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The cover photo shows a kettle drum with a dark pattern on it that is produced in
the following way: A powder such as fine sand is sprinkled on the drumhead, and
then the surface is vibrated by the transducer that can be seen in the upper left. If the
frequency of vibration is a natural frequency of the membrane, there are nodal curves—
curves and/or lines where the membrane is not moving. The powder collects on and
near these curves. Different natural frequencies produce different nodal curves. In the
background of the cover is another picture, where the nodal curve is a pair of crossed
lines at right angles. The ideas of membrane vibrations and nodal curves are developed
in Chapter 5, Section 5.7. See Figure 9 in that section and the associated animations on
the website.
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Preface

This text is designed for a one-semester or two-quarter course in partial differ-
ential equations given to third- and fourth-year students of engineering and
science. It can also be used as the basis for an introductory course for graduate
students. Mathematical prerequisites have been kept to a minimum—calculus
and differential equations. Vector calculus is used for only one derivation, and
necessary linear algebra is limited to determinants of order two. A reader needs
enough background in physics to follow the derivations of the heat and wave
equations.

The principal objective of the book is solving boundary value problems in-
volving partial differential equations. Separation of variables receives the great-
est attention because it is widely used in applications and because it provides
a uniform method for solving important cases of the heat, wave, and poten-
tial equations. One technique is not enough, of course. D’Alembert’s solution
of the wave equation is developed in parallel with the series solution, and
the distributed-source solution is constructed for the heat equation. In ad-
dition, there are chapters on Laplace transform techniques and on numerical
methods.

The second objective is to tie together the mathematics developed and the
student’s physical intuition. This is accomplished by deriving the mathematical
model in a number of cases, by using physical reasoning in the mathematical
development, by interpreting mathematical results in physical terms, and by
studying the heat, wave, and potential equations separately.

In the service of both objectives, there are many fully worked examples and
now about 900 exercises, including miscellaneous exercises at the end of each
chapter. The level of difficulty ranges from drill and verification of details
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to development of new material. Answers to odd-numbered exercises are in
the back of the book. An Instructor’s Manual is available with the answers
to the even-numbered problems. A Student Solutions Manual which contains
detailed solutions of odd-numbered problems can be found online at:
http://www.elsevierdirect.com/companions/9780123747198.

There are many ways of choosing and arranging topics from the book to
provide an interesting and meaningful course. The following sections form
the core, requiring at least 14 hours of lecture: Sections 1.1-1.3, 2.1-2.5, 3.1-
3.3, 4.1-4.3 and 4.5. These cover the basics of Fourier series and the solutions
of heat, wave, and potential equations in finite regions. My choice for the next
most important block of material is the Fourier integral and the solution of
problems on unbounded regions: Sections 1.9, 2.10-2.12, 3.6 and 4.4. These
require at least six more lectures.

The tastes of the instructor and the needs of the audience will govern the
choice of further material. A rather theoretical flavor results from including:
Sections 1.4-1.7 on convergence of Fourier series; Sections 2.7-2.9 on Sturm-
Liouville problems, and the sequel, Section 3.4; and the more difficult parts of
Chapter 5, Sections 5.5-5.10 on Bessel functions and Legendre polynomials.
On the other hand, inclusion of numerical methods in Sections 1.8, 3.5 and
Chapter 7 gives a very applied flavor.

Chapter 0 reviews solution techniques and theory of ordinary differential
equations and boundary value problems. Equilibrium forms of the heat and
wave equations are derived also. This material belongs in an elementary differ-
ential equations course and is strictly optional. However, many students have
either forgotten it or never seen it.

For this sixth edition, I have again made changes in response to students’
changing needs and abilities. Many sections have been edited to improve clar-
ity and make solution processes more explicit. Solving potential problems and
sketching solutions of the wave equation using d’Alembert’s solution get ad-
ditional attention. In several sections, exercises have been reorganized more
logically, old ones revised and new ones added. Many exercises are based on
research publications from areas as diverse as chemical, civil, environmen-
tal, electrical, mechanical and rehabilitation engineering, physics and finance.
I have noted that students’ interest is piqued by these real-world problems;
they tend to put in a lot of time and effort—and consequently gain greater
understanding—in attempting to solve them. To capitalize on this tendency,
the book provides over 30 “projects” These are extended problems, most based
on research papers with real data, that require going beyond the text. No solu-
tions are provided for projects.

To accompany this edition, the publisher is maintaining a web site with aux-
iliary materials: animations of convergence of Fourier series; animations of
solutions of the heat and wave equations as well as ordinary initial value prob-
lems; color graphics of solutions of potential problems; additional exercises in
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a workbook style; review questions for each chapter. All files are readable with
just a browser and Adobe Reader.

I wish to acknowledge these contributors: Cindy Smith, who was the LaTeX
compositor and corrected many of my mistakes; Prof. Afshin Ghoreishi
of Weber State University and Prof. Scott Fulton of Clarkson University, who
provided lists of errata in previous editions; Prof. Joseph Skufca of Clarkson
University for classroom experiments that are the basis of two projects; T. Mark
Hightower of NASA Ames Research Center for another project; Academic Press
editors and consultants; and reviewers for this edition.

David L. Powers



Ordinary Differential =
Equations » cuAmn

/

0.1 Homogeneous Linear Equations

The subject of most of this book is partial differential equations: their physical
meaning, problems in which they appear, and their solutions. Our principal
solution technique will involve separating a partial differential equation into
ordinary differential equations. Therefore, we begin by reviewing some facts
about ordinary differential equations and their solutions.

We are interested mainly in linear differential equations of first and second
orders, as shown here:

‘f—;‘ ~ k(Ou+ £(1), (1)

2

d‘u du
i k(t)E +p(Bu= f(5). (2)

In either equation, if f(¢) is 0, the equation is homogeneous. (Another test: if
the constant function u(t) = 0 is a solution, the equation is homogeneous.)
In the rest of this section, we review homogeneous linear equations.

A. First-Order Equations

The most general first-order linear homogeneous equation has the form

du
i k(t)u. 3)

(©) 2010 Elsevier, Inc. Al rights reserved. 1
doi:10.1016/B978-0-12-374719-8.00001-3.
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This equation can be solved by isolating u on one side and then integrating:

1du
il O
u dt ()

Infu| = f k(t)dt +C
u(t) = 4oCel kMt _  [k()de @)
It is easy to check directly that the last expression is a solution of the differential

equation for any value of c. That is, ¢ is an arbitrary constant and can be used
to satisfy an initial condition if one has been specified.

Example.

Solve the homogeneous differential equation
du _ 2
et

The procedure outlined here gives the general solution
u(t) = ce™ "2

for any c. If an initial condition such as u4(0) = 5 is specified, then ¢ must be
chosen to satisfy it (¢ = 5). O

The most common case of this differential equation has k(¢) = k constant.
The differential equation and its general solution are

d
d—’: =ku,  ult)=ce®. (5)

If k is negative, then u(t) approaches 0 as t increases. If k is positive, then u(f)
increases rapidly in magnitude with ¢. This kind of exponential growth often
signals disaster in physical situations, as it cannot be sustained indefinitely.

B. Second-Order Equations

It is not possible to give a solution method for the general second-order linear
homogeneous equation,

d’u du

E+k(t)ﬁ+p(t)u =0. (6)
Nevertheless, we can solve some important cases that we detail in what follows.
The most important point in the general theory is the following.
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Principle of Superposition. If u,(t) and u,(t) are solutions of the same linear
homogeneous equation (6), then so is any linear combination of them:
u(t) = cruy (t) + cous(t). a

This theorem, which is very easy to prove, merits the name of principle be-
cause it applies, with only superficial changes, to many other kinds of linear,
homogeneous equations. Later, we will be using the same principle on partial
differential equations. To be able to satisfy an unrestricted initial condition, we
need two linearly independent solutions of a second-order equation. Two so-
lutions are linearly independent on an interval if the only linear combination of
them (with constant coefficients) that is identically 0 is the combination with 0
for its coefficients. There is an alternative test: Two solutions of the same linear
homogeneous equation (6) are independent on an interval if and only if their

Wronskian
u1(t) uy(t)

W(uy, u) = o, (£) (1)

(7)

is nonzero on that interval.

If we have two independent solutions u, (), #,(¢) of a linear second-order
homogeneous equation, then the linear combination u(#) = cqu;(t) + couz(t)
is a general solution of the equation: given any initial conditions, ¢; and ¢; can
be chosen so that u(t) satisfies them.

1. Constant coefficients

The most important type of second-order linear differential equation that can
be solved in closed form is the one with constant coefficients,

d*u  du

— +k— +pu=0 (k, p are constants). 8

TG e (k, p ) (8)
There is always at least one solution of the form u(¢) = e™ for an appropriate
constant m. To find m, substitute the proposed solution into the differential
equation, obtaining

m?e™ + kme™ + pe™ =0,

or
m2+km+p:0 (9)

(since e™ is never 0). This is called the characteristic equation of the differential
equation (8). There are three cases for the roots of the characteristic equation
(9), which determine the nature of the general solution of Eq. (8). These are
summarized in Table 1.

This method of assuming an exponential form for the solution works for
linear homogeneous equations of any order with constant coefficients. In all
cases, a pair of complex conjugate roots m = a £ i leads to a pair of complex
solutions

erxteiﬁt’ eate—iﬁt (10)
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Roots of Characteristic General Solution of Differential
Equation Equation

Real, distinct: m; #m, ult) = cre™ + g™

Real, double: m; = m;, u(t) = cie™? + cyte™?

Conjugate complex: u(t) = c1e™ cos(Bt) + c,e™ sin(Bt)

m=a+if,m=a—if

Table 1 Solutions of 'f;T;‘ +k% +pu=0

which can be traded for the pair of real solutions
e”" cos(Bt), e” sin(Bt). (11)
We include two important examples.

Example.

First, consider the differential equation
d?u
—— +2%u=0 12
i (12)

where A is constant. The characteristic equation is m* + A% = 0, with roots
m = %iA. The third case of Table 1 applies if A #0; the general solution of the
differential equation is

u(t) = ¢y cos(At) + ¢ sin(Af). (13)
d
Example.
Second, consider the similar differential equation
dw

The characteristic equation now is m* — A% = 0, with roots m = £A. If A #0,
the first case of Table 1 applies, and the general solution is

u(t) = cie™ + cpe M. (15)

It is sometimes helpful to write the solution in another form. The hyperbolic
sine and cosine are defined by

1 1
sinh(A) = 5 (eA — e"“) , cosh(A) = 5 (eA + e'A) : (16)
Thus, sinh(At) and cosh(At) are linear combinations of e* and e ™. By the
Principle of Superposition, they too are solutions of Eq. (14). The Wronskian
test shows them to be independent. Therefore, we may equally well write
u(t) = ¢} cosh(At) + ¢} sinh(At)

as the general solution of Eq. (14), where ¢{ and ¢} are arbitrary constants.
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Figure 1 Mass-spring-damper system.
Example: Mass-spring-damper system.

The displacement of a mass in a mass-spring-damper system (Fig. 1) is de-
scribed by the initial value problem

du
u(0) = uy, —(0)=vy.
)=u, (0=
The equation is derived from Newton’s second law. Coefficients b and «?
are proportional to characteristic constants of the damper and the spring, re-
spectively. The characteristic equation of the differential equation is
m? +bm+w® =0

with roots

——+
2 2

bV —40? b (5)2 :
—_—— = —w
2

The nature of the solution, and therefore the motion of the mass, is determined
by the relation between b/2 and w.

b= 0:undamped. The roots are iw and the general solution of the differen-
tial equation is

u(t) = c1 cos(wt) + ¢y sin(wt).

The mass oscillates forever.
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0 < b/2 < w:under-damped. The roots are complex conjugates o & if3
with @ = —=b/2, B = \Jw? — (b/2)%. The general solution of the differential
equation is

u(t) = e7"2 (¢, cos(Bt) + ¢y sin(Br)) .

The mass oscillates, but approaches equilibrium as # increases.

b/2 = w: critically damped. The roots are both equal to /2. The general
solution of the differential equation is

u(®) = e P2(c, + cyt).

The mass approaches equilibrium as ¢ increases and may pass through equi-
librium (u(#) may change sign) at most once.

b/2 > w: over-damped. Both roots of the characteristic equation are real
and negative, say m,; and m,. The general solution of the differential equation
is

u(t) = cre™" + cre™.

The mass approaches equilibrium as ¢ increases and #(#) may change sign at
most once. These cases are illustrated on the website. O

2. Cauchy-Euler equation

One of the few equations with variable coefficients that can be solved in com-
plete generality is the Cauchy-Euler equation:

d’u du
2
t°— +kt— +pu=0. 17

dt? a T (17)
The distinguishing feature of this equation is that the coefficient of the nth
derivative is the nth power of ¢, multiplied by a constant. The style of solution
for this equation is quite similar to the preceding: assume that a solution has
the form u(t) = ™, then find m. Substituting # in this form into Eq. (17) leads
to

tm(m — )" 2+ ktmt™ ' + pt™ =0, or

mm—1)+km+p=0 (k, p are constants). (18)

This is the characteristic equation for Eq. (17), and the nature of its roots de-
termines the solution as summarized in Table 2.

Example.
One important example of the Cauchy-Euler equation is
d’u  du
P tt— —2u=0 19
de2  dt - {12)

where A > 0. The characteristic equation is m(m— 1) +m— A% = m? — A2 = 0.
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Roots of Characteristic General Solution of Differential
Polynomial Equation
Real, distinct roots: m; #m,  u(t) = c1t™ + ct™
Real, double root: m; = m;, u(t) = c1t™ + c(In )™
Conjugate complex roots: u(t) = ¢t cos(B8 Int) + c,t* sin(B In t)
mi :a+iﬁ,m2:a~iﬂ

Table 2 Solutions of tz'f—t‘; +kt% 4+ pu=0

The roots are m = %A, so the first case of Table 2 applies, and

u(t) = cit* + cot™ (20)
is the general solution of Eq. (19). [

For the general linear equation

d’u du

— +tk(t)—+ p()u=0

TS+ p(u =0,

any point where k(t) or p(t) fails to be continuous is a singular point of the
differential equation. At such a point, solutions may break down in various

ways. However, if # is a singular point where both of the functions
(t — to)k(t) and (1 — 1)’ p(t) (21)

have Taylor series expansions, then #, is called a regular singular point. The
Cauchy-Euler equation is an example of an important differential equation
having a regular singular point (at fp = 0). The behavior of its solution near
that point provides a model for more general equations.

