

IN



Also, for n > m, we have Fundamental Theorems of
Functional Analysis

s, = 8,1 = X, X0 5 Tt Xl
< ||xm+l +xm+2+""+ an NOTES
1 1
< 2—m+ omt1 +...+ -1
i 73]
m 2n—m .
= 2—1 (summing the G.P.)
1 I
2
1 1
= 2—m+ T as m, n —» o

Hence < s, > is a Cauchy sequence in B and since B is complete, there exists a

vector x in B such that

n—w N

and so [|x|| = [[lim s || = lim ||s, || < 2 by (9) <3, which implies that x € S;. Now
Y+ttt y, =Tx)+ T(x,) +..+ T(x,)
= T(x; +x, +.+x,)=1(S)) ...(10)
since 7'is continuous
x=lims, = T(x)=1lim 7(S )
= lim (y, +y, +..4+y,) by (10)
=Yy by (8)
Thus y =T (x), where ||x]| < 3, so that y € T (S;)
we have now proved that
ye S =>yel(S,)
and so SL. C T(S,), y being an arbitrary point in S* .
1
3

1

= 36 c 1(S)) by (1)

gc%n@

Hence T'(S,) contains an open sphere centred at origin in B'.
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Functional Analysis Theorem 2 [The open mapping theorem] :

Let B and B’ be Banach spaces. If T is a continuous linear transformation of B

onto B', then T is an open mapping

NOTES Proof: We are given that the linear transformation

T:B—> B
is continuous and onto. We claim that 7'is an open map i.e., 7(G) is an open set

in B’ for every open set G in B.

Let y € T(G) be arbitrary. Then y = T(x) for some x € G. Since G is open set in
B, there exists an open sphere S (x, 7) in B centred at x such that S (x, )  G. But
as remarked earlier, we can write S (x, ) =x + §, where S is an open sphere in B

centered at origin. Thus

x+S.cG (1)
By our lemma, there exists an open sphere S' in B centered origin such that
SLcT(S).
y+S1e cy+1(S,)=Tx)+ I(S,)) = T(x + S,)
or Sy, e)cT(x+S)cT(G), [~ y+SL=8"(r¢e)]

by (1).
This implies that to each y € T (G) 3 an open sphere B’ centered at y and contained
in T (G). Consequently 7' (G) is open.

3.5 CLOSED GRAPH THEOREM

In this section, we define closed linear transformation on normed linear spaces
and consider some of their properties, in particular in connection with the important

closed graph theorem

Definition: Let x and y be any non empty sets and let /: x— Y be a mapping
with domain X and range in Y. Then the graph of f'is defined to be that subset of X
x Y which consists of all ordered pairs of the form (x, /' (x)) i.e., if D be a subset of
xand T: D — Y, then the graph of T is defined as

T,=1(x, T(x)):xe D}.

In the case of two normed linear spaces N, n ' with D < N of the linear

transformation 7 is given by
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e

and 7: D — N', then the graph

=n_,Txh:xe D Fundamental Theorems of
“ s Functional Analysis

Remark: If N, N' are two normed linear spaces, then N x N is also a normed

linear space with co-ordinatewise linear operation under the norm NOTES

16 0 = Q1P + [y )7

withxe N,ye N'and 1 <p<oo.

In our future discussion, we shall mostly use the above norm with p =1 i.e.,
[1Ges I = el + (1]

Definition (Closed Linear Transformation) :

Let N and N’ be normed linear spaces and let D be a subspace of N. Then a
linear transformation 7': D — N’ is said to be closed iff x, € D, x, — x and T(x,)
—>y=>xe Dandy=T(x).

Theorem 3: Let N and N’ be normed linear spaces and D be a subspace of N.

Then a linear transformation 7': D — N’ is closed iff its graph 7, is closed.

Proof: Assuming that 7'is a closed linear transformation, we claim that its graph

T, is closed i.e., T contains all of its limit points. 7 is defined as

T.={(x, T(x)) : xe D}
Taking (x, y) as a limit point of 7, 3 a sequence < x,, T(x,) >, x, € D of points

in T, converging to (x, y) i.e.,

<x,T(x)>—(x7y)

(x> TCx,)) = (x, )l = 0

16x, =), (T, = )]l = 0

e, = x|| + [|T(x,) — y|][ = 0 [see remark for the norm on Nx N']
I, ]l = 0 and |7(x,) ~ | = 0

x,—»>xand T(x ) >y
x €D and T(x) =y, T being closed.

(x, ) € T, in view of definition of graph.

L O

T G is closed.

Conversely, let the graph T, of T'be closed. We claim that T'is a closed linear

transformation
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Functional Analysis Let X, € D, X, > X and T(xn) >y
But T,= T_G, since T, is given to be closed.
NOTES = (xna T(xn)) - (x: y) € TG = TG
= (x,y)e T, = xe D and y = T(x) by definition of 7
= T'is a closed linear transformation.

Theorem 4 [The Closed Graph Theorem] :

If B and B’ are Banach spaces and 7'is a linear transformation of B into B', then

T'is continuous <> its graph is closed.
Proof: Assuming that 7'is continuous and 7 is its graph
ie., T, =ncx,T(x)h:xe(S
We claim that T, is closed i.e., T, = T .

Since 7, © T_G always. We need only prove T_G cT,.Solet(x,y)e E Then
(x, y) is limit point of 7. Hence there exists a sequence < x,, T(x,) > in T, such
that<x , 7(x,) > — (x, y), which implies that x, — x and 7(x,) — y. But, since T'is
continuous, x, — x implies 7(x,) — T(x) and so y = T(x). This shows that (x, y) = (x,
T(x)) e T and T, c T,

Conversely, if T, is closed, then we claim that 7" is continuous. We denote by

(1 the linear space B renormed by

[l = I + 1Tl x € B.

We first show that this is actually a norm, since
Ny ol 2 0 asldf 2 0, | T(x)]| 20
N, cldly =0 = [l +[[ T = 0 = o] = 0, [[ T(x)| =0 = x=0
Ny x4l =[x+ A+ TG+ p)l
= [lx A A I TN+ T
<[l + Al + [T+ [T
= ([ + 17D A+ T D
= [ldfy + Il
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Ny wlleexdy = llecxd] + ([ T(a )l = led] [l +[le TGl Fundamental Theorens of
unctional Analysis

=[]l +[od T(x)
=lof [ + T T = o [|]

As such B, is a normed linear space

NOTES

Now [|T(x)|| < [[d] + [Tl =|Hdl;, = ITX)I| <1 [[x][,, which shows that T
being regarded as a mapping from B, to B’ is bounded and therefore continuous.
Consequently in order to show that 7 is continuous from B into B', it is sufficient to

show that B and B, have the same topology i.e., they are homomorphic

We, now establish that the normed linear space B, is a Banach space, by showing

that it is complete.
If <x_ > be a Cauchy sequence in B, then
llx, —x,|l, = 0asm,n—> oo
llx, — x|l + T(x,—x, )| > 0asm,n—> o
llx, —x || + T(x,) = T(x,) —> 0 as m, n —>

llx, —x,|| = 0and||T(x,) — T(x, )| — 0asm, n —

b u Uy

<x, > 1is a Cauchy sequence in B and < 7(x,) > is a Cauchy sequence
in B’
= x, —>xeBand T(x,) > ye B as B, B' are complete (1)

Now < x,, T(x,) > being a Cauchy sequence in 7; (which is closed)

(x,, 1(x,) > (x, ) €T by (1)
= y="T(x)
e, = xll, = [lx, = xI| + [|T(x, = x)||

= |, = x| +{[TCx,) = T(x)||
= I, = xl[ + [|TCx,) — x|
-0 by (1)
It follows that the sequence < x, > in B, converges to x € B,.

Hence B, is complete. [Note that B, and B are the same sets so that xe B = x
€B,].
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Functional Analysis Lastly to show that there is a homeomorphism between B and B, we consider
an identity map
I:B,—>B:Ix)=xV xeB,.

NOTES Evidently / is one-one onto mapping and

HCOI = [l < [lxl[ + TCx) = |Ixll;, V x € B,
1e., IlI(x)|| < 1.|lx[|, = 1 1s bounded and continuous

It is also one-one onto, therefore / is a homeomorphism from a Banach space B
to Banach space B,. Also T  being continuous from B, to B" and hence it is continuous

on its homomorphic image B i.e., T: B — B’ is continuous.

3.6 UNIFORM BOUNDEDNESS THEOREM

The uniform boundedness theorem is of great importance. The principle of
uniform boundedness asserts that if a sequence of bounded linear transformation 7,
€ B (B, n), n€ N where B is a Banach space and N is a normed space, is pointwise
bounded, then the sequence {7 } is uniformly bounded. Infact, it enables us to
determine whether the norms of a given family of bounded linear transformations

have a finite least upper bound.

Definition : A set F — B (N; N') of bounded linear transformations from a

normed space N into a normed space N’ is said to be :

(a) Pointwise bounded if for each x € X, the set {7(x) : Te F} is a bounded set
inN'.

(b) Uniformly bounded if F'is bounded set in the normed linear space B(N: N').

In definition (), the boundedness of the set /" means that there is a constant M
>0suchthat ||T|<M,V Te F

Let x € X, then
1TC) [ < [IT]] |lxl[ < M [Jx|| V T F.
This means that F'is pointwise bounded. Thus if fis uniformly bounded set in B

(N; N'), then it is also pointwise bounded. However, the converse of this assertion

may not hold good.
Theorem 5 (Uniform Boundedness Theorem)

Let B be a Banach space, N be a normed linear space and {7} a non-empty set

of bounded (and so continuous) linear transformations of B into N with the property
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that {7(x)} is a bounded subset of n for each vector xin B, the {||T}[|} is a bounded Fundamental Theorems of

Functional Analysis
set of numbers i.e., {T}} is bounded as a subset of B (B, N).
Proof: For each positive integer n, define
F = {x:xeBand ||T(x)< n for all i} (1) NOTES
Then F is a closed subset of B as shown below
xeF, < |[|T(x)|| < nforalli
< T(x)e S forall i

where S¢ denotes the closed sphere in N with centre 0 and radius 7.

= xe T~ [S¢] foralli

= xenT, -l [S°]

so that F/ = rlw T [$¢], which is closed, being an intersection of closed sets.

[Note that since each T; is continuous and S’ is closed in N, each Tlfl [$] s
closed in B]

Further, B = g F, forif B # ’g F, then there exists some x € B such that x
g I foranyn

= | T(x)| > n for all n by (1)

= The set {7 (x)} is not bounded, which contradicts the hypothesis. Hence
we must have B = g F,

n=1

so that the complete space B is the union of sequence of its subsets. Therefore

by Baire’s category theorem, there exists an integer n,, such that ¥, has non-empty

interior. Since Fis closed, F , =F
n > © n0 n0

and so F, , must have non-empty interior, that is, there exists some x, € F,, so

that /7 | is a nbd of x,,. Since F is closed, there exists a closed space
S={xe B:lx—xj|<r,rcF, -.(2)

Now if |[j]| < 1, then for arbitrary but fixed i

)

1 1
L@ - T+ x, - x|
0 0

1T =

,Wherez=r,y
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,,io IT(z+x,) = T

1
-1 T(z + + || T
NOTES r 17,z + x| + I T(xp)I1]

IA

1 2
— =_"n0_
p (g +ny) 2 ,ztx,andx e F .

[Note that ||z + x, — x,|| = [/ = [l Y| = rolWll < 7 G |1/ € 1) s0 that z + x, € S

c F . Ofcourse x,e Sc F
n0 0 n0

2
Thus [|7(7) <20 if [ < 1
0

2
1Tl = sup T = [ < 1} < r"OO

If follows that {[|T}]|} is a bounded set of numbers.

SELF-LEARNING EXERCISE

1. Write whether the following statements are true or false:

(a) The open mapping theorem states conditions under which a bounded linear
operator is an open mapping.

(b) The proof of the open mapping theorem is based on Heine-Borel theorem.

(c) Amap of f: X — Y known as an open mapping if V open set V of X, then
set /=1 (V) is open in ¥, X and y being topological spaces.

(d) A one-one continuous mapping of fof X onto Y is homeomorphism when
fis open.

(e) The closed space theorem states conditions under which a closed linear

operator will be bounded.

(f) The closed graph theorem is usually known by the name “The Banach
Steinhaus theorem”.

(g) The uniform boundedness theorem gives condition sufficient for {[|7, [}
to be bounded, where the 7| S are bounded linear transformations from a

Banach space into normed space.

3.7 SUMMARY

In this unit, we have studied how a new normed space can be formed by taking

the product of given normed spaces. We have seen that uniform boundedness theorem
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gives conditions sufficient for {||7’ ||} to be bounded, where the 7, n Sare bounded linear Fundamental Theorems of
. . . Functional Analysis

transformation from a Banach space into a normed space. The open mapping theorem

states conditions under which a bounded linear transformation is an open mapping.

We have seen that the three theorems discussed in this unit require completeness. NOTES

Indeed they characterize some of the most important properties of Banach spaces

which normed spaces in general may not have.

ANSWERS TO SELF-LEARNING EXERCISE
(a) True (b) False (c) False
(d) True (e) True (f) False (g) True

3.8 REVIEW QUESTIONS
1. Let(X,|l.,), (X, .ll,), ..., n--normed spaces. Then X = X, x X, x..x X

1s a normed spaces under the norm

el = eyl + lbeylly +ot el
for x=(x,x,..,x)e X
2. Let Nbe a Banach spaces, N anormed space and 7, € B (N, N') such that
(7,x) is Cauchy in N' for every x € N. Show that (||7,||) is bounded.

3. Ifin addition N in Problem 2 is complete, show that 7, x— T, where T
€ B(N,N").

4. Let B and B' be Banach spaces and let 7" be one-one continuous linear
transformation of B into B'. Then T'is a homeomorphism. In particular, 7!

1s automatically continuous.

3.9 FURTHER READINGS

e the

e the
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Functional Analysis CH APTER —_ 4

NOTES CONTINUOUS LINEAR
FUNCTIONALS

4.1 Learning Objectives

4.2 Introduction

4.3  Continuous Linear Functionals

4.4 Hahn-Banach Thearem and its Consequences

4.5 Natural Imbedding and Relexivity in normed Spaces.
4.6  Summary

4.7 Review Questions

4.8  Further Readings

4.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e We introduce the concept of linear functional, prove the Hahn-Banach
theorem on the existence of linear functionals and derive some of its many

consequences.
o We define the dual space of a normed space.

e We discuss the natural imbedding and reflexivity in normed spaces.

4.2 INTRODUCTION

It is known that R (real space) and C (complex space) are the simplest of all
normed spaces. In the present unit, we study the bounded (or continuous) linear
transformations from arbitrary normed space into the normed spaces R or C. Such
bounded linear transformations are called bounded linear functionals. All general
theorems proved in the previous unit for bounded linear transformations are also valid
for bounded linear functionals. The Hahn-Banach theorem is basically an extension

theorem for linear functionals.
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4.3 CONTINUOUS LINEAR FUNCTIONALS Continuous Linear

Functionals

We know that R and C are the simplest of all normed linear spaces. If we limit
ourselves with the continuous linear transtomations of a normed linear space N into
R or C according as N is real or complex, then the set B (N, R) or B (N, C) of all NOTES
bounded (or continuous) linear transformations is denoted by N* and known as the
conjugate space or Adjoint space or First dual space of N and the elements of N*

are known as Continuous linear functionals or simply functionals.

Thus a functional on a normed linear space N is a Continuous linear
transformation from N into R or C. If these functionals are added and multiplied by

scalars pointwise under the norm of a functional defined by

A1 = Sup {{ £ Gl - Il < 13
=Sup {K:K=0,|f(x)|<K]|x||¥x}

then N* constitutes a Bannach space.

44 HAHN-BANACH THEOREM AND ITS CONSEQUENCES

The Haha-Banach theorem is basically an extension theorem for linear
functionals. In this theorem, we consider a bounded linear functional /' defined on a
subspace M of a given normed space N and then we extend this from M to the entire
space N in such a way that certain basic properties of f continue to hold good for the

extended functional.
Theorem / (Hahn-Banach Theorem) :

If M be a linear subspace of a normed linear space N and f is a functional

defined on M, then f'can be extended to a functional £, defined on the whole space

Ns.t. |/l = 1A

Proof: We first prove the following lemma

Lemma : If /' be a functional defined on a linear subspace M of a normed linear

space N, x, ¢ M and
My=[MU{x,}]={x+ ax,:xeMand ais real}

is the linear subspace spanned by M and x,, then f can be extended to a functional
Jo defined on M s.t. [|f,|| = |lA]

Proof of the Lemma: We prove the lemma for real and complex scalars separately.

Case I : When N is real normed space, then x, ¢ M = each vector m in M can

be uniquely expressed as m = x + ax, with xe M
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Let us define f, on M|, which is extension of of /'St
Jom) = fo(x+ oxy) = fo( x) + a fo( x,)

=f(0)+ar, (1)
with the choice of real number 7, = f( x, ) -(2)
and f( x) = f (x) v—x € M ((y definition of extension) ..(3)

we first claim that f0 thus defined is linear on M,

Taking B, ye R and x, y € M we have
JolB (x+ axp) +y (v + ax)] =f, (Bx +yy) + (B +7) axy]
=SoBx+yy) + (B + pocfy (xp)
=f(Bx+yy)+(B+7r)ar, by(2)and(3)
=PBAX) +yf (») + Par, + yor,
=P @) +arg] +y [f () + ary]
=B Jf, (x+oxy)) +yfy (v +ax,) by (1)
which shows that f, is linear on M,
Also f, is an extension of f, for if x € M, then x + 0. x,, so that
Jo(X)=fo(x + 0. x) =f,(x) + 0. f(x) = f (x) + 0.y = f (x)
Le., fo(x) =f(x)V —x € M = f, is an extension of fover M.
Thus f, extends f linearly to M,. We now prove that || /|| = || /|
We have ||| = sup {]lf, () [l < 1}, x e M,
> sup {|fy @) : [x[[< 1}, xeMasM,> M
=sup {||f(x):x<1},xeM[- f,=fon M]
= A1l
Thus [ foll = [|.71] (4)

So our problem now is to choose r,, such that || /)| < [| f]|. For this purpose,

we first observe that if x,, x, are any two vectors in M, then

f(x,) = f(x;) =f(x, —x,) by linearity of /
< |f(x2_x1)’
or f(xy)—fx)< ([ S I, = x )]



= LA 11Cey +x0) = (e + x)l
A1 Gy + Xl + [1=ey + X))

111 TPey + 20l + LA ey + x|

IA

or =1 = A1l hey +xoll < = Cep) + LA ey + xql -(5)

Which holds for arbitrary x,, x, € M and can be written as
Sup =/ =1 11y +xolly< inf =7 () = LA 1Ly + x5,

since between any two real numbers there always exists a real number 7, s.t.
Sup =S O =1 11y +xglly < o< Inf L= () =[£Iy + x5,

which follows that V y e M

—fO) =y +xpll < g < =)+l y +x, -(6)

X
Taking arbitrary m = x + 2 x,, in M, and setting y = « o ve find

X X
<ry<=f (] 1A o+

-

For o > 0, the last two parts of inequality (7) yields

1 1
roS = SO+ /11l x+ x|

J@)+arg <= fI b+ o x|

Jo () + e fy (o) < [IF1] ke + e xfl - by (2) and (3)

Jo et axy) < |LflHx+ x|

A

or a < 0 the first two parts of inequality (7) yields

oz ()11 |+

1 1
@10 e+ )

@ Y1
== SO+ IS+ axflas o1 =—7

where a < 0

(7

Jo (m) < [ f ]| {[ml] ~(8)

Continuous Linear
Functionals

NOTES
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Functional Analysis On multiplying both sides by a (a negative quantity), we get
ary<—fx)+|flllx+oax,|l  (signof inequality being reversed)

NOTES = S@+ar,<|fll [[x+ax,l

= fo@+af G <[[fll1[x+ax,ll by(2)and(3)

= fot+ax)<| flllx+ x|
= fom < S Im| -(9)
(8) and (9) = f; (m) < ||.f]| ||m|| ¥V me M, o+ 0 ..(10)

clearly for a =0, [ f,||=1fl
Replacing m by —m in (10), we get

Jo Gm) < ([ flll=mll = = f (m) < || f]| m ~(11)
(10) and (11) = [ fy (m)[ < || fol] [|m]] -(12)

Since || f, [[= sup {| f, (m)| : [|m|| < 1}, me M, f, being linear functional on M,
It follows from (12), that

1Al < 1Al ~(13)
(4) and (13) = [ fol[ = [l /1] ~(14)
Case II : When N is a complex normed linear space, over C, then f'is complex

valued linear functional on M as subspace of N. Suppose g and / are real and imaginary

parts of f, so that
fx)=gx)+ih(x)Vxe M ..(15)
Now a complex linear space can be regarded as a real linear space by restricting

the scalars to real numbers and g, / are real valued functionals on the real space M.

We have forx, ye Mandae R,
St =0+
= g(x +y) + ih(x +y) = g(x) + ih(x) + g() + ih(y)
= g(x +y)=g(x) + g(v) and h(x + y) = h(x) + h(y)
and  f(ox)=0af(x) = glox)+ih (ax)=a [gkx)+ ih (x)]

= g(ax)=a g(x) and h(a x) = a h(x)
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Which follows that g and 4 are linear on M. Also Continuous Linear
Functionals

g < | f ()l asw=u+iv=|ul < |w|

<A bl

Thus if f'is bounded, then so are g and /4. Consequently, g and % are real linear

NOTES

functionals on the real space M. Again V x € M
glix)+ih (ix)=f(ix)=i(f(x))=i[gx)+ih(x)]==iglx)—h(x)
giving g(i x) =—h (x) and & (i x) = g(x)
f) =g +ih(x)=gC)—iglix)=h(ix)+ih®X) .(16)
Taking f'(x) = g(x) — i g(i x) and G being a real valued functional on real space

M, we have by Case I, that g can be extended to a real valued functional g, on the

real space M S.t.

llgoll = llgll (17)
If we define f; s.t. f, (x) = g,(x) — i g, (ix) V x € M, then it can be observed that

J, 18 linear on the complex space M|, such that
Jo=/on M, since
Jox+y)=gy(x+y)—igy(ix+iy),x,ye M,
=8 (M) +g () —igy(ix)—ig,(iy)
=8 () —igy(ix)+g, () —1ig,(iy)
=fo @)+ /)
and if o, B € R, then
Jolla+iB)x] = g, (ax+ifx)—ig,(-Bx+1iax)
=agy@)+Pgy(ix)—i(-p)g,(x)—iag,(ix)
=(a+ip)lgy(x)—ig,(ix)]
=(a+ip) fyx)
Thus f, is linear on M. Also g,= g on M implies f,= fon M. What remains
to prove is that ||f0 Il =111

Let x e M be arbitrary and write f, (x) =r e'% where r > 0 and O real. Then

| fo @) =r=e f (x) (e79x) = g, (79 x), r being real
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IA

gy (e x)<llgyll (¢7%x) by (17) (- [e"=1)
1] [l

This shows that f; is bounded (hence a functional on M) and that || f;|| <[ f]l.
Also as in Case I, it is obvious that || ;| < || f]l.

IA

NOTES

Therefore || /o || = [/l

Theory of the Main Theorem : In view of lemma, for any x € N, but x ¢ M,
we can have an extension of fon M U {x} s.t. || f|| is preserved for extension. If we
consider the set of all positive extensions of f'on all the subspaces M U {element of
nnotin M } of N, containing M, then this set of extensions of f'say G can be partially

ordered as under.

Taking g, g, € G and relation <s.t. g, < g, = domain of g, is contained in
the domain of g, and g,(x) = g,(x) V x € dom (g,). We claim that (G, <) is partially

ordered, since it is reflexive, anti- symmetric and transitive.

Reflexivity : g, < g,V g, €G.

Antisymmetry : g, < g, dom (g,) and g, < g, = dom (g,) is contained in dom
(g,) and dom (g,) < dom (g,)

= dom (g,) = dom (g,)

= g,(x) =g,(x) V xedom (g,) and

g, () =g, (x) V xedom (g,)
= g, = &,, domains being same and functional values equal for all points

of the domain.

Transitivity : g, <g, and g, < g, = dom (g,) < dom (g,) with g,(x) = g,(x)
V x edom (g) g;

dom (g,) < dom )g,) with g, (x) = g; (x) V x € dom (g,)

=  dom(g,) < dom (g;) with g,(x) = g; (x)

= 8158

Hence the set G is partially ordered.

V xe dom (g,)

Also we observe that the union of any chain of extensions is an extension and

therefore there is an upper bound for the chain. Thus every chain in G has an upper
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bound. As such by Zorn’s lemma, 3 a maximal extension f, € G, otherwise 3 an x Cog;nnu;:l;nfzzear
eNandx¢ Ms.t. f,canbe extended to the domain of f; U (x) i.e., M U (x) by the

lemma. But this violates the maximality of f,. Hence the domain of f; must be the

whole space Ns.t. || f, || = || f1]- NOTES

We now derive some important consequences of theorem 1.

Theorem 2: If N be a normed linear space and x,, is a non zero vector in N, then

3 a continuous linear functional F defined on the conjugate space N * s.t.
F(xp) = || and [[F]| = 1.
Proof: Let M = {o x,} be the linear subspace of N spanned by x,. Define f,
on M by f, (a x,) = o ||x,||. We claim that f; is a functional on M such that [ f;[| = 1.
J, is linear :

Lety,,y,€ Mso that|ly ||= a x,,y, = B x, for some scalars o and 8 . If y, & are

any scalars, then

fo(;/y1+5y2) :fo(yaxo"'Sﬁxo): f0(7/06+5ﬁ)x0]
(y a+ 6 B) x, by def. of f

= yalx,ll+ 6B [xll
Y fo (axy)+6 f,(Bx,)

Jf, is bounded
Lety=ax,e M so that [[y|| [| /I (¢ x,) = [|et]| [[x,ll = a x,. Now
| fo Ol = | £y axo)l
= lledl llxoll = IVl
Hence f, is bounded. It follows that f is a functional on M.
sup {[fo ) :y e M, |yl < 1
sup {|ll - IV < 1} =1

Now choosing a =1, f, (a x)) = a ||x || = £, (x,) = [Ix,]]-

Further |||

Hence by Hahn-Banach theorem f; can be extended to a norm preserving

functional F e N* so that

F(xy) = fy (x))=x,and [|[F|[=f, =1
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Functional Analysis Note : As a particular case, if x #y, x, y € N, so by the above theorem, there

exists an fthat e N* such

Ja=y)=lk=yl#0=7x)-/0)#0=7x)=/()
NOTES , ,
This shows that N * separates vectors in N.

Theorem 3: Let N be a real normed linear space and suppose f (x) = 0 for all f

e N *. Show that x = 0.

Proof: Suppose x # 0. Then by Theorem 2, there exists '€ N * such that f(x)
= ||x|| > 0, which contradicts the hypothesis that f'(x) = 0 for all f€ N *. Hence we

must have x = 0.

Theorem 4: If M be a closed linear subspace of a normed linear space N and
X, 1s a vector not in M, then 3 a functional /' in conjugate space N * s.t. f (M) = {0}

and F (x,) # 0.
Proof: Consider the natural mapping
T:N—>NMst.T(x)=x+MV xeN,
then ITX)|| = |x + M]| = inf {||x + m|| || : € M} by def.
< |x+m||V me M by def. of infimum.

But M being subspace, 0 € M, so that above result still holds for m =0 e M

ie., [|[T(x)|| < ||x|| V x € M, which follows that 7" is bounded and hence continuous,
Now T(m)=m+ M=M=0 of NM (1)
and x,& M= T (x,))=x,+M=Mi.e., 0of N/M ..(2)

As such T'(x,) i.e., x,+ M # 0 is a non zero vector (coset) in N/M. Therefore by
Theorem 2, 3 a functional fin (N/M)* s.t

f(xo+M):||x0+M||¢0 ..(3)
If we define F on N as
F) = f T,
then F'is a linear transformation being the composition of /" and T’
Also  f(m)=f[Tm)]=f(0)=0Y meM by (1)
F(M)=0and F(xo) =f[T(x0)] =f(x0 +M)#0
by (2) and (3)
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Theorem S: If M be a closed linear subspace of a normed linear space Nand x, ~ Continuous Ll}near
Functionals

be a vector in N, but not in M with the property that the distance from xto M i.e., d
(xy» M) =d >0, then 3 a bounded linear functional Fe N *s.t. || F[| = 1.
F(x)=dand F (x)=0Y xeMi.e., F(M)= {0} NOTES
Proof: We have by definition

d=inf {|x,—xl|:xeM},d>0 (1)
Now consider the subspace

M,={x+ax,:xeM, areal}
spanned by M and x,,. Since x, ¢ M, the representation of each vector y in M,

in the form y = x + « x,, is unique

Define a mapping f, on M, (y f, ) =ad -(2)

where y = x + a x, and d as in the hypothesis. Because of the uniqueness of y,

the mapping f is well defined. It is clear that f is linear on M,
Now f,(x))= f,(0+1.x))=1d=d by (2)
and forany me M, f (m)= f,(m+0.x,))=0.d=0= f,(M)={0}.

Now, we claim that || f, [| = 1, since

Iyl = sup {40

—:yiO}yeMO
71l

— Sup{ S +ax)|

.xiOaiO}yeM,aeR
e+ o x|

d
= sup{L:a;tO}aeR,xeM by (2)
[x + a x|

a#0l,aeR,xeM,asd>0and |a d|=d|a]

|
g
S

1 X
dsup{ ZZ:—EM}
ey + 2l o

= d[inf {|lx,— 2| : ze M}]"! =d%=1 by (1)
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Functional Analysis SO fo is a linear functional on M, such that

Jo M) = {03, fo (xg)=dand || fol| =1 -(3)

NOTES Hence by the Hahn-Banach theorem, there exists a functional F on the whole
space N such that

Fy) =1V yeM, and [|F[|= | £l
It follows from (3) that
F(M)=1{0}; F(x,)=dand || f]/ =1 as desired

4.5 NATURAL IMBEDDING AND REFLEXIVITY IN
NORMED SPACES

If N be a normed linear space, then the set of all bounded linear functionals

defined on N form a Banach space, denoted by N* and is known as the Dual space
or the conjugate space or the adjoint space or the first dual space of the normed
space N. The space of bounded linear functionals on N* is known as the second dual
space of N and denoted by N* *.

Taking N * and N* * as the first and second conjugate spaces of a normed linear
space N, so that each vector x in N gives rise to a functional fin N * and a functional
F_in N** we defined F_ as

F(f)=fx)Vfe N*
The mapping J: x — F x of Ninto N * *, where F_( /) = natural embedding.

If the natural imbedding J : x— F_of N into N** is an onto mapping, then we

call the normed space N as Reflexive.

Here F_ is also known as the functional on N * induced by the vector x of N

and we generally say it induced functional.

Theorem 6: Let N be an arbitrary normed linear space. Then for each vector x in N
induces a functional F_on N * * defined by F'_( )=/ (x) V f€ N * such that [|F ||= [|x].

Further the mapping J: N — N * * defined as J (x) = F/ 'V x € Nis an isometric

isomophism of N into N * *,

Proof: We first claim that /°_ is linear, since f, g€ N * and scalars a, 3, we have
F(af+Bg) = (af+pg) (x) bydef of F,
= (af) )+ (B2 ()
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Otf(x) + ﬁ g(x) Continuous Linear

Functionals
=aF (f)+PF.(g (1)
Again, we claim that F_is bounded, since for all fe N *, we have
IE N = sup {IF () [ Sl <1}
sup {|| /() [[f] <1}

sup {[[ A1 [}l = [l A1 < 15
< [ll] -(2)

NOTES

Ni * *
Thus [|F || < 1 [|x]|. It follows that F'_ is bounded i.e., continuous. Hence F_is
a functional on N**,
For a non zero vector x in M, 3 a functional ;€ N * s.t
Jo @) =||x and || £,]| =1 (by Theorem 2) ..(3)
For such a functional f;,, we have
F_(f) =1, %) by def. of F,
ie. F,(fy=|xl. where|| )l =1  (by (3))

= Al =l =11 Gl < IES LA =E oMl Afl =1
= A< (Il -(4)
Hence (2) and (4) = ||F]| = [|x]| ..(5)

When x is a zero vector, then from (1), we have
< Tel [ = 1F )l = £l < 0=10

and IF,ll = 0 as [|[F|| = 0 always

Hence [|F|[ = |0]]

Thus we have shown that ||F || = [|x]| V x e N.

Now we prove that J is an isometric isomophism i.e. J is a one-one linear

transformation as well as an isometry.
J is linear, since for any x, y € N and scalars «, 3, we have

Eovipy ()= flax+pBy)
=af(x)+pf() (- fisalinear transformation Vfe N *)
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Functional Analysis = Fx (f) +[)) Fy (f)
=(aF)(H+BF)(f)
_— — (@ F)+ (BF,) ()
= Fax+ﬁy:an+ﬂFy

It follows that

J(@x+p)=F, , =aF +BF=a)x)+pJ()

xX+py
= J is linear.
Lastly we claim that J is an isometry, since by (5),
V) = I = I, = F [ = 1F, _ [ = [ = ]

Thus J preserves norm, so it is an isometry. Also

Jx)=J(y) = J(x) - J() =0

= J@-J0)=0

= lx—x=0 (- J pressure norm)
= x-y=0

= x=y

1.e. J is one-one.

Hence J: N — N * * is an isometric isomorphism.

Self-Learning Exercise

1. Write whether the following statements are true or false:

(a) Thenorm ||.||: N— R onanormed space (x, || . || )is functional on N which

is not linear.

(b) If fis a bounded linear functional on a complex normed space. Then f is
linear.

(c) The Hahn-Banach theorem is an extension theorem for linear functional.

(d) If N be areal normed linear space and /' (x) = 0 V € N * (conjugate space).
Then x # 0.

2. [Iffis a linear functional on an n-dimensional vector space X. What dimension
can the null space N( ') have?
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4.6 SUMMARY Continuous Linear

Functionals

In this unit, we have seen that Hahn-Banach theorem is an extension theorem for
linear functionals on linear spaces. We defined the dual space of a normed space to
be the set of all bounded linear functionals on the space. We have seen that in some NOTES
cases, the second dual space of a normed space, under a specific mapping called

natural embedding is isometrically isomorphic to the original space.

ANSWER TO SELF-LEARNING EXERCISE
1. (a) True (b) False (c) True (d) False

2.norn’!

4.7 REVIEW QUESTIONS

1. If M be anclosed linear subspace of a normed linear space N, x,, be a point
in N but not in M and d be the distance from x,, to M.

Then show that 3 a functional F in N (whole space) s.t.

1
F(M) = {05, F (xy) = L and ||F| = —.

State and prove Hahn-Banach theorem.
Show that dual of R” in R".

Prove that if a normed space N is reflexive, it is complete.

A

If a normed space N is reflexive, show that N * is reflexive.

4.8 FURTHER READINGS

e the

e the
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Functional Analysis CH APTER —_ 5

NOTES HILBERT SPACE AND ITS
BASIC PROPERTIES

5.1 Learning Objectives

5.2 Introduction
5.3 Inner Product Spaces and Examples
—Definition
—Examples
—Basic Properties
5.4 Hilbert Space
—Definition
—Basic Properties
5.5 Some Important Theorems on Hilbert Spaces
5.6  Summary
5.7 Review Questions
5.8  Further Readings

5.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e The aim of this unit is to study Inner product spaces and Hilbert spaces and

its basic properties.

e Here we shall prove Schwarz inequality, paralleogram law and polarisation

identity in Hilbert spaces.

5.2 INTRODUCTION

We know that the norm on a vector space is the generalisation of the distance

from the origin in an Euclidean space. The Euclidean space is not only provided

with the distance amenable to the definition of norm, but also it is provided with
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the geometric concepts such as dot product. Using the dot product one can find the ng?:sritc %fo;;%zshs
magnitude of vector and express the condition of orthogonality. These concepts can

be illustrated very well by considering the Euclidean space of three dimensions. Such

ideas like dot product and condition of orthogonality are totally missing in a normed NOTES
linear space. The extension of these notions to any arbitrary infinite dimensional
vector spaces leads to the definition of inner product on a vector space in such a way
that the inner product gives rise to a norm. Since an inner product is used to define
anorm on a vector space, the inner product spaces are special normed linear spaces.
a complete inner product space is called a Hilbert space. Thus every Hilbert space is
a Banach space but converse is not necessarity true. In the next four units we shall

study in detail the basic theory of Hilbert spaces.

5.3 INNER PRODUCT SPACES

DEFINITION
Let X be a linear space over the complex field C. An inner product on X is a
function () : Xx X — C which satisfies the following conditions :
L (ax+By,2)=a(x,2)+By,z)Vx,y,ze xanda, BeC
(Linearity in the first variable)
I (x,y)= (v, x) (Conjugate symmetry)
where the bar denotes the complex conjugate.
II. (x,x) =0, (x,x)=0iff x = 0 (Positive definiteness)
A complex inner product space X is a linear space over C with an inner
product defined on it. We can also define inner product by replacing C by R in the
above definition. In that case, we get a real inner product space. Since the theory

of operators on a complex inner product space alone gives non-trivial results in some

important situations.

We shall consider only complex inner product spaces.

ExXAMPLES

Example 1: The space [, consisting of all » tuples x = (x,..., x,) of complex

n
numbers and the inner product on 7’ is defined as (x, y) = 21 x, y, where (..., y,)
. . =
is an inner product space.
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Solution: Let o, f € Cand x = (x,,...,x,), y= (¥,,...,,) and 2= (z,,..., z,) belong

I5. Then

NOTES
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. (ax+By,z2)= ;(O‘xi+ﬁy5)2i

n n
=aZ}xizi+ﬁ_Zlyizi
i= i=

=a(x, 2) + By, 2)

=XV, T, teax,p,

=y, X, tyx, toty x

n

I11. (,x)= D, XX, = > Ix 2
i=1 i=1

Hence (x, x) 2 0 and (x, x) = 0 iff x, = 0 for each i i.e., (x, x) = 0 iff x= 0.
Thus l'; is an linear product space.

Example 2: The linear space /, consisting of all complex sequences x = (x,)

o0
such that 2 \xl.lz is converg net is an inner product space.

i=1

Solution : Define the inner product on /, as

(x, ) = Z;xnyn Vx=(x)andy=(y)el, (1)

First we show that the inner product
(1) is well defined. For this we have to show that
(i1) is a convergent series having the sum as a complex number.

By Cauchy’s inequality, we have

n n 12

Sl B

12

< (2 |x”’2)1/2(g b}n|2)



© © Hilbert Space and Its
S 2 and 2 h f ial f th Basic Properties
ince 2, |x | an lv,|” are convergent, the sequence of partial sums of the
i=1 i=1

series x v | 1S a monotonic increasing sequence bounded above. Therefore, the
gglnyJ g seq ; NOTES

o0
. —_— 2 .
series 21 x v |° is convergent.
=

Hence Z x, ¥, 1s absolutely convergent having its sum as a complex number.
i=1

Therefore (1) is convergent so that the linear product (1) is well-defined.
The three axious for inner product space can be verified as in example 1.

Hence /, is an inner product space.

BAsic PROPERTIES

The basic properties of inner product space are contained in the following

theorem :

Theorem 1: Let X be a complex inner product space, then
() (a, =By, 2)=0a(x,2) =B, 2)

(i) (B, +7)= B+ 7(x2)

(iii) (x, B,~7)=Bxy) - 7 2)

(iv) (x,0)=0and (0,x)=0V xe x

where o, B and ye C

Proof:

@) (.= By, 2) = (ax+ (P )y, 2)
=ax,2)+(=h) 1, 2)
= a(x, z) = B(y, 2)
(i) By+y2)=(By+yzx)
= B0, x) + 1z, x)
= B 0.0 + 7(zx)

= B )+ 7(x,2)
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Functional Analysis (i1) shows that an inner product is conjugate linear in the second variable
(i) B, —7)= B, + (D2,

= B,y + () (v,2) (using(ii))

= B,y - 7(x,2)
(iv) (0,x) = (08,x)=0(0,x)=0

NOTES

where 0 1s zero element of X

and (x, 0) = (0, x) = 0.
With the help of the inner product, on a linear space X we can define a norm on

X. Define ||x || = { (x, x)]"?>V x e X. To prove that is a norm, we require the following
Theorem 2: If x and y are any two vectors in an inner product space X, then
e, W< el ]l -(2)
The inequality by (2) is also known as Schwarz inequality

Proof: If y = 0, then ||y|| = 0 and |(x, y)| = 0 so that both sides (2) vanish and

the inequality is true
Therefore let us assume that y # 0 and A € C. Then
0<[x=AyP=(x-2Ay,x=2Y)
Since (x—Ay,x=1y) =0, x)—(x,Ay) - Ay, x)+ Ay, 1Y)
=)= A= 70,0+2 7))
=[P =24 (%) = 7@ p) + AP 1,
Therefore [|x|> = A (v, x) — 7 (x,¥) + A [V[[* =0 ..(3)
Now y # 0, ||y]| # 0. So choosing

_ &)

S and taking (y, x) = (x, »)

A

From (3) we have

» )y )@Y eI
M= pE e M

(€290 (€5 S €95
[ O 1R/ (%

[ -

1=
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|(x, y)lz > Hilbert Space and Its

||x||2 - || ||2 = Basic Properties
Y
or |(x, »)| < |Ixl [l
Remark: In Schwaz inequality, equality holds good iff x and y are linearly NOTES

dependent
Theorem 3: If ||x| is an inner product space, then ||x|| = (x, x)!/? is a norm on X.
Proof: (i) we have ||x|| = (x, )" = ||x|]> = (x, x)
Now ||x]| > 0 and ||x|| =0 iff (x, x)=01e.x=0
(i) Letx, yeX, then
I+ y [P =@+, x+y)

= (X)) + L)+ 0,0+ (,))

= (62 + @)+ (60) +(7,9)

= [xl[* +2 Re (x, y) + [[I?

< PP+ 2 |G )]+ ()P (v Re(@)< 7]Vzel)
< (el + 2[l] )]+ 1IP (using Schwarz inequality)
Thus lx+ yI? < (lxl| + [[¥1D?
= [ + I < [lx]| + [l

(ii1)) For any scalar o € C and x € X, we have

lax|]*> = (ax, ax)=aa(x,x)
= la” [|x|?
[loxl| = [lexd| x|
Hence || . || satisfies all condition of the norm.

Since we are able to define a norm on X with the help of the inner product, the

inner product space X becomes a normed linear space.

5.4 HILBERT SPACE

DEFINITION
A complete inner product space is called a Hilbert space

or
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Functional Analysis Let H be a complex Banach space with a linear product defined on it. Then H
said to be a Hilbert space if a complex number (x, y) called the inner product of x

and y satisfy the following properties :

NOTES Q) (x,x)= x|

(i) (v,»)=(,x)
(Hy) (ax+By,2) =0 (x,2) + B (v, 2)
Vx,y,ze Handa, e C

Remark 1 : Examples (1) and (2) of § 5.3 are complete inner product spaces,

since / g and /, are Banach spaces with norm defined as

n

e = {Z lx,-lz}l/2

i=1
Example 1 is a finite dimensional space because underlying vector space /7 is
finite while Example 2 is an infinite dimensional space.

Remark 2 : Note that the set of all sequences x = {x_} such that x, is ultimately
zero is an incomplete inner product space, the inner product being induced by /,,

since we can find a sequence

1 1 1 ) o
—, 0, 0,..] converges in /, but its limit has no zero terms

(xn) = 1’ ?’ ?’ 2% n

Hence we conclude that every Hilbert space is an inner product space but

converse is not necessarily true.

BAsic PROPERTIES

Theorem 3: The inner product in a Hilbert space is jointly continuous i.e. if x,

— x then (x,, y,) = (x,y) as n — .

Proof: We have
(x,, ¥,) — 5 =1(x,, ,) — (X, 1) + (x,, 1) — (%, ¥)]

=[x, y,=»)+(x,—x, )

< |(xnayn_y)|+|(xn_an’)| (4)

By Schwarz inequality, we have
|, v, = V< e[ Ly, =l -(5)
and |Cx, = x, )| < |lx, — ]| [Vl -(6)
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Using (5) and (6) in (4) we get Hilbert Space and Its

Basic Properties
|6, 3,) = ©6 W (e[| 1, = wll+ (b, = X[ ] A7)

Since x, = x and y, — y, therefore
NOTES
e, — x| -0 and |y —y|| =0

Further since (x,) is convergent sequence therefore it is bounded so that [|x ||
<MV n

Using above in (7), we find that
(x,y)—>(x,y)as n—>o
Hence inner product in a Hilbert space is continuous.
Theorem 4 (Parallelogram Law) :
If x and y are any two vectors in a Hilbert space H, then ||(x + y)|]> + |jx — y|]?
= 2(|lxI* + [|¥1)
Proof: For any x, y € H, we have
[+ =ty x+y)
= (LX) + )+ 00+ 0,))
= KPP+ G, ) + (0, X) + -(8)
Again [y =yl =(r-y,x-y)
= (6X) =) - 0,0+ 0,))
= [P = Ge, ) = o x) + P -(9)
Adding (8) and (9), we get
e+ 3P + [ = yl1P = 200> + (1111
Remark: In a Hilbert space, the norm induced (y the inner product satisfies the

parallelogram law. However this is not true in general in Banach space i.e., the norm

in a Banach space need not necessarily satisfies the parallelogram law.
Theorem 5 (Polarisation Identity) :
If x, y are any two vectors in a Hilbert space H, then
A0, ) = e+ P = llx = ylP + il + i ylP =i [ — iy
Proof: Subtracting (9) from (8), we get

[P+ 1P = [ = I = 2(x, y) + 2(v, x) -(10)
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Functional Analysis

NOTES

Replacing y by i y in (10), we get

b+ iy = e = i1 = 20x, i ) +2(i p, x)

=2i(x, )+ 2i(y, x)
=—2i(x, )+ 2i(y, X) .(11)
Multiplying both sides of (11) by 7, we get
i+ iy —ilk—iylP=2(x,») - 20,x) -(12)

Adding(10) and (12) we get the required polarisation identity.

5.5 SOME IMPORTANT THEOREMS ON HILBERT SPACES
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Theorem 5: If B is a complex Banach space whose norm obeys the parallelogram

law, and if an inner product is defined on B by

A0e, y) = e+ 3P = lbe = ylP + @ e+ 1P =i fle — i I ~(13)
then B is a Hilbert space.

Proof: For all x, y € B, the parallelogram law is
[P+ 1P+ b= pIP = 2 I + [P -(14)
Now we show that the inner product on B satisfies the properties of Hilbert space.
(H)) fory =1x,
(13) = 4(x, x) = [12x]* = [[0P + 7 [[x(1 + §)* — i [[x(1 = )|
= 4[RI? =0+ 7 |(1+ i) > = (L = D) [x]
= 4|x][* + 2i]|x||* — 24]|x]]
= 4]
= (6, x) = [l
(H,) Taking complex conjugates of both sides of (13), we get
4, p) = e+ P =l =P =il +iyP+ i — iyl
(- |x + y|P% |x + y||* each are real)
= W +xlP = =P =i |iF (=i +i =i (v + i )]

= p+xlP =y -xP-ily—ixP+i-ily+ix]



= 4(x + y) (by (1 3)) Hilbert Space and Its

Basic Properties

xy) = (%)
The property
(ax+By,z)=a(x,z2)+B (O, 2)

is equivalent to

(Hy) (x+y,2)=(x2)+1,2)

and (H,) (e x,y) = a (x, )

NOTES

so instead of proving H, we proove H,, and H,,.
(H;,) Replacing x by (x + y) and y by z in (13), we get

Ax+y, )=+ +2P = I+ ) = 2P + [+ ) + iz =i |+ y) =i 2P

..(15)
On replacing x by (x + z) and using
16+ ) + 22 = [|(x + 2) + yI, (14) gives
1Gc+2) + MR+ I0e+2) = yIP =2 [r + 2P + 2|yl
or 16+ 2) + 2P =2l + 2P + 2P - (x + 2) = 3P -(16)
Also [|(x+2) +yIPP =z - )+ x|} (by (16))
=2 llz =P+ 2 [P = Iz = ») — X
=2 |- = 2P + 2 [l = -G+ ) - 2P
=2l = 2P + 2l = |6+ ») — 2 -(17)

Using(17) in (16) we get

16+ ) + 2P =20 + 2P + 2Ip11* = 2lly = 2l = 2 [l + [|Ge +p) — 21

1Ce +2) + 2P = [IGe ) = 2l = 2le + 2|2 + 2P = 2y — 2l - 2[d* ...(18)
Interchanging x and y in (18) we get

1Ce +p) + 2P = 16 +3) = 2P =21y + 2|* + 2[d? = 2[pe — 2 = 2 [l ...(19)
Adding(18) and (19) we get

1+ ) + 212 = 2[|(x + y) — 2|

:||x+z||2—x—zz+y+zz—y—z||2 ...(20)
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Now replacing z by iz and then multiplying throughout by 7 in (20), we get
e+ ) +izlP—i(e+y) iz
=ilx+iziP—ix—iz|P+iy+iz|P—iy iz ..(21)
Adding (20) and (21) we find that
1+ + 2P =N+ ) — 2P+ i llGe+y) + iz =i flCe +p) +i 2P
= btz = —zlP il +izP—ix—izP}
i+l =y —zAP+ily+izdP—ily—izP illy+izlP}
or 4(x+y,z)=4(x,z)+u(y,z) (using polarisation identity)
or (x+ty,2)=(x,2)+,2) ..(22)
(H,,) Let a € C. Then we prove H,, for following cases :
Case 1 : Let o is a positive integer
by (22) we have
(x+2,9) = (x,3)+ ()
Taking z = x, we get
(2x,y)=2(x, y)
Hence (H,,) is true for a =2
Now assume that (#,) is true for a fixed positive integer & i.e.
(kx,y)=k(x,y) ..(23)
Then
((k+1D)x,y)= (kx+x,y)
= (kx,y)+(x,y) (bHy)
= k(x,y)+(x,y)  (by(23))
= (k+1)(x, »)
Thus H,, is true for k£ + 1. Hence H,, is true for all positive integers £.
Case II : Let o be a negative integer.

Here first we prove that

(_xa y) = —(X, y)



For this replacing x by — x in (13), we get Hilbert Space and Its
Basic Properties

40, ) = [l=x + U1 = [l=x = 1P + Ell=x + i > = df] = — i )

= == = I=C WP+ i == i = A=+ i )2 NOTES
=[x =P = llx + )12 +ix =i > —illx+i |
=—4(x, y) -(24)

(_xa J’) = —(X, J/)

Now let o = —f3, where f is positive integer. Then
(a x:y) = ((_ﬁ) X:J’) = (_(ﬂx)J’)

—Cﬁxa)’): a (xvy)

Case III : Let o be a rational number i.e., o = %

where P and g are integers and g # 0. We have

(ax,y)= %x,y = (Pzy) (assume tha %:z)

= p(z,y)
1
Also(qz,)=q(z,y) = (z,)) = 7 (qz)
Hence (ax,y)= % gz

=a(x,y)
Case IV : Let a be a complex number.

Here first we prove that

(ix,y)=i(x,y)
Replacing x by i x in (13), we get

A, y) = llix+y P = [lix =P +illx+iy? =i flix— iyl
= [liCc =i P = [li e+ i PP+ dlliGe + )P = i [liGx = p)I?
= [P lbe = I + [J[? [be + i 12+ 2 i be + 21 = 2 7] e = yI?

=[x =i ylP = [+ iyP+ix+ylIP =il -yl

==l =i ylP + Pl + i yIP + dlbe + pIP = dlle = o
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Funciional Analyss = b AP = o= 1P+ b+ = e i)

=1 (xa y)
Now suppose that a = a, + ia,, where a, a, € R.

NOTES
We have

(ax,y)= (o, +io) x,y)=(a; x+ia,x,Y)
= (apx, )+ a,x,y)=o/xy) +i(a,xy)
= o, (x,y)+ia,xy)
= (o +iay) (x,y)=a(x,y)
Thus we have proved that
(a x,y)= a(x, y) for each scalar .
Hence B is Hilbert space.

Theorem 6: A closed convex shubset K of a Hilbert Space H contains a unique

vectors of smallest norm.
Proof: Here first we define a convex set
Let X be a linear space real or complex. A norm empty subset K of X is said to
be convexifx,ye K= (1 - A1)x+ A ye Kwhere A is anyreal number S.t. 0< A< 1.
Taking A = %, we see that if K is convex subset of a linear space X, then x, y

xty
2

e K= eKk.

Now suppose that d = inf {||x|| : x € K}. Then there exists a sequence{x, } in K
s.t. x| — d.

x +
n

) ) X
Since K is convex, therefore m e N form,neN.

Hence using the definition of d, we have

1
HE (x,tx )| =d=|x +x | =2d ..(25)

By parallelogram law
b, = %, |2 = 2l |12 + 2l [P = [br,, + x|

<2 242 |, |12 - 4P ..(26)
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Since [|x ||, [|x,,|| — d as n, m — o, we get from (26) that Hilbert Space and Its
Basic Properties
Ix,—x [[>—>0 as m,n— oo

Hence{x / is a Cauchy sequence. Since K is a closed subspace of a complete

. . NOTES
space, therefore K is complete. Hence the Cauchy sequence{x } in K converges to

a point x in K. Since the inner product is continuous and consequently norm is also

continuous
Thus |jx|| = |[lim xn|| =lim ||xn|| =d
so x 1s a vector of smallest norm.

Uniqueness of x: Let y € K be another point with ||y|| = d.

1
Then by (x +y) € K. Hence by parallelogram law, we get

2

e

2 2
AT
2 2

e

2

L8 fren

2

1
> (=)
<d
1
Which contradicts the definition of d, since £y (x+y)e K.Hencexe K isunique.

Theorem 7 : Let M be a closed linear subspace of a Hilbert space H, and x be
a vector not in M. Suppose that d = d (x, M). Then these exists a unique vector y,, in
Ms.t. |x-yll=d.

Proof: We haved=d (x, M)=1inf {||x —y||: ye M}
Then there exists a sequence {y, } in M s.t.
lim|x—yll=dor|x-yl|—d

Let y,.y,ely}ie,y,,y,eM

Y TV -
= Tonm VE M} [+ M is a subspace of H]
_|._
- PRSI P
2n7m
= 12x= (@, +y,)=22d ..(27)
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Functional Analysis By parallelogram law, we have
1y, =2l =1 =y,) = =y, I
=Ny v |12 oy 12— 1l(x — _ 2
NOTES = -y 2+ 2l = P~ = 3,) + G-y
<2x =y )P+ 2llx -y, |I* = 4d°
S22 +2d>—4d*=0asm,n —

. {y,} 1s a Cauchy sequence in M which is complete, being a closed subspace
of'a complete space H
= dy,e Mst. {y} =,
Now  [ox—yl = x—limy|
= [llim (x — y )l =lim [x -y, || =d
Hence y, is the required vector in M s.t. [[x — y,|| = d

Uniqueness of y, : Let y,, v, (v, #y,) be two vectors in M s.t.

=yl = d=lx =yl

Wty
2

Now y,y,e M = eM

Y
2

=>2x-p,+y)=22d

= |lx - >d

By parallelogram law we have
6= 3 = =3, = 2lbc=y |2+ 20 = 3l = [2x = (0, + )|
<2d*+2d>-4d*=0
=2l < 0= |y, =yl =0 ¢ by = »,/P=0)
=@, +y,)=0
=0 =0

Hence y, is unique.

Self-Learning Exercise

1. State linearity in the first variable for inner product.
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2. Ifx,y,ze H (aHilbert space) and «, B3, y € C, then fill up the blanks

1) (ax+By,z)=..
(1) (,By—yz)=....
(iii) (x,»)=...

3. Fill up the blanks

(1) A inner product space is called a Hilbert space.

(i1) The inner product in a Hilbert space is.................
4. State parallelogram law in a Hilbert space.

5. State polarisation identity in a Hilbert space.

5.6 SUMMARY

In this unit you studied inner product space and Hilbert spaces and some basic

properties associated with these spaces.

ANSWERS TO SELF-LEARNING EXERCISE
I. (ax+By,z)=a(x,z)+p@y,z)
2. () oa(x,z)+ By, x)
(i) B (x,3) =~ 7(x,2)
3. (i) complete
(ii) jointly continuous
4. I+ yP+ k=P =2(KP +IMP YV x,ye H

5. 4G, y) =kt P =l =P+ il + iyl — i e —

5.7 REVIEW QUESTIONS

1. Let L,[0, 1] be the set of all square integrable functions on [0, 1]. Define

the inner product on L, [0, 1] as

(f9)=], &M gdt ¥ fgel,[0,1]

Prove that L, [0, 1] is an inner product space.

2. Give an example of an inner product space which is not a Hilbert space.

Hilbert Space and Its
Basic Properties

NOTES
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Functional Analysis 3. Ifxis an inner product space, show that +/(x, x) satisfies the properties of

a norm.

»

If x and y are any two vectors in a Hilbert space H then show that
NOTES : > >
@ [x+y == llx=yllF=4 Re(x, y)
(i) (x,y)=Re(x,y)+iRe(x,1y)
5. For the special Hilbert space /", use Cauchy’s inequality to prove the

Schwarz inequality.
6. Define (i) Inner product space (ii) Hilbert space and give an example.

7. Let K'be anon-empty conver subset of a Hilbert space H and x,e H. Prove

that 3 a unique point k€ K's.t. d (x,, k) = []x, — k|-

5.8 FURTHER READINGS

e the

e the
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FUNCTIONALS IN HILBERT

CHAPTER -6
ORTHOGONALITY AND

SPACES

Orthogonality and
Functionals in Hilbert
Spacesl

NOTES
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Functional Analysis 6.1 LEARNING OBIECTIVES

After studying the chapter, students will be able to:

e Our objective of this unit is to study orthogenality and functionals in Hilbert
NOTES spaces

e We shall also study the orthonormal sets, complete orthonormal sets and
reflexivity of Hilbert spaces.

6.2 INTRODUCTION

In the last unit we defined the inner product spaces and Hilbert spaces. In this
unit first we define orthogonality in Hilbert spaces, and prove Pythagorean theorem,
Projection theorem and some other important results connected with orthogonal
complements. After that the definition of orthonormal sets and complete orthonormal
sets are given and important theorems such as Bessel’s inequality, Parseval’s identity are
proved. We also discuss functionals in Hilbert spaces and prove an important theorem
viz Riesz representation theorem. Lastly we prove that every Hilbert space is Reflexive.