3. Other equations

Other second-order equations may be solved by power series, by change
of variable to a kind already solved, or by sheer luck. For example, the

equation
2

d*u

4 2

t*— +Au=0, 22
de? (22)

which occurs in the theory of beams, can be solved by the change of
variables

t=-—, u(t) = lv(z).
z z

Here are the details. The second derivative of u has to be replaced by its ex-
pression in terms of v, using the chain rule. Start by finding

du_d v dz
dt  dz\z) dt
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Since t = 1/z,also z = 1/t,and dz/dt = —1/1*> = —z2. Thus

du 22V —v g
R = —Zv .
dt z2

Similarly we find the second derivative

d*u _d (du dzid( e biee)
ar " dz\dt)ar dz W
= =22 (—z" — v’ +v') = 220",

Finally, replace both terms of the differential equation:

1\
(7) v+ AZE =0
z z

v +A%v =0.
This equation is easily solved, and the solution of the original is then found by
reversing the change of variables:

u(t) = t(c; cos(A/t) + ¢y sin(A/1)). (23)

or

C. Second Independent Solution

Although it is not generally possible to solve a second-order linear homoge-
neous equation with variable coefficients, we can always find a second inde-
pendent solution if one solution is known. This method is called reduction of
order.
Suppose u; () is a solution of the general equation

d*u du

i + k(t) = + p(H)u=0. (24)
Assume that u;(t) = v(t)u;(t) is a solution. We wish to find v(¢t) so that u,
is indeed a solution. However, v(t) must not be constant, as that would not
supply an independent solution. A straightforward substitution of u; = vu,;
into the differential equation leads to

v'uy + 20w + vul + k() (V'uy + vu)) + p(Hvu; = 0.
Now collect terms in the derivatives of v. The preceding equation becomes
upv” + 2u] + k()u))v" + (u] + k(O] + p(Hu)v = 0.
However, u; is a solution of Eq. (24), so the coefficient of v is 0. This leaves
wv” + Quy + k(H)u v’ =0, (25)

which is a first-order linear equation for v’. Thus, a nonconstant v can be
found, at least in terms of some integrals.
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Example.
Consider the equation

(1—u" =210’ +2u =0, —1<t<l,

which has u; (t) = ¢ as a solution. By assuming that u, = v - t and substituting,
we obtain
(1 =Wt +20") = 2t(v't + v) + 2wt = 0.

After collecting terms, we have
(1—H)n"+ @2 -4 0 =0.
From here, it is fairly easy to find

v 4P -2 =2 1 1
S R P | i S
v (1l —12) t 1—t 1+t

(using partial fractions), then
Inv' = —2In(t) — In(l —t) — In(1 + #).

Finally, each side is exponentiated to obtain

- 1 :l+1/2 1/2
2(1—12) £ 1—t 1+t
1 1 1+¢
v=——+=In|—|. |
) 1—t¢

D. Higher-Order Equations

Linear homogeneous equations of order higher than 2—especially order
4—occur frequently in elasticity and fluid mechanics. A general, nth-order
homogeneous linear equation may be written

4™ 4+ ey (DU 4+ Ey (DD + Ky (Bu = 0, (26)

in which the coefficients k,(t), k,(£), etc., are given functions of ¢. The tech-
niques of solution are analogous to those for second-order equations. In par-
ticular, they depend on the Principle of Superposition, which remains valid
for this equation. That principle allows us to say that the general solution of
Eq. (26) has the form of a linear combination of n independent solutions u; (t),
uy(t), . .., u,(t) with arbitrary constant coefficients,

u(t) = cqu () + caux () + - - - + cu, (1).



10 Chapter0  Ordinary Differential Equations

Root Multiplicity Contribution
m (real) 1 ce™
m (real) k (c1 + ot + - - cptt™1)e™
m, m (complex) 1 (a cos(Bt) + b sin(Bt))e*
m=a+i
m, m (complex) k (a; +agt +- - - + apt* 1) cos(Bt)e™ +

(by + byt + -+« + b t*"1) sin(Bt)e"

Table 3 Contributions to general solution

Of course, we cannot solve the general nth-order equation (26), but we can
indeed solve any homogeneous linear equation with constant coefficients,

™ 4 klu(ﬂ—l) TR kn_lum + k,u = 0. (27)

‘We must now find # independent solutions of this equation. As in the second-
order case, we assume that a solution has the form u(t) = ™, and find values
of m for which this is true. That is, we substitute e™ for « in the differen-
tial equation (27) and divide out the common factor of ™. The result is the
polynomial equation

1

m'+km" "+ +k_im+k, =0, (28)

called the characteristic equation of the differential equation (27).

Each distinct root of the characteristic equation contributes as many inde-
pendent solutions as its multiplicity, which might be as high as #. Recall also
that the polynomial equation (28) may have complex roots, which will oc-
cur in conjugate pairs if—as we assume—the coefficients k;, k», etc., are real.
‘When this happens, we prefer to have real solutions, in the form of an expo-
nential times sine or cosine, instead of complex exponentials. The contribution
of each root or pair of conjugate roots of Eq. (28) is summarized in Table 3.
Since the sum of the multiplicities of the roots of Eq. (28) is n, the sum of the
contributions produces a solution with # terms, which can be shown to be the
general solution.

Example.
Find the general solution of this fourth-order equation,

4 +34@ _ 4y = .

The characteristic equation is m* + 3m? — 4 = 0, which is easy to solve because
it is a biquadratic. We find that m? = —4 or 1, and thus the roots are m = £2i,
=1, all with multiplicity 1. From Table 3 we find that a cos(2¢) + b sin(2t) cor-
responds to the complex conjugate pair, m = 21, whilee’ and e ™' correspond
to m = 1 and m = —1. Thus we build up the general solution,

u(t) = a cos(2t) + b sin(2t) +cre’ +cre " O



0.1 Homogeneous Linear Equations 11

Example.
Find the general solution of the fourth-order equation

u® — 2@ 4y =0,

The characteristic polynomial is s* — 2m® + 1 = 0, whose roots, found as in
the preceding, are &1, both with multiplicity 2. From Table 3 we find that each
of the roots contributes a first-degree polynomial times an exponential. Thus,
we assemble the general solution as

u(t) = (c; + cat)e’ + (c3 + c4t)e™".

With sinh(t) = (¢! — e7*)/2 and cosh(t) = (e' + e*)/2, the terms of the
combination above can be rearranged to give the general solution in a different
form,

u(t) = (Cy + Cat) cosh(t) + (Cs + Cyt) sinh(2). a

Some important equations and their solutions.

1 % =ku (kis constant)
u(t) = cet

d pE.
9. ﬁ +Au=0
u(t) = a cos(At) + bsin(At)
g B8 b
. — —Alu=
dt?
u(t) = a cosh(At) + bsinh(At) or u(t) = cre* + e
4, Py +tu —ANu=0
u(t) = c1t* + cpt ™

EXERCISES

In Exercises 1-6, find the general solution of the differential equation. Be care-
ful to identify the dependent and independent variables. All of these equations
occur later in this book.

d2¢

1. Euﬁzp:o
d*¢ )

2. E—u.(,b:()
d*u

3. —
dr?



12 Chapter0  Ordinary Differential Equations

ar
rdr \ dr r?
6. ,ozdz—Rﬁ-Zpd—R —n(n+1R=0
dp? dp

In Exercises 7-11, find the general solution. In some cases, it is helpful to carry
out the indicated differentiation, in others it is not.

a4
T odx

8. (e5¢") +A% P =0

9 i x3d%u =0
T odx dx )
,d*u  du

10. rP—— +r— +2%u=0
dr? dr

i 1d du —i
T ordr rdr B

12. Compare and contrast the form of the solutions of these three differential
equations and their behavior as t — oo.
u&-kuzo b @:0 c @—u:O
T de? Cdi? L di?
In Exercises 13-15, use the “exponential guess” method to find the general
solution of the differential equations (A is constant).

((h + kx)j—;) =0 (h, k are constants)

13. dv —AMu=0
dx*

14. ‘ﬁ—” +2u=0
dxt

PN
dx* dx?

In Exercises 16—18, one solution of the differential equation is given. Find a
second independent solution.

16 @+2ad—u+a2u—0 () =e*
T odre dt v e
d*u du
2 3o o b
17. tﬁ+(1—2b)t5+bu—0, u](f}—t
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18 i xd—u +4x2_1u*0 u(x)icos(x)
T odx \dx ax T

In Exercises 19-21, use the indicated change of variable to solve the differential
equation.

d dR
19. —(p*=—)+4%0°R=0,  R(p)=u(p)/p
dp dp

d [ do\ 4rrp*—1
80— g e T T gy -
2 (p dp) + L2020 400 =0)/F
du du
2'— — — —t —
21, t In +ktdt + pu =0, x=Int, u(t) = v(x)

22. Solve each initial value problem. Assuming that the solution represents
the displacement of a mass in a mass-spring-damper system, as in the

text, describe the motion in words, especially the degree of damping.
d’u du
a. — +4u=0, u(0)=1, E(O):O

de?
b. dz—u+2d—u+2u:0 u(0) =1 d—u(O):l
dt? dt ’ Codt
d*u  _du du
c. E+2E+u=0, u(0) =1, E(O):l
d. dz—u+2d—u+.75u=0 u(0)=0 d—u(0}=1
dt? dt ’ Todt
Project 0.1

Sheet metal is produced by repeatedly feeding the sheet between steel rollers to
reduce the thickness. In the article “On the characteristics and mechanism of
rolling instability and chatter,” (Y-] Lin et al., J. of Manufacturing Science and
Engineering, 125 (2003) 778-786) the authors find that the distance between
rollers is well approximated by k + y, where h is the nominal output thickness
and y is the solution of the differential equation y” + 2ay’ + o2y = 0. The elas-
ticity of the sheet and the rollers provides the restoring force, and the plastic
deformation of the sheet effectively provides damping.

a. For high-speed operation, the system is under-damped. Solve the initial
value problem consisting of the differential equation and the initial condi-
tions ¥(0) = —0.001A, y'(0) = 0.

b. For an input speed of 25.4 m/s, it is observed that ¢ = 600 Hz or 1200%
radians/s and @ = 0.103¢. Using these values, obtain a graph of the solu-
tion of the problem above, over the range 0 < # < 0.02 s. How far does the
sheet move horizontally in 0.02 s.2
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¢. The damping constant « referred to in the previous exercises appears to de-
pend on v, the speed of the sheet into the rollers, according to the relation
a/o = A/v, where A is a constant. From the information given previously,
the value of A is about 2.62. Assuming that this is correct, find the speed v
at which damping is critical.

0.2 Nonhomogeneous Linear Equations

In this section, we will review methods for solving nonhomogeneous linear
equations of first and second orders,
du
— =k(Hu+ f(t
= (t)u+ f(1)
d’u du
T2 k(t)z + p(t)u = f(£).
Of course, we assume that the inhomogeneity f(t) is not identically 0. The
simplest nonhomogeneous equation is

du
i fe). (1)

This can be solved in complete generality by one integration:

u(t) = [ f(tdt +c. (2)

‘We have used an indefinite integral and have written ¢ as a reminder that there
is an arbitrary additive constant in the general solution of Eq. (1). A more
Pprecise way to write the solution is

u(t) = ft f(z)dz +c. (3)

Here we have replaced the indefinite integral by a definite integral with vari-
able upper limit. The lower limit of integration is usually an initial time. Note
that the name of the integration variable is changed from ¢ to something else
(here, z) to avoid confusing the limit with the dummy variable of integration.
The simple second-order equation

d*u

= f(t 4

—7 =) (4)
can be solved by two successive integrations.

The two theorems that follow summarize some properties of linear equa-

tions that are useful in constructing solutions.



0.2 Nonhomogeneous Linear Equations 15

Theorem 1. The general solution of a nonhomogeneous linear equation has the
form u(t) = up(t) + u.(t), up(t) is any particular solution of the nonhomoge-
neous equation and u,(t) is the general solution of the corresponding homoge-
neous equation. O

Theorem 2. If u,i(t) and up,(t) are particular solutions of a linear differen-
tial equation with inhomogeneities f1(t) and f,(t), respectively, then kyu, (t) +
kaupy is a particular solution of the differential equation with inhomogeneity
ki i(8) + ka fo(2) (ky, k; are constants). O

Example.
Find the solution of the differential equation

d*u .
- tu=1—e .

dt?

The corresponding homogeneous equation is

d*u
— tu=0,

with general solution u,(¢) = ¢ cos(t) + ¢z sin(¢) (found in Section 1). A par-
ticular solution of the equation with the inhomogeneity f,(¢t) = 1, that is, of
the equation

2u

- tu=1,

is 1 (f) = 1. A particular solution of the equation

d*u N a3
—tu=e
dr?
is up(t) = %e". (Later in this section, we will review methods for con-

structing these particular solutions.) Then, by Theorem 2, a particular solu-
tion of the given nonhomogeneous Eq. (5) is u,(t) = 1 — %e". Finally, by
Theorem 1, the general solution of the given equation is

1
u(t) =1-— Ee" + ¢1 cos(t) + ¢, sin(t).

If two initial conditions are given, then ¢; and c; are available to satisfy them.
Of course, an initial condition applies to the entire solution of the given differ-
ential equation, not just to u(t). O

Now we turn our attention to methods for finding particular solutions of
nonhomogeneous linear differential equations.



16 Chapter0  Ordinary Differential Equations

Inhomogeneity, f(t) Form of Trial Solution, u,(t)
(agt" +ait™ '+ - +a,)e™ (Agt" + Ait™ '+ 4+ A)e™
(aot" + - -+ +a,)e™ cos(Bt)+ (Apt" + -+ + A,)e™ cos(Bt)+
(bot™ + « - - + b, )e™" sin(Bt) (Bot" + -+ - + B,)e™ sin(Bt)

Table 4 Undetermined coefficients

A. Undetermined Coefficients

This method involves guessing the form of a trial solution and then finding the
appropriate coefficients. Naturally, it is limited to the cases in which we can
guess successfully: when the equation has constant coefficients and the inho-
mogeneity is simple in form. Table 4 offers a summary of admissible inhomo-
geneities and the corresponding forms for particular solution. The parameters
n, «, B and the coefficients ag, - - - , an, bo, - - - , by, are found by inspecting the
given inhomogeneity. The table compresses several cases. For instance, f () in
line 1 is a polynomial if @ = 0, or an exponential if n = 0 and @ #0. In line 2,
both sine and cosine must be included in the trial solution even if one is absent
from f(¢); bute = 0 is allowed, and so is # = 0.