6.3 ORTHOGONAL COMPLEMENTS

DEFINITION 1 (ORTHOGONALITY)

Let x and y be any two vectors in a Hilbert space H. Then x is said to be
orthogonal to y written as x L y if (x, y) =0

From the definition we have the following easy consequences :
(1) The relation of orthognality is symmetric i.e.
x1Ly=ylx Sincex L ygives
6, )=0=(x1)=00r(y,x)=0=y L x
(i) Ifx Ly, thenax LlyV aeC
Since (a x, y) = a(x, y) =0, thereforex L y > ax Ly
(i11) Since (0, x) = 0 for any x € H, therefore 0 L xV xe H

(iv) If xL x, then x must be zero. For xL x, then (x, x) = 0 = ||d|>=01i.e.,x=0

DErINITION 2 (ORTHOGONAL SETS)

Two non empty subsets S, and S, of a Hilbert space H are said to be orthogonal
denoted by S, L S,,ifxL yV xe S, andyeS,.
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DErINITION 3 (ORTHOGONAL COMPLEMENT) Orthogonality and

Functionals in Hilbert

Let S be a non empty subset of a Hilbert space H. The orthogonal complement Spacesl

of S denoted by S* and read as S perpendicular, is defined as
NOTES
St ={xeH:x1ly Vyes|
Thus S* is the set of all those vectors in / which are orthogonal to every vector
in S.
PYTHAGOREAN THEOREM
Statement If x and y are any two orthogonal vectors in a Hilbert space /, then
[P+ 3P = [ = P = [l + [l

Proof: Since x L y therefore

(6, »)=0=(x,»)=0

= (y,x)=0 ()
Now  [x+)lP= (x+p,x+y)

= (6, X)+ () +0x)+0,)

= |+ [BIP  (using(1)) -(2)
Similarly [px — y{|* = [[x[|* + [y]]? -.(3)

Combining (2) and (3) we get the Pythagorean theorem.

ELEMENTARY PROPERTIES
From the definition we have the following

Theorem 1: Let S, S, and S, be non empty subsets of a Hilbert space H. Then

(i) {0}t =H (i) H- = {0}

(i) SN S+ < {0} (iv) §,c8,=S, =S and S~ <S8
(v) Scs§tt (vi) S, LS,=S,NS,=1{0}

Proof: (i) By definition we have {0}* c H (4

Now let x € H. Since (x,0)=0 .. xe {0}*. Hence H < {0}*
Combining (4) and (5) we get {0} =H
(ii) Letxe H = (x,y)=0V ye H ..(5)
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Functional Analysis Choose y = x, then (x, x) =0 = ||x||* orx =0
Thus x € H- = x= 0. Hence H* = {0}

NOTES (iii) Letxe SN St = xeSand x e S*
=>xLlxor(x,x)=0
= [x|P=0=x=0e {0}

Thus SNSL < {0}

(Remark: If S is subspace of H, then S* is also subspace of H. So both S and

St contain zero vector. Thus is S'is subspace of H, then0e SN St = S St = {0}.)

(iv) Letxe§%. Then x is orthogonal to every vector in S,.

Since §; < §,, therefore x is orthogonal to every vector in S, which implies x
e S, Thus §5 < S

In a similar manner we can prove that § ILL c Szj%

(v) LetxeS.Then(x,y)=0V ye St

so if y e S, then from the definition of S*+, x € S+ .

Thusxe S = xe S+ Hence S §*+

(vi) If§; NS, # {0}, then suppose thatxe §;, N S,

Since §; L S, therefore (x,x) =0 = [|x|2=0=x=0,

therefore 5, N §, = {0}.

Theorem 2: If S is a non empty subset of a Hilbert space H, then S§* is a closed

linear subspace of / and hence a Hilbert space.
Proof: By definition of S*, we have
St =(xe H:(x,y)=0V ye S}
Since (0,y) =0V y e S, therefore 0 € S+ and so S* is non empty.
Let x,,x,e Sand a, B are scalars. Then
(x,y)=0and (x,,y) =0V ye §

Hence for every y € S, we get

(@ax;+Bx,y)=a(x,y)+B(x,,»)=a0+p0=0
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= ax +px,es Orthogonality and
Functionals in Hilbert

=  S' isasubspace of H. Spacesl

Now we prove that S* is a closed subset of H. For this let {x,} be a sequence is

" : . NOTES
S+ converging to x in H.

Then we have to show that x € S*. For this we should prove that (x, )= 0V ye S

Since x, € S*, therefore (x , ) =0 y € S and n € N. Since inner product is a

continuous function, therefore (x,, y) — (x, y) = ©
Since (x,, ¥) = 0V n, therefore (x, y) = 0. Thus x € §-.
Hence S+ is a closed subset of H.

Now S is a closed subspace of Hilbert space H. So, S* is complete and hence

it is a Hilbert.

6.4 PROJECTION THEOREM

In this section, we shall first develop some preliminary results for the proof of

Projection Theorem.

Theorem 3: Let M be a proper closed linear subspace of a Hilbert space H.

Then there exists a non- zero vector Z, in H s.t. zy L M.

Proof: Since M is a proper closed subspace of H, therefore there exists a vector

x in H which is not in M
Letd=d (x, M) =1inf (|x — y|| : y € M}
As x ¢ M, so d>0. Again M is a closed subspace of H, so by Theorem 7 of
unit 5, there exists a unique vector y, in M s.t. [[x — y,|| = d. Suppose that z, = x — y,.
Now |izyll = [be = y,ll =d >0

Hence z, is a non zero vector. We prove that z, 1 V y € M. For this we must

0
show that (z,, ) =0V ye M

For any scalar a, consider
Zp—ay=x—y,—ay=x—(,+ay)
Since M is a subspace of Hand y,y,€ M, therefore y,+ oy € M. Hence using
the definition of d, we get

=0y +ay) | 2d =]zl
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Functional Analysis Therefore ”ZO —a yH > HZ()HZ

Now lzg— a )l = (z P = (zg— @y, zy— a ¥) = (25, z)) 2 0

NOTES or (Z()a Z()) - &(Zoa y) - ()/’, Zo) +a &()/, y) - (Z(): Zo) >0
or —a(zpy)—a(y,z) +aay,y) =0 ...(6)
The result (6) is true for all scalars « . Let oo = 8 (2, y) where 8 is any arbitrary

real number. Then o = f(z,, y). Using o and « in (6) we get
_ﬁ(zoay) (Z(): y) —ﬁ(ZO, y) (Z()oy) +ﬁ2 (Z(): y) (Z()ay) |b}||2 >0
or =2B|(zg )1 + Uz, WP 19)IP 2 0

or Pz P+ BIMIF-2120 -(7)
The relation (7) is true for all real B. Suppose that (z,, y) # 0. Choosing 8 to be
positive s.t. 8 ||y||> < 2, then from (7). We have

BBy )~ [BIVIP 21 < 0
which contradicts (7). Hence (z,, y) = 0 showing thatz, 1 y
Thusz, L yV ye M = z, L y which completes the proof of the theorem.
Theorem 4: Let M be a linear subspace of Hilbert space H. Then M is closed
if and only if M = M* -,
Proof: Let M = (M) = M+ where M is a subspace of H.

Using Theorem 2, M** is closed. Therefore M is closed conversely let M be a

closed subspace of H.
We know that M = M+ (by Theorem 1, (v)).

Now let M # M. Then M is a proper closed subspace of Hilbert space M.

Hence by Theorem 3, there exists a non-zero vector z, in M-+ s.t.z, L Morz,e M™.
Now z, € M*+and M =z e M M+ ..(8)
Since M is a subspace of H, therefore

M- N M++=1{0} (by Theorem 1, Remark (iii)) ..(9)

From (8) and (9) we have z, = 0 contradicting z,, is a non-zero vector. Hence M

< M- cannot be a proper inclusion. Hence we have M = M+,

96 Self-Instructional Material



Remark: By the Theorem 2, M™ is closed subspace of H. So M+ = (M*)-+  Orthogonality and
y p
Functionals in Hilbert
=MLl Spacesl

Theorem 5: M and N are closed linear subspaces of Hilbert space Hs.t. M L N,
then the linear subspace M + N is closed. NOTES

Proof: To show that M + Nis closed. We have prove that it contains all its limits
points. Let z is a limit point of M + N. Then there exists a sequence {z, } in M+ Ns.t.
z,~>zinH.now M L N,Mn N= {0} and M + N is a direct sum of the subspaces M

and N, therefore z, can be written uniquely as z, =x, +y, where x, e Mandy, € N.
Takingz =x +y andz =x +yn, we have
z —z,=(x, —x)+@,—¥)
Since (x,, —x,) € M and (y,, — y,) € N, therefore (x, —x ) L (v, —»,)

Hence by Pythagorean theorem, we get

1CGx,, = x,) + 0, =¥ )IP = x,, = x, [P+ |y, — v,
= e,z =1k, - x P+, -yl -(10)
Since {z,} is convergent sequence in /1, it is a Cauchy’s sequence in H, therefore
|z, — z,|[* = 0 as M, N — co. Using it in (10) we get [x, —x [* — 0 and [[y, — v |I*
— 0 as M, n — oo. Hence{x } and (y,) are Cauchy sequences in M and N. Since H
is complete and M and N are closed subspaces of a complete space H, therefore M

and N are complete. Hence the Cauchy sequence {x | converges tox in M and {y, }

converges to y in V.

Nowz=Ilimz =limx +limy =x+ye M+ N.

Therefore M + N is closed

Now we state projection theorem.

Theorem 6: If M is a closed linear subspace of a Hilbert space H, then H = M
® M.

Proof: Since M is a subspace of H, therefore by Theorem 2, M* is a closed

and M " M+ = {0}. Thus in order to prove the theorem it is sufficient to verify that
H=M+ M".

Now M and M* are closed subspaces of H, therefore by Theorem 5, M+ M* is

also a closed subspace of H.
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Functional Analysis Suppose that N = M + M*, then we prove that N = H.
From the definition of N, we have M c Nand M L < N.
NOTES Thus N* < M* and N* < M*++. Hence Nt < M+ n M-+ = {0}.

Now Nt = {0} => N+={0}'=H ..(11)
Since N = M + M+ is a closed subspace of H, therefore

NtLt=N ..(12)
From (11) and (12) we get

N=M+M-+=H

Self-Learning Exercise - I
1. Define orthogonal sets.
2. State Pythagorean theorem
3. State Projection theorem.

4. Define orthogonal complement of a set.

Fill up the blanks
5. {0} =
6. H-=...... where H is a Hilbert space.

7. If M and N are subspaces of a Hilbert space H and M L N, then M N N

8. If Sis anon empty subset of a Hilbert space, then S* is a.......... space.
9. Let Mbe alinear subspace of a Hilbert space H. Then M is closed iff...........

10. For any non empty subset M of a Hilbert space H, M+ =.....

6.5 ORTHONORMAL SETS

DEFINITION 1

Let H be a Hilbert space. If x € H be a unit or normal vector s.t. x = 1 i.e., (x,

x) =1, then xis said to
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DEFINITION 2 Orthogonality and

Functionals in Hilbert

: . . . Spacesl
A non empty subset {ei} of the Hilbert space H is said to be an orthonormal set if paces

(@) e L e; or (e; ej) =0Vi#j NOTES
(b) lle]| =1 or (e, ej) =1 for every i.

or

A non-empty subset of Hilbert space is said to be an orthonormal set if it contains
mutually or- thogonal unit vector.
Remarks :

1. An orthonormal set cannot contain zero vector as ||0|| = 0.

2. If H contains only the zero vector, then it has no orthonormal sets.

3. Every Hilbert space H # {0} posesses an orthonormal set

4. If {x;} is a non-empty set of mutually orthogonal vectors in H, then {e;} =

X,
{—H ’”} is an orthonormal set.
X .

1

ExAMPLE

In the Hilbert space /", the subset {e,, e,,..., ¢,} where ¢, is the i tuple with 1

in the i™ place and 0 elsewhere is an orthonormal set

6.6 IMPORTANT THEOREMS ON ORTHONORMAL SETS

Theorem 7 : If {e, e,,..., ¢ } be finite orthonormal set in a Hilbert space H,

and x be any vector in H, then

() 2 I e)P<ix? and () x-2 (xe)e, Le V)
i=1 i=1

Proof: Let y=x — z (x, e,)e;. Then
i=1

I = 0.

_ (x B lz’:‘ (x, e)e, X — lzi; (x, e) ej)
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Functional Analysis n n

= ()= 2 (ne) (e, x) - 2 (e (xe)

i=1 i=1

NOTES + Z} 2; (x,e) (. ¢) (x,¢) -(12)
Now (x, ej) =0,i#jand (e, e)=1 ..(13)
Therefore
Z; lZn;(x, e) (v, e) (x, e)= lzn;(x, e)(x, e) .(14)
Using (14) in (12) we get

n n

VP = [P~ X (re) (@ e) — 2 (r,e) (@ e)

i=1 i=1

= [l = 2 s eI = 0 (- biP=20)
which gives (1)

Again consider

= ( -, e)e,el=(x,e) ; (x, €)X, e)

i=1
= (x,e)—(x,e)=0 (by(13))
This proves (i1)
The inequality given in (i) is also known as Bessel’s inequality for finite
orthonormal sets.

Theorem 8: If {e } is an orthonormal set in a Hilbert space / and if x is any

vector in /, then the set = {e; :(x, e,) # 0} is either empty or countable.

Proof: For each positive integer n and fixed x, consider the set

|

Hence S, contains at most (n — 1) vectors, otherwise if S, contains n or more

[

n

S = {el. s, ej)2 >

vectors than n, then we have fore. € S,

Li§

n

Z; (x, ) >n = || .(15)
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But by Theorem 1, we have Orthogonality and
Functionals in Hilbert

n Spacesl
2l e <% €5, -(16)
i=1

NOTES
Which contradicts (15). Hence S, contains atmost (n — 1) vectors. Hence for

each positive integer n, the set S, is finite or countably infinite, since if
xleVi=(x,e)=0Vithen§=4,
if S'is non-empty then it is either finite or infinite. When S is finite, it is clearly
countable but if it is infinite, it can be written as S = 61 with §, not containing more
=

than (n — 1) elements, because if e, € § = (x, ;) # 0, then however small be the

value of |(x, ¢))|%, n can be choosen so large that

(x,e))?>——sothate,e S=e,e S .
n 1 1 n

Now S = 81 S, = §is expressible as countable union of finite sets
s

= Sis countable.

Theorem 9 (Bessel’s Inequality) : If {e.} is an orthonormal set in a Hilbert

space H, then

Z|(x, e<pxPVxe H

Proof: Let S= {e,: (x, ¢) # 0], then by Theorem 8, S'is either empty or countable.
If S is empty, then (v, ¢) =0V i = Y |(x, )P =0

Hence Z|(x, el.)2 =0< |x|?

So the inequality is satisfied when S is empty.

Let S# ¢ , then S is finite or countably infinite. If S is finite, then suppose that S
= {e,, €,,..., e;} for some positive integer . In this case we have by Theorem 7 that

n

gmw%me%mW

i=1
Secondly taking S as contally infinite, then the vectors in S can be arranged in

a definite order s.t. S = {e , e,, ..., ¢, ...}. In this case
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Functional Analysis
2 10r, e)?= 2 |(x, e,)P
i=1

This sum is well defined if the series z |(x, en)|2 is convergent irrespective of

NOTES !
any arrangement of its terms i.e., irrespective of the arrangements of vectors in S.

n

By the Bessel’s inequality for finite case, Z |(x, e)|* < |x||* is true for every

i=1

positive integer n, and so it must be true in limit also i.e.

n [e'e}
lim D |(x, e) = D (v, e, )2 < |x|?
no0 =1 i=1
o0

which follows that the series 2 |(x, en)|2 is convergent. Moreover by the
i=1

theory of absolute convergence, this convergent series having all its terms positive
is absolutely convergent. Consequently its sum will not alter by arrangement of its

terms, which completes the proof of the theorem.

Theorem 10: If {e,} be an orthonormal set in a Hilbert space / and x be an

arbitrary vector in H, then
X — Z(x, e)e; Le forVj
Proof: Taking S= {e, : (x, ¢,) # 0}. There arise three cases :

Case I : If S'is empty i.e., (x, ) =0 V i, then we define Z(x, e;) e, to be the

zero vector 0, so that
x—Z(x, e)e=x—0=x
SinceS=¢:(x,ej)=0Vj:>xiej v j

Case Il : Let S # ¢ and S is finite, Then the result follows by Theorem 7 (ii)

Case III : Let S# ¢ and S is countally infinite. Then arranging the vectors of S
in a definite order as §= {e|, e,,..., €,,.....}.

n

We set s, = 2 (x, e)e;

i=1

so that for m > n, we have

>

i=nt

2 m
= D i, ) e

i=n+l

s, —s,/I> =

1(x, e) €
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— : Fi jonals in Hilb
= 21w e) el = 2 lx )P as llefP = 1. ¥ i unctionals in Hilbert

n
By Bessel’s inequality, the series 2 |(x, el.)|2 is convergent, so that for m, n

i=1 NOTES

o0
—> 00, z |(x, e,)]* can be made to converge to zero i.e.,
i=1
lls, —s [* =0 as m,n—> o

= the sequence {s } is a Cauchy’s sequence in /1 and H is complete

= avectorSin Hs.t.limgs =g
n—o N
o0
= s= z; (x,e)e,
P

Now we can define Z(x, e)e;= 2 (x,e)e,
i=1

Now we shall show that the above sum is well defined and does not depend

upon the rearrangement of vectors.

For this suppose that the vectors in S are arranged in a different manner as S =

{fl’fz’-'-,fn,...}
Let S'n — i (x,fl)fl
i=1

As proved above, lets', — s'in H where ' Z o, f) 7,
i=1

Now we prove that S=s" .

For a givene > 0, we can find n,, s.t

o0

V n>n,, Z (x, e)l? <e?,|ls, —s|| <€ and|ls,' —s||<€e

i=n+1

For some positive integer m, = n,, we can find all the terms of s ins ' so that

)
|

' — s, 18 a finite sum of terms of the Type (x, e) ¢, for i=n,+ 1,=n + 2,....

o0
Thus is,’ —s/P< D, |(x, e) <2 with|ls,, — s[> <>
ny=1

Now |[|s —s|P=|ls =5 o +5 o =80+, =5l

< I8 = Soll + 11550 = S0l + 1150 = 1l
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Functional Analysis <e+e +e =3¢

— 0 as € is arbitrary

Hence s =
NOTES .
Now consider

(x - Z(x, e)e, ej) =(x—s, e
= (x, ej) — (s, ej) = (x, eJ.) —(lims,, ej) .(17)
By continuity of the inner product we have
(lims,, €)= lim (s, e)

Using (18) in (17), we get

(x= D (x.e) e, e)=(x.¢) - lim(s,. e) (18)

If e+ S, then (s, ej) = (z (x,e)e, ej) =0= lim(s,, ej) =0

i=1

Hence (x— Z(x, e)e, ej) = (x, ej) =0as e # S

But if e e S, then (s, ej) = (2 (x,e) e, ej) ..(19)
i=1

Now for n > j, we have

(2 (x,e) e, ej) =(x,e) ...(20)
i=1
Using (20) in (19), we get
lim (s, e)=(x, ¢)
So in this case (x = ) (v, e) €, €) = (x. e) — (x, ¢) = 0
Thus (x - Z(x, e) e, ej) = 0 for each j

Hence x — Z(x, e)e L e for each j, which completes the proof of the theorem.

6.7 COMPLETE ORTHONORMAL SETS

DErINITION 1

An orthonormal set S in a Hilbert space is complete, if there exists no other

orthonormal set containing S. This is .S must be a maximal orthonormal set.
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Thus an orthonormal set {e.} in a Hilbert space is complete if it is not possible ~ Orthogonality and
! Functionals in Hilbert

to adjoin a vector e to {e,} in such a way that {e, e} is an orthonormal set properly Spaces!
containing {e;}.

NOTES
DEFINITION 2

Let {e,} be a complete orthonormal set in a Hilbert space H and x be any arbitrary

vector in H. Then the numbers (x, e,) are called the Fourier coefficients of x.
DEFINITION 3
The expansion x = Z(x, e; Je, is called the Fourier expansion of x.

DEFINITION 4

The expansion ||x|? = Z|(x, el.)|2 is called the Parseval’s equation or Parseval’s
identity.
CRITERIAN FOR COMPLETE ORTHONORMAL SET

Theorem 11: An orthonormal set S in a Hilbert space H is complete iff xL S
=>x=0Vxe H.

Proof: Let S be complete and x is any non zero vector in H s.t.,xL S. Then the set

[l

X
Seu {e} wheree= (— is an orthonormal set properly containing S, contradicting

the maximality of S. Hence x = 0.

Conversly let x1. S = x = 0. If S is non complete, then 3 some orthonormal set
S’ such that S’ o § properly. In that case, let [x| =S — S. Since |x| =1 and xL S, x

# 0 contradicting the given condition. Hence S must complete.

ExAMPLE

In the Hilbert space /7, the set {e, e,,..., e ,...}, Where e is a sequence with 1

in the n'" place and 0’s elsewhere, is a complete orthonormal set.
Solution : Let S= {e, e,,..., e ,...q. If x={x } and y = (y,) € /7, then
d _ d 12
()= v, 57, and [ ={ 2 b ]
ny= i=

As noted before S is an orthonormal set. Let xL S.
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Functional Analysis Now (x, e;) =x,.1 + x,.0+..+ x,.0=0
=>x,=0
Similarly x1 e,,...,xL e ,...will givex,=0,x;=0,...,x =0,... Hencexl S§=x

NOTES .
= 0 therefore the orthonormal set is complete.

PROPERTIES OF COMPLETE ORTHONORMAL SETS

Theorem 12: If H be a Hilbert space and {e,} be an orthonormal set in A, then
the following statements are equivalent :

(i) {e;} is complete

(i) x L {e;f =>x=0

(ii1) If x is an arbitrary vector in H, then

xX= Z(x, e)e;

(iv) If xis an arbitrary vector in H, then

lell> = b, e

Proof: (i) = (ii)
Let {e,} is complete, we claim that

x1l{et=>x=0
X
Suppose that x L {e;} and x # 0, then we can find a unit vector e = {—} with

X
llel| =1,s.t..e L {e;} = (e, e;) = 0 for each i. .
Thus (e, e,) is an orthonormal set which properly contains {e,} which contradicts
the completeness of {e;}. Hence our assumption i.e., x # 0 is wrong and so xL {e}
=x=0
(ii) = (i)
Letx L {e,} =>x=0

Choosing an e e {e,}, we claim that the vector

X — Z(x, e)e L €

For this consider

{x - Z(x’ ei) €p ej) = (x, ej) - (Z(x, e) e e_j)
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Orthogonality and
= (xa e') - Z(xa e,’) (ep ej) Functionals in Hilbert

Spacesl
= (x, e.) — (x, e.) (e.’ ei) = O
NPT
= (x— Z(x, e)e) L e for each j NOTES
= = Z(x, e)e
(iii) = (iv) : Given that for any vector x in H s.t. x = Z(x, el.) e.

To prove that [x[> = _[|(x, eI
We have

P == Qe e, 2 xe)e)
=Y e) ey (¢ €)
=2, 2 e)(xe) (e, )

5
=2 e)x.e) (e, )

= 2.(ne)(x € as (e, () = |le|P= 1

=Y I(x, €

(iv) = (i) : Given ||x||? = Z|(x, e))|>. To prove that {e,} is complete

Let {e;} be not complex. Then {e} is a proper subset of an orthonormal set {e, e}.

Hence taking e for x in the hypothesis, we get
lle]> = Z|(e, e)]*=0.Sincee L e V i,

Thus ||e||* = 0 which contradicts that e is a unit vector. Therefore {e } is a

complete orthonormal set

Self-Learning Exercise - I1
1. Define an orthonormal set.

2. Define a complete orthonormal set.
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Functional Analysis Define a Fourier series for a vector x in Hilbert space H.

An orthonormal set contains a zero vector (7/F')
Every Hilbert space H # {0} possesses on orthonormal set (7/F).

NOTES State Bessel’s inequality in a Hilbert space.

N v kW

Complete the following statements :

(a) An orthonormal S in a Hilbert space H is complete iff for any x in H,

(i)x L {e =>x=..
(c) If {e, e,} is a orthonormal set in a Hilbert space H, then e, — e,||

(d) Every non-zero Hilbert space contains a.................... set.

6.8 FUNCTIONAL IN HILBERT SPACES

If H is a Hilbert space and if we define a continuous linear functional or simply
a functional on A as a continuous linear transformation from H into C, then the set
of all these functionals constitutes a vector space denoted by H* are known at the
conjugate space of H.

The elements of H * are known as functionals and denoted by f. Thus if f€
H *, then f'is a functional in A * and as mentioned above fis a continuous linear
functional on H. If we define addition and scalar multiplication in H * pointwise and

the norm of f'e H * is defined as

1A= sup [{LA Gl = [l x | < 15
then H * is a Banach space. By defining a suitable inner product on H * it is
seen that /7 * maintains the structure of a Hilbert space. As such the conjugate space

on H * is second conjugate space (H)* or H * * of H also becomes a Hilbert space.

Theorem 13: Let y be a fixed elements of Hilbert space A and fy be a scalar
valued functional on H defined as fy xX)=0(,y),Vxe H

Then the mapping fy is a functional on H and ||y|| = || j; II.

Proof: From the definition, we have fy : H— C. now we prove that fv is linear

and continuous so that 1t is a functional.
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Letx,,x,e Hand a, B € C. Then for fixed y € H, we have Orthogonality and
1> 42 ; o
Functionals in Hilbert

S 1
[ (ax;, Bxy) = (ax +Bxy,y) paces

a (xp y) +ﬂ ()CZ, y) = Olj; (xl) +ﬁfy (xz)

NOTES
= fy is linear.

Also for any x € H,
£, @)l = |(x, )| < [Ix[| [[vI] (by Schwarz inequality) -(21)
Now let ||y|| £ M. Then M > 0, we get
Ify @< M|x|| = j; is bounded hence continuous
Hence fy is a functional.
Again if y = 0, then ||y|| = 0 and from deﬁnitionfy = 0 so that |]];|| < |l

Suppose that y # 0, then from (21), we get

[, 10|
sup S <[bfl = ) < (22)
. y . . . Y . .
Further since y# 0, therefore w is a unit vector setting x = w in the definition
ISl = sup {17, - ()] : [lx[| < 1}, we get
y )‘ y ) y
> = , = , =
102 4 (5= [ | =7 14 =
Hence|[]jj| > ||| ..(23)

Thus (22) and (23) gives ||| =|I/]l-

From the above theorem, we can say that 7: H > H * s.t. T (y) = fy mapping
is a norm preserving

Now we shall prove that every fe H * arises in this manner.

Theorem 14 (Risez Representation Theorem) : Let / be a Hilbert space and

/f be an arbitrary functional in H *. Then there exists a unique vector y in H s.t. f(x)

=(x,»)V fxe Hand|| f]| =[])-
Proof: Let 3 a vector ye H s.t. f(x) = (x, y) V x € H. We first prove that y is

unique.
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Functional Analysis Suppose that y is not unique i.e. 3 two vectors y,, y, € H corresponding to a

functional fe H *

F)= (6 y) and f(x) = (v, 1) V xe H

= (xayl):(xayz)vxe H

NOTES

= (x,y,-y,)=0Vxe H

Takingx=y, =y, we get (v, =y, ¥, = ¥,) =, =y, [F= 0=y, - »,= 0=y, =y,

Hence y is unique

Next we prove that y exists.

If fis a zero functional i.e. f= 0, then
f(x)=0Vxe Handf(x)=(x,y)Vxe H

= (x,y)=0Vxe H

= y = 0 which shows that y = 0 exists when f'= 0.

Iff# 01i.e. f(x) # 0 for some x € H, then consider null space say M of f's.t
M={x:f(x)=0},xeH

We observe that

(a) M is non empty : Since f(0)=0:0e M

(b) M is a subspace : Since

Ifx,,x, € Mand a, B are scalars s.t. f(x,) =0, f(x,) = 0, then

flax +Bx)= (ax +Bx),Y)

a (¥, 1) + B (x5, )
af)+Bfx)=a0+p0=0

x,, X, €M and a and 8 are scalars = a x, + Bx,€ M

(c) M is a proper subspace of H : Since f (x) # 0 for some x e H = all such

x do not belong to M
= there are elements of H which are not in M

= M is a proper subspace of H.
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(d) M is a closed subspace of H : Since M is a subspace of a complete space ~ Orthogonality and
Functionals in Hilbert

H, therefore Spacesl

M 1s closed
NOTES

Thus f'is continuous and M is a proper closed subspace of H, therefore 3 a non

zero vector yy€ Hs.t.y, L M* or Y, € M or we can say that (y,, x) =0V xe M.
Now we prove that 3 a vector ye Ms.t. f(x)=(x,y)V xe H. Three cases arise
Casel:IfxeHandxeM = f(x)=0
Also S ) =(x,y) = (x,a y,) (choosing y = a y, with y, L M)

=a (x,y)=0asxeMandy, L M
Hence f'(x) = (x, y) 1s satisfied forxe Mand y =« y,
Casell : If xe Hand x =y, then

Sx) =) :>f(y0) = ()/0, ay()) (choosing Vo= ay())

= @Iy 2
R (0
VI &= P T T T

Then f(x) = (x, y) is satisfied V xe M withx=y andy=a y,
Caselll : xe H,and x ¢ M withx #y,

Since H =M ® M*, therefore any vector x € H is uniquely expressible as the

sum of the vector m € M and a vector By, € M*i.e.,x=m+ By, fis a scalar.

By definition of m,
Fm)=0=f(x—Byy)=0
= @ -BfO)=0=p= ?8;

Sx)=Ffm+Byy)=rf(m)+Bf,)
= (m, )+ B ep»)=m+Pyy,»)
=xy)Vxe H

Lastly we show that || f|| = ||)l.
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Functional Analysis Now for each x e H3 a unique y € H s.t.
S ()= (x,p)or [f ()] = [(x, ) < [lxl] Ly
NOTES = [|f11< ||| (by def. of norm of a functional for which ||x| < 1)

In the case ||y| =0 ory=0then | f(x)|=]|(x,0)|=0V x

and so | f| =sup {%:xiO}ZO

=[Sl =y, since| f () <]l [

Ify =0, then [| f]] = sup {f(x) : || = 1}

> ‘f(ﬁ“ on settingx:|;—|| or [lx]| =1
Yy o2
2ol = oy e
_J 2 1yl
Tk IVII= = [l

A1 =11l
so [IfIl < Iyl and [| £][ = [l = [[A1] = [IM]

Theorem 15: The mapping v : H— H * defined y (y) = j; where j; (x)=(x,»)

for every x € H is an additive, one-to-one onto isometry but not linear
Proof: (i) we have fory,,y,€ H, v (y, +,) :fyl 7

Hence for every x € H, we get
Sy )= (@3, +,)
= (Ly)+(x,0,)
= £, ()£, )

Hencef, . =/ +/, = v +r)=v@)+vy(,)

Hence y is an additive.
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(i) y is one-one : Lety,, v, € H. Then y (y,) = fy | and y (y,) = fy ) Orthogonality and

Functionals in Hilbert
Spacesl

Then y(y)=vy ()= / =/,
:>fyl(x)=fyz(x) Vxe H NOTES
= (720 = (7, )
= (=, X)=0 Vxe H

Choosex=y, — y,, thenwe get (v, = v, ¥, — ¥,)= 0= [y, = »,|P= 0=y, — »,=0

Thus v (y))= v (v,) =y, =y, = yis one-one

(iii) v is onto : Let fe H* then3 y e H s.t. f(x) = (x, y) sincej; x) =(x, ),

therefore we get /= fy , so that v (y) = fy = f. Hence for fe H * 3 a pre-image y in
H. Thus v is onto.

(iv) y is isometry : Let y,, y, € H. Then
v o) = v =11, L= IS+ )
= 1f, _JI= 11y =l
Hence v is isometry.
(v) yis not linear : Let y € H and  be any scalar. Then
y(@y)=fy=Eay)=axy)=af®=0ayQ)
Thus the mapping is not linear. Such a mapping is called conjugate linear.

We shall refer to the above mapping v as the natural mapping between H and H *.

6.9 REFLEXIVITY OF HILBERT SPACE

Theorem 16: Every Hilbert space is reflexive.
Proof: We prove that the natural in bedding on A to H * * is an isometric
isomorphism.

Suppose that x be any fixed element of / and F_be a scalar valued function
defined on H * by F_(f)=f(x)V fe H*. Then F/_will be a functional on H *i.e. F_
€ H* * Thus each vector x € H gives rise to a functional F_in H * *. F_is called

the functional on A * induced by the vector x.

LetT:H— H* *definedby T'(x)=F V xe H.
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Functional Analysis From the theory of Banach spaces 7 is an isometric isomorphism of H into H

* *_ We shall show that 7'is a mapping of H onto H * *.

Let 7, be a mapping from H into H * s.t. T| (x) = f_ where f (y) =(y,x) V y
NOTES € Hand T, be a mapping from H * into H * * defined by 7, (f,) = F where F f)
= (/. 1) for fe H* Then T, T, is a composition of T}, and 7| from H to H * *. By
Theorem 15, T, and T, are one-one and onto. Hence 7', 7| is the same as the natural
imbedding 7. For this we prove that /' (x) = (7, T))xV xe H.
Now (I, T) x=T, (T, (x) =T, (f) = fo = T(x). In order to show that 7, T
= T, we should prove that ¥ = F % for this let fe H*. Thenf= fy where f corresponds
to y in the representation F & M =01f)= (fy J) =)

But (x, y) :fy (x)=f(x)=F_(f). Thus we gethx(f): F_(f) forevery fe H*.
Hence the mappings F o is reflexive and F_are equal i.e., 7, T, =T and so T'is a

mapping of H onto H * * so that H is reflexive.
From the above, we get
(FuF)=(Fp F) (£ f) = (x.9)
Hence f'is an isometric isomorphism of H onto H * so that H and H * * are

conjugate.

Self-Learning Exercise - II1
1. Define a functional on a Hilbert space.
2. State Riesz representation theorem.
3. Every Hilbert space is reflexive (7/F)

4. Riesz representation theorem is valid in an inner product space which is

not complete (7/F).

6.10 SUMMARY

In this unit you studied orthogonality and functionals in Hilbert spaces.
Orthonormal sets, complete orthonormal sets and reflexivity a Hilbert spaces were

defined and important results connected with them were also proved.
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ANSWERS TO SELF-LEARNING EXERCISES Orthogonality and

Functionals in Hilbert

Exercise - I Spacesl
4. H 5 ¢ 6. {0} 7closedlinear 8. M =Mt
9. M NOTES

Exercise - 11
4. F 5. T 7(@)x=0 (b)(i)complete (i1) 0
7.(c) /2 (d)complete orthonormal

Exercise - 111
3. T 4. F

6.11 REVIEW QUESTIONS

1. If Mbe anon-empty subset of a Hilbert space H, then show that M+ is the

closure of the set of all linear combinations of vectors in Mi.e. M*++ = [M].

2. Prove that in the Hilbert space /,, the set {e,, e,,..., ¢,,...} where ¢, is a

sequence with 1 in the n'h place and 0’s elsewhere is an orthonormal set.
3. State and prove Bessel’s inequality in Hilbert spaces.

4. Prove that a Hilbert space H is a separable if every orthonormal set in H is

countable.
5. Prove that an orthonormal set in a Hilbert space is linearly independent.

6. Prove that every orthonormal set in a Hilbert space is contained in some

complete orthonormal set.

7. Show that every non-zero Hilbert space contains a complete orthonormal

set.
8. If His a Hilbert space, then prove that H * is also a Hilbert space with the
inner product defined by ( /,, fy )= (1, X).

9. Prove that conjugate space H * * of H * is a Hilber space with some inner
product defined on it

6.12 FURTHER READINGS

e the

e the
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7.1 LEARNING OBJECTIVES Operators on

Hilbert Spaces

After studying the chapter, students will be able to:

e The objective of thus unit is to study various operators such as adjoint, self- NOTES

adjoint, positive, normal and unitary operators on Hilbert spaces.

e Various properties and results on these operators will also be proved.

7.2 INTRODUCTION

In this unit, we shall introduce the adjoint of a bounded linear operator on a
Hilbert space. With the help of the adjoint of a bounded linear operator, we shall
define three important cases of operators called self-adjoint, normal and unitary
operators. Besides this, we shall discuss in details the properties of these operators

7.3 ADJOINT OPERATOR

DEFINITION
The operator 7* defined on H s.t
(Tx,y)=(x, T*y)Vx,ye H
is called the adjoint of 7.

REMARK

Though we are using the same symbol for the conjugate and adjoint operators,
one should note that the conjugate operator is defined on H * and operates on
functionals in H *, whereas if 7* is adjoint of the operator 7, then it is an operator on
H and operates on vectors in H. However if we identify H and H * under the natural

correspondence, then the adjoint of 7'and conjugate of 7 coincide.

IMPORTANT THEOREMS

Theorem 1: Let 7 be an operator on a Hilbert space H, then 3 a unique linear

operator 7 * on H s.t.
(Tx,y)=(x,T*y)Vx,ye H
obviously 7 * is the adjoint operator H.
Proof: First we prove that 7 * exists.

Let y be a vector in H and fy its corresponding functional in A *. Define 7' * on
H *into H * (y)
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Functional Analysis T*f =f
y zZ

Under the natural correspondence between H and H *, let z € H corresponding
to f. € H*. Thus starting with a vector y in H, we arrive at the vector z in H in the
NOTES following manner
yo T =) >z
where 7* : H* > H * and y —>fyandz — /. are on H to H * under the natural
correspondence. The product of the above there mappings exists and it is denoted (y) 7*.
Thus 7 * is a mapping on H into Hs.t. T* y=z.
We define this 7" * to be adjoint of 7.

Now we prove (1), for x € H and from the definition of the conjugate 7 * of an

operator 7,
(T*fy]x = fy(Tx) ...(3)
By Riesz representation theorem, y — fy so that we get
fy (T) = (Tx,y) ..(4)
Since T * is defined on H *, we have
(T*fy)x:fz(x):(x,z) ..(5)

But according to our definition
T*y=z ...(6)

From (3) and (4), we get

(T*f)x= (Ix,y) (7
and from (5) and (6), we get

(T*f)x= (x, T*y)
From (7) and (8), we get

(Ix,y)= (x, T*y)Vx,yeH

Remark: The relation (7x, y) = (x, T* y) can also be written as (7 * x, y) = (x, T)

(T*x,y)= 0 T*x)= (Iy x) = (x, Iy) -(8)
Hence (T'*x,y)= (x, )V x,ye H
Theorem 2: Let H be a given Hilbert space and 7 * be adjoint of the operator

T. Then T * is a bounded linear transformation and 7" determines 7 * uniquely.
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Proof: First we prove that 7 * is linear. Let vectors y,, y, € H and «, 3 are Operators on
Hilbert Spaces

scalars. Then for any vector x € H, we have
(x, T*(ay, + Byy) =(Tx.ay, + By,
= (Ixay) + (Ix, B y,)
o (Tx, y,) + B(Tx, ,)
ax, T*y)+ B, T*y,)
=(xaT*y)+ B T*y,)

=(x,aT*y +pBT*y)VxeH
Y Yy

NOTES

= T*(ay,+By,)=aT*y +BT*y,= T*is linear.
Next we prove that 7 * is bounded.
For any x € H, let us consider,

IT*x|? = (T*x, T*x)

=|(T*x, T*x) (- [T*P=0)

= [(TT * x, x)| (by (1))

< ||ITT* x| || (by Schwarz inequality)

< [T x| [l
or 1T xl[ < {|T°] [l as  [|T* x|| < [IT][ ||| V xe H
or sub {M:x;ﬁO} <||7|

[l

= T * is bounded since 7 is bounded

Lastly we show that 7'* is unique. Let us assume that 7 * is not unique. Let 7|

be another mapping of H into H with the property (1). ThenV x,ye H
(Tx,y) = (x, T} )
and (Tx,y)=(x, T*y)
= T, y)=T*y) VxyeH
= x, T,y—-T*y)=0 or (x,(I,-T*)y)=0 Vxe H

= (T,-T*y=0 VyeH
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Functional Analysis — T1 y=T%*y Vye H
= T,=T*

Remark: Using (1) we note that zero and identizy operators are adjoint operators

NOTES .
since V x, y € H, we have

(1) (x, 0% y) = (Ox, y) = (0, ») = 0 = (x, 0) = (x, Oy)
So from the uniqueness of the adjoint we get 0* =0
(i) L I*y)=Uxy)=0y)=x1y)

So from uniqueness of the adjoint operator, / * =/

PROPERTIES OF ADJOINT OPERATOR

Theorem 3: Let H be a Hilbert space and 8 (H) be the complex Banach space of
all bounded linear transformations on A into H. Then the adjoint operation 77— T *

on 3 (H), where T is a bounded linear operator on H, has the following properties :
(a) (T+S)*=T*+S* S§be another bounded linear operator on H
(b) (a D*=a T*, a being a scalar
(c) (TS)*=S*T*

(d) T***=T
© 7=l
@ I7* 7= 7P

(g) (T*y'=(T"* if Tisinvertible i.e. T'is a non-singular operator on 7.
Proof: (a) We have V x,ye H

O, (T+8)*y)=((T+S) x,y)

=(Tx + Sx,y)=(Tx, y) + (Sx, y)
=, T*y)+(x,$*y)
= T*y+S8*y) =@, (T*+5%)y)

= (T+9*=T*+S* (byuniqueness of adjoint operator).

(b) V x,yeH, wehave

@, (@ D*y)=(a D x,y)

=oa (Ix,y)

=oa(x, T*y)
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=(x,a (T*y)
= (a T)* = a T * (by uniqueness property).
(¢) Vx,ye H,wehave
(x, (TS)* y) = ((TS) x, y) = (T (Sx), y)
=Sx, T*y)=x,S*T*y)
= (IS*=S*T*
(d) V x,ye H, we have

G, T** y)=(x, (T*)*») =(T*x,)
= 0, T*x) = (Ty,x)
=, T)
= T**=T

(e) V xe H,we have

T * x||>= (T * x, T* x)=(TT * x, x) which is a real number and > 0

=(TT* x, x)|
< ||TT * x|| || (by Schwarz inequality)
< {ITIT* x| [l

or [IT* XTI ixllas  [|T*x[| =0

17 x|
sup cx# 0 < |7

[l

or ||T*[<]|T1]

On replacing T'by T *, (9) gives
1T < {7l

or 1T <(T*] by (d)

Hence (9) and (10) = ||T *||= ||T]|

(f) we have

|7* 11 = sup {{|7* Tx]| : |Ix[| <1}
=sup {|T* (Tl - [kl <1}

< sup {{|T*[|7x]| - [lxf| < 15

Operators on
Hilbert Spaces

NOTES

(9

.(10)
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Functional Analysis

NOTES

<7 *[| sup {{IT[| = [l < 15
<[IT*[ 7= 7P by (e))

I7* Ni<| 7P
Also ||Tx|)* = (Tx, Tx) = (T * Tx, x) = |T * Tx, x| Vxe H
<\ T* Tx|| || (by Schwarz inequality)
<17 70 {el ] as || Tl < |7 [l
17
or sup{ P :x¢0}£|7* 1|

or |[[TIF<||T* 1]
Thus (11) and (12) = ||T* T]| = ||T]]?

.(11)

(12)

If T'is a non-singular operators on H and 7! is inverse of 7, on H. Also
(8) g p

TT'=1=T7'T
= (TT—l)* =] %= (T—l T)*
= (T™Y* T*=1=T*(T"H*

= T * is invertible and so non-singular and also inverse of 7 * is (7~")*.

Hence (T *)! = (T~h*

74 SELF-ADJOINT OPERATOR
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DEFINITION

A linear operater 7 on a Hilbert space H is known as self-adjoint or Hermition

if 7%= T or in other words, if 7 is self-adjoint

then (7x, y) = (x, T* y) = (x, 1))

Zero operater and Identity operator are examples of self-adjoint operater.

PROPERTIES OF SELF-ADJOINT OPERATOR

Theorem 4: An operator 7 on H is self-adjoint, then (7x, y)=(x, ) V x, yeH

and conversely.

Proof: If 7" * is an adjoint operator of 7 on /, then by definition we have

(Tx,y)=(x, T*y) Vx,ye H



If T'1s self-adjoint, there 7= T *. Therefore Operators on
Hilbert Spaces

(T, )=, T*y)=(x, Ty) Vx,ye H

conversely let us asume that

NOTES
(T, )=(T) VxyeH

But  (Tx,y)=(x,T*y)

So (x,Yj/):(x,T*y):>(x,(T—T*)y)=0 Vx,yEH
xz0.. (T-T*)y=0 Vye H

= T'=T* = Tis self adjoint

Theorem 5: Let T be a self-adjoint operator, then 7+ 7 * and 7T * T are

self-adjoint.
Proof: We have
(T+T**=T*+T**=T*+T
=T+T*
= T+ T* is self-adjoint
(T*D*=T*(T*)*=T*T= T* Tis self-adjoint
Theorem 6: If 7'is an arbitrary operator on Hilbert space H, then 7= 0 iff (7, y)
=0V x,ye H.
Proof: If 7= 0, then (Tx y)=(0x,») =0V x,ye H.
Conversely let (7Tx,y)=0V x,ye H.
Taking y = Tx, we get
(Ix,Tx)=0 VxeH
ITx|P=0 VxeH
= Ix=0 VxeH
= =0

Theorem 7: If T is an operator on a Hilbert space H, then (Tx,x) =0V xe H
iff T=0.

Proof: Let 7= 0, then (7x, x) = (0x, x) = (0,x) =0V x € H.
Conversely, let (Tx,x) =0V xe H
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NOTES
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Ifx, ye Hand «a, B be any scalars, then we have

{T (ax + By), ax+ B y) = (o Tx + B Ty, ox + By)
= (a Ix, ax + By) + (BTy, ox + By)
= o (Ix, ox + By) + B(Ty, ox + Py)
=a (Ix, ax)+a(Ix, B y)+ p(Iy.a x) + Iy, B y)
= aa(Tx, ) + af(Tx, y) + a(Ty, x) + BB (T3, y)
=|al? (Tx, x) + aB(Tx, y) + Ba(Ty, x) +| B P (19, )

= (T(ax+By),ax+By) -l (Tx,x)— |B* (D, )= aB(Tx,y) + Ba(Ty,x)
.(13)

Since (7Tx, x)= 0V xe H, therefore left-hand side of (13) is zero. Hence we get
aB(Tx,y)+Ba(ly,x)=0 VY x,ye Hand a, B are any scalars. ...(14)
Taking a = =1and o =i, f = 1 successively in (14) we get
(Tx, y)+ (Ty,x)=0 ..(15)
and i(Tx,y)—i(Ty,x)=0
or (Tx, y)— (Ty,x)=0 ...(16)
Adding (15) and (16) we get
2(Ix,y)=0V x,ye H
or (Ix,y)=0Vx,yeH=T=0 (by Theorem 6)

Theorem 8: An operator 7 on a complex Hilber 7 space H is self-adjoint iff

(Tx, x) is real for all x.

Proof: Let T'a self-adjoint operator on Hi.e., T= T *. Then for all xe H, we have

(Tx,x)=(x, T*x)=(x, Tx) = (Tx, x)
Thus (7Xx, x) is equal to its own conjugate and is therefore real.
Now suppose that (7Xx, x) is real for every x € H.

Since (Tx, x) is real for all x € H, therefore we have

(Tx, x)=(Tx,x)= (x, T*x) = (T * x, x)
where T * is adjoint of 7'which exists for every x € H.

So (Tx,x)—(T*x,x)=0 Vxe H



= (Ix-T*x,x)=0 Vxe H Operators on
Hilbert Spaces

= (T-T*x,x)=0 Vxe H

= T'-T*=0 or T'=T* = T s self-adjoint

o _ _ NOTES
Theorem 9: Let a be the set of all self-adjoint operators in f(H). Then a is a

closed linear subspace of S(H) and therefore A4 is a real Banach space containing

the identity transformation.
Proof: First we note that 4 is non-empty, since 0 is a self-adjoint operator.
LetT,T,eA. ThenT*=T and T, *=T,

Suppose that a,  be any two real numbers, Then

(aT +BT)* = (aT)*+ (BT)*

= oT,*+ BT, *=0aT +BT,
= ol +BT,cA.
Hence a is a real linear subspace of H.

Now we prove that a is closed subset of the Banach space B(H),

Let {T} be a sequence of self-adjoint operators converging to 7. Now

IT—T*|=T~T,+T,~T,*+T,*T*

<|T-T[|+ T, T*+T*-T%|
< |7, = N[+ [0l + (T, T)* («T e A>T *=T)
< 2|7,- T CAT* = 1171))

—asT —>T

\T-T*|=0=>T=T*%
= Tis self-adjoint = T'e A4.
= A is a closed subspace of complete Banach space B(H).
= A is also complete and hence is a real Banach space.

Also [* =1]= the identity operator / € 4

7.5 POSITIVE OPERATORS

Since (Tx, x) is real for self-adjoint operators, therefore we can introduce the

order relation among them and define positive operator by considering the real values

which the self-adjoint operator take.
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NOTES

7.6

A self-adjoint operator 7 on H is said to be positive if 7> 0 in the order relation.

This means (7x,x) >0V xe H

From the definition, we have the following properties.

(a) The identity operator / and the zero operator 0 are positive operators, since
(Ix,x)=(x,x)= x>0

and (Ox, x)=(0,x)=0

(b) For any arbitrary operators 7 on H, TT * and T * T are positive operators

since 77 * and T * T are self adjoint and

(TT*x,x)=(T*x, T*x)>0

NORMAL OPERATORS
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DEFINITION

An operator 7 on a Hilbert space H is known to be normal if it commutes with

its adjoint i.e. if 7TT*=T* T

From the definition it is obvious that

(a) Every self-adjoin operators is normal, since
IT=T*=TTr*=T*T

(b) Both zero and identi#y operators are normal operators.

(¢) Anormal operator is non-necessarily self-adjoint.

PROPERTIES OF NORMAL OPERATORS

Theorem 10: If 7, and 7', are normal operators on / with the properzy that either

commutes with adjoint of the other, then 7, + T, and T, T, are normal.

Proof: Since T, and T, are normal, therefore

IT*=T*Tand T, T,*=T*T, ..(17)
From hypothesis, we have

NT*=T*T and T, T*=T*T, ..(18)
Now (T} + T,) (T, + T)*=(T, + T)) (T, *+ T, *)

=T\ T*+T,T,*+ T, T\*+ T, T,*



=T*T\+T,*T +T\*T,+T,*T, Igﬁfgrfttg;zzgs
(from (17) and (18))
=T*(T,+T)+T,* (T, + T,
NOTES
=(T*+T,*) (T, + T,)
=T\ +T)*(T,+T,)
= (T, + T,) is normal.
Also (T, (T, T))* =(T, T,) (T, * T}*)
=T (T, T, Ty*
=(T, T, *NT, T}*)
=(L*T)T* 1)
=" (T, T\ T,
=X (1" T) T,
=(L* T, T)
=(T, I)* (T, T,)
= T, T, is normal
Theorem 11: An operator 7 on a Hilbert space H is normal iff ||7* x| V xe H
Proof: Let Tis normal, Then
IT*=T*T < TT*-T*T=0
S(TT*-T*T)x,x)=0 Vxe H
& (TT * x,x)= (T * Tx, x)
S (T*x, T*x)=(Tx, T **x)
S(T*x, T*x)=(Tx,Tx) Vxe H
< (|7 x| = || 7]
< ||T* x|| = || Tx|| Vxe H
Theorem 12: If T is a normal Operator on H, then ||T,|| = ||7]]?
Proof: We have

1T, xl| = ITTx]]

1T (Tx)|]
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Functional Analysis = |IT*(Tx) YVxeH [~ Tisnormal.. ||Tx||=||T* x|V xe H]
Hence ||72 x|| = ||T* (Tx)|| ..(19)
Also ||T])?

sup {[|77 x| : [lx[| < 1}
NOTES

sup {||T* Tx|| : x < 1}
= T*T=|T|}
which completes the proof of the theorem.

Theorem 13: An arbitrary operator 7 on a Hilbert space H can be uniquely
expressedas 7= T+ i T, and T*= T, — i T,, where T, and T, are self-adjoint operators.

Proof: Let 7 * be the adjoint of 7. Define

TI:%(T—T*) and Tzzzii(T—T*) -(20)
Then we have

T:T1+iT2andT"‘:T1—iT2

%
Again T * = %(n T*)} :%(n T*)*:%(T*+T**)

%(T*+T) (- T**=T)
= %(T+ T*)=T, = T, is self-adjoint.
% 1 « * 1 *

Also T,*= Z_i(T+T ) :_2_1'(T ~T)

1 . .
5 (T+T*)=T,= T, is self-adjoint.

Thus an arbitrary operator 7 can be expressed in the form (20) where 7' and T,
are self-adjoint operators. Next we show that this type of expression is unique. Let
the expression is non-unique i.e. let 7= S, + iS, where §, and S, and self-adjoint

operators on H.

Then T* = (S, +iS)*=8,*+ iS,*=S, *—iS, *
Thus S1=%(T+T*)=T1 andS2=% (T-T*)=T,

Hence the expression (20) for 7€ B(H) is unique.

Remark : If 7'is expressed as T +iT, and T* =T, —iT, where T, and T,
are self-adjoint operators H then 7 is called the real part of 7"and 7, is called the
imaginary part of 7.
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Theorem 14: If T is an operator on a Hilbert space H, then T is normal iff its Operators on
) ) Hilbert Spaces
real and imaginary parts commute.

Proof: Let 7= T, + iT, where T, and T, are self-adjoint operators on H.

_ NOTES
We have = (T+ilT)*=T*+ i,*=T,*-iT,*=T-iT,

Now TT* = (T\+iT,)(T,—iT,)

=T+ iT,T,-T,T,)+ T, -(22)
and T*T= (T} —iT)(T,+iT,)

= T\ +i(T, T,-T,T)+T; -(23)

If Tis normal, then 7TT*=T*T
(22)and (23) = T2 +i (T, T, - T, T,) + T,
=T2+i(T, T,-T,T)+T;
= 2T, T,-T,T))=0
= T, T,=T, T, = Real and imaginary parts commute
Conversely if T}, T, = T, T, then (22) and (23) gives
TT*=T*T= Tisnormal.

Theorem 15: Show that the set of all normal operators on a Hilbert space H
is a closed subset of S(H) which contains the set of all self-adjoint operators and is

closed under scalar multiplication.

Proof: Let S be the set of all normal operators on a Hilbert space H. We first
show that S'is closed subset of S(H). Let T be any limit point of S. We have to prove
that 7€ S. Since T'is a limit point of S, therefore 3 a sequence {7, } of distinct points

of S's.t. T —>Tasn— .
Now ([T, *=T*|=|(T,-T*)=|T,- T —>0asn—>x
T *— T*asn— ..(24)
Also |[TT*-T*T|=|TT*-T, T *+T,T *-T*T]
< | TT* =T, T, *|+ T, T,* -T* 1]
<\\1rr*-1,7 *|+ T, T, *-T,*T +T,*T —T*T]|

< |TT*-T T *|+||T T *-T *T|\+||T,*T, —T*T|
n - n n n n

n n n
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Functional Analysis < HTT* _Tn Tn *H + ”Tn * Tn —T* TH (25)
(+ T eS=T isnormal =7 T *=T *T)

Since T\, > T'and T, * — T *, the right hand side of (25) tends to zero which
NOTES . .
implies that
| TT*-T*T| >0=>TT*=T*T
= Tisnormal = TeS§
This prove that S is a closed subset of B(H).

Again every self-adjoint operator is normal. Therefore S is a closed subset of
B (H) containing the set of all self-adjoint operators.

Finally we prove that S is closed for scalar multiplication i.e. if a is a scalar
and T € S, then

o T'e Sor if T'is normal then o T is also normal for any scalar a

Since T is normal, therefore 7T *=T* T

Now (a T) (a T)*= (aT)(a T*)
=aa TT*
=aaT*T=(a T*)(aT)
=(@T)* (a1

= a T'is normal.

which complete the proof of the theorem.

7.7 UNITARY OPERATORS

DEFINITION 1

An operator U on a Hilbert space H is said to be unitary if UU * = U *U =1
From the definition it is obvious that
(1) If Uis unitary, then it is normal.

(i) U*=U"

DEFINITION 2

An operator 7 on H is said to be Isometric if || 7x — 1| =||x — || V x,ye H

Since T 'is linear, the condition is equivalent to | 7x = ||| Vxe H

Now we prove a result contained in
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Theorem 16: If 7 is an operator on a Hilbert space H then the following Operators on

Hilbert Spaces
conditions are equivalent :
(a T*T=1
b) (Ix, B)=(x,y) Vx,ye H NOTES
© N7l = [l VxeH

Proof: (a) = (b) : Giventhat 7* T=1
Now (Ix, )=, T*T)=x,b)=x,y) Vx,yeH
(b) = (¢) : Given that (Tx, Ty)=(x,y) Vx,yeH
Taking x = y, we get
(Tx, Tx) = (x, x)
= 1767 = (1P
= I 7x] = |+ Vxe H
(¢) = (a) : by (c) we have
I = [ VxeH

Now [T =||x

= TP =

= (Tx, Tx) = (x, x) Vxe H

= (Tx, T **x) = (x, x)

= (T* Tx,x)=(Ux,x) Vxe H (=~ T**=T)
= (T*T-DHx,x)=0 Vxe H

= T*T=1

PROPERTIES OF UNITARY OPERATOR

Theorem 17: An operator 7 on a Hilbert space H is unitary iff it is an isometric

isomorphism of H onto itself.
Proof: Let 7'be unitary. Then 7* T=TT * = I.

Therefore 7T'is invertible and so 7 one-one and onto
Also 1762 = (Tx, Tx) = (T * Tx, x)
= (Ix, x) = (x, x)
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Functional Analysis — Hxl | 2

= I7d] = lId Vxe H
Thus T'preserves the norm and so 7'is an isometric isomorphism of / onto itself.