Example.
Find a particular solution of
d?u

ﬁﬁ-Su:te

‘We use line 1 of Table 4. Evidently, n = 1 and @ = —1. The appropriate form
for the trial solution is

—t

up(t) = (Aot + Ar)e™".
When we substitute this form into the differential equation, we obtain
(A[)t + A — ZA())C_! A 5(A0t o A])e_t =tet,

Now, equating coefficients of like terms gives these two equations for the coef-

ficients
6A;=1 (coefficient of te™*)

6A; —2Ap=0 (coefficient of ™).

These we solve easily to find Aq = 1/6, A; = 1/18. Finally, a particular solution
is

1 1 _
up(t)= (gt+ ﬁ)e t. O

A trial solution from Table 4 will not work if it contains any term that is a so-
lution of the homogeneous differential equation. In that case, the trial solution
has to be revised by this rule:
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Revision Rule. Multiply by the lowest positive integral power of t such that no
term in the trial solution satisfies the corresponding homogeneous equation.

Example.
Table 4 suggests the trial solution u,(f) = (Aet + A;)e " for the differential
equation
d*u
dt?
However, we know that the solution of the corresponding homogeneous equa-
tion, ¥’ —u =0, is

—u=te "

u:(t) = cre' + et

The trial solution contains a term (A;e~") that is a solution of the homoge-
neous equation. Multiplying the trial solution by ¢ eliminates the problem.
Thus, the trial solution is

u,() = t{Agt + Ar)e™ = (Agt? + Art)e ™.
Similarly, the trial solution for the differential equation

. + zdu +u=te™"

—+2—tu=te

a2 dt
has to be revised. The solution of the corresponding homogeneous equation is
us(t) = cie”" + cyte". The trial solution from the table has to be multiplied
by 2 to eliminate solutions of the homogeneous equation. ]

Example: Forced vibrations.

The displacement u(t) of a mass in a mass-spring-damper system, starting
from rest, with an external sinusoidal force (see Fig. 2) is described by this
initial value problem:

Pu _.du .,
I + bE + wu = fcos(pet)

du
u(0) =0, E(O) =0

See the example in Section 1. The coefficient f; is proportional to the mag-
nitude of the force. There are three important cases.

b =0, u #w: undamped, no resonance. The form of the trial solution is
u,(t) = Acos(ut) + Bsin(ut)

Substitution and simple algebra lead to the particular solution

fo

ug(t) = ——— cos(ut)
W —
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ol
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Figure 2 Mass-spring-damper system with an external force.

(that is, B = 0). The general solution of the differential equation is

fo

u(t) = 5 =« cos(ut) + ¢y cos(wt) + ¢, sin(wt).
? —p

Applying the initial conditions determines ¢; and c,. Finally, the solution of
the initial value problem is

fo

ult) =
s

(cos(uet) — cos(wt))

b =0, W = w: resonance. Now, since w = u, the trial solution must be
revised to
uy(t) = At cos(ut) + Bt sin(ut).

Substitution into the differential equation and simple algebra gives A = 0,
B = f 0/ 2u, or

uy(t) = Zf—:t sin(pt).

The general solution of the differential equation is
u(t) = 2:f—ortsin(,uu‘} + ¢ cos(put) + ¢y sin(pet).
"

(Remember that b = 0 and @ = p.) The initial conditions give ¢; = ¢; = 0, so
that the solution of the initial value problem is
u(t) = Et sin(pt).
24
The presence of the multiplier # means that the amplitude of the oscillation is
increasing. This is the phenomenon of resonance.
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b > 0:damped motion. The ideas are straightforward applications of the
techniques developed above. The trial solution is a combination of cos(ut)
and sin(gt). Somewhat less simple algebra gives

fo

up(t) = ¢ ((* — u?) cos((ut) + ub sin(ut))

where A = (w? — u?)? + u2b2. The general solution of the differential equation
may take different forms, depending on the relation between b and w. (See
Section 1.) Assuming the under-damped case holds, we have

u(t) = % ((m2 — ,ucz) cos(ut) + ub sin(ut))
+e 72 (¢, cos(yt) + ¢y sin(yt))
for the general solution of the differential equation. Here, y = \/@? — (b/2)?
is real because we assumed under-damping,.
Applying the initial conditions gives, after some nasty algebra,
_ _Jo,a 2 _ fob o*+u?
1= A(m e Ea= Ky 3 °

Notice that, as t increases, the terms that come from the complementary
solution approach 0, while the terms that come from the particular solution
persist. These cases are illustrated with animation on the web site. O

B. Variation of Parameters

Generally, if a linear homogeneous differential equation can be solved, the cor-
responding nonhomogeneous equation can also be solved, at least in terms of
integrals.

1. First-order equations

Suppose that u.(#) is a solution of the homogeneous equation

du
— =k(t)u. 5
= (t)u (5)
Then to find a particular solution of the nonhomogeneous equation
= ku+ ), ®)

we assume that u,(t) = v(t)u.(t). Substituting u,, in this form into the differ-
ential equation (6) we have
dv du

Euc + UW = k(t)vu, + f(1). (7)
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However, u, = k(f)u., so one term on the left cancels a term on the right,

leaving
dv dv _ f(t)
—U, = t ‘ —_—= <
il L B i
The latter is a nonhomogeneous equation of simplest type, which can be
solved for v(t) in one integration.

(8)

Example.

Use this method to find a solution of the nonhomogeneous equation
au Su+t
— =5u+t.
dt

We should try the form u,(t) = v(t) - e, because e is a solution of ¢/ = 5u.
Substituting the preceding form for u,, we find

d
Y e + - 5% = 5pedt 4 t,
dt
or, after canceling 5ve™ from both sides and simplifying, we find
dv
dr

—5t

This equation is integrated once (by parts) to find

t 1
D= =z —— )=,
o) ( 5 25) i
: 5¢ 1 1
From here, we obtain u,(f) = v(t) -e” = — | =t + ; O

2. Second-order equations

To find a particular solution of the nonhomogeneous second-order equation

d*u

d
=+ k(t)d—’;' + p(t)u = f(t), 9)

we need two independent solutions, u, () and u,(t), of the corresponding ho-
mogeneous equation

d?u du

Then we assume that our particular solution has the form

up(t) = v (Duy (1) + va(uy(t), (11)
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where v; and v, are functions to be found. If we simply insert u, in this form
into Eq. (9), we obtain one complicated second-order equation in two un-
known functions. However, if we impose the extra requirement that

dvy dv;
—u + —uy, =0, (12)
a | de
then we find that
u;, = viuy + vytip + Vi) + Vo = Vi) + Vo (13)
u; = viu + vyusy + vl + vaul (14)

and the equation that results from substituting Eq. (11) into Eq. (9) becomes
v+ viu, + v (u’]’ +k(t)u) + p(t)ul) + v, (u’z’ + k(t)u) + p(t)uz) = f(1).
This simplifies further: the multipliers of v and v are both 0, because #; and
u; satisfy the homogeneous Eq. (10).
Thus, we are left with a pair of simultaneous equations
ViU + vy = 0 (12)
viu] + vjuy = f(t) (15)
in the unknowns v{ and v;. The determinant of this system is

Uy up

| = WO, (16)

the Wronskian of #; and u,. Since these were to be independent solutions of
Eq. (10), their Wronskian is nonzero, and we may solve for v|(t), and v;(¢),
and hence for v, and v,.

Example.

Use variation of parameters to solve the nonhomogeneous equation
d*u b
— + u = cos(wt).
dt?

Assume a solution in the form
up(t) = vy cos(t) + vy sin(t),

because sin(t) and cos(t) are independent solutions of the corresponding ho-
mogeneous equation #” + # = 0. The assumption of Eq. (12) is

v} cos(t) + vy sin(z) = 0. (17)



22 Chapter 0  Ordinary Differential Equations
Then our equation reduces to the following, corresponding to Eq. (15):
—v) sin(t) + v} cos(t) = cos(wt). (18)
Now we solve Egs. (17) and (18) simultaneously to find
v} = —sin(t) cos(wt), v} = cos(t) cos(wt). (19)
These equations are to be integrated to find v} and v, and then u,(t). O

Finally, we note that v,(t) and v,(t) can be found from Egs. (12) and (15)
in general:
u f u f

v = ——, vy = —. (20)
w w
Integrating these two equations, we find that
B uy(t) f(1) _ [ wm)f(@)
v (t) = W) dt, vy(t) = W) (21)

Now, Eq. (11) may be used to form a particular solution of the nonhomoge-
neous equation (9).
We may also obtain v, and v, by using definite integrals with variable upper

limit:
__ [fu2) f(2) _ [T w(2)f(2)
v (t) = L—W(Z) dz, uz(t)_f'o W@ dz. (22)

The lower limit is usually the initial value of t, but may be any convenient
value. The particular solution can now be written as

uy(z) f(z) "uy(z) f(z
up(t) = —uy(t )fo W) ——————dz + u(t) WE)

[

Furthermore, the factors u,(t) and u,(t) can be inside the integrals (which are
not with respect to t) and these can be combined to give a tidy formula, as
follows.

Theorem 3. Let u,(t) and u,(t) be independent solutions of
d*u
dt?

with Wronskian W(t) = u;(t)uy(t) — uy(t)u|(t). Then

du
+k(t);+p(t)u=0 (H)

uy(t) = fl G(t,z) f(z)dz

fo
is a particular solution of the nonhomogeneous equation
d*u
dt?

= f(1). (NH)
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where G is the Green’s function defined by

Glt, 2) = ul(Z)uz(t?M?zt)tz(Z)ul(t) _ (23)

EXERCISES

In Exercises 1-10, find the general solution of the differential equation.

1 d—u+a(u—T)—0 2 d—u+au—e‘”

" dt - " dt -

u e dzu
3. E—Hm:e i 4. ﬁ+u=cos(wt) (w #1)
u d*u 2
5.ﬁ+u—cos(t) G-E—)’(M—U)—O
(U, y? are constants)

7 d2u+3du+2 = cosh(t) 8 L@, 1

A T “rar\Var )"
9 110 [Cqdd =-1 10 @——1

T p2dp 4 dp) Tdr

11. Let h(t) be the height of a parachutist above the surface of the earth. Con-
sideration of forces on his body leads to the initial value problem for h:

e SR
dr a8
dh

h(O) = ho,  Z2(0) =0.

(M = mass, g = acceleration of gravity, K = parachute constant.) Solve
the problem, taking g = 32 ft/s? and K /M = 0.1/s.

12. Expand Table 4 by writing out the Inhomogeneity and Form of Trial So-
lution for these common special cases.
Line 1 of Table 4:

a n=0, a#0
b. n#0, =0
Line 2 of Table 4:
¢ n=0, a=0, 8#0

d. n=0, o #0, 8 #0

In Exercises 13-19, use variation of parameters to find a particular solution of
the differential equation. Be sure that the differential equation is in the correct
form.
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du
13. —tau=e % u(t)=e™

dt
du
14, tE =—1 Mc(t) =1
dy i
15. e tan(x);  y1(x) = cos(x), ya(x) = sin(x)
A’y . -
16. S2+y=sin(); 500 =cos(x), e = sin(x)
d*u
17. ﬁ =—1; ul(t) = 1; u2(t) =t
1d du
18. ;E(ra) =_1; M](r)z I:MZ(r)zln(r)
d*u  du
2 e _ -
19. tﬁ'f'tﬁ—u—l, ul(t)_tau.'l(t)_l/t

In Exercises 20—22, use Theorem 3 to develop the formula shown for a partic-
ular solution of the differential equation.

d%u

1 t
20. I +y2u= f(t), up(t) = ;./o sin(y (t — 2)) f(2)dz

d*u  du 1 [t
R = —ut — —a(t—z)
21. Tz te— e}, up(t) afo (1—e ) f(z)dz

22 dzu 2 £ = 1 i . h d
g Y= f@), w0 = ;fo sinh(y (t — 2)) f (2)dz
Project 0.2

In “Model for temperature estimation of electric couplings suffering heavy
lightning currents” (A.D. Polykriti et al., IEE Proceedings—Generation, Trans-
mission and Distribution, 151 (2004) 90-94), the authors model the tempera-
ture rise above ambient in a coupling with this initial value problem:

pci—f =i*(t)R(1 +aT), T(0)=0.

Parameters: p is density, ¢ is specific heat, i(¢) is the current due to a light-
ning strike, R is the resistance of the coupling at ambient temperature, and the
factor (1 + aT) shows how resistance increases with temperature.

a. Simplify the differential equation algebraically to get

ar ., B
E_Kl ®@B+T), TO)=0

and identify g and K in terms of the other parameters.
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b. The authors model the lightning current with the function i(t) =
Luax(e™* —e™#)/n, where n is a factor to make I, the actual maximum.
Obtain graphs of this function and the simpler function i(t) = I,..e ™™,
using these values: I, = 100 kA, n = 0.93, A = 2.1, u = 150. The unit
for time is milliseconds. Graph for ¢ from 0 to 2 ms, which is the range of

interest.

c. Solve the initial value problem using the simpler function for current.
(Don’t forget to square.) Graph the result for ¢ from 0 to 2 ms, using
B =0.26and K = 13.

0.3 Boundary Value Problems

A boundary value problem in one dimension is an ordinary differential equa-
tion together with conditions involving values of the solution and/or its deriv-
atives at two or more points. The number of conditions imposed is equal to
the order of the differential equation. Usually, boundary value problems of
any physical relevance have these characteristics: (1) the conditions are im-
posed at two different points; (2) the solution is of interest only between those
two points; and (3) the independent variable is a space variable, which we shall
represent as x. In addition, we are primarily concerned with cases where the
differential equation is linear and of second order. However, problems in elas-
ticity often involve fourth-order equations.

In contrast to initial value problems, even the most innocent looking bound-
ary value problem may have exactly one solution, no solution, or an infinite
number of solutions. Exercise 1 illustrates these cases.

When the differential equation in a boundary value problem has a known
general solution, we use the two boundary conditions to supply two equations
that are to be satisfied by the two constants in the general solution. If the dif-
ferential equation is linear, these are two linear equations and can be easily
solved, if there is a solution.

In the rest of this section we examine some physical examples that are natu-
rally associated with boundary value problems.

Example: Hanging cable.
First we consider the problem of finding the shape of a cable that is fastened
at each end and carries a distributed load. The cables of a suspension bridge
provide an important example. Let u(x) denote the position of the centerline
of the cable, measured upward from the x-axis, which we assume to be hori-
zontal. (See Fig. 3.) Our objective is to find the function u(x).

The shape of the cable is determined by the forces acting on it. In our analy-
sis, we consider the forces that hold a small segment of the cable in place. (See
Fig. 4.) The key assumption is that the cable is perfectly flexible. This means
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Figure 3 The hanging cable.

iy

f(x)Ax

Figure4 Section of cable showing forces acting on it. The angles are o = ¢(x),

B =¢(x+ Ax).

that force inside the cable is always a tension and its direction at every point is
the direction tangent to the centerline.

We suppose that the cable is not moving. Then by Newton’s second law,
the sum of the horizontal components of the forces on the segment is 0,
and likewise for the vertical components. If T(x) and T(x + Ax) are the
magnitudes of the tensions at the ends on the segment, we have these two
equations:

T(x + Ax) cos(¢p(x + Ax)) — T(x)cos(¢p(x)) =0 (Horizontal) (1)

T(x+ Ax) sin(¢p(x + Ax)) — T(x) sin(¢(x)) — f(x)Ax =0 (Vertical) (2)

In the second equation, f(x) is the intensity of the distributed load, measured

in force per unit of horizontal length, so f (x) Ax is the load borne by the small
segment.

From Eq. (1) we see that the horizontal component of the tension is the
same at both ends of the segment. In fact, the horizontal component of tension
has the same value—call it H—at every point, including the endpoints where
the cable is attached to solid supports. By simple algebra we can now find the
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Figure 5 A curve and its tangent line, showing that tan(¢) = dy/dx.

tension in the cable at the ends of our segment,

T( +A)—iH T()——H
& = cos(p(x + Ax))’ = cos(¢p(x))’
and substitute these into Eq. (2), which becomes
H : H ; _
m sm(q}(x 4 Ax)) . m sm(qb(x)) = f(x)Ax =0

or
H(tan(¢(x + Ax)) — tan(¢p(x))) — f(x)Ax = 0.

Before going further we should note (Fig. 4) that ¢(x) measures the angle
between the tangent to the centerline of the cable and the horizontal. As the
position of the centerline is given by u(x), tan(¢(x)) is just the slope of the
cable at x. From elementary calculus we know (see Fig. 5)

d
tan(g (x)) = d—Zm.

Substituting the derivative for the slope and making some algebraic adjust-
ments, we obtain

H/'(x+ Ax) — ' (x)) = f(x)Ax.
Dividing through by Ax yields

u(x+Ax) —u'(x)
H " = fi(x).

In the limit, as Ax approaches 0, the difference quotient in the left member
becomes the second derivative of 1, and the result is the equation

d*u
HES = fx), (3)
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which is valid for x in the range 0 < x < a, where the cable is located. In
addition, u(x) must satisfy the boundary conditions

u(0) = hy, u(a) = h,. (4)

For any particular case, we must choose an appropriate model for the load-
ing, f(x). One possibility is that the cable is hanging under its own weight of
w units of weight per unit length of cable. Then in Eq. (2), we should put

f( T ASA
X x—wa 2

where s represents arc length along the cable. In the limit, as Ax approaches
0, As/Ax has the limit

I As f (d w\?

axmo Ax dx) -

Therefore, with this assumption, the boundary value problem that determines
the shape of the cable is

Wby @)2 0 (5)
dx2 H dx )’ i
u(0) = hy, u(a) = h,. (6)

Notice that the differential equation is nonlinear. Nevertheless, we can find its
general solution in closed form and satisfy the boundary conditions by appro-
priate choice of the arbitrary constants that appear. (See Exercises 4
and 5.)

Another case arises when the cable supports a load uniformly distributed in
the horizontal direction, as given by

f(x)Ax = wAx.

This is approximately true for a suspension bridge. The boundary value prob-
lem to be solved is then

du  w

—_— =, O0<x<a

dx* H

u(0) = hy, u(a) = h,. (7)

The general solution of the differential equation (7) can be found by the
procedures of Sections 1 and 2. It is

u(x) = (%) x2+cyx+c,



0.3 Boundary Value Problems 29

X A+ Ax

Figure 6a Cylinder of heat-conducting material.

alx+ax, Y

b

Figure 6b Section cut from heat-conducting cylinder showing heat flow.
where ¢, and c; are arbitrary. The two boundary conditions require
M(O) = ho S Cy = hg

ula)=hy: (%) a’+cia+cy=h.

These two are solved for ¢, and c; in terms of given parameters. The result,
after some beautifying algebra, is

u(x) = % (x* —ax) + hl;ho

x + hy. (8)
Clearly, this function specifies the cable’s shape as part of a parabola opening
upward. O

Example: Heat conduction in a rod.

A long rod of uniform material and cross section conducts heat along its ax-
ial direction (see Fig. 6a). We assume that the temperature in the rod, u(x),
does not change in time. A heat balance (“what goes in must come out”) ap-
plied to a slice of the rod between x and x + Ax (Fig. 6b) shows that the heat
flow rate q, measured in units of heat per unit time per unit area, obeys the
equation

q(x)A+g(x)AAx = q(x+ Ax)A (9)
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in which A is the cross-sectional area and g is the rate at which heat enters the
slice by means other than conduction through the two faces. For instance, if
heat is generated in the slice by an electric current I, we might have

g(x)AAx = I’RAx (10)

where R is the resistance of the rod per unit length. If heat is lost through
the cylindrical surface of the rod by convection to a surrounding medium at
temperature T, then g(x) would be given by “Newton’s law of cooling,”

g(x)AAx = —h(u(x) — T)CAx, (11)

where C is the circumference of the rod and / is the heat transfer coefficient.
(This minus sign appears because, if u(x) > T, heat actually leaves the rod.)
Equation (9) may be altered algebraically to read

q(x + Ax) — q(x) _

e g(x),
and application of the limiting process leaves
dq
— = : 12
P g(x) (12)

The unknown function u(x) does not appear in Eq. (12). However, a well-
known experimental law (Fourier’s law) says that the heat flow rate through a
unit area of material is directly proportional to the temperature difference and
inversely proportional to thickness. In the limit, this law takes the form

_du (13)
q=—K=".
The minus sign expresses the fact that heat moves from hotter toward cooler
regions.
Combining Eqs. (12) and (13) gives the differential equation

d*u

=K
dx?

= g(x), 0<x<a, (14)

where a is the length of the rod and the conductivity « is assumed to be con-
stant.

If the two ends of the rod are held at constant temperature, the boundary
conditions on # would be

u(0) = Ty, u(a) =T,. (15)



0.3 Boundary Value Problems 31

On the other hand, if heat were supplied at x = 0 (by a heating coil, for in-
stance), the boundary condition there would be

du
—xA—(0) = H, (16)
dx
where H is measured in units of heat per unit time.

Example.
As an example, we solve the problem

d*u ¢
—Kﬁ = —hu(x)z, O<x<a (17)
u(0) = To, u(a) = Tp. (18)

(Physically, the rod is losing heat to a surrounding medium at temperature 0,
while both ends are held at the same temperature Tp.) If we designate u? =
hC/k A, the differential equation becomes

d*u

——,u2u=0, 0O<x<a,

dx?

with general solution
u(x) = ¢y cosh(ux) + 5 sinh(ux).

Application of the boundary condition at x = 0 gives c; = Tp; the second
boundary condition requires that

u(a) = Ty: Ty = Ty cosh(ua) + ¢, sinh(ua).
Thus c; = Ty(1 — cosh(wa))/ sinh(pa) and

u(x) = Tp (cosh(,ux) + l—.coish(y,a)

D sinh(ux)) . O

It should be clear now that solving a boundary value problem is not sub-
stantially different from solving an initial value problem. The procedure is (1)
find the general solution of the differential equation, which must contain some
arbitrary constants, and (2) apply the boundary conditions to determine val-
ues for the arbitrary constants. In our examples the differential equations have
been of second order, causing the appearance of two arbitrary constants, which
are to be determined by the boundary conditions.

The next example is somewhat different in spirit from the others. Instead of
just finding the solution of a boundary value problem, we will be looking for
parameter values that permit the existence of solutions of special form.
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P

i

Figure 7 Column carrying load P.

Figure 8 Section of column showing forces and moments.

Example: Buckling of a column.

A long, slender column whose bottom end is hinged carries an axial load as
shown in Fig. 7. The upper end of the column can move up or down but not
sideways. The displacement of the column’s centerline from a vertical reference
line is given by u(x). If the column were cut at any point x, an upward force
P and a clockwise moment Pu(x) would have to be applied to the upper part
to keep it in equilibrium (see Fig. 8). This force and moment must be supplied
by the lower part of the column.
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It is known that the internal bending moment (positive when counter-
clockwise) in a column is given by the product
i d*u
dx?
where E is Young’s modulus and I is the moment of inertia of the cross-
sectional area. (The moment I = b*/12 for a column whose cross section is a
square of side b.) Thus equating the external moment to the internal moment
gives the differential equation

ElI— =—Pu, O<x<a (19)

which, together with the boundary conditions
u(0) =0, u(a) =0, (20)

determines the function u(x).
In order to study this problem more conveniently, we set

i —)2
EI g
so that the differential equation becomes

2

du
— +Afu =0, 0<x<a. (21)
dx?

Now, the general solution of this differential equation is
u(x) = c; cos(rx) + ¢, sin(Ax).

As u(0) = 0, we must choose ¢; = 0, leaving u(x) = ¢, sin(Ax). The second
boundary condition requires that

u(a) = 0: ¢y sin(Aa) = 0.

If sin(Aa) is not 0, the only possibility is that c; = 0. In this case we find that
the solution is
u(x) =0, 0<x<a.

Physically, this means that the column stands straight and transmits the load
to its support, as it was probably intended to do.

Something quite different happens if sin(Aa) = 0, for then any choice of
¢, gives a solution. The physical manifestation of this case is that the column
assumes a sinusoidal shape and may then collapse, or buckle, under the axial
load. Mathematically, the condition sin(Aa) = 0 means that Aa is an integer
multiple of 7, since sin(7) = 0, sin(27) = 0, etc., and integer multiples of &
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are the only arguments for which the sine function is 0. The equation Aa = =,
in terms of the original parameters, is

P —
‘fEIa-n.

It is reasonable to think of E, I, and a as given quantities; thus it is the force

P:E{(%)z.

called the critical or Euler load, that causes the buckling. The higher critical
loads, corresponding to Aa = 2w, Aa = 37, etc., are so unstable as to be of no
physical interest in this problem. O

The buckling example is one instance of an eigenvalue problem. The gen-
eral setting is a homogeneous differential equation containing a parameter 4
and accompanied by homogeneous boundary conditions. Because both dif-
ferential equations and boundary conditions are homogeneous, the constant
function 0 is always a solution. The question to be answered is: What values
of the parameter A allow the existence of nonzero solutions? Eigenvalue prob-
lems often are employed to find the dividing line between stable and unstable
behavior. We will see them frequently in later chapters.

EXERCISES

1. Of these three boundary value problems, one has no solution, one has
exactly one solution, and one has an infinite number of solutions. Which

is which?
d*u

a. s +u=0, u(0) =0, u(r)=0
dx?

b. Z:; +u=1, u(0) =0, u(l)=0
d*u

c. +u=0, u(0) =0, u(mr) =1

dx?
2. Find the Euler buckling load of a steel column with a 2 in. x 3 in. rectan-

gular cross section. The parameters are E = 30 x 10° Ib/in?, I = 2 in®,
a=10ft

3. Find all values of the parameter 2 for which these homogeneous boundary
value problems have a solution other than u(x) = 0.

d2“+}.2u 0 u(0) =0 du(a) 0
a — =0, =:{; B — —
dx? dx

d*u du
b.

i +A*u=0, E(O)=0. u(a) =0
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d*u du du
. —— +Au=0 —(0)=0 —(@)=0
e T3 A u=0, dx() , dx(a)

Verify, by differentiating and substituting, that
1
u(x) = ¢’ + — cosh(u(x + c))
m

is the general solution of the differential equation (5). (Here u = w/T.
The graph of u(x) is called a catenary.)

Find the values of ¢ and ¢’ for which the function u(x) in Exercise 4 satis-
fies the conditions
u(0) = h, u(a) =h.
A beam that is simply supported at its ends carries a distributed lateral
load of uniform intensity w (force/length) and an axial tension load T
(force). The displacement u(x) of its centerline (positive down) satisfies
the boundary value problem here. Find u(x).
du T w Lx —x?

—_—— — = —_-—— 3 0 L
2 EI" EI 2 =x=

u(0) =0, u(L)=0

The temperature u(x) in a cooling fin satisfies the differential equation

2
%:i—i(u—ﬂ, D<x<a
and boundary conditions
d
u(0) =Ty,  —rr(a)=h(u(a) - T).
dx

That is, the temperature at the left end is held at Ty > T, while the surface
of the rod and its right end exchange heat with a surrounding medium at
temperature T. Find u(x).

Calculate the limit as a tends to infinity of #(x), the solution of the prob-
lem in Exercise 7. Is the result physically reasonable?
In an electrical heating element, the temperature u(x) satisfies the bound-
ary value problem that follows. Find u(x).

d*u  hC I?R

E:J(M—T)—H, O<x<a

u(0) =T, ul@)=T
Verify that the solution of the problem given in Egs. (17) and (18) can also
be written as follows, with %> = Ch /Ak.
cosh (u(x —a/2))

BE =0 cosh(ua/2)
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v

Figure 9 Poiseuille flow.

(Poiseuille flow) A viscous fluid flows steadily between two large paral-
lel plates so that its velocity is parallel to the x-axis. (See Fig. 9.) The x-
component of velocity of the fluid at any point (x, y) is a function of y
only. It can be shown that this component u(x) satisfies the differential
equation

du g 5 i

ey
where p is the viscosity and —g is a constant, negative pressure gradi-
ent. Find u(y), subject to the “no-slip” boundary conditions, u(0) = 0,
u(L)=0.