NOTES
Conversely suppose that 7' be an isometric isomorphism of H onto itself. Then

T is one-one and onto. Therefore T'is invertible i.e. 7! exists
= TT'=T-T=1
Again T preserves the norm, therefore ...(26)
1T = 4] ¥ xe H
= T*T=1
= (Ir*Nr-'=1I171"!
= T*(TT HY=T'=>T*I=T"!
or T*=T'=>TT*=TT"1=]
In a similar manner
T*T=T"1=1I
Hence T* T'=TT*=1= Tis unitary
Remark: If 7'is an unitary operator on A, then || 7]| = 1

Also || 7x| =|o| so that
17 = sup {[| T - []d] < 1§ = sup {f|x] : [|]x] < 1}
Self-Learning Exercise
In the following questions write 7 for true and F for false :
1. The conjugate and adjoint operator operate, on functionals in H * (7/ F).
2. If T'be an operater on a Hilbert space H, then
(Ix,y)=(x, T*y)Vx,yeH
where T * is the adjoint operator of 7 (7/F)
17T *| =\ 71* (T/F)
O and [ are self-adjoint operators (7/F)

A normal operator is always a sefl-adjoint (7/F")

S v kW

If N, and N, are normal operators then N, + N, is also a normal operator
(T/F)
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7. If N, and N, are normal operators then N, N, is a normal operator (7/F") Operators on
Hilbert Spaces

8. If T, and T, are self-adjoint operators, then their product T, T, is self-adjoint
(T7F)

9. If Tis an operator on H s.t. (Tx,x) =0V xe Hthen T= 0 (T/F) NOTES

10. If T'is a normal operator and « is a scalar then a 7'is normal (7/F").

11. If H be an inner product space which is not complete, then H * necessarily
exists (7/F ).
Fill in the blanks :

7.8 SUMMARY

In this unit you studied different type of operators on Hilbert spaces and various

properties associated with these operators.

ANSWERS TO SELF-LEARNING EXERCISE

I. F 2. T 3. T 4.
5. F 6. F 7. F 8.
9. T 10. T 11. F

12. Self-adjoint 13. T*S* 14. Non-singular

7.9 REVIEW QUESTIONS

1. Define an adjoint operator on a Hilbert space H and give an example.

2. Show that the adjoint operation is one-one onto as a mapping B(H) into

itself.
3. Prove that every scalar multiple of self-adjoint operator is also normal.

4. Let H be a Hilbert space and 7, S be the set of bounded operators on H.
Prove that if

(1) S and T are self-adjoint and S7'= T, then ST is self-adjoint.

(i1) Sand T are normal and ST * = T * S, then ST is normal
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Functional Analysis 5. If T'is an arbitrary operator on a Hilbert space H and a, 3 are scalars s.t.
|o| = |B|, then show that a T+ B T * is normal.
6. If T'is a normal operator on a Hilbert space H and A is a scalar, then show
NOTES that 7— A [ is normal.
7. Show that an operator 7 on a Hilbert space H is unitary iff 7' ({e,}) is a
complete orthonormal set whenever {e} is.
8. Show that the set of unitary operators on a Hilbert space H, forms a
multiplicative group.
9. [If T'is a linear operator on a Hilbert space H, then 7'is unitary iff adjoint of
Texistsand TT*=T*T=1.
10. If T is self-adjoint, any operator S unitarily equivalent to 7 is also self-
adjoint.
11. Let Tbe normal and 4 and B be self-adjoint operators s.t. = 4 + i B. Then
prove that AB = BA.
710 FURTHER READINGS
e the
e the
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CHAPTER -8

PROJECTIONS ON A HILBERT
SPACE AND SPECTRAL

THEORY

Projections on a Hilbert
Space and Spectral Theory

NOTES

8.1
8.2
8.3

8.4

8.5

8.6

8.7
8.8
8.9
8.10
8.11

Learning Objectives

Introduction

Projections on a Hilbert Space

—Definition

—Important Results

Invariance and Reducibility

—Definition

—Properties

Orthogonal Projection

—Definition

—Important Result

Eigenvalues and Eigenvectors

—Definition of Eigenvalues and Eigenvectors
—Properties of Eigenvalues and Eigenvectors
Existence of Eigenvalues

Spectral Theorem

Summary

Review Questions

Further Readings

8.1 LEARNING OBJECTIVES

e In this unit first we study projection on a Hilbert space H and properties of

the projection operator on H. We also study spectral theory of operators on

finite dimensional Hilbert spaces.
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Functional Analysis 8 2 INTRODUCTION

The aim of this unit is to study the projection on a Hilbert space. Invariance,

reducibility and orthogonal projections will also be studied, next we shall study to

NOTES some extent in detail the relation between linear operators on a finite dimensional
Hilbert space and matrices as a preliminary step towards the study of spectral theory
of operators on finit dimensional Hilbert spaces. After a brief study of the spectrum
of an operator and its properties, we shall establish the spectral theorem for normal
operators on a finite dimensional Hilbert space and indicate the spectral theorems

for self-adjoint, positive and unitary operators.

8.3 PROJECTIONS

We have already defined a projection on a Banach space B and Hilbert space H'i.e.
it is an idem potent linear operator P on B s.t. it is a continuous linear transformation
from B (or H ) into itself with the property P? = P. It has also been shown that B (or
H)=M® N where

M={Px:xeB}and N={xe B: Px=0}
M is called the range and #, the null space of P.

DEFINITION

Perpendicular Projection : A projection P on a Hilbert space H is known as
a perpendicular projection on A if the range M and null space N of P are orthogonal

i.e., M L N. Thus by projection P on H we mean a perpendicular projection on H.

IMPORTANT RESULTS

Thoerem 1 : If P is a projection on a Hilbert space H with range M and null
space N, then M | N iff P is self adjoint, and in this case N = M*

Proof: By definition we have P> =P and H =M @ N Let M L N. Then we
prove that P is self-adjoint. By projection theorem each vector z € H can be uniquely

represented as z=x + y, where xe M, ye Ns.t.
Pz=P(x+y)=xand Py=0
Since M L N, we have (x,y)=0 . (1)
Using (1), we get
(Pz,2)=(x,2)=(x, x+y)=(x,x)+ (x,y) = (x, X) ..(2)
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and (P *z, Z) = (Z, Pz) = (Z, x) = (_x +y, x) = (_x’ _x) + (y’ _x) = (_x, x) (3) Projections on a Hilbert
Space and Spectral Theory

(2) and (3)
=  (Pz,z)=(P*z2) Vze H NOTES
=N (P-P)z,z)=0 Vze H

= P-P*=0
= P*= P = P is self-adjoint.
Conversely suppose that P is self-adjoint i.e., P* = P.
Now, letxe M and y € N. Then
(x,¥)=(Px,y) (P being projection on H and x e M = Px = x)
=(x,P*y)=(x, Py)
=(x,0)=0asyeN ..Py=0
(x,)=0=>MLN
Lastly we prove that N = M+ where M 1. N
ForanyxeNandN 1 M=>x 1 M=>xe M1 = Nc M-
Taking N to be proper closed linear subspace of Hilbert space M+ i.e. N# M.
So 3 a non- zero vector z € Ms.t.z, L N. Alsoz, L M.
zplMandz, IN=z, | MON=H=z,1 H
= z, = 0 since only zero vector is orthogonal to whole space H.

This contradicts that z, is a non zero vector. Hence N cannot be proper subset
of M™* only possibility is that N = M*.

Theorem 2: If P is the projection on a closed linear subspace M of a Hilbert

space H, then
(i) Pis the projection on M of H <> I — P is the projection on M*
(i) xeM < Px=x<||Px| = ||¥]
Proof: (i) P is the projection on H <> P>= P and P*= P ..(4)
Therefore (/- P)*=1*—-P*=[-P

and (I-PR2=(I-P)(I-P)=1>~IP-P,+P2=1-P—P+P=IP

= (/- P) is also a projection on H.
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Functional Analysis Now we prove that if P is defined on M, then (I — P) is defined on M™. For this

let N be the range of (/ — P). Then
xe No>([-P)x=x=orx—Px=x=>P =0
NOTES e :
= x € Null space of P = x € M~ as M~ being coincident with null space
Nc M+
Also xeM+ =P =0=x—-Px=x=({-P)x=x

=xe range of /- P)=>xeN

M1cN ...(6)
(5) and (6)
= N=M*

=  If P is projection on a closed linear subspace M of H, then (/ — P) is

projection on M™*.

Conversely : If (/— P) is a projection on M+ then I — (/- P)= P is the projection
on (M)t = M = M, since M is closed.

(i) If Px = x, then Px is the range of Pi.e. x € range of Pi.e. x € M.
Conversely, if x € M, then assuming that Px = y, we prove that y = x
Now Px=y = P(Px)=Py = P’x=Py = Px=Py (- P>=P)
= P(x—y)=0= (x— y) € null space of P
= (x—y)e M*, as M* is the null space of P
= x—y=z(say), where ze M*
Now y = Px = y € range of Pi.e. M*
Thus x=y+zwhereye Mandze M*
Since x € M, we can write x =x + 0
Since H= M ® M*, we have z= 0 so that x=y
Again If Px =x = ||Px|| = ||x||
Conversely if ||Px|| = [|x]|, then we have
lx|[> = ||Px + (I — P)x|[* where Px € M and (I — P) x € M-

as such Px and (I — P)x are orthogonal victors
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Using Pythagorean theorem, we get Projections on a Hilbert
Space and Spectral Theory

[l = [[Px|[ + [|(7 = P

=|Ix|* + (I = P)x|P
Ix[I* + (= P)x| NOTES
= (7= P)x|*=0
= x—Px=0=Px=x

Thus x e M < Px=x < ||Px|| = ||x]|

Theorem 3: If P is a projection on a Hilbert space H, then prove that
@ [Pxl[< [x]| V xeH (i) [|P[[<1

(ii1) P s a positive operator (iv) 0<P<I

Proof: (i) We have ||Px|]* + ||( - P)x|]*= x

= PP <P as = || - Px|* 20

= |Px<|Ix||VxeH

(i) by (), [|Px]| < |lxl], V x e H

= Sup {||Px]| : ||| <L} <1V xeH

= |IP|| £ L, x € H being arbitrary.

(iii) For any vector x € H, P being projection on H i.e. P*=P, P> = P and Px
€ range of P so that P(Px) = Px

We have
(Px, P)= (PPx, x)= (Px, P* x,= (Px, Px) = Px|[>=0
= P>01i.e. Pis a positive operator

(iv) Since P and / — P are projections on H, therefore P>0and /— P>0or P
> Thus0<P< I

8.4 INVARIANCE AND REDUCIBILITY

DEFINITIONS

Let 7'be a linear operater on a Hilbert space H, then M is invariant under 7'if x € M
=>TxeMie TM)ycM
Obviously M is invariant under Zero operator and every closed subspace is

invariant under identity operater /.
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Functional Analysis Now M being a closed subspace of H, M itself is a Hilhert space so that 7 may

be regarded as operater on M also.

If T on H induces an operator 7,, on M and s.t. T, (x) =T (x) V x € M, then

TE .
NOTES TM is known as restriction of 7 on M.

we know that H=H=M ® M+

where M is a closed linear subspace of Hilbert space H. Then T is said to be
reduced by M if both M and M* are invariant under 7. We sometimes also say that

M reduces T instead of saying that 7 is reduced by M.

PROPERTIES

Theorem 4: A closed linear subspace M of a Hilbert space H is invariant under

an operater 7 <> M" is invariant under T *.
Proof: Let M be invariant under 7'i.e.xe M = Txe M
Suppose that y e M | = y is orthogonal to every vector in M (7
y is orthogonal to 7x as Tx € M by (7)
(Tx, 1) =0
x, T*y)=0,xeM
T * y is orthogonal to every vector x € M

T*ye M*

O

M* is invariant under 7 *
Conversely, suppose that M be invariant under T *.

Since M* is a closed linear subspace of H and is invariant under 7 *, therefore
by the theorem M = M is invariant under 7 ** = T.

Theorem 5: A closed linear subspace M of a Hilbert Space H reduces an operator
T < M is invariant under both 7'and 7™*.

Proof: M reduces T = M and M* both are invariant under 7. But M= M is

invariant under 7*. Hence M is invariant both under 7 and 7T*.

Conversely, If M is invariant under both 7 and 7*, then M is invariant under 7

and M is invariant under 7 ** = T,
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= Both M and M are invariant under 7. Projections on a Hilbert
Space and Spectral Theory
= M reduces T.

Theorem 6: If P is the projection on a closed linear subspace M of a Hilbert

NOTES
space H, then

(i) M is invariant under an operator 7<> TP = PTP
(i1) M reduces an operator 7'<> TP = PT

Proof (i) Let M be invariant under 7 and x be an arbitrary vector of H. Then P
x € M (range of P)

= TPx € M, M is invariant under 7.
Since P is a projection and M is the range, therefore
TPx € M = P maps TPx into itself.
Hence PTPx=1TPxVxe H
Conversely : Let PTP = TP
= PTP=TP
Since P is a projection with range M and an x € M, therefore Px=x = TPx= Tx
Using hypothesis we have PTPx = TPx = Tx

Since P maps elements of M into the same element P(7TPx) = TPx means TPx

€ M= Tx=M. Hence x e M = Tx € M, therefore M is invariant under 7.
(i1)) M reduces T = M is invariant under both 7’and T *

TP=PTPand T* P= PT * P by case (i)

TP = PTP and (T * P)* = (PT * P)*

TP=PTPand P*T**=pP*T** p*

TP = PTP and PT = PTP (- T**=Tand P*=P)

L

TP=PT
Conversly : Suppose that TP = PT=> PTP=PPT=P>*T=PT (- P2=P)
Also TPP = PTP = TP?>= PTP = TP = PTP

TP = PT= PTP=PTand TP = PTP

= M reduces T
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Functional Analysis 8.5 ORTHOGERAL PROIECTION

DEFINITION

Two perpendicular projections P and Q on a Hilbert space H are known as
orthogonal if PO = O. In other words P and Q and Q are orthogonal iff their ranges
M and N are orthogonal.

NOTES

IMPORTANT RESULT

Theorem : If P and Q are projections on closed linear subspaces M and N of a
Hilbert space H,then M L N<& PO=0<< QP =0

Proof: P and Q are projectionson H = P *=P, O *=Q

Also O *=0Oand [ *=1

L PO=0< (PO*=0*Q0*P*=0*=QP=0

Now we prove that M | N<> PQ= O

For any vector y e N and M L N = y is orthogonal to every vector in M

ie.yeN=>yeM- = NcM*

and for any vector z € H and Q is projection on H

= Oz € N (the range of Q) whereas N = M*

= Qz e M* (the null space of P)

= P(Qz)=0=PQz=0V zeH

= PO=0

Conversely : If PO = O and x e M, y € N, then

Px=x (-~ Mbeing range of P)and Qy=y (- Nis range of Q)

Sy =(Px, Oy)=(x, P* Qy)=(x, POy) (- P*=P)
=(x,0y)=(x,0)=0wherexeM,ye N

= M | Nie. M and N are orthogonal.

8.6 EIGENVALUE AND EIGENVECTOR
DEFINITION

Let 7'be an operator on a Hilbert space H. Then a scalar 4 is called the eignvalue

(or characteristic or proper or latent or spectral value) of 7'if there exists a non-zero

vector x € H s.t. Tx = Ax
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It A is an eigenvalue of T, then the non zero vector x € H s.t. Tx = Ax is called FProjections on a Hilbert
Space and Spectral Theory

the eignvector (characteristic or proper or latent or spectral vector) of 7.

Each eigenvalue has one or more eigenvector whereas each eigenvector
corresponds one eigenvalue. If H has no non-zero vectors, then T cannot have any NOTES
eigenvector and hence the whole theory reduces to triviality. We therefore develop

the spectral theory on the assumption that H = {0}.

The set of all eigenvalues of T'is known as the spectrum of 7'and denoted by o (7).

PROPERTIES OF EIGENVALUE AND EIGENVECTOR

From the definition of eigenvalue and eigenvector, we have the following
properties:

Theorem 8: If x is an eigenvector of 7 corresponding to eigenvalue 4 , and o is a
non-zero scalar, then « is also an eigenvector of 7 corresponding to same eigenvalue.

Proof: Since x is an eigenvector of T corresponding to eigenvalue A therefore

x# 0 and Tx = Ax.
If a # 0 then ax # 0. Also T (ax) = aTx = arx = A(ox)
Hence ax is also eigenvector of T corresponding to same eigenvalue A .

This property tells us that corresponding to a single eigenvalue there may

correspond more than one eigenvector.

Theorem 9: If x is an eigenvector of 7, then x cannot correspond more than

one eigenvalue of 7.
Proof: If possible, let 4, and A, he two distinct eigenvalues of T for eigenvector
x. Then Tx=Al xand Tx= A, x. Hence A, x=4, x=> (A, - A,)x=0=>4,-4,=0
(vxz0)=>A,=4,
Theorem 10: Let A be an eigenvalue of an operator 7'on a Hilbert space. If M, is

the set consisting of all eigenvectors of 7" corresponding to the eigenvalue A and the

zero vector 0, then M, is a non-zero closed linear subspace of H invariant under 7
Proof: By def. xe M, iff T =4, ..(8)
By hypothesis 0 € M, and 0 vector also satisfies (8).
Therefore M, = {xe H : Tx =)\x}
={xeH:(T-A)x=0}
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Functional Analysis Againifx,ye M, and a, B are scalars, then
Tx =)x and Ty = Ay. We have
Iox + Py) = T (ax) + T/(By)
=alx+p Ty

NOTES

=oAx+ B Ay

=Max+py)
= ax+fyeM,
= M, is a linear subspace of H.

Also T'and / are continuous, M, is the null space of the continuous transformation
T'— Al Hence M, is closed.

Further let x € M,

Since M, is a linear subspace of H, therefore xe M, = Ax=Txe M, = M, is

invariant under 7.

The closed subspace M, is called the eignspace of T corresponding to the

eigenvalue A.

Theorem 11: If 7 is a normal operator on a Hilert space H, then x is an

eigenvector of 7with eigen-value A iff x is an eigenvector of 7* with A as eigenvalue

Proof: Let 7' is a normal operator on H. Then 77* = T*T. Now T — Al is also

normal, therefore
(T = ADx|| = [(T = AD* x|| V xe H
Also adjoint operation is conjugate linear, therefore
(T—AM)*=T*— 2I1*=T%*- L]
From the above two relations we get
ITx —Ax|=||T*x— Ax||V xe H
Hence Tx —Ax=0iff T*x— Ax=0
Thus if x is an eigenvector of 7 with eigenvalue A iff 4 is an eigenvector of 7*
with eigenvalue A.

Theorem 12: If 7'is a normal operator on a Hibert space H then each eigenspace
of T'reduces T.
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Proof: Let M, be the eigenspace of T corresponding to the eigenvalue A . To Projections on a Hilbert
Space and Spectral Theory

prove that M, reduces 7. We have to show that M, is invariant under both 7"and 7*.
We know that M, is invar iant under 7'( see Theorem 10). Let x € M,. Then Tx

=Jx=T*x= 2x. Since M,is a subspace, AxeM, whenever x e M,. Hence NOTES

xeM, = T*x= AxeM,. Hence M, is invariant under 7 *. Thus M, reduces T.

Theorem 13: If 7'is normal operator on a Hilbert space H, then eigenspaces of

T are pairwise orthogonal.

Proof: Let M, and MJ (i #)) be eigenspaces of an operator 7 on Hilbert space H

corresponding to distinct eigenvalues 4. and A Letx, e M, and x,€M;so that
Ix,= A x,and Tx.= A x,
i i AR
Now  A,(x, x) = (4,x, xj)
= (Ix, xj)
= (xl., T *xj)
= (i 2;%)
= Aj(xl., x;)
(1= A) (x, x)=0
(x;, x].) =0 A JL].

x, Lx Vx.eM andx.eA.
Jj i i A

b U Uy

M, L Mj (i and j are arbitrary)

8.7 EXISTENCE OF EIGENVALUES

An immediate question that arises before us is :

Does an arbitrary operator 7on a Hilbert space H necessarily have an eigenvalue?
We shall give an example to show that it is not necessary for an arbitrary operator 7
on a Hilbert Space H to possess an eigenvalue.

Consider the Hilbert space /, and the operator T or /, defined by T'{x,, x,,...}
=10, x, X,,...}

Let A be an eigenvalue of 7. Then 3 a non-zero vector y = {y,, ¥,, V5,....} in [,

st. iy = Ay.
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Functional Analysis Now Ty=Ay = T{yl’ Vs Vpenen: } = }\,{yl’ Vs Vierens +

= 10,y Yy = AV, Ay Ay}

= MW,=0,Ay,=y,,...

NOTES 1 720
Now y is a non-zero vector = y, # 0. Therefore Ay, = 0= A = 0. Then Ay, =y,

= y, = 0 and this contradicts the fact that y is a non-zero vector. Therefore T'cannot

have an eigenvalue.

But if the Hilbert space H is finite dimensional then 7°on H will have eigenvalues.
It should be recalled that if A is finite dimensional, then every linear transformation
on H is continuous and is therefore an operator H. So in this case the set S(H) is the

collection of all linear transformation on H.

Theorem 14: An operator 7 on a finite-dimensional Hilbert space H is singular

< there exists a non-zero vector x in A s.t. 7x = 0.

Proof: Let 3 a non-zero vector x on Hs.t. Tx = 0. We have 7x= 7.0 = x= 0 but
x# 0 (y) our assumption i.e. x and 0 are distinct vectors in H so that 7'is not one-one

and hence 7 is not non-singular i.e.T is singular.

Conversly : Let 7 be singular. To Show that 3 a non-zero vector x € H s.t. Tx

=0.now Tx =0 = x =0 = Tis one, since
B=Tz=T@y-2=0=2y—z=0=>y=2
Since H is finite dimensional, therefore 7'is one-one implies 7'is onto and so T’

is non-singular. This contradicts the hypothesis that 7 is singular. Hence there must

exist a non-zero vector x s.t. 7x = 0.

Theorems 15 : If T'is an arbitrary operator on a finite dimentional Hilbert space
H, then the eigenvalues of 7 constitute a non empty finite subset of the complex
plane. Furthermore, the number of points in this does not exceed the dimension »

of the space H.
Proof: A is an eigenvalue of 7<> 3 a non-zero vector x s.t. 7x = Ax
<  danon-zero vector x s.t. (T— A)x=0
<  operator 7— Al is singular
= det(T-AD)=0ie. |T-Al|=0

If B be any ordered basis for H, then
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det(T'= A = det (1= Ally) = det([7], = A1) S ond oot Themy

= det ([T],~ A[3,]) where 8, = 1, {fj
. NOTES
= det ([al.j] -A Sy]) (on setting 7= [aij] )
a,—A a, .. a,,
a Ay — A . a
det(T-AD=0=| . % o
a, a, .. a, —A -(9)

L.H.S of (9) when expanded, yields a polynomial equation in A of degree n, with
complex coefficients having complex roots. But every operator 7'on H has a eigenvalue
and (9) has exactly # roots in complex plane, some of which may be repeated, therefore

has distinct eigen values < 7 i.e. not exceeding n, the dimension of H.

8.8 SPECTRAL THEOREM

We shall require the following result to prove an important theorem known as

spectral theorem:

Theorem 16: If P, P,,..., P, are the projections on closed linear subspaces M|,
M,,...., M, of a Hilbert space H, then P= P, + P, +...+ P, is a projection <> the P.’s

are pairwise orthogonal and then P is the projection on M= M, + M, +....+ M .
Proof: P’s are projections on H = P?=Pand P’ = P,/=1,2, n and P, P=0
for 7.
Now P=P +P,+...t P, > P =P+ P, +.....t P
=P, +P,+..+P =P
= P is self adjoint.
Also PP=PP=(P,+P,+...4 P ) (P, +P,+.+P)
=P +Pj+..+ P} PP =0forl#]
=P +P,+..+P =P

Hence is a projection on H
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Functional Analysis Conversely : If P/'s are projections on H i.e. P is a projection on H or P2=p

and P* = P. We prove that P, PJ =0 fori=j.

For any vector z € H we have

NOTES
(Pz, z) = (PPz, z) = (Pz, P* z) = (Pz, Pz) = ||Pz||? ...(10)

If for any vector x € Mi (range of P,) so that P, x = x,

n
then  |[x[? = |IP, x|> < 25 [P, 2l = [[Px]? +...+ [P x|
i=1

< z (P; x, x)
i=1
< (Pyx, x) + (Pyx, x)+...+ (P x, X)
<P+ P+t P)x,x)=(Px,x)= || Px||>
< |lP?

So |lx[* < [|Px][* and [|Px][* < |||

= the sign of equality holds throughout the above computation, thereby

giving that
|P, x||* = z |P; x||* and ||P x|[* = 0 for i #
i=1
= |P; x || =0 fori=]
= ||Px|| =0 fori=]
= x € null space a P (i # j) whose range is M, and null space is M*.
= xeM>* fori=jwithxeM,
= x is orthogonal to the range Mi for every P, with i # j

i.e.xeMI.:>MjJ_Ml.Vi¢j

= every vector in range PJ (j=1,..., n) is orthogonal to the range M, for
every P, with i # j
= range of P, is orthogonal to the range of every P, with i # ;.

Lastly we show that P is the projection on M= M, + M, + ....+ M, . It will be
so if the range of P say R(P)=M
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AnyxeR(P)= Px=x Projections on a Hilbert
Space and Spectral Theory
= (P, +Py+..t P)x=x
= P x+P,x+.+P x=x NOTES
where P xe M,P,(x)e M,,..,P (x)e M,
= xe M+ M, +...+ M =M
R(P)c M

Also an x € M= x, e ]\ll.for 1<i<n withx=x1 + X, Font X, andM=Ml

+M,+ ..+ M,
= 1Px,|> = [P ]I> = [[Px,|| = [,
= Px,=x;=>x.eR(P)Vi
= X, + Xy +..t X, = x € R (P) as R (P) is a linear subspace of H

Hence M = R(P) = P is a projection on M.
Statement of spectral Theorem :

Let T be an operator on a finite dimensional Hilbert space H with 4, 4,.....,
A,, as the distinct eigenvalues of 7 and with M|, M,,...., M, be their corresponding
eigenspaces. If P, P,,...., P, be the projections on these eigenspace, then following

statements are equivalent:
(i) The M, 's are pairwise orthogonal and span H.
(i) The P,'s are pairwise orthogonal and P, + P, + ...+ P =l and
T=A P+, P+ ..+ A P
(ii1)) Tis a normal operator on H.

Proof: (i) = (ii) : Since M, 's are pairwise orthogonal and span H, therefore each

vector x € H is uniquely expressible as x =x, +x, + ..+ x,,x,€ M,Vi=1,2,., M.
(1)

M_'s are pairwise orthogonal and P/'s are projection on M's
= P/s are pairwise orthogonal by Theorem 16

= P.P=0,i#]
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Functional Analysis For any vector x € H, (11) yields
Px=P (x,+x,+.+x)=P.x +Px,x,+ ...+ P.x, ..(12)
NOTES M, being range of P, and x,e M. = P, x, = x..
Ifj;tiandeJ_Ml.forjii
= X, € Ml.l forj#i
= Plxj =0, All.L being null space of P,.
So P, x; andPl.xj:0:>Plx=xl.Vl.: 1,2,.....,m ..(13)
Now V xe H, Ix =x=Xx, + Xp,..t X,

= Plx + P2x+....+ P x
m

=P, +Py+..+ P )x

= [=P,+P,+.4+P, = ;Pi .(14)

AlsoVxe H, Tx=T(x; +x,+....X,)
=Tx, + Txy+..4+ Ix,,
=Ax tAx,+ .+ A X
asx,e M, = Tx,=Ax,
=APx+A,Px+. .44, P x
=MP + AP+t A P )X
=>T=AP +,P)+..+ A P = gliPi ..(15)
The above expression with (14) is called spectral resolution of 7.
(ii) = (iii) : Since each P, being a projection, we have P = P,and P?= P, P/s

are pairwise orthogonal and i # j = P, Pj =0 and given that

T=2, AP,
i=1
T" =, P+ 2, Py+..+ 1 P )
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Therefore 77" = |A,|> P? + [A,|* P2 +...+|A 2 P >as P,P,=0fori#j ..(16) ProjectionsonaHilbert
meom LJ Space and Spectral Theory

= AP P+ AP P+t [AmP P,
Similarly 7" 7= [4,]> P, + [A,)> P, +...t |4, 2| P, ~(17) NOTES

(16) and (17) = TT *=T* T'= T is normal

(iii ) = (i) : Let 7'be normal. We prove that M's are pairwise orthogonal which
is true by Theorem 13 as M's are eigenspaces of 7. Again by Theorem 16, M/'s being
pairwise orthogonal and P/s are projections on M's, P/s are pairwise orthogonal.
Theorem 16 also gives M= M| + M, +.....+ M . M being a closed linear subspace
of H, then its associate projection P= P, + P, + ..+ P .

Also T is normal on H = each M, of T reduces T and P, being orthogonal
projection on closed linear subspace M., of H, M, reduces T'means P,T'= TP,
TP = T(P,+ Py+..+ P))
= TP, +TP,+..+TP,
=P T+PT+.+PT
= (P, +P,+..+ P )T=PT

Hence TP = PT and P is projection on M = M reduces T'and so M is invariant
under 7= M+ # {0} and all eigenvectors of 7'being constrained in M, the restriction
T to M* say that W is an operator on a non-trivial finite dimensional Hilbert space
M~+and Wx=TxV xe M-

Now x being an eigenvector for W corresponding to the eigenvalue A, we have
x € M+ and Wx = Ax.

Thus Wx = Tx and Wx = Ax = Tx = Ax = x is also an eigenvector for 7. But
T has no eigenvector in M* since all the eigenvectors for T are in M with M N
M+ = {0}, therefore W is an operater on a finite dimensional Hilbert space M, having
no eigenvecter and no eigenvalue, therefore M*= {0} thereby contradicting the
hypothesis M+ # {0} in which case every operater on a non-zero finite dimensional

Hilbert space would have an eigenvalue.
Consequently, M+ = {0} => M=H
= M +M,+..+ M, =H
= M. 's span H.

Self-Instructional Material 151



Functional Analysis— Gprr | EARNING EXERCISE

NOTES

In the following questions write 7 for true and f for false statement :

1.
2
3.