If the beam mentioned in Exercise 6 is subjected to axial compression,
instead of tension, the boundary value problem for u(x) becomes the one
here. Solve for u(x).

d*u P w Lx —x?

E-’-H!‘:_E T O<x<L, u(0)=0 u(L)=0

For what value(s) of the compressive load P in Exercise 12 does the prob-
lem have no solution or infinitely many solutions?

If a beam of uniform cross section is simply supported at its ends and
carries a distributed load w(x) along its length, then the displacement
u(x) of its centerline satisfies the boundary-value problem

du_wio
dxt*~ EI’
u(0) =0, u”"(0) =0, u(a) =0, u”(a) = 0.

D<x<a
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(Here, E is Young’s modulus and I is the second moment of the cross
section.) Solve this problem if w(x) = wy, constant.

If the beam of Exercise 14 is built into a wall at the left end and is unsup-
ported at the right end, the boundary conditions become

u(0) =0, u'(0) =0, u”(a) =0, uw(a) =0.

Solve the same differential equation subject to these conditions.
The pressure p(x) in the lubricant under a plane pad bearing satisfies the
problem
d d
E(xsﬁ):—K, a<x<b,
pla) =0, p(b) =0.

Find p(x) in terms of a, b and K (constant). Hint: the differential equa-
tion can be solved by integration.

Project 0.3

In “An improved transmission line structure for contact resistivity measure-
ments,” (L.P. Floyd, et al., Solid-State Electronics 37 (1994) 1579-1584), a long
strip of width W is carrying a current Iy; a second strip of width L is placed at
right angles to the first. The contact, whose resistivity p is being considered, is
the L by W area between the two strips. These differential equations describe
the voltage and current in the two strips:

i R

= wh =

dV, Ry

—t=_"°I 2

In s (2)

dI w

d—l = ——(Vl == V2) (3)
x P

dI w

d—z = ——(V; = V) (4)
x )

LO)=1, L(L)=1I (5)

The x-axis runs from 0 to L across the second strip and along the first.

a.

Find a justification in the differential equations for saying that I, (x)+ I,(x)
is constant (does not vary with x). Why is the value of this sum I?

Find a differential equation for I, alone: differentiate Eq. (4); substitute
Egs. (1) and (2) into the result; replace I; using the relation from Part a.
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c. Solve the differential equation found above subject to appropriate condi-
tions at x = 0 and x = L. To get the boundary conditions, use Eq. (5) and
the result of Part a.

d. Use I,(x) as found above and Eq. (2) to find V5(L) — V5(0).
Project 0.4

a. Describe a physical problem that this boundary value problem could
model. Be sure to account for every term and every condition.

u” — 25u = —500
u'(0) =0, u(l)=100
b. Solve the problem and graph the solution.

c. How would each of these changes to the boundary value problem alter the
graph of the solution? Sketch what you think the altered graph would look
like. Answer first on the basis of your understanding of the physics, then
check by finding and graphing the solution.

(1) u(0) = 20 instead of '(0) = 0

(i1) wu(1) = 200 instead of u(1) = 100
(iii) u” — 25u = O instead of " — 25u = =500
(iv) u" —u = —20instead of u” — 25u = —500

0.4 Singular Boundary Value Problems

A boundary value problem can be singular in two different ways. In one case,
an end point of the interval of interest is a singular point of the differential
equation. In the other, the interval is infinitely long.

A. Regular Singular Point
Recall that a point x; is a (regular) singular point of the differential equation
u’ + k(x)u'+ p(x)u= f(x)
if the products
(x —xo)k(x),  (x —x0)*p(x)

both have Taylor series expansions centered at xg, but either k(x) or p(x) or
both become infinite as x — x. For example, the point x; = 1 is a regular
singular point of the differential equation

(1=x)u" +u' +xu=0.
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In standard form, the equation is

1
u’ + u +
1—x 1—x

Since both

k(x) = and p(x) = %

1—x
become infinite at x = 1, but (x — 1)k(x) and (x — 1)?p(x) both have Taylor
series expansions about the center x = 1, the point xg = 1 is a regular singular
point. Another convenient example is provided by the Cauchy-Euler equation
of Section 1, which has a regular singular point at the origin.

This situation typically arises when a boundary point is a mathematical
boundary without being a physical boundary. For instance, a circular disk of
radius ¢ may be described in polar (r, ) coordinates as occupying the region
0 < r < c. The origin, at r = 0, is a mathematical boundary, yet physically
this point is in the interior of the disk.

At a singular point, one cannot specify a value for u(x,), the solution of the
differential equation, or for its derivative. However, it is usually necessary to
require that both u(xp) and #/(xy) be finite, or bounded. Tacitly, we always
require that the solution and its derivative be finite at every point of the inter-
val where we are solving a differential equation. But when a singular point is
a boundary point of that interval, we enforce the condition explicitly. In the
example that follows we shall see how these conditions act so as to make the
solution of a boundary value problem unique.

Example: Radial heat flow.

Suppose a long cylindrical bar, surrounded by a medium at temperature T,
carries an electrical current. If heat flows in the radial direction much faster
than in the axial direction, the temperature u(r) in the rod may be described
by the problem

1d du _ g i 0
rar\dr)” : =HEE

u(c)=T. (2)

Here, c is the radius of the rod, r is a polar coordinate, and H (constant) is
proportional to the electrical power being converted into heat.

In this problem, only the physical boundary condition has been noted. The
mathematical boundary r = 0 is a singular point, as is clear from the differen-
tial equation in the form

dz_u+ld_u—_H
dr2 rdr ’
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Thus, at this point we will require that u and du/dr be finite:
u(0), u’'(0) finite. (3)

Now the differential equation (1) is easy to solve. Multiply through by r and
integrate once to find that
du Hr2 "
r—=—H—+¢.
dr %
Divide through this equation by r and integrate once more to determine that

.‘

u(r) = —H% +cyIn(r) + ca.

Application of the special condition, that 1(0) and #'(0) be finite, immediately
tells us that ¢; = 0; for both In(r) and its derivative 1/r become infinite as r
approaches 0.

The physical boundary condition, Eq. (2), says that

c?
u(c)=—H—+¢,=T.
4

Hence, ¢; = Hc?/4 + T, and the complete solution is
2 2
c“—rt
u(r) = H% +T. (4)
a
From this example, it is clear that the “artificial” boundary condition,
boundedness of u(r) at the singular point r = 0, works just the way an or-
dinary boundary condition works at an ordinary (not singular) point. It gives
one condition to be fulfilled by the unknown constants ¢, and ¢,, which are
then completely determined by the second boundary condition.

B. Semi-Infinite and Infinite Intervals

Another type of singular boundary value problem is one for which the inter-
val of interest is infinite. (Of course, this is always a mathematical abstraction
that cannot be realized physically.) For instance, on the interval 0 < x < oc,
sometimes called a semi-infinite interval, as it does have one finite endpoint, a
boundary condition would normally be imposed at x = 0. At the other “end,”
no boundary condition is imposed, because no boundary exists. However, we
normally require that both u(x) and u'(x) remain bounded as x increases. In
precise terms, we require that there exist constants M and M’ for which

|u(x)] < M and |u'(x)] < M’

are both satisfied for all x, no matter how large. We never identify M or M/,
and the entire condition is usually written

u(x) and u'(x) bounded as x — oc.



0.4 Singular Boundary Value Problems 41

Example: Cooling fin.

A long cooling fin has one end held at a constant temperature T; and exchanges
heat with a medium at temperature T through convection. The temperature
u(x) in the fin satisfies the requirements

d*u  hC
‘-;;Z-—K—A-(M—T). 0<x (5)
u(0) =T, (6)

(see Section 3). As the problem has been posed for a semi-infinite interval
(because the fin is very long and, perhaps, to mask our ignorance of what is
happening at the other physical end), we must also impose the condition

u(x), u'(x) bounded as x — o0. (7)
Now, the general solution of the differential equation (5) is
u(x) = T + ¢; cosh(ux) + ¢3 sinh(ux),
where y = \/hC/k A. The boundary condition at x = 0 requires that
u)=T:T+c, =Tp.
The boundedness condition, Eq. (7), requires that
€= —C1.

The reason for this is that of all the linear combinations of cosh and sinh, the
only one that is bounded as x — oc¢ is

cosh(px) — sinh(pux) = e ¥,
and its constant multiples. The final solution is easily found to be
u(x) =T+ (Ty — T)(cosh(pex) — sinh(pux)). O

Satisfying the boundedness condition in the example would have been simpler
if we had expressed the general solution of the differential equation (5) as

X —px

u(x) =T +cie"* + che

We would have seen immediately that choosing ¢| = 01is the only way to satisfy
the boundedness condition. We summarize the observation as a rule of thumb:
the solution of

du 0

— —pu=

a2z

on an interval [ is best expressed as

ol ¢, cosh(px) + ¢, sinh(ux), if I is finite,
WX =1 ¢ em + crenx, if I is infinite.
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EXERCISES

1%

Put each of the following equations in the form
W'+ ku'+ pu=f

and identify the singular point(s).

li( ﬂ)_ b i((l 2)@)_0
a'rdr rdr E T dx o dx)
¢ 4 (sin(¢)d“)—sin(¢)u d e (pzdu) = —2%u
" d¢ d¢ " prdp \" dp

. The temperature u in a large object having a hole of radius ¢ in the middle

may be said to obey the equations

li rﬂ)—o risic
rdr\'dr)

u(c)= T

Solve the problem, adding the appropriate boundedness condition.

. Compact kryptonite produces heat at a rate of H cal/s cm®. If a sphere

(radius ¢) of this material transfers heat by convection to a surrounding
medium at temperature T, the temperature u(p) in the sphere satisfies the
boundary value problem (p is distance to the center of the sphere)

1 d ,du —H 0
—— — ) =— <p<
ptdp 5 dp K L= 6

du
—k——(c) =h(u(c) = T).
dp
Supply the proper boundedness condition and solve. Find the temperature
at the center of the sphere as a function of the parameters.

(Critical radius) The neutron flux u in a sphere of uranium obeys the dif-

ferential equation
Al d Sdu
2 (= )+ (k=-1Au=0
3p*dp (p dp) : s

in the range 0 < p < a, where % is the effective distance traveled by a
neutron between collisions, A is called the absorption cross section, and k is
the number of neutrons produced by a collision during fission. In addition,
the neutron flux at the boundary of the sphere is 0. Make the substitution
u=v/pand3(k — 1)A/A = pu?, and determine the differential equation
satisfied by v(p). See Section 0.1, Exercise 19.
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5. Solve the equation found in Exercise 4 and then find u(p) that satisfies the
boundary value problem (with boundedness condition) stated in Exercise
4. For what radius a is the solution not identically 0?

6. Inside a nuclear fuel rod, heat is constantly produced by nuclear reaction.
A typical rod is about 3 m long and about 1 cm in diameter, so temperature
variation along the length is much less than along a radius. Thus, we treat
the temperature in such a rod as a function of the radial variable alone.
Find this temperature u(r), which is the solution of the boundary value

problem
ld(rdu)— g O<r<a
rdr \ dr) &’

u(a) = Ty.

7. For the problem of Exercise 6, find the temperature at the center of the rod,
1(0), using these values for the parameters: a = 0.5 cm, the power density
g = 418 W/cm® = 100 cal/s cm?, conductivity ¥ = 0.01 cal/s cm °C, and
the surface temperature Ty = 325 °C.

8. J. Wen et al. (“An analytic solution for non-Darcian flow in a confined
aquifer using the power law function,” Advances in Water Resources 31
(2008) 44-55) solve modifications of the nonlinear equation

n—1

3% nds ds\ n ds
—+-——=K|— —, ry<r, 0<t
orZ2  ror (Br) ot
where r is horizontal distance from a well, s (r, t) is the “drawdown” (ver-
tical distance the water table is decreased by the well), K is a complicated
constant, 7 is a number between 1 and 2, and r,, is the radius of the well.
Even with dramatic simplifications the equation is difficult. However,
after a sufficient time, the drawdown s(r, t) may stabilize and not change
much with increasing ¢. This limiting value is called a steady-state solution
of the equation, which becomes
d*s nds

dr2 ' rdr =0 Tt

if ds/dt is 0.
Solve this equation subject to the boundary conditions

s(r)y—>0asr — 00

ds( )= 1( Q )”
T Ty 2amry )

The second condition relates the slope of the drawdown surface to Q, the
pumping rate of the well and m, the depth of the well in the confined
aquifer.
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Chapter Review

See the website for review questions.

Miscellaneous Exercises

In Exercises 1 to 15, solve the given boundary value problem, supplying bound-
edness conditions where necessary.

duv
i 1 >—yu=0 0<x<a
x2
u0) =T, wu(a)=T
d*u .
2. 7 -—r=0, 0<x<a (ris constant)
X2
d
w(0) =Ty, “——(a)=0
dx
3. 910 o
-T2 =0 d<x<n
u©0) =Ty, ==(a)=0
dx
d*u .
4. >—yu=0 0<x<a
dx?
du
—(0)=0, u(a)=T
dx
S5 ld(rdu)- D<r<a
" ordr =) B
u(a) =0
. 1d ( du) i b
- T3 rdr =0, a<r<

u(a) =Ty, ulb)=T

. 1 d ( 2du) H o
e — )} =-H, <p<a
p2dp \” dp P

u(a) =To
8 1d du)_o
s === ) =6, a<r <oo

ula)=T
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d*u 5
E—y(u—T):O, O<x<a

du
H(O) =0, u(a)=T

d*u 2% —0 0

— —y*u =0, <X <00
dx? d

u(0)=T

d2

ﬁ:yz(u—TO), 0<x<o0
u(0) =T

d
— (xsﬂ) =—k, a<x<b (kis constant)
dx dx

u(a) =0, u(b)=0 (Note: 0 <a.)

In this problem, 4 is the groundwater level between two trenches in which
water is held at constant levels and e is a constant. Solve for k(x). Note that
the equation is nonlinear.

4 hdh +e=0 0
el e =0, <x<a

h(0) =hy,  h(a)=Hh
4

u ;
Solve for u(x). F =w, 0<x<a (w is constant)
x
2 2

d*u d*u
u(0)=0, u(a)=0, E(o):o, @(a):o

4

d
Solve for u(x). Note the interval. e =w, O0<x<oo(wis

& k
—u
dx* EI
constant)

2

d’u
u(0) =0, ﬁ(o) =0

Show that any two of the four functions sinh(ix), sinh(A(a — x)),
cosh(Ax), cosh(A(a — x)) are independent solutions of the differential
equation
¢If . }\.2 ¢ =0.
In this problem, u is the temperature in a wall composed of two sub-
stances. Find u(x).
d’u
dx?
M(O) = Tb’ M(ll) = Tl

=0, 0O<x<aa and va <x <a
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du

d
K —(aa—) =:Ql(am+)

dx dx
ulaa=) = ulaa+)

The last two conditions say that the heat flow rate and the temperature
are both continuous across the interface at x = wa.

Find the general solution of the differential equation

1.4 (2% +ku=0
xzdx(x dx -

for the cases k = A% and k = —p?%. (Hint: let u(x) = v(x)/x and find the
equation that v(x) satisfies.)

Find the solution of the boundary value problem

X d Xdu -
eﬂ(edx)_ 1; 0O<x<a
u(0) =0, u(a) =0.

Solve the boundary value problem

ld (du)
;Z(r;)-—r, O<r<a

u(0) bounded and u(a) = 0.
Solve the differential equation

d’u
dx?

= plu, O<x<a

subject to the following sets of boundary conditions.
a. u(0)=0, uwu(a)=1

b. w(0)=1, wu(a)=0

c. W'(0)=0, ua)=1

d. u(0)=1, u'(a)=0

e. W'(0)=1, wW'(a)=0

f. ' (0)=0. u'(a)=1

Solve the integro-differential boundary value problem

d*u 5 1
’=y‘(u~fu(x)dx). 0<x <1
dx' 0
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du
E(O)-O. u(l):= T.

Hint: Look for a solution in the form
u(x) = Acosh(yx) + Bsinh(yx) + C.

Find a second independent solution of the following differential equation.
One solution is given in parentheses.

d*u 2x du+ 2
dx?2 1—=x¥dx 1-x

~u=0 (u=x)

Each function below is the general solution of a linear, homogeneous dif-
ferential equation with constant coefficients. Find the characteristic poly-
nomial and the differential equation.

a. acos(2x) + bsin(2x)

&

Cle—ll g cze*l'
ce—
a cosh(2x) + b sinh(2x)

c1e”" cos(3t) + coe ' sin(3t)

&

cre 2 +cyte™H

I

R omoe

c) +cat

The absolute temperature u(x) in a cooling fin that radiates heat to a
medium at absolute temperature T obeys the differential equation u” =
y*(u* — T*). Solve the special version in the boundary value problem that
follows, which can be done in closed form.

d*u
dx?

u(0) =U, lim u(x)=0
X—00

= y2ut, 0 < x,

A uniform, straight shaft exhibits violent behavior at certain frequencies
of rotation. Let the x-axis between 0 and a represent the undeflected cen-
terline of the shaft, and let u(x) be the displacement of the actual cen-
terline of the shaft measured from the x-axis. Centrifugal force provides
a transverse loading on the shaft when u is not identically equal to zero.
The equation for the displacement is

d'u 0w

Tk Elgu=0. 0<x<a,
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where w is the weight per unit length of the shaft, g is the acceleration
of gravity, E is Young’s modulus, I is the second moment of the cross-
sectional area of the shaft, and  is the angular velocity. If the shaft is
held in narrow bearings at the ends, these can be interpreted as simple
supports, leading to boundary conditions

u(0) =0, u”(0) =0, u(a) =0, u”(a) = 0.

Find a formula for those values of angular velocity (critical values or
whirling speeds) that permit the existence of nonzero solutions to this
boundary-value problem.

Find the lowest critical value for the angular velocity of a steel shaft with
these specifications: diameter, 1.5 in; length, 48 in; w = 0.5 Ib/in; E =
30 x 10°Ib/in, I = 0.5 in*.

Sulphur dioxide (SO,) is a common air pollutant that reacts with water
to form sulphuric acid. If the water is airborne, the result is acid rain; if
the water is in snow, the result is acid runoff when the snow melts. Use an
analysis similar to that of Section 3 to obtain a boundary value problem
for the concentration u(x) (in units of mass per unit volume) of sulphur
dioxide in the air included in a layer of snow. Introduce q(x), the flow
rate of sulphur dioxide (in units of mass per unit time per unit of cross-
sectional area.) There are two important physical facts: (1) Diffusion is
governed by Fick’s law (similar to Fourier’s law)

B du
q(x)=-D e

where D is the diffusion constant; and (2) when the sulphur dioxide reacts
with water, it “disappears” at a rate proportional to its concentration, say

ku(x) (in units of mass per unit time per unit volume).

The sulphur dioxide concentration in the air in a deep layer of snow sat-
isfies this boundary value problem in equilibrium conditions:

d*u
dx?

2
—au=0, 0<x

ll(O) = Co.

Here, C, is the concentration in freely circulating air. Add an appropriate
boundedness condition and solve for u(x).

Suppose that u(t) is a function, not identically 0, for which

t‘”
— = constant > 0.
u

Show that this relation is a differential equation and solve it. (Call the
constant p>.) Prove that exactly one of the following three possibilities

holds:
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(i) u(t) = 0 for one value of t and «/(t) is never 0;
(ii) u'(t) = 0 for one value of t and u(t) is never 0;
(iii) neither u(t) nor /() is ever 0.
31. Show that the boundary value problem
2

:;’; +2%u = f(x), 0<x<a,

u(0) =0, u(a) =0,

will have no solution or infinitely many solutions, if there is a nonzero

solution of
L. T
i u =0,
u(0) =0, u(a) =0.
Project 0.5

In “Mechanical Properties of Thin Films from the Load Deflection of Long
Clamped Plates” (V. Ziebart et al., J. of Microelectromechanical System, 7 (1998)
320-327) this boundary value problem is studied:

dw  d*w - 1 1
— —y'*—=P, ——<x<-
axt ~ Y ax 2 2

w (j:-l-) =0, d—w (:tl) =0.
2 dx 2)

The variables are: w deflection, x distance measured across the short dimen-
sion; and the parameters are: P pressure beneath the plate and y? effective
stress, all dimensionless.

a. Find the general solution of the differential equation.

b. Solve the boundary value problem.

¢. The parameter y? is related to stress, which is related to deflection. It must
satisfy the equation

P fdw\?
yi= So+/ (_w) dx.
o \dx

Use your solution to find a single explicit equation that y satisfies.

d. If Sy is negative in the equation of part ¢, > might be negative, say y* =
—22. If this is the case, is there a value of A for which the solution breaks
down?
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Project 0.6
The numbers in the data set are recordings of the displacement of a point on
a mechanical mass-spring-damper system. The readings include measurement
errors.

Assume that the displacement y is the solution of an initial value problem

my" +cy +ky =0, y(0) = yo, y'(0)=n

a. Use software to obtain a graph of y(¢).

b. By analyzing the data and the graph, estimate the ratios c/m and k/m, and
the initial values yo and y;.

tf 0 02 04 06 038 1 1.2 14 1.6
y0.56 1.27 1.16 0.39 —0.33 —0.62 —0.43 —0.05 0.21
t| 1.8 2 22 24 26 28 3 32 34
y(0.27 0.14 —-0.01 -0.12 —0.12 -0.05 0.02 0.05 0.04
t| 3.6 3.8 4
»(0.01 —0.02 —0.02




Fourier Series and
Integrals
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1.1 Periodic Functions and Fourier Series

A function f is said to be periodic with period p > 0if: (1) f(x) has been
defined for all x; and (2) f(x + p) = f(x) for all x. The familiar functions
sin(x) and cos(x) are simple examples of periodic functions with period 27,
and the functions sin(27x/ p) and cos(2 x/ p) are periodic with period p.

A periodic function has many periods, for if f(x) = f(x + p) thenalso

f@)=flx+p)= f(x+2p)="---= f(x +np),

where 1 is any integer. Thus sin(x) has periods 27, 47, - -+, 2nm, - - - . The pe-
riod of a periodic function is generally taken to be positive, but the periodicity
condition holds for negative as well as positive changes in the argument. That
istosay, f(x — p) = f(x) forall x,since f(x) = f(x — p+ p) = f(x — p).
Also

fx)=f(x=p)=f(x=2p)=---= f(x —np).

The definition of periodic says essentially that functional values repeat
themselves. This implies that the graph of a periodic function can be drawn
for all x by making a template of the graph on any interval of length p and
then copying the graph from the template up and down the x axis (see Fig. 1).

Many of the functions that occur in engineering and physics are periodic
in space or time—for example, acoustic waves—and in order to understand
them better it is often desirable to represent them in terms of the very simple
periodic functions 1, sin(x), cos(x), sin(2x), cos(2x), and so forth. All of these
functions have the common period 27, although each has other periods as
well.

(©) 2010 Elsevier, Inc. All rights reserved. 51
doiz10.1016/B978-0-12-374719-8.00002-5.



52 Chapter 1  Fourier Series and Integrals

V\

P
Figure 1 A periodic function of period p.

If f is periodic with period 27, then we attempt to represent f in the form
of an infinite series

f(x)=ag+ Z(an cos(nx) + b, sin(nx)). (D

n=1

Each term of the series has period 27, so if the sum of the series exists, it will
be a function of period 27r. There are two questions to be answered: (a) What
values must ag, a,, b, have; and (b) if the appropriate values are assigned to
the coefficients, does the series actually represent the given function f(x)?

On the face of it, the first question is tremendously difficult, for Eq. (1)
represents an equation in an infinite number of unknowns. But a reason-
able answer can be found easily by using the orthogonality' relations shown in
Table 1. We may summarize those relations by saying: The definite integral
(over the interval —r to ) of the product of any two different functions from
the series in Eq. (1) is zero.

The fundamental idea is that if the equality proposed in Eq. (1) is to be a real
equality, then both sides must give the same result after the same operation.
The orthogonality relations then suggest operations that simplify the right-
hand side of Eq. (1). Namely, we multiply both sides of the proposed equation
by one of the functions that appears there and integrate from —x to 7. (We
must assume that the integration of the series can be carried out term-by-term.
This is sometimes difficult to justify, but we do it nonetheless.)

Multiplying both sides of Eq. (1) by the constant 1 (= cos(0x)) and integrat-
ing from — to &, we find

T n o0 T
f(x)dx = / agdx + Z (a, cos(nx) + b, sin(nx))dx.
- - —
Each of the terms in the integrated series is zero, so the right-hand side of this
equation reduces to 27 - ay, giving
1 T
= dx.
a0 = b fx)dx

(In words, ag is the mean value of f(x) over one period.)

'The word “orthogonality” should not be thought of in the geometric sense.
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f- sin(nx)dx =0

" 0., n#0
/: cos(nx)dx = g

x

f : sin(nx) cos(mx)dx =0

n=m
n#m
n=m#0.

[ sin(nx) sin(mx)dx = g My
2 0,
m,

f ‘ cos(nx) cos(mx)dx =

-

Table 1 Orthogonality relations

Now multiplying each side of Eq. (1) by sin(mx), where m is a fixed integer,
and integrating from —x to 7, we find

n n o b 4
f f(x)sin(mx)dx:/ aosin(mx)dx+2f a, cos(nx) sin(mx)dx

n=1

+Zf b,, sin(nx) sin(mx)dx.

n=1

All terms containing ag or a, disappear, according to the orthogonality rela-
tions. Furthermore, of all those containing a b,,, the only one that is not zero is
the one in which n = m. (Notice that 1 is a summation index and runs through
all the integers 1. 2, - - - . We chose m to be a fixed integer, so n = m once.) We
now have the formula

bm = L ]ﬂ f(x) sin(mx)dx.
T Jx

By multiplying both sides of Eq. (1) by cos(mx) (m is a fixed integer) and
integrating, we also find

n

1
Ay = — f(x) cos(mx)dx.
T Jon

We can now summarize our results. In order for the proposed equality

f(x) = ag+ Z(a,, cos(nx) + b, sin(nx)) (2)

n=1

to hold, the a’s and b’s must be chosen according to the formulas

l by
= 2 f(x)dx (3)



54 Chapter 1  Fourier Series and Integrals

ay = % i f(x) cos(nx)dx (4)
b= % " f (x) sin(nx)dx. (5)

When the coefficients are chosen this way, the right-hand side of Eq. (1) is

called the Fourier series of f. The a’s and b’s are called Fourier coefficients. We
have not yet answered question (b) about equality, so we write

f(x) ~ag+ Z(un cos(nx) + b, sin(nx))

n=1

to indicate that the Fourier series corresponds to f(x). See the web site for an
animated example.

Example.
Suppose that f(x) is periodic with period 27 and is given by the formula
f(x) = xintheinterval —r < x < 7 (see Fig. 2). According to our formulas,

ag= 3 [T f(x)dx =5 [ xdx =0
| I 1 /7
a, = — f(x) cos(nx)dx = —f xcosnx dx
i T J_,
1 i &
L I:cos(;:x) N x sin(nx) 5
T n n e
1 [* . 1 [* .
b, = — f(x)sin(nx)dx = —f xsin(nx) dx
7 J T J g
_ 1 [sin(nx)  xcos(nx) T
m 12 n -
1 (-2 2
_ 1 (=2m) cos nm =2y
T n
Thus, for this function, we have
o0
2(_1)n+1 )
f(x) ; ” sin(nx)
1 1
~ 2(sin(x) — Esin(Zx) + gsin(3x) — 4.0 m|

The Appendix contains some integration formulas that are convenient for
finding Fourier coefficients. It is also useful to know these special values of
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b %)

A

Figure2 f(x)=x, —w < x < m, f periodic with period 27.

sines and cosines that come up frequently in Fourier series.

sin(nw) =0, cos(nm)=(—1)", forn=0,+£1,+£2, -

i ((Zn — l)n) — (=)™, cos ((Zn — l)n): 0
2 2

forn=0,+1,+2,---.

Note that the second line involves only odd multiples of 77 /2. Even multiples
of /2 are included in the first line.

EXERCISES

1. Find the Fourier coefficients of the functions given in what follows. All are
supposed to be periodic with period 2. Sketch the graph of the function.

a f(x)=x, —-w<x<m

b. flr)=1x], —-w<x<m
0, - Tm<x<0

- f(x)_{l, O<x<m

d. f(x)=|sinx|
2. Sketch for at least two periods the graphs of the functions defined by:
o fix)=x, -l<x=<1, flx+2)=f(x)

b f) =10 LT S = f@)
o« fW={Y JESEZN fa+sm=f@)
¢ fw={g  TEEEb o= fw)
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3. Show that the constant function f(x) = 1 is periodic with every possible
period p > 0.