10

If Pis a protection on a Hilbert space H, then P is a positive operator (T/F/)
1Px]| < [lx[| V' [[xll e H (T/F)

If x is an eigenvector of 7, then xcorresponds more than one eigenvalue of
T. (T/F)

If T is a normal vector on a Hilbert space H, then each eigenspace of T’
reduces 7. (T/F)

An arbitrary operator 7 on a Hilbert space H possesses necessarily an
eigenvalue (T/F)

If P be a projection on a closed linear subspace M of a Hilbert space H then
I — P is the projection on M~ (T/F)

Let P be a projection on a closed linear subspace M of a Hilbert space H,
thenxe M & ||Px|| =....

Let P be a projection on a Hilbert space H, then

(@) ||1P]| < .... (b) ...<||P|| £ ...

If a closed linear subspace M of the Hilbert space H reduces an operator T’
< Ms invariant under.... and.....

If T'is a normal operator on a Hilbert space H then eigenspaces of T are
pairwise....

8.9 SUMMARY

In this unit you studied the projection on a Hilbert space, invariance and

reducibility of an operator on a Hilbert space. Spectral theory in Hilbert space was

also discussed.

ANSWERS TO SELF-LEARNING EXERCISE

1.T 2.T 3. F 4T S5 F 6T 7. |x]| 8.(a)l(b)Oand/!
9.Tand T* 10. Orthogonal

8.10 REVIEW QUESTIONS
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1.
2.

Write a short note on Projection on a Hilbert space.

Define orthogonal Projection, reducibility and Invariance of an operator

on a Hilbert space.



3. If Pand Q are projections on closed linear subspaces M and N of a Hilbert Projections on a Hilbert
Space and Spectral Theory

space H, then prove that PQ is a projection iff PQ = QP. Also show that

PQ is a projection on M M N.
4. 1If P and Q are projections on closed linear subspaces M and n of a Hilbert NOTES
space H, then prove that following statements are equivalent
H P<Q (i) [|Px|[ < ||Ox[| Vx
(i) Mc N (iv) QP=P
(V) PO=P

5. Show by an example that it is not necessary for an arbitrary operator on a

Hilbert space H to possess an eigen value.

6. Define spectral resolution for an operator on a Hilbert space and prove that
spectral resolution of a normal operater on a finite dimensional non-zero
Hilbert space is unique.

7. 1f M/s are eigenspaces for a normal operator 7 on a Hilbert space H, then

prove that M/'s span H.

8.11 FURTHER READINGS

e the

e the
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Functional Analysis CH APTER _ 9
NOTES THE DERIVATIVE

9.1 Learning Objectives

9.2  Introduction

9.3 Derivative

9.4 Directional Derivative

9.5 Mean Value Theorem and its Applications
9.6 Summary

9.7 Review Questions

9.8  Further Readings

9.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e This unit introduces an important concept of derivative of functions in a

(Stract-spaces, particularly in Banach spaces.
e We are already know the notion of derivative of a real valued function.

e Now we need to modify this notion of derivative of functions from Banach

spaces to Banach spaces.

9.2 INTRODUCTION

A real valued function f'on R has a derivative D f’(a) at point a € R if and only
if for each € > 0 there exists a 6 > 0 such that

x)—f(a
%—f'(a) <€ whenever0<x—a <9
Frechet generalized this concept of derivative of a mapping fon a normed linear
space n into a normed linear space M. The derivative of fat a point a € N exists and

it is a linear transformation g of N into M if it satisfies the inequality, fore > 0,
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IfIl x)—f(a)—gx—a)]|<e|x—all, The Derivative

whenever ||x — gf| < 6.

9.3 DERIVATIVE NOTES

Definition: Let X and Y be any two Banach spaces and } an open subset in X,
then two functions f, : V' — Y and f, : V' — X 'said to be tangential to each other at

a point v eV, we have

i 1AW A

n—»0 |)C _ V|

0

which follows that
fim=1 O

Iff,,f, are tangential at v and £, f; are also tangential at v, then f,, £, are tangential

at v, since we have the inequality,

1410 =15 @I < [[/,0) =15 QI + ([ 5,00 =15 ()]
Hence this relation is an equivalence relation.

Theorem 1: Let X and Y be any two Banach spaces over the same filed K. In the
set of all functions tangential to a function f at v € V, there is at most one function
¢ : X — Y, of the form ¢ (x) =f(v) + g(x — v), where g : X — Y is linear, where V'is

an non-empty open subset of X.
Proof: Suppose there are twofunctions ¢ and y from X into Y given by
¢ (x) =f(v) + glx —v) and y (x) = f (v) + g, (x = v)
Assume A(x) = g(x) — g,(x),

then clearly /4 is linear and

}111330 [|A)| ~0
e Xl

Thus for given € > 0 there exists a 6 > 0 such that
lA(x)|| £ € ||x|| whenever ||x| < &
But € > 0 is an arbitrarily small so that

h(x) =0 for any x.
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Functional Analysis — g=g

Hence ¢=vy

Derivative of a Map :
NOTES
Definition : Let X and Y be Banach spaces and ' be a non-empty open subset

of X. A continuous mapping f: ' — Y is said to be differentiable at the point ve V'
if there exists a linear mapping g : X — Y such that the mapping x— f(x) — f(v) and

x— g (x — v) are tangential at the point v, that is

lim %) -fv) —glx—w)| _ 0
= lx —v|

(1)

Letx=v+ heV, we assume
n(h)=f(+h)—f(v)-gh) = f(v+h)=1)+gh)+nlh) -(2)
where from equation (1), we have

i IO _
Sl

-(3)

n being a function from N — Y, where N is a neighbourhood of 0 € X, such that
N+vc V. Afunction f: V' — Yis said to be differentiable in V' if f'is differentiable
at each point of V.

If f1s differentiable in V, then for each pointve V, D f(v) € L(x, y), which is
the space of all linear map from X into Y.

Example 1 : The derivative of the constant function f : /' — Yis the zero linear
map, because

| Ax) —f(v) — g(x—v)||=0forany v, x € V, if g is the zero map of L(x, y).

Example 2 : The derivative of a continuous linear mapping /: V' — Y is the

mapping f itself, because

1 f ) =S =f == =S () =S )+ W)l
=0, Vx,velV
Theorem 2: Let Xand Y be Banach spaces and ¥ be the non-empty open subset

of X. Suppose thatf: V— Yand g: V— Y be differentiable in /" and a be any scalar
in K. Then the function (f+ g): V— Yand o f: V' — Y defined by a f (x) = a f (x),
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(f+g) (x) =f(x)+ g(x), are differentiable in V'and forallve V,D (af) (v)=aDf The Derivative
), D(f+g) ()=Df()+Dg(v)

Let us prove, D( f+ g) (v) =D f(v) + Dg(v) NOTES

Proof: Since f'and g are differentiable at v € V, so that

lim /) —f(v)-Df (v) x =)l _

1o [ =

0

i 800 = 80) = De(r) =]
s =i

0

o lim 1T+ 20 =+ () = (DY) + D) =) _

=y e =l

N

lim /&) —f(v) = Df (v) (x = v)|

1o [ =]

+ lim 80— ()~ De)x v _

1o [ =

0

=04+0=0
The D(f+g) (v)=Df(v)+ Dg(v),VveV

Similarly, we can prove that D(a f')(x) = aD f (v).

Theorem 3 (Derivative of a composite mapping ) : Let X, Y and Z be Banach
spaces over the same field K. Suppose that fis a function on an open subset V of X
into an open subset I of Y and g is a function on W into Z. If fis differentiable at a
point ve V and g is differentiable at the point w = f(v) € W, then g of is differentiable
at v and

D(g of )(v) = (Dg(f () 0 D f(v)
or (o) () =@/ of ()
Proof: Let K€ Ybe such that f(v)+ ke W

Given that g is differentiable at f'(v), so we have

g(f () +K)=g(f() +De(f(W). k+w (k) (1)
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NOTES
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o N
=0 K

Now let he Xbesuchthatv+helV

Given that f'1s differentiable at v € V, so we have
f+h)=fE)+DfO). h+nh)

o ol
=0 )

where 0

Now, we have

gof)(v+h)=g{f(v+h)}
=g{f(M+Df(v). H+n(h);
Using eqn. (1), we get

(2)

[From eqn. (1)]

(gof) v+ )= g(f (V) + Dg(f (). {DfW). h+n(h); + y(Df(v). h+n(h);

=(gof) W)+ {Dg(f(v)) oD f(v). h+ ¢ (h) E)
where ¢(h) = Dg(f (v)) n(h) + w(Df (Wh + n(h)) ~(4)
Now we claim that

i 10O _
=0 ||

Let for e > 0 there exists 4 > 0 such that [|ki] < p,
[w(k)l| < € [|Kl|

Also there exists a 8 > 0 such that ||| < 5,
[IM(A)]| < €llAll and [|D f(v).h + n(h)|| < p

Then for ||| < 5, we have
oM = IDg (f (M) () + v (D f(v)). h+n(h)]
< |IDg(f () n(W| + [[W(D f (). h+ n(h)||
< IDg(S NI (W) + € [ID f (v). b+ n(h)|
< |IDg(f Wl € llAll + €D SO [|A]] +<. €Al

= oWl < (I1Dg(S O+ 1D f W) +€) e |lAll



’ ’¢(h)| | The Derivative
= <(IDg(fONI+IDfFWI+€) e
But € > 0 arbitrary, so that

NOTES
o 1900 _
h—0 |h||

Thus the equation (3) can be written as

i 1€ (v 1) (g of) ()~ (Dg)) 0 DI W _
n—»0 ||h||

Hence D(g of )(v) = (Dg(f(v))) 0 D f(v)

Definition : A bijection f'on a Banach space X onto a Banach space Y is said to

be a homeomorphism if both f'and /! are continuous on x and y respectively.

Theorem 4: Let X and Y be Banach spaces over the same field K of scalars.
Let / be a homeomorphism of an open subset V" of X onto an open subset W of Y
and let g be the inverse homeomorphism of W onto V. If fis differentiable at o € V'
and D f (a) is a linear homeomorphism of X onto Y, then g is differentiable at the
point b =f(a) € W and
Dg(b)=[D f(a)]
Proof: It is clear that the linear mapping D f (a) of X onto Y has an inverse

linear mapping. Let it be = [D f(a)™ of Y onto X. It is also continuous and there

is a finite positive real number M such that

ltOI<Mbl, VyeY (1)
Suppose that # € X be such that o + 4 € V. Since f'is differentiable at o, so that

we have
fla+h)y=f(a)+ Df(a)h+ n(h) ..(2)
where lim M =0
h=>0||hl]

1
Let for given 0 <e'< BV there exists 6 ' > 0 such that

In(h)|| < <" |||, whenever ||A]| < o' ..(3)

Since g is continuous at b = f'(a) € W, then for given 6 ' > 0 there exists 0 > 0

such that
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NOTES

(b + k) — g(b)|| < 8 ', whenever ||K]| < &
Now, [|h—t(f(a+h)—f(@l= [[{Df(a) . h—(f(a+h)-[f(a)}]
= |t {Df (@) . h~[(a+h)+f (@}
= |t (n@))]|  from eqn. (2)
<SM|n)|  fromeqn. (1)
<Me'|h| fromeqn.(3) (4)
Now, ||Al|=[lh—t(f(a+h)—f(a)+1(f(a+h)-f(a)
<l h—t(fla+h)—f@|+|«f(a+h)—f(a)
SMe'[h|+ M| f(a+h)—f(a)]| from(1)& (4)

< Sl + ML fa+ )~ f @]

= Al <2M|[f(a+h)—-f(a)| -(5)
Suppose g(b + k) = a + h, then
lg(b + k) — g(b) — t (k)|
= lla+h—a—-t(f(a+h)—f(a)l
= [[h—t(f(a+h)-f(a)
<e'M|h| From (4)
<e'M{2M||f(a+h)—f(a)l[} From (5)
=2¢e' M| fla+h)-f(a)
= lglb+k)-gb)-t®|<ellkl, €=2e"M?
Hence for given e > 0 there exists 8 > 0 such that
1g(b + k) — g(b) — ¢ (k)|| < €||k| , whenever [[k]| < &
Hence g is differentiable at b = f(a) € Wand D g (b) =t = [D f(a)]""

9.4 DIRECTIONAL DERIVATIVE
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Definition : Let X and Y be Banach space over the same field K of scalars and

V' be an open subset of X. Let f/ be a function from V into Y and v be a unit vector
in v, then the directional derivative of fat x € V' in the direction of unit vector v is
denoted by f'(x) and is defined by



S+ h) —fx)
h

D, f(x)= klg(l) , if this limit exists.

Theorem 5: Suppose that X and Y be Banach spaces over the same filed K of
scalars and V' be an open subset of X. Let /: V' — Y is differentiable at x € V. Then
all the directional derivatives of fexists at x and

D, f(x)=D f(x).v, where v € V' is a unit vector.

Proof: Suppose & € X be such that x + 4 € V. Given that fis differentiable at x
€ V, so that

S+h)=f(x)+Dfx)h+n®),

. h
where lim M =0

=0 A

Since v € V'is a unit vector and let S is arbitrary small, then we have

fx+sv)=f(x)+Df(x).(sv)+n (sv) (1)
. [InGsv)|
where lslg% W =0
a1 o
N lim 16Y) 0
s—0 S|

Hence from (1), we have

S+ sv) ~f @)
i S+ /@)

s—0 Ky

n(sv) }

=£i_r)r(1) {Df(x).v+ "

=Df(x).v+0
= Df(x)=Df(x).v

9.5 MEAN VALUE THEOREM AND ITS APPLICATIONS

In this section we study mean value theorem for a mapping defined on a Banach
space

Theorem 6: Let X be a Banach space over the field K of scalars and let /: [a,
b] > Xand g . [a, b] > R be continuous and differentiable functions such that ||D f
(T)|| £ D g(T) at each point ¢ € (a, b). Then
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Functional Analysis ||f(b) _f (a)H < g(b) — g(a)
Proof: Let € > 0 and let 7 be the set of real numbers s € [a, b] such that V r

€la,s)
NOTES

J—fl@)<gl)—gla)+e (r—a+1) (1)
It is given that
IDf@I[<Dgn)V te(a b)
= Dg®n=20 Vte(a b)
= gisanincreasing function on (a, b). Since fis a continuous function in closed
interval [a, b] so it is uniformly continuous in [a, b], then there is a real number p
€ (a, b] such that V ¢ € [a, p)
1f(@)-f(all<e -(2)
Since g in increasing function g € [a, p] so that
e <glqg—gla)+e(g—a+1) ..(3)
From (2) & (3), we obtain

/(@) —f(a)<g(q) - gla) +e(g—a+1)
=  pe Tand hence T in non-empty

Now we define a function 4 : [a, b] = R as follows

h(s)=f(s)-f(@ll-gls)+gla)-e(s—a+1) -(4)
Then clearly 4 is continuous in [a, b] and also A(s) <0V se T.
Then T 'is a closed subset of [a, b] and so it is bounded
Now 7'is a non-void bounded subset of R.
Hence supremum of 7 exists in [a, b].
Let supermum of S=c¢
We shall show that ¢ = b.
As contradiction we suppose that c # bi.e.a< c < b.

Given that fand g are differentiable in (a, b) and so that there in a real number
q € (c, b)such thatV s € (c, q)

(s=¢)
2

f)=f)=Df(c)(d-c)<e -(5)
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and g(s)—g(c)-Dg(c)(s—c)<e ﬂ (6) The Derivative

2

Now, [[f(s) =7 ()l
=) =f(@=Dfe)(s=c)+Df(c) (s =)l NOTES
< |f®)=f@=Dfe)(s=oll+Df(c) (s =l

< s—c)+|[Df(c)||(s—c) From(5)

N | M

< —@G-c)+Dg)(s—c) |~|IDf(@) < Dg(t)V te(a,b)

2| M

< e5@—c)+g(x)—g(c)+ %@_c)

= lf(s) =)< g(s) —glc) +e(s —¢)
Since c € T, therefore
[f(e)=fa)<glc)-2(a)+e(c—a+])
Thus V se [c, q)
17 () =@l =[1() =1 () +f(c) —f(all
<[f@=f)I+1f )= fall
<g(s)-glo)+e(s—c)+glo)-gla)+re(c—a+l)
From (7) & (8)
= 1/ (s)=f(a) || < g(s) —gla) +e(s —a+1)
= seTands>c

which is the contradiction to the fact that ¢ is the supermum of 7, so our

assumption ¢ < b was wrong and hence ¢ = b and
1/ (0) =f(a) || < g(b) - gla) +€(b—a+1)
But € >0 is an arbitrary small and so
IF(b)-f(a)<g()—g(a)
Theorem 7 (Mean value Theorem) : Let X and Y be any two Banach spaces
over the same field K of scalars and J be an open subset of X. Let f: V' — Y be

continuous function. Let u, v be any two distinct points of V' such that [u, v] C V and
fis differentiable in [u, v]. Then

£ ) =f @) < [lv—ul| sup {|D f I : x € [u, v]}
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Functional Analysis Proof: We define a mapping g : [0, 1] — Y such that
gO)=fu+t(v—u) Ve [0,1]
NOTES As fis differentiable in [u, v], therefore g is differentiable in [0, 1]
Dg@)={Df(u+t(v—u)i. (v—u)
= IDgDll=0-uw)Df(u+t(v-u)
= IOl < [|(v=w)l sup {ID f(u+t(v—w):z€[0, [} (1)
Let c=|lv—u|sup {|[Df(u+t(v—u))l :te [0, 1]}
Now we define a mapping 4 : [0, 1] — R such that
h(t) = ct
Then # is obviously continuous and differentiable in [0, 1]
Dh(t)=c
From (1), we have
1D g0l < c=D h(2)
= |[Dg(®)<Dh() Vte(0,1)

Now we know that if g : [0, 1] = Y and 4 : [0, 1] —> R are continuous and

differentiable such that
ID g(t) < D h (¢) at each point £ & (0, 1),
then ||g(1) - g(0) || < & (1)= h(0) [From theorem 6]
= [/fM-fw<c-0
= /M -fws=c
= SO =Sl <Iv—ulsup {|Df(u+1(v-uw)l:te [0, I}
= fO—f@=|v—ullsupnDf)|:xeu v}

Theorem 8: Let X be a Banach space over the field K of scalars, and /' be an
open subset of X. Suppose f/: V' — R be a function. Let u and v be any two distinct

points in V' such that [u, v] < V and f'is differentiable at all points of [u, v]. Then

fO)—fw)=Df(u+t(v—-u)).(v—u)wherete(0,1).
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Proof: We define a mapping g : [0, 1] — R such that The Derivative

g(s)=f(u+s(v-—u)), vV se[0, 1] (1)
As fis differentiable in [u, v], therefore g is differentiable in [0, 1], and
Dgs)=Df(u+s(v—-u))(v—u),se[0,1] ..(2) NOTES

Now from Lagrange’s mean value theorem, there exists a real number ¢ € (0, 1)
such that

—g(lfiﬁ(o) =g (1), 0<T<1
= g(l)-g0)=g'(D
= g)-g0)=Df(u+t(v-—u).(vV-—u) ..(3)
From (1),

g)=f(), G (0)=/(u)
Using these in (3), we obtain
fO)—fw)=Df(u+t(v—u)).(v—u), te(0,1)
Theorem 9: Let X and Y be any two Banach spaces over the same field K of
scalars and V' 'be an open subset of X. Let /: ”— Y be a continuous function and let
u and v be any two distinct points in ¥ such that [u, v] < V and f'is differentable in

[u, v]. Suppose g : X— Y be any continuous linear function. Then
S W) =f)—g=-wl <clv—ul,
where ¢ € R be such that ||D f(x) — g||< ¢,V x € [u, V]
Proof: We define a mapping / : V' — Y such that

hx)=f(x)—gx—-v),VxeV (1)
Then clearly 4 is continuous and differentiable in [u, v]
and D h(x)=D f(x)—g, xeV,since g is linear ..(2)

Now since /4 : V' — Y is continuous function and u, v € V be such that [u, v] <

V and 4 is differentiable in [u, v], then from mean value theorem, we have
1 (v) = h () < || v —ul[ sup [{[|D h(x) : x € [u, v]}
Using (1) & (2), we have
1/ (v) = g(v =) = f (W)l + g(u—v) < [[v—ul sup {[|Df(x) - gl : x € [u, v]}
= SO =S -gv-u)<clv—u
where ||Df(x)—g||[<cV xelu—-v]
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Functional Analysis — Self-Learning Exercise

1. Define, when two functions f; and f, defined on an open subset of a Banach
space are tangential at a point.

NOTES 2. Define derivative on a Banach space.

3. True/Fase Statements :
(a) The derivative of the constant function f on an open subset " of a
Banach space X into Banach space Y is the zero map.

(b) The derivative of a continuous linear mapping f on an open subset V'
of a Banach space X into a Banach space Y is the mapping f'itself.

9.6 SUMMARY

In this unit we studied the notion of derivative of function from one Banach space

into another Banach space and concepts of mean value Theorem in Banach spaces.

ANSWERS TO SELF-LEARNING EXERCISE
I. Seetext 2. SeeText 3.(a)True (b)True

9.7 REVIEW QUESTIONS

1. Letf be a differentiable function on a non void connected open subset V' of
a Banach space X over K into a Banach space Y over K such that D f= 0.
Then fis a constant function.

2. Letf;[a,b]— Xandg;[a, b] - R are continuous and differentiable function
such that || £ (T) g(¢)|| at each point 7 € (a, b), then

1L/ () = f(a)ll< g(b)—(a).

3. Let X, Y be Banach space over K and let V, I be open subsets in X
respectively. Let f: V' — Y be differentiable atapointae Uand g: W — X
be differentiable at the point b € W, where b = f(a). If fog =1 ’ and g of =
I,. Then

Dg®)=[Df(a)]"

9.8 FURTHER READINGS

o the

e the
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CH APTER — 10 Higher Derivatives
HIGHER DERIVATIVES OTES

10.1 Learning Objectives
10.2  Introduction

10.3  Continuously differentiable maps

10.4  Higher Derivatives

10.5 Taylor’s Theorem

10.6  Existence theorems on differentiable maps
10.7 Summary

10.8 Review Questions

10.9  Further Readings

10.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e In this unit we shall study the concept of higher derivatives of a function
on Bahach spaces, which have an important role in the study of these

functions.

10.2 INTRODUCTION

In this unit we shall introduce higher derivatives of functions defined on Banach
spaces and the concept of continuously differentiable maps on Banach spaces (C"-
maps), partial derivatives, Taylor’s theorem and existence theorems will be discussed

with their applications.

10.3 CONTINUOUSLY DIFFERENTIABLE MAPS (C' — maps)

Definition : Let X and Y be Banach spaces over the same field K and V" be an
open subset of X. Suppose /:/ — Y is a differentiable function at each point of V.
Then fis said to be a continuously differentiable map (C' — map) in V if and only if

the function 4, b:V— L(x, y G is continuous.
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Functional Analysis Definition : Let } be a non-empty open subset of a Banach space X = X, x X,
and let / be a function of Vinto Y. Suppose (a,, a,) € V, we define V|, = {x, € X :

(x,, a,) € V}. Then V| is an open subset of X .

NOTES
We also define a mapping g :V; — Y such that g(x,) =f (x|, a,) V x; €V,

Similarly we define the set
V,=1x,€ X, :(a;, x,) € V'} and the mapping
h .V, — Y such that
h(x,)=f(a,,x,) V x, €V,
The mapping /7' — Yis said to be differentiable with respect to the first variable
at the point (a,, a,) iff g is differentiable at a, and we write Dg(a,) =D, f(a,, a,)
or f, (a, a,). The derivative D, f'(a,, a,) is called the partical derivative of f with

respect to the first variable at (a,, a,), it is a linear map of X into y.

Similarly, we can define the partial derivative D, f'(a,, a,) with respect to the
second variable.

Thus, we have D, f(a,, a,) e L( X}, Y)

and D, f(a,, a,) € L (X,, Y)

Theorem 1: Let fbe a continuous mapping of an open subset V" of X, x X,
into Y. Then f'is a C' — map in V iff f be differentiable at each point with respect
to the first and the second variable. Also the mappings (a,, a,)— D, f(a,, a,) and
(a,, ay)—> D, f (a,, a,) are continuous on V. Further at each point (x,, x,) € V, the
derivative of f'is given by

Df(a,, a))(x,,x,) =D, f(a,, a,)x, + D, f(a,, a,)x,
Proof: First suppose that fis C' — map on Vinto Y. Let (a,, a,) € V then for (x,,
x,) € V and given € > 0 there exists 6 > 0 such that
1/ (xp> x5) = f(ay, a))— Df(ay, a)((x,, X)) = (a,, a,))]
<€ (e, xy) = (ay, a,)ll
Put x, = a,, we get
1f ey ay) = f(ay, a)) = Df (ay, a,)((xy, a,) = (ay, a,))]
<e [|(x,a,) = (a,, a)l (1)
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Since, Higher Derivatives
||(xp az) - (ap az)” = ||(x1 —d, dy— az)
=[/(x; —a;, )]
= ||(x1 - al)H

NOTES

Using it in (1), we have
”f(xp 612) _f(ap az) - Df(ap az)(xl —dap, O)H <e ||(X1 - al)”a
for [|(x, —a)||< 6
Thus f'is differentiable with respect to the first variable at (a,, a,)
and D, f(a,, a,)x, = Df (a,, a,).(x,, 0)
Similarly we have
sz(al, az) Xy = Df((ll, az)-(oa xz)
Now
Df(ap az)(xla xz) = Df(ap az){(xp 0) + (0, xz)}
=Df(ay, a,)(x},0) + Df (ay, a,)(0, x,)
=D, f(a, a)x, + D, f(a,, ayx,
Which is the required result.
Since Dfis continuous, therefore D, f'and D, fare also continuous on V.
Conversely suppose that D, fand D, fare continuous and differentiable at each
point (a,, a,) eV
To prove, fis C' — map, we have
f(al +tX,a,+t xz) _f(ala az) - (le(al’ az)xl + sz(al’ az)xz)
=f(a, +x,,a,+x,)—f(a,, a,+x,)- D, f(a,, a,)x,
+f(a,, a,+x,)-f(a,a,) - D,f(a,,a,)x, ...(2)
Let
8(2) :f(al +z,a,+ xz) - le(ap az)Za
where z = tx and 7 € (0,1)

So that

Dg(z)=D, f(a, +z, a,+x,)- D, f(a,, a,)
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Functional Analysis

Since D, f'is continuous so for any € > 0 there is open ball of radius n,, and

centered at (a,, a,) such that for all (x,, x,)e Bc(a,, a,); n, h we have

NOTES

||D1f(a1 +2z,a,+x,) —Df1 (a, a2)|| <e,
forz=1x,,1€(0, 1)
So by the mean value theorem,

lg(x) =g ell x|l z€(0,x)

= ”f(al + xl, az +x2) _f(ala az)xz - le(ap az)x1|| <€ ||x1||
Since D, fis also continuous, similarly, ..(3)
We have, for

(x,, x,) € B((a,, ay); n,),
£ (@,. ay+x,) ~ £ (@), @) = D, f @y, ay)x, [| < € | 3y )
Let us take n7 = min (1,,1,)
Now, from equation (2), we have
1S (@ +xp, a5 +x)) = f(ay, ay)) = (D, f(ay, a))x; + D, f(a,, a)x,)||
= || f(a,+x,a,+x,)=f(a,,a,+x,))— D, f(a,, a,)x,
+f(a, ay+x,)—f(a, a)— D, f(a,, a,)x,|
< [[fla;+x,a,+x)~f(a,a,+x,)—D, f(a,, a)x,|
+ || f(ay, ay+x,) = f(ay, a)) = D, f(ay, ayx,||
Using (3) and (4), we obtain
1/ (a) +xy, a,+x)) = f(a,, a,) = (D, f(ay, a)x, + D, f(a,, a,)x,)|
< €yl + € [l
=€ (Il + I,
Since e is arbitrary small positive quantity, therefore fis differentiable at (a,, a,)
Since D, f'and D, fare continuous then Df also continuous in V.

Hence fis C' map.