4. Carry out the details of deriving the equation for a,,.

5. Suppose f(x) has period p. Show that for any c, the following equation
holds. Hint: think of integral as net signed area.

fcﬁ-p fx)dx = fop flx)dx.

6. Suppose f(x), g(x) are periodic with a common period p. Show that
af(x) + bg(x) and f(x) - g(x) also are periodic with period p (a, b are
constants).

7. Find the Fourier series of each of the following periodic functions. Integra-
tion is not necessary: use trigonometric identities.

a. f(x) = cos?(x)
b. f(x) =sin(x —m/6)
e. f(x) = sin(x) cos(2x)
8. Verify that sin(wrx/a) and cos(wx/a) are periodic with period 24.

1.2 Arbitrary Period and Half-Range Expansions

In Section 1 we found a way to represent a periodic function of period 2w
with a Fourier series. It is not necessary to restrict ourselves to this period.
In fact, we may broaden the idea of Fourier series to include functions of any
period by a simple rescaling of the variables. Let us suppose that a function
f is periodic with period 2a. (We use 2a in place of p for later convenience.)
Then we may relate f to a series of the functions 1, sin(rx/a), cos(wx/a),
sin(2wx/a), cos(2wx/a), - - -, all having period 2a, in the form

f(x) ~ag+ ian COs (n;r_x) + b, sin (m;’_x) ;
n=1

The coefficients of this Fourier series may be determined either by scaling from
the formulas of Section 1 or through the concept of orthogonality. In either
case, the coefficients are

a():%fj; f(x)dx, a,= alf,z f(x)cos(m;—x)dx

. (1)
o= ul[ F(x)sin (”Z—") dx. 1
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Example.
Find the Fourier series of f{x) = | sin{7x)|.

This function is periodic with period 1, s0 a = p/2 = 1/2. To do the inte-
grals for the Fourier coefficients, we need to get rid of the absolute value signs:

" sinflmx), 0=x<1
flx) = [—ainI:.rxx], —l=x=<0

Then, it is easy to calculate

1} 0 :
iy = E_I. | sinrx) |edx =f —sin{mx)dx 'r-f sin{mrx)dx
-4 -} ]

_n::us[:rx]

_ cos{mx) 3 'I_ 1 -1 2

T i3 i3 " T

L}

(Recall that cos(+/2) = 0.) The other coefficients are found similarly:

2 fi
iy = If | sin{mx)| cos(2Znmx)dx

0 1
=i |:f —sin{mx) cos(2nrx)dx + f sin(mx) ms{?nnx}dx:|

a

4 1

T oom o dm—1

And b, is found to be 0 for all n. Consequently, the Fourier series of the func-
tion is i

in(rx)| ~ > — =3 —— cos(znx)
| sin{mrx)| . _l4r11—1ms nTx).

We will see later that | sin(m x)| is equal to its series. O

It is often necessary to use a Fourier series to represent a function that has
been defined only in a finite interval. We can justify such a representation by
making the given function part of a periodic function. If the given function
f is defined on the interval —a = x = &, we may construct f, the periodic
extension of period 2a, by using the following definitions:

fl:x]=f(x}, —a=x=da
flx)=f(x+2a), —-3a<x<-a
flxl= f(x—2a), a<x<3a

and so on, up and down the x-axis. {We will reserve the over bar to indicate pe-
riodic extension.) Notice that the argument of f on the right-hand side always
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& fix)

e

Figure3 f(x) =x,—1 < x < 1, f periodic with period 2.

falls in the interval —a < x < a, where f was originally given. Graphically,
this kind of extension amounts to making a template of the graph of f on
—a < x < a and then copying from the template in abutting intervals of
length 2a.

For the extended function with period 2a, the formulas for the Fourier
coefficients become

1 L
ap = > g f(x)dx,
I % HIT X
a, = " [a f(x)cos (T) dx (2)

b, = al :; f(x)sin ("aﬂ) dx.

If we are concerned with f(x) only in the interval —a < x < a where it was
originally given, the process of periodic extension is strictly formal, because
the formulas for the coefficients involve f only on the original interval. Thus,
we may write

X

0
niITx T
X)~ayt+ ucos(—)+b sin(—), —a < Xx <a.
f() 0 nz:;n a n a

The inequality for x draws attention to the fact that f was defined only on the
interval —a to a.

Example.
Suppose f(x) = x in the interval —1 < x < 1. The graph of its periodic
extension (with period 2) is seen in Fig. 3, and the Fourier coefficients are

aO:Os an:O!

L 2cos(nm) 2 (=1)"*!
x sin(nwx)dx = — =— :
1 nw T oon

O

b, =

The sine and cosine functions that appear in a Fourier series have some
special symmetry properties that are useful in evaluating the coefficients. The
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graph of the cosine function is symmetric about the vertical axis, and that of
the sine is antisymmetricc. We formalize these properties with a

definition.

Definition

A function g(x) is even if g(—x) = g(x); h(x) is odd if h(—x) = —h(x). Note
that a function must be defined on a symmetric interval, say —c < x < ¢
(where ¢ might be 00), in order to qualify as even or odd. O

An even function is often said to be symmetric about the vertical axis, and
an odd function is said to be symmetric in the origin. Many familiar functions
are either even or odd. For example, sin(kx), x, x> and any other odd power
of x are all odd functions defined on the interval —oo < x < oco. Similarly,
cos(kx), |x], 1(= x°), x2, and any other even power of x are even functions over
the same interval. Most functions are neither even nor odd, but any function
that is defined on a symmetric interval can be written as a sum of an even and
an odd function:

Flx) = 5 (F&) + fl=x) + 3 (fx) = F(=2)).

It is easy to show that the first term is an even function and the second is odd.
Even and odd functions preserve their symmetries in some algebraic opera-
tions, as summarized here:

even + even — even, odd + odd = odd
even X even = even, odd x odd=-even, odd x even = odd.

We are also concerned with definite integrals of even and odd functions over
symmetric intervals. The symmetry properties lead to important simplifica-
tions in our calculations.

Theorem 1. Let g(x) be an even function defined in a symmetric interval —a <

x < a.
[:g(x)dx =9 foug(x)dx.

Then
Let h(x) be an odd function defined in a symmetric interval —a < x < a. Then

h(x)dx = 0. O

—a



60 Chapter 1  Fourier Series and Integrals

Suppose now that g is an even function in the interval —a < x < a. Since the
sine function is odd, and the product g(x) sin(nwx/a) is odd,

b, = alﬁig(x)sin (m;ix) dx =0.

That is, all the sine coefficients are zero. Also, since the cosine is even, so is
g(x) cos(nmx/a), and then

a, = 2]:1g(x)cos (?) dx = zjoag(x) cos (m;’ix) dx.

Thus the cosine coefficients can be computed from an integral over the interval
from 0 to a.

Parallel results hold for odd functions: the cosine coefficients are all zero and
the sine coefficients can be simplified. We summarize the results.

Theorem 2. If g(x) is even on the interval —a < x < a (g(—x) = g(x)), then

nITx

o0
g(x)~u0+2ancos(—), —a<x<a
a
n=1

where

aozlf g(x)dx, anzgf g(x)cos(@)dx.
a Jo a Jo a

If h(x) is odd on the interval —a < x < a (h(—x) = —h(x)), then
ad nwx
h(x) ~ ;bnsm(T), —a<x<a

where -
. /NTX
bﬁ—a—fo h(x)sm(T)dx. 0

Very frequently, a function given in an interval 0 < x < a must be repre-
sented in the form of a Fourier series. There are infinitely many ways of doing
this, but two ways are especially simple and useful: extending the given func-
tion to one defined on a symmetric interval —a < x < a by making the
extended function either odd or even.

Definition
Let f(x) be given for 0 < x < a. The odd extension of f is defined by

fo(x):{f(x)’ O<x<a

—f(—x), —a<x <0.
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Qdd extension Odd periodic extension

v

Even extension Even pefiodic extension

Figure 4 A function is given in the interval 0 < x < a (heavy curve). The fig-
ure shows: the odd extension, the even extension, the odd periodic extension,
and the even periodic extension.

The even extension of f is defined by

_ | fl0), O<x<a
fe(x)_{f(—x), —a <x<0.

Notice that if —a < x < 0, then 0 < —x < a, so the functional values on
the right are known from the given functions.

Graphically, the even extension is made by reflecting the graph in the vertical
axis. The odd extension is made by reflecting first in the vertical axis then in
the horizontal axis (see Fig. 4).

Now the Fourier series of either extension may be calculated from the for-
mulas in Theorem 2. Since f, is even and f, is odd, we have

> T X
fe(x)~a0+z ancos(—),—a<x<a
n=1 a
= nITx
folx) ~ E bnsin(—), —a<x<a.
a
n=1

If the series on the right converge, they actually represent periodic functions
with period 2a. The cosine series would represent f, the even periodic exten-
sion of f — the periodic extension of f,; and the sine series would represent
f o the odd periodic extension of f.
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L L
A AT

Figure 5 Odd periodic extension (period 2) of f(x) = x,0 < x < 1.

When the problem at hand is to represent the function f(x) in the inter-
val 0 = x = a where it was originally given, we may use either the Fourier
sine series or the cosine series because both f, and [, coincide with f in the
interval.

Thus we may summarize by saying: If f(x) is given for 0 < x < a, then

(=5}
fix) '-nn+Zﬂ,,cﬂs(’mx). 0=x<a

n=1 i
1 [ 2 r X
dp = ;]; flx)dx, a,= ;j; f{x‘.lcos(T) dx

and

f(x}“—-ib"sin(?), D<x=<a

2 . fNEX
[:;.=;j; j"li.r}sm( 5 )dx.

These two representations are called half~range expansions and the series are
called the Fourier cosine and Fourier sine series of f, respectively. We shall
need these, more than any other kind of Fourier series, in the applications we
make later in this book.

Example.
Let us suppose that the function f has the formula

flx)=x2, O0<x<l.

Then the odd periodic extension of f is as shown in Fig. 5, and the Fourier
sine coefficients of [ are

1
b, = If xsinlnrx)dx = —i cos{nm)
o nw
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\ 7o) /

R E; B o 1 2 3

Figure 6 Even periodic extension (period 2) of f(x) =x,0 < x < 1.

The even periodic extension of f is shown in Fig. 6. The Fourier cosine
coefficients are

1
1

aO:f xdx = -
A 2

1
a, = Zf x cos(nmwx)dx = — (1 — cos(nm)). [
0

nim?

The following six correspondences (we will later show them to be equalities)
follow from the ideas of this section. Note that the inequalities showing the
applicable range of x are crucial.

o flx)=x, 0<x<l
—2cos(nmw) .
Z—sm(mrx) ~1 folx)=x, —-l<x<l
nw

n=1 folx), —00 < X < 00

flx)=x, 0<x<l1

1 © 2(1 — cos(nm))
E_ZTCOS("”’C)N jig(x):lx|, —-1l<x<1
n=1 F.lx); —00 < X < 00
EXERCISES

1. Find the Fourier series of each of the following functions. Sketch the graph
of the periodic extension of f for at least two periods.

a f(x)=|x], —-l<x<l1
-1, -2<x<0

b: f(x)_{l, D<x<?2

e flx)=x?, —l<x<i

2. Show that the functions cos(nmx/a) and sin(nw x/a) satisfy orthogonal-
ity relations similar to those given in Section 1.

3. Suppose a Fourier series is needed for a function defined in the interval
0 < x < 2a. Show how to construct a periodic extension with period
2a and give formulas for the Fourier coefficients which use only integrals
from 0 to 2a. (Hint: see Exercise 5, Section 1.)
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4.

T.

10.

11.

12.

13
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Show that the formula
e* = cosh(x) + sinh(x)

gives the decomposition of the function ¢* into a sum of an even and an

odd function.

Identify each of the following as being even, odd, or neither. Sketch on a
symmetric interval.

a fl(x)=x b. flx)=|x|
e. f(x) = |cos(x)| d. flx) = arcsin(x)
e. f(x)= xcos(x) f fix)=x+cos(x+1)

If f(x) is given in the interval 0 < x < a, what other ways are there to
extend it to a function on —a < x < a?

Find the Fourier series of the functions:

o flx)=x, —-l=<x=<l
b. flx)=1, -2=x=<2

X, ~leox<!
e. fix)=

1-—x, _%{x-:i

2

Ls it true, if all the sine coefficients of a function f definedon —a < x < a
are zero, then f is even?

We know that if f{x) is odd on the interval —a < x < a, its Fourier series
is composed only of sines. What additional symmetry condition on f will
make the sine coefficients with even indices be zero? Give an example.

Sketch both the even and odd extensions of the functions:
a flx)=1, D=x<a b flx)=x D=x=a

e f(x)=sin{x), D<=x<1 d f(x)=sin(x), O<x<nx

Find the Fourier sine series and cosine series for the functions given in Ex-
ercise 10. Sketch the even and odd periodic extensions for several periods.

Prove the orthogonality relations

[ s () sin (5= {00

a 0. n#m
mrx nwx
fms( )ms( )dx= af2, n=mz0
u 4 # a, n=m=40

If f(x) is continuous on the interval 0 < x =< a, is its even periodic
extension continuous? What about the odd periodic extension? Check es-

pecially at x = 0 and a.
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14. Justify Theorem 1 by considering the integral as a sum of signed areas. See
Fig. 4 for typical even and odd functions.

15. Justify or prove these statements.
a. If h(x) is an odd function, then |h(x)| is an even function.

b. If f(x) is defined for all positive x, then f(|x|) is an even function.

c. If f(x)is defined for all x and g(x) is any even function, then f(g(x))
is even.

d. If h(x) is an odd function, g(x) is even, and g(x) is defined for all x,
then g(h(x)) is an even function.

Project 1.1
A “clipped sine” is a function that is odd and periodic with period 277, whose
formula in the interval 0 < x < 7 is

sin(x),0 <x<a
flx)=4sin(a),a<x<m—a
sin(x), T —a<x<m

The parameter a is limited to 0 < a < 7/2. This function has a Fourier sine
series f(x) = i b, sin(nx) with b, = % fon f(x) sin(nx)dx. (The series ac-
tually converggs: ‘1[0 f(x) for all x.)

a. Sketch a graph of the function f(x) on the interval -7 < x < 7.

b. Explain why the coefficients by with even indices are all 0, and the coeffi-
cients with odd indices can be computed from the formula

4 m/2
bog1 = —[ f(x) sin((2k + 1)x)dx
T Jo
c. Use the formula from part b to compute the coefficients for the series for
a=m/4.

d. Note that the result of the integrations in part ¢ requires division by k,
making it invalid for k = 0. Calculate b, separately.

e. Use a computer algebra program such as Maple or Mathematica to graph
the sum of the series up to the term containing sin(81x).