10.4 HIGHER DERIVATIVES
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continuous. If the map Df is differentiable at a given point v € V, then D(Df(v)) will  Higher Derivatives
be a linear map X— L(X Y). This map is called the second derivative of fat V" and is
denoted by D? £(v). The map Df is continuous implies that D? f(v) is a continuous
linear map i.e. D? f (v)e L(X, L(X,Y)). If Df is differentiable on V, then we have a NOTES
map D? f:V — L(X, L(X Y). It this map is continuous, we say that fis a C*> — map.
Since L(X, L(X Y) = L(X?, Y)
We write D?f(v) e L(X%, Y)
Continuing in this manner, fis a C"~' — map then the map D"~/ : V— L(X" "1, Y)
in continuous. Its derivative, if it exists at v e V' is called the n™ derivative of fat v
and is denoted by D" f(v) and it is an element of L(X", Y).
If D"! fin differentiable on V, then we have the map D" f: V — L(X", Y)
It this map is continuous, then we say that f'is C" — map
For each v e V' and each (x,, x, x,,...., x,) € X", we have
D" f(v).(x}, Xpernos X)) = DD f(v). x,) (Xp, X500y X,)
From the definition of higher derivatives, we obtain the following properties :
1. Letf:V— Yinm-times differentiable in /" and D" fis n-times differentiable
in V. Then by induction fis (m + n) times differentiable in V" and
D(D™ fy=Dmtn f
2. Letf:V— Yandg: V— Yare n-times differentiable in V. Then f+ g is

also n-times differentiable in /" and
D' (f+g=D"f+D"g
Moreover for all k € K, kf is n-times differentiable in " and
Dkfy=KD"f
Theorem 2: Let X and Y be Banach spaces over the same field K of scalars

and V7 be an open subset of X. Let f:/— Y is twice differentiable at a point ve V.
Then D? f(v) € L(X?, Y) is a bilinear symmetric mapping i.e. for all (x, y) € Xx X,

D? f(v).(x, )= D* f(v)(y, x)
Proof: We define a mapping g as follows :

g, ) =f(v+x+y)—f(v+x)—f(v+y)+1(v)

Then clearly g is a symmetri function in (x, y).
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Functional Analysis

NOTES
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Also
lg(x, ) = (D £ (v). ). x|
=|lgx,y)—-Dfiv+y) . x+ Df (v).x+ Df (v+y). x—Df (v). x
~(D*f(v).y) . Al
<llglx, ) =Df (v +y). x + Df (v) . X
+IDf (v +y). x = Df (v). x = (D> f(v). »). ] ..(])
As Dfis differentiable at v € V' such that then for given v € V' then for given

e > 0 there exists a 6 > 0 such that

IDf (v+y) = Df (V) = D* f(v) . Ml < €| yl| for||yl| < &

therefore
IDf (v+y) . x=Df (v). x = (D* f(v)y). A< | y]| || x]]
< €[ (M1+ (1)
for ||x|< g and Hy||<g
Now suppose

sX)=f(v+x+ty)—f(v+x)-Df (v+y).x+ Df (v). x ..(3)

From mean volume theorem, we have

[[s(x) = s(O)| < [|x[ sup {l|s'(zx) : £€[0,1]}
From (3), we get
SX)=Df(v+x+y)-=Df(v+x)-Df v+y)+ Df(v)
Using it in above, we have

15() = sO) <[l sup {{[Df (v+ &x +y) = Df (v+ ) = Df (v+ ) + Df (V)] : 1€[0,1];

..(4)
Now
|1Df (v +tx +y) = Df (v + tx) = Df (v + ) + Df (V)]
=|{Dfv+y + tx) = Df (v) = D* f(W)(y + )} = {Df (v + 1x) = Df (v)
= D? f(n)()}= {Df (v +y) = Df (v) = D* f (v). }|
<e(ly+ud) +ellyll + el
Since

[y + oIl yl] [ x|



<) + || 1€ (0,1) = ||| < ||lx||  Higher Derivatives
Using it in above, we have
1Df (v+y + tx) = Df (v + tx) = DAV + y) + Df (V)|
< e (Il + [xl)) + € [l] + & [x]
=2 € (lxll + IviD
Using it in (4), we get
[Is(x) = (O[] < [lxl].2 & (llxl] + [V
Substituting the values of s(x) and s(0) from (3), we have
[fO+x+)=f(v+x)=Df (v+p).x+Df (Vx = f(v+y) = f (W
< 2 €|l (bl + 1D -(5)
Now from (1) and (2), we get
g, ) = D> fM P A <[ f+x+3) = f(v+x)=f(v+)
+f() = Df (v+y). x+ Df (v). x|
+ & [l ([l + [Vl

NOTES

Using (5), we obtain

lgCx, ) = (D £ (v) ). xl| < 2 & |Ix]] (xl] + [¥1])
+ & [x]] ([l + [V

= [lgCx, ») = (D* f(») ¥) x]| < 3 & |Ix] (I + [vlD -(6)
Interchanging x and y, we obtain

lg(v, x) = (D> £ (v) ) ¥ < 3 & W]l (lell + [Vl -(7)
Now,

(D, f (). x). y = (D, f (v). y). X]|
=lg(x, ) = (D* f (¥). »). x = g, x) + (D* £ (v). x). ]
< llglx, ») = (D £ (). »). 1| + [Ig(y, x) = (D £ (v). x). )|
< 3 e |lxll el + 1D + 3 & [l (e + IvID
=3e(xl+Iv)  From (6) and (7)
But € is an arbitrary small, therefore
(D?f (). x).y = (D* f(v). y)x
= D f)x») =D (), %)
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Functional Analysis Proved

Theorem 3: Let X and Y be Banach spaces over the same field K of scalars and

J"be an open subset of X. Suppose f : ¥ — Y be an n-times differentiable function on

NOTES . .
V. Then for each permutation p of n and each point (x,, x,,.....x,) € X"andeachve V,

D" f(v) (xp(l) s X0 eees xp(n)) =D" f(V)(x;, Xpperons X))
Proof: We shall prove this result by induction on n. For n = 2, this reduces to
theorem (2) i.e
D*f(v)(x, x,) = D? f(v) (x, , x,), which we have already proved
Let us assume that the result is true for (n — 1) i.e. D"~ f(v) is a symmetric
member of L(X" 1, Y)
Now suppose x, € X, then
for (x,,....,x )€ X"~ !, we have
D" f(v).(x, x, ..., x,) = D(D" ). x) (x(....., x,)
Now we know that each permutation of n is a composition of consecutive

transposition (7, 7 + 1) of n. Since by hypothesis D" ~! £(v) is a symmetric function

of x" linto Y, for r=2, 3,.... n.
D" f(v).(X)5 Xgpoos Xy X,y s X,) = D f (V)X X0y X7, X X))
So now, it is sufficient to show that
D f(v).(x, X...., x) = D" f (v).(x,, X{ .00 X))
But we know that D" f(v) = D, (D" 2 f) (v), and so that
D" f(v).x). x,=(D"f(v). x,). x,

Consequently
D" f(v).(x, X,oeoe X)) D" (V) . (X, X ey X))
Proved
10.5 TAYLOR’S THEOREM

Theorem 4: Let f/ be a function defined on the interval [a, b] of R into R such
that f'is m times differentiable in [a, b] and (m + 1) times differentiable in interval

(a, b). Then
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—_ )" _gyntl Higher Derivatives
B =f @)+ B—a) Df @) + ot LD pn gy 4 LoD e gy e Derbame

m! (m+1)!
where ¢ € (a, b)

NOTES
Proof: Given that /: [a, b] > R be a function. We define a function g on [a, b]
as follows :
(b—x)"
g(x)=f(b) - f(x) = (b —x) Df (x)...... e D™ f(x)
_oym+1
_ bz V xe [a, b] (1)
(m+1)!

where 4 is a constant can be determined by putting

g(a) = g(b)
Putx=bhineq" (1), we get
gb)=0= gla)=0

Put x =a in eq" (1), we obtain

4 (b—ay"!
(m+1)!
= f(b)=f(@)+(b—a) Df @)+ ...+ L=D" pm f(a)+A.w (2
m! (m+1)!
wg(a)=0

Now from eq” (1), it is clear that

(1) g(x) is continuous in [a, b]

(i) g(x) is differentiable in (a, b) and

(i) g(a) = g(b)

Hence by Rolle’s theorem there exists ¢ € (a, b) such that
g()=0

Differentiate eq” (1) w.r. t x, we get

(m+1) (b—x)"
(m+1)!

SO =—f" () L (X)errm (bl;—f)me Lf(x) + A.

putting x = ¢, we have
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Functional Analysis

NOTES
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(b ) Dm+1f()A (b_c)m

g)=- , '
m! m!
= A=D"*1f(c) g (c)=0andb—c#0

Substituting the value of a in (2), we get

(b- a)’”

f®)=f(a)+(b—a)Df(a) +...4 ——=—D" f(a)

m+1
+w—@

(m+1)! prrif©

where ¢ € (a, b)

Theorem 5: Let x he a Banach space over the field K of scalars, and let 7 be

an open interval in R containing [0, 1]. If w: I > X is (n + 1) times continuously

differentiable function of a single variable ¢ € . Then

v(D)=vO0)+v(0)+-——

0 0 ll—tn n+
l//"() ) Wn§)+jo( ') \v(t)ldt

Proof: We know that if the function fon [0, 1] has a continuous derivative /", then

FOY—FO) =], f (T dr A1)

We define a function fon 7 as follows :

FO=VO+A=T) Y () + et (1# v (1) (2

S O=vO+A=0y" O O+ ... igﬁiwlw
= LY yrgas], o

Using eq” (1), we get

1 A\
farfmﬁJé%fwalmm
Using (2), we get

) — )~y YO VO A0 g g
2! n! !

. W(l)—w(O)—w'(O)—@+ ..... A ¢ 't) w1 (6) dt

n
Proved



Theorem 6: Let X be a Banach space over a field K of scalars and let / be an ~ Higher Derivatives

open interval in R containing [0, 1].

Ify:I— X isan (n+ 1) times differentiable function of a single variable € /

and if ||y 1 (1)|| < M for 1€ [0, 1]. NOTES
Then

M
(n+1)!

Hw(l)— ) - () - YO v
2! n!

Proof: We define two functions /: [0, 1] > Xand g : [0, 1] — R as follows :

FO =)+ (=) YO + oo+ % v ()
and,
CM(1— gyt
g(D—W—l)!V te [0,1] .(2)
From equation (1), we have
1= e o
n!
G|
n!
pr < U0 -0

From equation (2), we have

M1 -y
Dg(t) = W (n+1)
_ M-
= Dg(t) —(n ) ..(4)
From (3) and (4), we have

IDf(1)|| < Dg(2), forall Te {0, 1}

Now we know that if f/: [0,1] - Y and g : [0,1] — R are continuous and
differentiable functions such that ||Df(?)||< Dg(f), V t € (0,1), then we have

1) = A0)| < g(1)- g(0), by theorem (6) unit (9)
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Functional Analysis Using (1) and (2), we get

/ v" (0) M
Hll/(l) — ll/(O)— 4 (O)— TR l —m)
NOTES
' v" (0) M
Hl//(l)— v (0)-y'(0)- TR N < (n+ 1]

Theorem 7 (Taylor’s formula with Lagrange’s Reminder) : Let X and Y be
Banach space over the same field K of scalars and /" be an open subset of x. Let f: V'
— Ybe an (n+ 1) times differentiable function. If the interval [a, a + 4] is contained

in Vand if |[f"*! (x)|| < M, x € V. Then

M ||A|" !
(n+1)!

Hf(a +hy— f(a) - f(@h— ... —% | <
Proof: We define a mapping ¢ : [0, 1] — Y as follows :
O =f(a+1th), Vtel0,1] (1)
B2 (@ )
= g+ @l = A"+ f*+ (a+ t h)
= g+ @l < M |||+ -(2)
Now suppose that

(1)

VD=9 @O+ 1A-0¢@0 .+ T g, rer0, 1] ()
Therefore,

v =Dy

n

= oL (1 = g1 oy
- ||w'<r>||<( ;)" MIHPTY [From )] )
We define again g : 0,1 — R as follows :

gy =— m-L=0" e ()

(n+1)!
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so that Higher Derivatives
-9
Dg(f)ZMT 1A+ -..(6)

Using (6) in (4), we get NOTES
IDy(t) < D g(1), te [0,1]
Then by mean value theorem, we have
w(1) =y ()] < g(1) — g(0)
using (3) and (5), we obtain

o) - 90~ 000)- 0 - Ml )

(n+1)!
Using (1), we get
n n+1
Hf(a+h)—f(0)—hf’(O)—...._h_'fn ol < MUt
n: (n+1)!

Theorem 8 (Taylor’s Formula with Integral Remainder) : Let X and Y be
Banach space over the same field K of scalars and /"be an open subset of X. Suppose
f: ¥V — Ybe a function of class C" *!. If the closed interval [a, a + h] is contained

in V. Then

fla+h f(a)+hf(a)+—f” (a)

_Il (1 fn+1( +l‘h) h”+1dt

Proof: We define a function y : [0, 1] — Y as follows :

w(f)=f(a+th),V t[0, 1] (1)
V(@) =hf"(a+th)

YOy =hf"(a+th) (2)

v () =h"f"(a+th)

Suppose,

F@O=wt)+ (1 -0 y(t)+. +(1 f)”

v (1)
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Functional Analysis Since,

f()—f£(0)= I (1) f'(f)dt, then by theorem (5), we have

Vo) -y
nl 70 pl

NOTES w(1) = y(0) = v (0) —..— y" (1) dt
Using (1) and (2), we obtain

Sa+ =1 +hf (0 ’;—ff"m) T

+

10.6 EXISTENCE THEOREMS ON DIFFERENTIABLE
FUNCTIONS

"0

n!

1 hn+1

(1—8 fn*Ya+th)dt

0 pl

In this section we shall prove the implicit function theorem and the inverse

function theorem.

Theorem 9 (Implicit function Theorem) : Let X, Y and Z be Banach space
over field K, let f be a continuous function on an open subset W of x x Y into Z
such that at each point (x, y) € W the partial derivative D, f(x, y) exists and D, f'is
a continuous function on W into L (Y, Z) and let (u, v) € W be such that f'(u, v) = 0
and D, f'(u, v) is a linear homeomorphism of ¥ onto Z. Then there exists an open
neighbourhood U of # and an open neighbourhood V of v such that Ux V' < W and

a unique continuous function g on U into V such that
g(u)=vand for eachx e U, f'(x, g(x)) = 0.
If fis differentiable at (u, v) then g is differentiable at # and
Dg (u)=—(D,f(u,v))y"' oD, f(u,v)and
Proof: We define a function /: W — Y as follows :
h(x,y) =y = (Do f (w, V)" (f(x, 1),V (x,y) e W (1)

= h(x,y)=yifff(x,y)=0. ..(2)
h is continuous in W, therefore D, & (x, y) exists at each (x, y) € Wand D, h is

continuous on W.

Let U' be an open ball with centre u and radius € and V' be a closed ball with

centre v and radius € such that
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U'xV'cWandforall (x,y)eU'x V' Higher Derivatives
1
1Dy 7 (x, ) 1< ..(3)
Now by mean value theorem, NOTES

1A(x, y) = h(x, )| < % ly=ylIIVxeU'yyeV
Let U" is an open bell with centre u and it contained in U, then
h(x, v) = ]| < % ()
Now,
[1A(x, v) = VI = |lACx, ¥) = h(x, v) + A (x, v) = V]|
<[l (e, ¥) = h (6, V)l + [[Ax, v) = V]|

< 1%||y—v||+€3 [From (4) and (5)]
= |hx,y)—V||<e [Asy,velV', = |y—V|<Le, v € isthe radius of V']

Since V' is closed and Y is complete and V' ¥, therefore V' is also complete.

Then by Banach fixed point theorem there exists a unique linear transformation

g : U" — V' such that
h(x, g(x)) = g'(x)
Using (2), we obtain
S(x, g(x)=0 ..(6)

Let ¥ be the interior of ¥’ and let U = g~! (V) and let g be the restriction of
g to the set U,

g ) =gkx),xeV
Then, we have

f(x, g(x)) =0 and g(u) = v.
Now let f is differentiable at (u, v) and x be any element in X such thatu + xe U
Let y = g(u + x) — g(u), then

fu+x,gu+x)=0

= flu+x,gu)y+y)=0 (7)
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Functional Analysis As f'is differentiable at (u, v), therefore given € > 0, there exists 6 > 0 such

that x| < 5 .

Therefore,
NOTES

1/ (u+x, g(u) + y) = f (u, g(w)) = px — qyl| x & (|Ix[| + [IvI])
where p=D, f(u, g(u))
q =D, f(u, gu))
then we have
[lpx + qyl| < e[l + [ ¥l -(8)
Since f'(u + x, g(u + x)) = 0= f (u, g(u))
Given that g = D, fis a linear homeomorphism, therefore
g™ op) x + ¥l < llg™ "Il lIpx + g
<ellg”"l (bl + Il -(9)
1
-1 = L
Lete [l = 5
Now,
Wil =1+ (g" op) x— (g7 op) x|

<|y+ (g™ op) x| + llg™" opl| |l

1
= IWll< 5 Cbell + 1 il + llg™" opl| [x] from (9)
Thus
el + Iyl 2 [l (1 +llg ™" opll) --(10)
Now,

g+ x) — g(u) = {~(q"" op)x} ||
=+ (g op)xl]
<ellg™"l| (Ibxll + Il From (9)]
<ellg”l 2|l (1 +lg”"opll)  [From (10)]

lg(u + x) — g(u) — {~(q"" op)}l|
[l

<2ellg I (1 +1lg~" opl)
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But € is arbitrary number therefore g is differentiable and Higher Derivatives

Dg(u)

—q~"op
—{D, f(u,v)} oD, f(u,v)

Theorem 10 (Inverse Function Theorem) : Let X and Y be Banach spaces over

the same field K of scalars and # be an open subset of X. Let w € W be such that D

NOTES

flw) is a linear homeomorphism of X'into Y. Then there exists an open neighbourhood
U of W contained in W and an open neighbourhood V of /' (w) contained in Y such
that /" the restriction of f'to the set U is C! homeo morphism of U onto V, its inverse

in a C! homeomorphism of ¥ onto U, and

DfI(fw)=Df' (w)y"
If D f(x) is a linear homeomorphism of X into Y, for all x € IV, then fis an open
mapping of Winto Y. If D f'(x) is a linear homeomorphism of X onto Y for allxe W
and fis injective then fis a C! homeomorphism of /(W) onto W.

Proof: We define a function /# : Wx Y — Y as follows :
hx,y)=f(x)=y
Then D, h (x,y)=D f(x)and D, h (x,y) = — Iy
(x,y)e WxY
= hisa C'mapon Wx Y

Then by implicit function theorem, there exists an open neighbourhood U" of
w contained in W, an open neighbourhood ¥ of f(w) contained in Y and a C! map g
:V— U’ such that f(g(y)) =y, V ye Vand g(f (w)) = w.

We take U= g (V)

Then U < U, g is a bijection of ¥ onto Uand U= U"' N f~! (v), which is an
open subset of X.

Let f* is an inverse of g, and f” is a C! homeomorphism of U and V, gis a C!
homeomorphism of ¥ onto U and D £~ (f(w)) = (D f'(w))!

Now suppose f (x) is a linear homeomorphism of X onto Y, V x € W. Then by
the first part, for each x € W, there is an open neighbourhood U of x contained in W,
such that restriction of fto U is a homeomorphism of U onto its image. Hence fis

an open mapping of W into Y.
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Functional Analysis Moreover, let fis also injective. Then fis a bijection of W onto f (W) and so that

a homeomorphism of W onto f(W).

Self-Learning Exercise
NOTES
1. Define C' map

2. Define higher derivatives

10.7SUMMARY

In this unit we studied higher derivatives of functions defined on Banach spaces.
We also studied the Taylor’s theorem and existence theorems on differentiable

function.

ANSWERS TO SELF-LEARNING EXERCISE

1. See text 2. See text

10.8 REVIEW QUESTIONS

1. Letf: W— Y, where WWis an open subset of the product X x X, x..x X of
Banach spaces X, X,....., X over field K such that fis twice differentiable
at we W. Then for

D, (D,f)(w) = D(D,f)(w)
2. Let Xand Y be Banach spaces over field K and let / be a C" -map of an open
subset W of X'into L (X, Y). Then the map (w, x) = (f(w), x) is also C" -map.

10.9 FURTHER READINGS

e the

e the
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CHAPTER - 11 TBenach Space.

THE INTEGRAL IN A NOTES
BANACH SPACE

STRUCTURE

11.1  Learning Objectives

11.2  Introduction
11.3  Subdivision
11.4  Step function
11.5 Integral of a step Function
11.6  Regulated Function
11.7  Basic Properties of Integrals
11.8  Summary
11.9 Review Questions
11.10  Further Readings

11.1 LEARNING OBJECTIVES

After studying the chapter, students will be able to:

e In this unit we shall study the concept of higher derivatives of a function
on Bahach spaces, which have an important role in the study of these

functions.

11.2 INTRODUCTION

At elementary stage, the subject of integration is generally introduced as the
inverse of differentiation, so that a function F'is called an integral of a given function
fif F' (x) = f(x), for all values of x belonging to the domain of the function f. The
reference to integration from summation point of view was always associated with
the geometric concepts. To formulate an independent theory of integration, the
German mathematician, Riemann, gave a purely arithmetic treatment to the subject

and developed the subject entirely free from the intuitive dependence on geometrical

concepts.
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Functional Analysis The Riemann integral depends very explicitly on the order structure of the real
line. Accordingly, we have studied the integration of real valued function of real
variable in under-gradark courses. In this unit, we consider the integral of a function

NOTES of one variable into a Banach space. To study integration of such functions, we take
slightly different approach than for real valued functions of a real variable. First we
detive the integral of a regulated function through step functions and then prove

some basic properties of the integrals.

11.3 SUBDIVISION

Let [a, b] be a compact interval of the real line. A set of points{a, a,,....,a,} of
[a, b] is called a subdivision of [a, b]

if, a:alﬁ....égﬂzb.

The subdivision consists of 7 points. A subdivision S, of [a, b] is said to be
refinement of a subdivision S, of [a, b] iff each point of S| is a pointof S, i.e, S, = S,.
Let S, and S, be two subdivisions of [a, b], then there exists a unique subdivision

S (=8, U S,) whose points are the point of S, or S, and which is a refinement of
both §, and §,.

11.4 STEP FUNCTION

Let [a, b] be compact interval of R and let x be a Banach space over K. Then a
function f: [a, b] — X is called a step function with respect to a subdivision (a; : i
en) of [a, b] iff for each i inn —1i, f(a, a, ) is a singleton. We say that /'is a Step
function on [a, b] into x iff it is a step function with respect to some subdivision of
[a, b].

Thus a function f'on [a, b] into X is a step function on [a, b] into X iff there
exists a subdivision (a; : I € n) of [a, b], n > 2 and there exists a list (x,: ien—1) of

points of X such that for each i in n— 1 and each ¢in (a,, a, , ), f () = x..

11.5 INTEGRAL OF A STEP FUNCTION

Let / be a step function on compact interval [a, b] of R into a Banach space X.
Let §= (q; : i € n) be subdivision of [a, b] such that f'is a step function with respect
to S. For eachiin n — 1, let x; be a point of X such that of all zin (a,, a, ), f () = x,.
Then we put
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o] The Integral in a
IS (f) = 2 (a,'+ 17 (l[) X; Banach Space
i=1
Now let j be a fixed element of n — 1 and let ¢ be any point of (aj, a, .1)- Then

_ NOTES
S, =(ag.., A Cpp Ay y5enes a,)

is a subdivision of [a, b] such that S, is refinement of S. Moreover
Lo (f)=(ay—a) x;+t (= a) x;+(a;, =€) X; .
+(an_an71)xn71 =]S(f)

Now let 7 be a subdivision of [a, b] such that T is a refinement of S. Then by

induction,

I (f)=1:(f)
Finally let U be any other subdivision of [a, b] with respect to which fis a step
function. Then by definition 11.2, there exists a subdivision V of [a, b] such that V'
is a refinement of both S and U. Hence

1) =1y, (N =1, (f)

Consequently, we define the integral of a step function f on [a, b] into X as the

n-1

vector Z la; ., —al lIx]l,
i=1

where (a, : i € n) is a subdivision of [, b] such that /s a step function with respect
to this subdivision, and where for each i in n — I, there is a vector x, € X such that

f(@®)=x;forallte(a,a,,,)

b b
and denote it by ja for ja f(¢)dt
Evidently

s

n—1
< 2 lapy —aflxl
i=1

n-1
< 2 la,, —a|sup {[/(0): 1€ [a, b]}
i=1

=(b-a)sup {[|/ @ :t€ ala,b]
=0b-a |/l
Now if we consider the set S {[a, b], X) of all step functions on a compact
internal [a, b] < R into a Banach space X then this set tuns out to be a Banach space

with norm as stated above. This is evident form the following theorem
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Functional Analysis Theorem 1: Let [a, b] be a compact interval of R and let X be a Banach space
over K. Then the set S([a, b], X) of all step functions on [a, b] into X is a vector
subspace of the Banach space B ([a, b], X) of all bounded functions on [a, b] into X

NOTES with Sup. norm

J= Sl =sup {1l : t€[a, b]}

b
and the map f— Ja f'is a continuous linear map of S ([a, b], X) into X.
Proof: Let £, g €S ([a, b], X) i.e., fand g be step functions on [a, b] into X

with respect to subdivisions S and 7 of [a, b] respectively. Let U= (a, : i e n) be a
refinement of both S and 7, then fand g are step functions with respect to U also

and so for each i in n — 1 there are vectors x; and y, in x such that for each 7 € (a,, a,
oS () =x;and g() =y,
J@O+g)=x;+y,

ie., (f+gt=x+y foreachte(a, a, )

Hence f'+ g is a step function on [a, b] into X with respect to U and so f+ g
e S ([a, b], X).

Also for each a € K, a f is a step function on [a, b] into X with respect to S
iLeafeS(a, bl, X).

For each /" in § ([a, b], X), [, (/) is a finite subset of X and so it is bounded.
Thus ([a, b], X) is a vector subspace of B ([a, b], X). The function f— IZ fon S([a,

b], X) is clearly linear and continuous with a norm less than or equal to b — a.

11.6 REGULATED FUNCTION

Let [a, b] be a compact interval of R and X be a Banach space over K. Then a
member of the closure of the vector subspace S([a, b], X) of all step functions an
[a, b] into X in the Banach space B([a, b], X) is called a regulated function on [a,
b] into X.

b
The unique continuous linear extension of the map f— _[a feX,fe S(a,bl,X)
b
to closure of S([a, b], X) will be denoted by the same symbol f— Ia fand for each
b
regulated function f'on [a, b] into X, Ia fwill be called the integral of f.

The class of regulated functions is larger than the class of continuous functions.

In support of this we have the following theorem
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Theorem 2: Let f'be a function on a compact interval [a, b] of R into a Banach T Ze lnfefgal ina
anac pace
space X over K. Then fis regulated iff the following conditions are satisfied.

(1) for each point c € [a, b)

lim ;
M f(1) exists

t>c

NOTES

(i1) for each point c € (a, b]

lim :
(1) exists
<c

In particular, if /'is continuous, then fis regulated.

Proof: First by, let fbe regulated. Let » be any positive real number, then there
isatin S ([a, b], X) such that

r
_ < =
=gl <7

Let ¢ be any point of [a, b]. Since g is a step function on [a, b], there is a d in

[a, b] such that ¢ < d and for each t and ¢! in [c, d] |g(¢) — g (t)|| < r. §
and so,
I/ @=F @SSO - g +80) - ) + &)=/ ()S T+ T+ T=r

Hence

lim ; :
e f(f) exists, as X is complete.
>C

Similarly, we can prove that '™ f'(7) exists.

t<c
Next suppose that f satisfies condition (i) and (ii). Let » be any positive real
number. Then for each ¢ in [a, b], there exists real number p(c) and g(c) such that
the open interval (p(c), g(c)) contains ¢ and for all pairs of point ¢ and ¢’ in [a, b]
N (p(e), o) or [a, b1 N (¢, g (¢))
If@O-r@l=r
Since [a, b] is compact, there exists a finite subset C of [a, b] such that [a, b]

< Up© q).
Let {a. : i e n} be a set of points in the finite set

(a,b) U {[a, 5] N (_U. (p(c), q(c))}
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Functional Analysis arranged in increasing order. For eachiinn—1, (a, a, ) is contained in (p(c),

c) or (¢, g(c)) for some ¢ in C and
Lf@-f@l<r

for all pairs of points zand ¢ in (@, a, , )

NOTES

Define a function g on [a, b] into X such that for each i € n, g(a,) = f (a,) and for
eachien—1and foreachze(a, a, ), g(1)=f(S,), where s, is the middle point of

(a, a; ). Then g is a step function on [a, b] into x and for each 7 € [a, b],

1f () -gOl<r
Hence || f— g|| < r and so f'is regulated

i+l

Remark: (1) Let [a, b] be a compact interval of R and let X be a Banach space
for any two regulated functions fand g on [a, b] into X and any scalar a € K

Civo=0r+l 7

b b . b . .
Ia (af)=«a Ia f, since the map f— Ia fis linear.
(2) Given any sequence { f, : n€ N} in closure of (S [a, b], X) converging to f
b
in B ([a, b, X), then fis in closure of S ([a, b], X) and the sequence {ja S, one N}

b
in X converses to L fin X.

11.7 BASIC PROPERTIES OF INTEGRALS

Theorem 3: Let f be a regulated function on a compact interval [a, b] of R into
a Banach space X over K, and ¢ be any point of [a, b]. Then the restriction of f'to

[a, c] (respectively [c, b] ) is a regulated function on [a, c] (respectively [c, b] into
b ¢ b
Xandjafzjaf+ch.

Proof: Let f be a step function on [a, b] , then clearly restriction of fto [a, c]

(respectively is a step function on [a, c] (respectively [c, b] ) and

b c b
Jof=l1+1.1.
Now let /" be a regulated function on [a, b]

Then there is a sequence { f, : n € N } of step function on [a, b] converging to

b ¢ b
fin B ([a, b], X). Then by the above remark Ia f= ja f+ L f.
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Theorem 4: Let f be a regulated function on a compact interval [a, b] of R into The Integral in a

Banach Space
a Banach space X over K and g be a continuous linear map of X into a Banach space
Y over K. Then gofis regulated and
b b NOTES
| (gon)=gl] 1

Proof: Let f'be a step function, then clearly gof'is also a step function and

b b
J. o =el.1
Now let f'be a regulated function in [a, b]. Then there is a sequence { f : n

€ N} of step functions [a, b] into X converging to fin B = ([a, b], X). Foreachne N
llgof = gof, I < ligll [ /=7l
= llgof — gof ]| = 0 asn — o, since || f~ f || > 0 asn —
=  thesequence {g, f, : x€ N} of step functions on [a, b] converges to gofin

B([a, b], X) (1)
Here gof'is regulated.

b b
By the definition of the integral, the sequence {I JpinenN } converges to I JmX

Since g is continuous and linear, the sequence

{(g Iz/) ‘ne N} converges to g_[l; finY ..(2)

but foreachne N

[y =2 1)

b b
Hence [ (gof)=g(] /)

Definition : Let /'be a regulated function on a compact interval [a, b] of R into

a Banach space X. Let ¢ and d be any points of [, b] such that ¢ < d. Then we define

b ¢
Ju/=1us
Theorem 5: Let f be a regulated function on a compact interval [a, b] of R into

a Banach space X.

Then at each ¢ € [a, b], the function F : [a, b] — X, F(¢) = J.;f tela, b] is

continuous.
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Functional Analysis Proof: fbe a regulated function on [a, b], so there is a sequence {f :ne N}

of step functions on [a, b] converge in to f'in B([a, b], X). Therefore

[ rl<a-alg)vnen

NOTES

=

b
IafH <l a) /] (1)

Consequently the function

b
F:la,b] > X,F(t)=] f,te[a,b]is continuous

Theorem 6: Let fbe a continuous function on a compact interval [a, ] of R into

b
a Banach space X over K. Let F be the function t —> Ja fon|[a, b] into X. Let g be any
differentiable function on [a, b] into X such that Dg = f. Then F'is differentiable,

Df=fand [,f=F ()~ F (@)= g (b) ~ £ (a).

Proof: Let ¢ be any point of [a, ] Then and let ¢ be any real number such that
c+tela,blandt#0

ctt

[ fodt=11(),

where f'(c) is the constant function on [a, b] , assigning f(c) to all points of [a, b].
Hence

Flc+1)-F(c)
t

1 ¢ct1
—f@="71, (f@)di
and so by (1) of Theorem 5, we get

|F(c +1)—F(c)
| t

—f(©)

< ﬁ 4 ||f (T)—f(c)| > O0ast— c[ fis continuous]

Hence DF (c¢) =f(c), so that
DF =f=Dg {-- Dg= fgiven}
= D(F-2)=0

= F — g is constant function on [a, b]. But f(a) = 0, and

Hence jz f=F(b)- F(a) = g(b) - g (a).

Theorem 7 : Let fbe a C! map on a compact interval [a, b] into a compact
interval [c, d] of R and let g be a continuous function on [c, d] into a Banach space
Xover K. Then

192 Self-Instructional Material



b f(b) The Integral in a
J (Df(s) g (f(s)ds=] o L. Banach Space

Proof: Let /1 : [c, d] > X be defined by
NOTES

ho)= | guwdu, e [c,d]
Then by Theorem 6, Dh = g and

Jv‘ (b)

0 & O dt=h(f (b)) ~h(f(a) (1)

by chain rule for each S [a, b]
D(hof )(s) = Dh (f(s) o D f(s)
= (D f(s)) Dh (f(s))
=(Df(s)g(f(s)) [~ Dh=g]
Hence again by Theorem 6, we have
Jj (Df(s) g (f(s)ds=h(f(b)—h(f(a))

-/ ()
= g(t)ydt  from (1)

Theorem 8: Let U be an open subset of a Banach space X over K, let [a, b] be
a compact interval of R, let f be a continuous function on U x [a, b] into a Banach

space Y over K and let g : U — Y be defined as

b
glx)= J.a fx,0dt,xe U,

then g is continuous. If D f'exists as a continuous function on U x [a, b] into L
b
(X, Y), then g is C! map and for each x € U, Dg(x) = _[a D, f(x,0) dt.
Proof: Since fis continuous in Ux [a, b] and [a, b] is compact, for each positive

real number » and each point x € U, there is a positive real number # such that for
all € [a, b] and for all X' € U such that |x' —x|| <r’,

SO0 =Gl <r (1)

and so ||g(x') — g(x) < J-Z Il f(x', 1) —f(x,?)||dt [by definition of g]
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Hence g is continuous in U

Next suppose that D, fexists as a continuous function on Ux [a, b]. Let r be any

NOTES positive real number and let x be any point in U. Since D, fis continuous in U x [a, b]

and [a, b] is compact, there is a positive real number ¢’ such that for all x €[a, b] and

for all ¥’ € U such that ||¥' —x|| < 7.
1D, f&x,0)=D, f(x,)<r
Then for all €[ a, b] and for all x¥' € X such that ||x' — x|| < 7’
[fGe+x, 0 =f (0= D, fx,0). X< r{[¥]] -(2)

and so
b
lgCx +x) —g) = [ D, f(x, 0). x' df]|

b b b
H [ fa+x,ndt—| fx,0de—] D f(x,0)x dtH [by def. of g]

b

(w0 =10 = D, £ .0

<rl[f(b-a)  [by(2)]
But by Theorem 4 for all £ € [a, b] and for all X' € U

b b

[ D, f@, ox de=(] D, f(x, vdp)x

as u — u (x') is continuous and linear function on L (X, Y)
b

Hence Dg(x)=[ D, f(x, ydt
Theorem 9: Let / be a regulated function on a compact interval [a, b] of R into

b
R such that a < b and for all ¢ in [a, b], £ () > 0. Then Jaf(t)dt >0.

If f'is continuous at a point ¢ of [a, b] and f(¢) > 0, then

_[Zf(t)>0

Proof: Givenf is a regulated function, so there exists a sequence {f, : ne N} of
step functions on [a, b] converging to f'in B([a, b], X) such that for each n € N and
foreach re[a, b], f, (1) 2 0 and

b
so | £ (0dt=0
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Hence jaf(t)dl‘ >0 Banach Space

Next suppose that fis continuous at a point ¢ of [a, ] and f(c) > 0. Then there
is a positive real number 7 such that for all z € [a, b] with |t — ¢| < r implies that NOTES

1<),

If ¢ = a, choose a positive real number s < r such that [a, a + 5] c[a, b], then

[Lrwd=["rwd+[_rod

1
> 5 sf(c)

>0 [ f(c)> 0]

If ¢ # a, choose a positive real number s <  such that (¢ — s,¢) [ a, b] then
b c—S b b
[ foat=] r@at+|_ fde+] f(oat
1
> 5 f()>0

Theorem 10: Let f'be a continuous function on a compact interval [a, b] of R
into the topological dual X* of a Banach space X over R such that a < b and for each
C' -map g on [a, b] into X with g(a) = g(b) = 0 and

b
L<ﬂ&fm>m=o

Then f(t) = 0 for each ¢ € [a, b]

Proof: As a contradiction, let /() # 0 for some R €[ a, b]. Since fis continuous,
we may suppose that 7 is different from @ and b. Since f(r) # 0, there is an x € X such
that < x, f(r) > # 0.

Let< x, f(r)>> 0. Since f is continuous, there is a positive real number s such
that [r— s, r+ s/ c[a, b] and foreach te [r—s, r+s],<x, f(t) >> 0.

Let 2 be a C!' -map on [r— s, 7+ s] into R such that 4 > 0 (for example / () = 0
ifte(r—s,r+s)adn h(t)= ((t—r)>—s>)*ifte(r—s,r+5).

Let g be the function on [a, b[ such that g(t) = & (f). x for all 1€ [a, b]. Then g
is a C! -map on [a, b] into X such that g(a) = g(b) = 0 and < g(?), £ (£) >> 0 for each

te(r—s,r+s),

Self-Instructional Material 195



Functional Analysis

NOTES

196 Self-Instructional Material

Hence by Theorem 9, we have

b
[ <g. f()>dt>o,

which is not possible, so our assumption was wrong.

Hence f(f)=0 for each ¢t € [a, b]

Theorem 11 : Let [a, b] be a compact interval, let g be a regulated function on

h(0) < g(6) + [ h(s)ds

where c is a positive real number. Then for all £ € [a, b]

h (0 < g(t) + ¢ g(S) =9 ds
Proof: Let; : [a, b] > R be defined as

j ()= h(s)ds, t< [a, b]
Then for each ¢ €[ a, b]

Dj (1) = h(2)

<g(®+cj(®) [by(1)and(2)]

Let k : [a, b] > R be defined as

k()=jt)e“(t—a), tela, b]
Then for each 7 €[ a, b]

D k()= (Dj(t) - cj(t))e =

<g)ec=  [by (3)]

By the definition of j and £, it is clear that

J(@)=0=ka)

By mean value theorem, for all # €[a, b], we have

b
k(f)< Ia g(s) €<~ a4 Then
J(0) = k(t)ec =)

< ec(tfa) It g(S) e ¢ (sfa)ds

[a, b] into {r € R :r>0} and let 4 be a continuous function on [a, b] into R such
that for all £ € [a, b]

(1)

(2

-(3)

(4



Hence by (1) and (2), we have The Integral in a
Banach Space

W) < g(1) + ¢ j(?)
< g(t) + cet= [ g(s) e ¢ ads [by (4)] NOTES

t
=g(H)+ cja g(s) e =9 ds
Self-Learning Exercise
1.  Write whether the following statements are true or false

(a) Asubdivision S of a compact interval [a, b] is said to be refinement of

a subdivision 7 of [a, b] iff each point of S is a point of T'1.e., S T.

(b) The function f — jz faisnot a continuous linear map of the set S ([a,
b], X) (the set of all step functions on [a, b] into X) into X.

(c) Iffis continuous, then fis regulated.

(d) Ifanysequence {f :ne N} inCl(S[a, b],x)converging to fin B([a, b],
x), then f'e S([a, b], X).

(e) Iffand g be regulated functions on a compact interval [a, b] of R into

a Banach space X over K, then gofis also regulated.

11.8 SUMMARY

In this unit, we have seen that by taking slightly different approach than for
real valued function of a real variable, we can find the integral of a function of one

variable into a Banach space. We also discuss various properties of such integrals.

ANSWERS TO SELF-LEARNING EXERCISE

1. (a)False (b) False (c) True
(d) False (e) False
11.9 REVIEW QUESTIONS

1. Define integral of a step function. If [a, b] be compact interval of R and
X be Banach space Prove that the set S([a, b], X) of all step functions on
[a, b] Banach space B([a, b], X) of all bounded functions on [a, b] into X

with sup norm
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f= Al =sup {[f (@) : te[a, b]}.

2. Define regulated function. If f'be a regulated function on a compact interval

[a, b] of R into a Banach space X. Prove that at each ¢ €[ a, b] function F':
[a, b], F(t) = J:f, €[a, b] is continuous.

Let fbe a regulated function defined on a compact interval [a, b] of R into
a Banach space X. Show that for each positive real number €, there is a

positive real number 6 such that for any increasing sequence a = a, <,

Sa2<

g

,<a,<t,<a,  <..<a, =bofpointsof [a b]suchthata, ,—a,)

<e

<0d,ien—1,

n-1
| di- INEGICRIONEY?

11.10 FURTHER READINGS
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CH APTER — 12 Differential Equations
DIFFERENTIAL EQUATIONS NOTES

12.1 Learning Objectives
12.2  Introduction
12.3  First Order Differential Equations

12.4  Approximate Solutions
12.5 Lipschitz’s Property
12.6  Locally Lipschitz
12.7 Maximal Integral Solution
12.8  Summary
12.9 Review Questions

12.10  Further Readings

12.1 LEARNING OBJECTIVES

The present unit is devoted to differential equations. Existence and uniqueness

theorems for ordinary differential equations are proved.

12.2 INTRODUCTION

In many practical problems we come across with a differential equation which
cannot be solved by one of the standard methods known so far. Various methods
have been formulated for getting to any desired degree of accuracy the numerical
solution of the above mentioned Type of differential equation with numerical
coefficients and given conditions. We have studied the Picard’s integration method

for finding an approximate solution of the initial value of the form

d
=) ) =, 1)

Theorems which state the conditions under which an initial value problem of the

form (1) has at least one solution, only one solution are called existence theorem and

uniqueness theorem respectively. The purpose of this unit is to introduce differential
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Functional Analysis — equations. Starting with the definitions of a differential equation and its solution,

existence and uniqueness theorems for ordinary differential equations are obtained.

NOTES 12.3 FIRST ORDER DIFFERENTIAL EQUATIONS

Throughout this unit X denotes a Banach space over the real field R, f denotes

a function of a single real variable # with values in X. Further if f'is differentiable,

its derivative 7{ will again be considered as a function with values in X.

Definition : Let / be an interval of R, W be a subset of a Bananch space X over

K and let g be a continuous map of i x U into X. Then an equation of the Type

%:g(t,x),dt(t,x)elx w

is called a differential equation

Definition : A differentiable map f; / — W is called an integral solution of the
differential equation % = g(t, x) if and only if Df (¢) = g(¢, f (¢t)) for each 1€ 1. An
integral solution of the differential equation is also called an integral solution for g.

Now let (¢,, x,) be an interior point of / x W. Let I' be an open subset of W
containing x,. Then a differentiable map /2 : I' — W' is called an integral solution for

g at (Zy, x,) if A1) = x, and & is an integral solution for restriction of g to /' x W'

Amap f;1'x W'— Wis called a local flow for g at (¢,, x,)) iff for each x e W',
f(t,,x)=xand the map ¢ : I' - W, ¢(t) = f (¢, x) for t € [ is an integral solution for
g at (¢, x). Thus f'is a local flow for g at (¢,, x,) iff / (¢, x) =xand D, f(t, x) =g (¢, f
(7)) foreachxe W'"'.

Theorem 1: Let / be an open integral of R, let ¥ be an open subset of a Banach
space X over K. Let (,, x,)) be point of /x W and let g be a continuous map of /x W
into X. Then a continuous map % : I — W is an integral solution for g at (¢, x,)) iff

foreachrel

h(t) = x, + jjog(s, h(s))ds.

Proof: Given that g and / are continuous so the map s — g(s, 4(s)) of i into

X 1s continuous

Firstly let /# be an integral solution for g at (¢

0 Xo ), then clearly
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h(t) = x, + LO (s, h(s))ds

foreachtel

Next let for each e / NOTES

h(t) = x, + j;g(s, h(s))ds.

then 4 is differentiable in 7 and its derivative is the map s — g(s, /(s)) and so

h is an integral solution for g at (¢, x,)).

12.4 APPROXIMATE SOLUTION

Let € > 0 be a real number. A differentiable map f: / — W is an approximate

d.
solution within € or an € -approximate solution for the differential equation 7);
=g(t, x)if || f'(©) — g(t, f(¥))|| < eforallte L

12.5 LIPSCHITZ’S PROPERTY

Let f'be a function on a subset  of a Banach space X over K into a Banach
space X over K. Let J'be any subset of # and let ¢ be any positive real number, then
fis said to be ¢ — lipschitz on V'iff for all x and x' in V'

|/ @) = SOOI < e []a— ']
Let 7 be any subset of R and let g be a function on / x Winto Y. Then g is said to
be ¢ — Lipschitz on V' uniformly with respect to / iff for all /e / and all x and x' in V'
g, x) = g(t, X)I| < ¢ [ = x|
Now we shall prove a lemma which compares two approximate solutions of a

differential equation. We first prove an anxillany lemma.

Lemma 2 : let # be a non-negative continuous function on an interval {0, c},

(c > 0) satisfying the inequality

u(t) < at + k J, u(s)ds ()

for all £ €[0, ¢,] then

u(f) < % (M — 1) for t€[0,¢]

!
Proof: Let v(¢) = .[o u(s)ds,
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Functional Analysis then v'(¢) = u(t), v(0) = 0 and so inequality (1) reduces to V' (¢) < at + kv(?),

..(2)
which is a differential inequality.
NOTES Taking w(f)=e* v(¢), then
w(t) = V(1) = ku(?))
<e' at {by(3)}
3
Since w(0) = 0, the mean value inequality gives w(¢) < -[o ek ds
Integrating the right hand side by parts, we obtain
w(t) < % (1= ek — kz k)
Therefore v(£) = ek w(f) {by(3)}
< %(ekt— 1 — ke)
since  u(t)=V'(¢) < at + kv(¢), therefore
a
u(t)y< at+ T (e — 1 - ki)
a
:z(ekt— 1) (3)

Lemma 3 : (Fundamental Lemma) :

Let / be an open interval of R. Let I/ be an open subset of a real Banach space
X and let g be a continuous map of / x W into X such that g is c-lipschitzon W
uniformly with respect to /, where c is a positive real number. Let 7, and r, be two

positive real numbers such that for all 7 € /.

1D1,(6) = g(&, 1)) < r and [|Df, (1) — g(t, f, D) < 7, (4

ie., f}, f, are r; — approximate solution and r, — approximate solution of the

. d ) .
equation d—y = g(t, x) respectively. Then for all S and # in /
X

clt=s| _ 1
1A @ = OIS () =1y () [le 5+ (ry + 1) e—)

Proof: We can assume that s = 0 and ¢ > 0. Then

1DA,(6) = DL = 1D, () — g(.1, (D) + g, f, () — &(t.1, (D) + g, /, () = Df, (D)
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<|IDf, () = g(t, 6, Il + [1DA(D) = g(&, L))
+ et /)@ - g L,
<1ty + gt £1(0) - g4 1/, ()] by (1)}

<yt ry+ [0 = Ol (- g1is c-Lipschilz on W)

Taking 7= r, + r, andf(f) =/ (1) — £,(1), we have
IDf @) <7+ |l f @
So by mean value inequality for ¢ > 0, we have
|/ (@ -, < f; (r+ || fW)l))du
But [/ @)|| <[|(f @) =7 O +[[£0)
Hence for each u in [0, 7], we have
|/ @ = O < (r+cl[ £+ CI; |/ () = £ (0)||dx
Putting || /() = f(0)[| = 4(?) and r + ¢[[ f (0)|| = b,
Then (2) reduces to
h(t) < bt + cf,| h(udu
and therefore by Lemma 2, we have
h(t)é%(e“— 1) forrel

Rewriting the values of A(¢) and b, we have

/@) —f(onmﬂ

Hence

(e~ 1)

LF@OI<ILf@ =7 Ol =17 O

< L2 TOL 1y + 1700

=@ = D) SO

Hence again rewriting the values of f(¢) and », we have

14, @ =, Ol < T2 1= 1) [1f, (5) = £, ()

Differential Equations

NOTES

(2)

[5=0,¢>0]
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Functional Analysis Ifx, =f,(s) and x, =, (s) be their initial values at s € 1. Then for all € 1, we have

roLr
13 0 1y 0] £ D272 (@bl 1) g, = et -0)
NOTES Now we shall make use of the fundamental lemma in proving the following

theorems.
Theorem 4: (Uniqueness Theorem)

Let / be an interval in R, W a subset of a Banach space X over K and let g :

I x W — X be a continuous function c-Lipsehitz in x € X, If there are two exact
d.

solutions, f; and £, : I — x of the differential equation 7); =g(t,x) and if f| (s) = f,

(s) for s € I, then the functions £, and £, are identical in the interval /1.

Proof: Putting f, (s) = £, (s), 7, = 0, r, = 0 in the inequality of the fundamental

lemma, we have
1/, (O —f,O||=0forzel
=h=h
Hence the theorem
Theorem 5 (Existence Theorem)

Let / be a closed interval in R, W be a closed set in a Banach space X and g
:Ix W — X be a continuous function which is c-Lipschitz in x € X. Let (s, x,) € /

x W, for given r > 0, let /': I — X be an r-approximate solution of the differential

. dx .. .
equation o g(t, x) such that f'(s) = x,, then there exists in I an exact solution ¢ :

I — X of the differential equation such that ¢(s) = x,,

Proof: Let {r, }be a decrearing squence of positive real numbers such that li_I)n

N—>0

r,=0.ForeachneN,letf :I— Xbeanr — approximate solution such that f, (s)
= X,. by the fundamental lemma, we have

rn—i-rp

ol

LS, () —fr Dl < (=9 —1)foralltel

c(r—s) _ 1
Let(e—)
C

1A, O = D < (ry + 1) m

< m forall el Then
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and thus {f, } is a cauchy sequence. Therefore the sequence {f } has a limit. Differential Equations
Let li_r)n £, = ¢, then ¢ is a continuous function / — X.
Nn—>»0

Since (1, f, (f) € Ix Uforallne Nall e Iand since U is a closed set in X,
therefore (¢, ¢p(r)) e Ix Uforall rel.

NOTES

Also each f is an r -approximate solution, therefore

1D1,(0) = g(t. £,(D) < 7

and so by the mean value inequality, we have

1S, (0= xy— [ g £, )l < 7|t~ s

since lim £(r) = ¢(1)

and lim [ g(u, £,())du = [, g(u. (o)

Therefore in the limit n — o , the above inequality reduces to
9(0) = %, + || g(ud(u))du

Which gives ¢' (¢) = g(¢, #(1))

Hence ¢ is an exact solution of the differential equation with ¢(s) =/ (s) = x,,.

12.6 LOCALLY LIPSCHITZ

Let 7 be an interval in R, W be a subset of a real Banach space X. A function
g Ix W — Xis locally Lipschitz if for each point (¢, x,) € I x W, there exists a
neighbourhood Jx V of (¢,, x,) € I x Wand ¢ > 0 such that

|1g(#, x)) = &7, X))l < cllx; — x|

foreachteJand x,x, € V.

In other words g is locally Lipschitz, if the restriction of g to Jx V' is c-Lipschitz
inxeX.

Theorem 6 (Global Uniqueness Theorem):

Let / be an interval in R, W be a subset of a Banach space Xand g: Ix W —> X

be a locally Lipschitz function. If there are two exact solutions f; and f, : [ — X of

d.
the differential equation 7); = g(¢, x) and if they are equal for one value 7 then they

are identical in the entire /.
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Functional Analysis Proof: Letj be a subset of / given by

Jitel: fi (=1 (D}

Now we shall establish that the set j is simultaneously open and closed in /.
NOTES

Since the function f; — f, is continuous, therefore j is a closed set

Now let £, (¢,) =1, (¢,)) = x,

Since g is locally Lipschitz, there exists a neigbhbourhood N of (¢, x,) in Ix W
as well as a real number £ > 0 such that g is k-Lipschitz in N. Let a > 0 be such that
teland |t -t )| < o imply that (¢, f, (¢)) and (¢, £, (¢)) are in N. Then the uniqueness
theorem 4 yields f, (t) =1, (1) forall eI N [{,— a, {,+ o]. This shows that J is
open in /.

Since / is connected set and J is both open and a closed set in 7, the theorem
is proved.

Theorem 7 : Let / be an open interval of R, let /¥ be an open subset of a real
Banach space X, let g be a continuous map of 7 x W into X such that there exists

two real numbers b and c both greater than 0,

sup(||lg(t, x)|| : (¢, x)e Ix W)< b

and g is c—Lipschitz on W uniformly with respect to all compact subsets of /.
Let (¢,, x,) be any point of / x W let R be a real number such that 0 < 7 < 1 and the
closed ball B(x,, 2r) — W. Let a be a real number such that 0 < a </ bc and the
interval J = {t,—a, t,+ ajc I.

Then for each x € B(x,, r), there exists a unique map /_: J — B(x,, 2r) such
that /2_is an integral solution for ¢ at (¢, x). Moreover the map

f:jx B(xy R) > B(xy, 2r), f(Tt, x) = h_(t) is a continuous local flow at (,,
x,) for g.

Furthermore, there is a positive real number e such that the function x— 7_is
a e-Lipschitz on B (x, 7).

Proof: Let x € B(x,, 2r) and H_be the set of all continuous functions 4 : J
— B(x,, 2r) such that A(t,) = x. Then H_is a closed subset of the complete metric

space Z of all continuous functions of J into B (x,,2r) with the topology of uniform

convergence onJ and so H_is itself is a complex subspace of Z.
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Lete, be the function on H, such that for all # e H, and all reJ Differential Equations

!

(e (W) ())=x+], , g5, M(s))ds,

then for all t € J, (e, (h))(?) € B(x,, 2r) and so e_(h) is a continuous map of .J NOTES
into B(x,, 2r).

Since (e, (h))(Z,)) = x, e_is amap of H_into itself for each 4, and &, in _, we have

lle, () — e, (M)l <7 [[hy = hy| (1)
therefore by Banach fixed point theorem, there is a unique 4 € H_such that

t

h(0) = (e, (h)) () =x+ [, gls, h) (5)ds
for each e Jand £ (¢)) = x and so 4 _1is an integral solution for g at (7, x).
It also follows that f'is a local flow for g at (¢, x,)).

To prove the last part of the theorem, let x and y be any two points of B (x,, 7).

Then
= e, ()II= lle, () — e, (k)]
= sup{le, (h))O) ~ (e, (b)) (1) : 1€ J}
—x—y (2)
Hence
le, (h) — e, (e, (hx) < rllh ~ ¢, (h )| {by(D)}
= rlx =l by (2)}
therefore for any natural number n
ler () = el (h) < " [l =y E)
and so
I, — et (R < 1k, — e, ()] + lle, (B) = € () + .....
+let ()~ et () {by (2) and (3)}

<oy )

1—r

Again for any natural number n

let (h)—h, I =l &, (h)— e ()
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Functional Analysis < I’He}'f -1 (hx) — 6;1_1 (hy)H {bY(l)}

<r b, = h)l
therefore
NOTES .

lim le” (h) = h||=0 [+0<r<1]

= lim )=, -
Consequently

=)l = Jim llo, = e}t )N {by(S))

< Ikl {by(4)}
—r

_ 1
and so the map x — & _is e-Lipschitz on B(x, r), where e = 1 Now the

map x —> h_is e-Lipschitz implies that it is continuous and that f'is continuous.

12.7 MAXIMAL INTERGAL SOLUTION

Let 7 be an open interval of R, let W be an open subset of a real Banach space
X, and let g be a continuous map of / x W into X such that g is c-Lipschitz on W
uniformly with respect to all compact subsets of /, where c is a positive real number.
Let (T, x,) be any point of / x W, and F be the set of all integral solutions for g at
(T, x,) with open domains. If f; and f, are any two members of F then by Remark
1, f; and £, coincide on D, (f,) N D, (f,). Let f'be the union of all members of
and J be the union of domains of the members of F. Then J is an open interval of
I'and fis an integral solution for g at (7}, x,), called the maximal integral solution
for g at (Tys x,).

Theorem 8: Let (a, b)be an open interval of R, let W be an open subset of a
real Banach space X and let g be a continuous map of (a, b) x W into X such that g
is c-Lipschitz on W uniformly with respect to (a, b). Let f be the maximal integral
solution for g at a point (¢, x,) of (a, b) x W with domain (a', b') such that there
exists a positive real number » with the property that (a', ' + ) and (' — r, b') are
contained in (a, b), the closures of f[(a', d'+ r)] and f[(b' r, b') are contained in WV,

and there is a positive real number m such that

e f @) <m

208 Self-Instructional Material



forallze(a', b"). Thena'=aand b'=b Differential Equations

Proof: Since f'is the maximal integral solution for g at (Z,, x,), therefore by

theorem 1 for each 7 € (a', b'), we have
NOTES

t
SO =x,+ [, g (s, ()ds
and || f(z) = f (< m|(t, - t,)| forall ¢, 2, e (a', b')
Hence lim f(f) and lim f'(¢) exist and belong to .
t—a’ t—b'
If possible, suppose that a' # a. Then by theorem 7, there is an integral solution
/" for g at (d, %i_r)nrf(t)) .So A, Df'=Dfon (da', a'+ t), where t' is a positive real
number and so f'— f'is constant on (a', a’ + f)
Now lim £ (z) lim, 7(T)
therefore /' — f= 0 on (d', a' + 1).

This shows that f'defined on (@', b") is not a maximal integral solution for g at

(Zy> X,)> which is a contradiction to the given condition.

Hence a' = a. Similarly, we can show that b' = b.

Self-Learning Exercise

1. Write whether the following statements are true or false.

(a) Theorem under which an initial value problems of the form

d o .
d_ic} =f(x, ),y (x,) =y, has at least one solution is called uniqueness
theorem.

(b) Iff, and £, be two integral solutions for a continuous map g : I x W
— Xatapoint (¢, x,) € Ix Wwith open domains /, and /, respectively.
Then f, and £, coincide on 7, U I,

(¢) A function g : I x W — x is locally lipschitz if for each point (¢, x,)
€ I x W, there exists anbd Jx V of (¢, x,) and ¢ > 0 such that

||g(t9 Xl) - g(ta .XZ) <c Hxl - X2||

foreachte Jand x, x, € V.
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Functional Analysis 12,8 SUMMARY

In this unit, we have seen that a fundamental lemma compares two approximate

NOTES solutions of a differential equation. We also see that a local flow always exists if a

continuous map g : I x W — x satisties Lipschitz condition.

ANSWERS TO SELF-LEARNING EXERCISE

1. (a) False (b) False (c) True

12.9 REVIEW QUESTIONS

1. Let/be an interval in R, W a subset of Banach space X and let g : I x W

— X be a continuous function c-Lipschitz in x € X. If there are two exact

d. .
solutions f, and f, : I — X of the differential equation 7); = g(t, x) and if

St =1, (&), t, € I then the function £, and £, are identical in the interval 1.

2. Letg(¢, x) be areal valued continuous function defined in the set |7| < a, |x|

< bin R?, such that g(¢, x) < 0 for T, x > 0 and g(¢, x) > 0 for £, x < 0. Show

. . d
that x = 0 is the unique solution of the differential equation 7); = g(t, x)
defined in a nbd of 0 and such that x(0) = 0.

12.10 FURTHER READINGS

e the

e the
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