1.3 Convergence of Fourier Series

Now we are ready to take up the second question of Section 1: Does the Fourier
series of a function actually represent that function? The word represent has
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many interpretations, but for most practical purposes, we really want to know
the answer to this question:

If a value of x is chosen, the numbers cos(nrx/a) and sin(nwx/a) are com-
puted for each 7 and inserted into the Fourier series of f, and the sum of the
series is calculated, is that sum equal to the functional value f(x)?

In this section we shall state, without proof, some theorems that answer the
question (a proof of the convergence theorem is given in Section 7). But first
we need a few definitions about limits and continuity.

The ordinary limit lim f(x) can be rewritten as lim f(xo+ h) . Here h

) h=>0

may approach zero in any manner. But if % is required to be positive only, we
get what is called the right-hand limit of f at x,, defined by

fxot) = hlijo{r flxo+h)= }1113}] f(xo+h).
h>0

The left-hand limit is defined similarly:

f(x0=) = lim f(xo+h) = lim f(xo+h) = lim f(xo— ).

h<0

Note that f(x¢+) and f (xg—) need not be values of the function f.

If both left- and right-hand limits exist and are equal, the ordinary limit
exists and is equal to the one-sided limits. It is quite possible that the left- and
right-hand limits exist but are different. This happens, for instance, at x = 0

for the function
1 O<x<m

f(x)={_1! —-nT<x<0.

In this case, the left-hand limit at xy = 0 is —1, whereas the right-hand limit
is +1. A discontinuity at which the one-sided limits exist, but do not agree, is
called a jump discontinuity.

It is also possible that at some point both limits exist and agree, but that the
function is not defined at that point. In such a case, a function is said to have
a removable discontinuity. If the value of the function at the troublesome point
is redefined to be equal to the limit, the function will become continuous.
For example, the function f(x) = sin(x)/x has a removable discontinuity at
x = 0. The discontinuity is eliminated by redefining f(x) = sin(x)/x (x #0),
f(0) = 1. Removable discontinuities are so simple that we may assume they
have been removed from any function under discussion.

Other discontinuities are more serious. They occur if one or both of the
one-sided limits fail to exist. Each of the functions sin(1/x), e'/*, 1/x has a
discontinuity at x = 0 that is neither removable nor a jump (see Fig. 7). Table 2
summarizes continuity behavior at a point.

We shall say that a function is piecewise continuous on an intervala < x <
b if it is bounded and is continuous, except possibly for a finite number of
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1 i [
(@) &) ()

Figure 7 Three functions with different kinds of discontinuities at x = 1. (a)
f(x) = (x — x?)/(1 — x) has a removable discontinuity. (b) f(x) = x for
0 <x < land f(x) =x—1forl < x; this function has a jump discontinuity.
(¢) f(x) = —1In(]1 — x|) has a “bad” discontinuity.

Name Criterion

Continuity f(xot) = f(xo—) = f(xo)
Removable discontinuity  f(xo+) = f(x0—) # f(x0)

Jump discontinuity fxot) # f(x0—)

“Bad” discontinuity f (x0+) or f(x,—) or both fail to exist

Table 2 Types of continuity behavior at x;

jumps and removable discontinuities. (See Fig. 8.) A function is piecewise
continuous (without qualification) if it is piecewise continuous on every in-
terval of finite length. For instance, if a periodic function is piecewise contin-
uous on any interval whose length is one period or more, then it is piecewise
continuous.

Examples.
1. The square wave, defined by

1, O<x<a,

f(x)={_1’ —a <x <0, F(x +24) = f(x)

is piecewise continuous. There are jump discontinuities at x = 0, +a, +24,
etc.

2. The function f(x) = 1/x cannot be piecewise continuous on any interval
that contains 0 or even has 0 as an endpoint, because the function is not
bounded at x = 0.

3. If f(x) = x, -1 < x < 1, then f is continuous on that interval.
Its periodic extension (see Fig. 3) is piecewise continuous but not
continuous. [
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~

Figure 8 Typical piecewise continuous function made up of four continuous
“pieces.”

The examples clarify a couple of facts about the meaning of sectional conti-
nuity. Most important is that a piecewise continuous function must not “blow
up” at any point—even an endpoint—of an interval. Note also that a function
need not be defined at every point in order to qualify as piecewise continu-
ous. No value was given for the square wave function at x = 0, a, but the
function remains piecewise continuous, no matter what values are assigned
for these points.

A function is piecewise smooth in an interval a < x < b if: f is piece-
wise continuous; f’(x) exists, except perhaps at a finite number of points; and
f'(x) is piecewise continuous. The graph of a piecewise smooth function then
has a finite number of removable discontinuities, jumps, and corners. (The
derivative will not exist at these points.) Between these points, the graph will
be continuous, with a continuous derivative. No vertical tangents are allowed,
for these indicate that the derivative is infinite.

Examples.
1. f(x) = |x|"/? is continuous, but not piecewise smooth in any interval that
contains 0, because | f'(x)| = coasx — 0.

2. The square wave is piecewise smooth, but not continuous. O
Most of the functions useful in mathematical modeling are piecewise

smooth. Fortunately we can also give a positive statement about the Fourier
series of such functions.
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Theorem. If f(x) is piecewise smooth and periodic with period 2a, then at each
point x the Fourier series corresponding to f converges, and its sum is

a0+§:ancos (?)+bnsin(n;r—x) = M O
n=1

See an animated example on the web site.

This theorem gives an answer to the question at the beginning of the section.
Recall that a piecewise smooth function has only a finite number of jumps and
no bad discontinuities in every finite interval. Hence,

flxm) = fG4) = 3 (F0) + fa=) = (),

except perhaps at a finite number of points on any finite interval. For this rea-
son, if f satisfies the hypotheses of the theorem, we write f equal to its Fourier
series, even though the equality may fail at jumps. To be very correct you can
write that the series is equal to f(x) “a.e.” (almost everywhere).

In constructing the periodic extension of a function, we never defined the
values of f(x) at the endpoints. Since the Fourier coefficients are given by in-
tegrals, the value assigned to f(x) at one point cannot influence them; in that
sense, the value of f at x = +a is unimportant. But because of the averaging
features of the Fourier series, it is reasonable to define

ﬂM:fPM:%UMﬂ+fPMM-

That is, the value of f at the endpoints is the average of the one-sided limits at
the endpoints, each limit taken from the interior. For instance, if f(x) = 1+x,
0 <x < 1l,and f(x) =0,—1 < x < 0, then f(%1) should be taken to be 1,
and £(0) should be }.

Examples.
1. The square wave function

f(x):{_l’ O<x<1

1, —-1<x<0

is piecewise smooth; therefore the corresponding Fourier series converges

to
1, for0<x <1

-1, for—-1<x<0
0, forx=0,1,—1,
and is periodic with period 2.

2. For the function f(x) = |x|'/%, - < x < &, f(x +2m) = f(x), the
preceding theorem does not guarantee convergence of the Fourier series
at any point, even though the function is continuous. Nevertheless, the
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series does converge at every point x! This shows that the conditions in
the theorem above are perhaps too strong. (But they are useful.) O

EXERCISES
1. For each function given, if it is not piecewise smooth on the interval,
explain why not. Sketch.

a fx)=x|—]1—-x], —-l<x<2
b. flx)=+Tx[, —-l<x<1

e f(x)=In(2cos(x/2)), —-m<x<m
d f(x)=tan(x), O<x<um/2

. f(x)=tan(x), O0<x<um

2. Check each function described in what follows to see whether it is piecewise
smooth. If it is, state the value to which its Fourier series converges at each
point x in the interval and at the end points. Sketch.

a f(x)=|x|+x, —-1<x<1
b. f(x)=xcos(x), —%<x<%

. flx)=xcos(x), —1<x<1

(]

0, l=x=3
d flx)=11, —-l<x<l1
X 3 <x<—1

3. To what value does the Fourier series of f converge if f is a continuous,
piecewise smooth, periodic function? Give an example.

4. State convergence theorems for the Fourier sine and cosine series that arise
from half-range expansions.

5. A function is given on the interval 0 < x < 2 by the formula

x, O0<x<l1
% lex <l

roo={,_

a. Sketch the odd periodic extension f,(x) for —4 < x < 4.

b. Explain why f,(x) is piecewise smooth.

¢. Determine the value that the sine series of f converges to at
these points: x =1, x=2, x=9.6, x=-38.

6. For the same function given in Exercise 5, answer the same questions for
fe(x), the even periodic extension of f and its cosine series.

7. The series

Z (_12)n cos(nx)
n=1 o
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converges to a function f(x) whose formula on the interval —n < x < =
is

f(x) = A+ Bx +Cx?.

Determine A, B and C.

8. The series
o0

Z % sin(nx)

n=1

converges to a continuous periodic function. On the interval 0 < x <
27, this function coincides with a polynomial p(x) of degree 3. Find the
polynomial. Hint: Determine points x on the interval 0 < x < 27 where
p(x) = 0. Use this information to get a form for p(x).

9. The function f(x) is periodic with period 2. Its graph for —1 < x < lisa
semicircle with radius 1 centered at the origin.

a. Find the equation of f(x) for —1 < x < 1.

b. Determine the value of the coefficient ag in its Fourier series. (This is
the only cosine coefficient that can be found in closed form.)

¢. Is f(x) piecewise smooth?

d. What does the theorem tell us about the convergence of the Fourier
series of f(x)?

Project 1.2

In an article about rehabilitation (Kaczmarek, K.A., “Electrotactile adapta-
tion on the abdomen: preliminary results,” IEEE Transactions on Rehabilitation
Engineering, Vol. 8 (2000), 499-505), the author describes experiments using
an electrical signal f(¢) having the form shown in the figure.

T T 1
0. 1000 2000 3000 4000
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The rectangular pulses are 150 us wide, separated by 100 ws. The period is
2860 ps. Suppose that the signal is to be represented as a Fourier series,

f@t)=ap+ Zan cos(nmt/a) + b, sin(nmwt/a)

n=1

Determine the value for the parameter a.

g P

Explain why a¢ = 0, without doing any calculations.

Find the Fourier coefficients a,, b,,.

|2l

Determine the value of the sum of the Fourier series at t = 0.

e. Use a computer algebra system such as Maple or Mathematica to get a
graph of the sum of at least the first 40 terms of the series on the inter-
val 0 < t < 4000.

f. Find a value of b for which f(t — b) is an odd function. There are two
values in the interval 0 < b < 2860.

1.4 Uniform Convergence

The theorem of the preceding section treats convergence at individual points
of an interval. A stronger kind of convergence is uniform convergence in an
interval. Let

N
NI X nix
Sn(x) =ag+ Zan cos (—) + b, sin (—)
mr a a

be the partial sum of the Fourier series of a function f. The maximum devia-
tion between the graphs of Sy(x) and f(x) is

8y = max| f(x) — Sn(x)|, —a <x<a,

where the maximum? is taken over all x in the interval, including the end
points. If the maximum deviation tends to zero as N increases, we say that the
series converges uniformly in the interval —a < x < a.

Roughly speaking, if a Fourier series converges uniformly, then the sum of
a finite number N of terms gives a good approximation—to within £8y—of
the value of f(x) at any and every point of the interval. Furthermore, by taking
a large enough N, one can make the error as small as necessary.

There are two important facts about uniform convergence. If a Fourier series
converges uniformly in a period interval, then (1) it must converge to a con-
tinuous function, and (2) it must converge to the (continuous) function that

2If f is not continuous, the maximum must be replaced by the supremum, or least
upper bound.
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generates the series. Thus, a function that has a nonremovable discontinuity
cannot have a uniformly convergent Fourier series. (And not all continuous
functions have uniformly convergent Fourier series.)

Figure 9 presents graphs of some partial sums of a square-wave function. It
is easy to see that for every N there are points near x = 0 and x = £7 where
| f(x) — Sn(x)| is nearly equal to 1, so convergence is not uniform. (Inciden-
tally, the graphs in Fig. 9 also show the partial sums of f (x) overshooting their
mark near x = 0. This feature of Fourier series is called Gibbs’ phenomenon
and always occurs near a jump.) On the other hand, Fig. 10 shows graphs of a
“sawtooth” function and the partial sums of its Fourier series. The maximum
deviation always occurs at x = 0, and the convergence is uniform.

One of the ways of proving uniform convergence is by examining the
coefficients.

o0
Theorem 1. If the series Z(Ianl + |bal) converges, then the Fourier series

n=1

[e]
nwx . /NTX
ag+ Z a, cos (T) + b, sin (T)
n=1

converges uniformly in the interval —a < x < a, and, in fact, on the whole
interval —00 < x < 0. ]

Example.
For the function
fx)=|x|, —nm<x<m

the Fourier coefficients are

T 2 cos(nm) — 1
ap = —, ayn = — ( )7, bﬂ:()-
2 T n?
[e.0]
Since the series Z 1/ n? converges, the series of absolute values of the coeffi-
n=1

cients converges, and so the Fourier series converges uniformly on the interval
—m < x < 7 to |x|. The Fourier series converges uniformly to the periodic
extension of f(x) on the whole real line (see Fig. 10). O

Another way of proving uniform convergence of a Fourier series is by exam-
ining the function f that generates it.

Theorem 2. If f is periodic, continuous, and has a piecewise continuous deriva-
tive, then the Fourier series corresponding to f converges uniformly to f(x) on
the entire real axis.

While this theorem is stated for a periodic function, it may be adapted to a
function f(x) given on the interval —a < x < a. If the periodic extension of f
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-1, —w<x<0

1
- X _ 1= 0<x<m
o f(x)—{

flx + 27) = f(x)

(a)
L i
Si(x) = Sxx) = —sinx
T
(b)
x 4 )
S3(x) = Sulx) = ;(smx + 4 sin 3x)
(c)
1 d $:(x) = Se(x) = %(sinx + 4 sin 3x + 4 sin Sx + % sin 7x)
(d)
A
i el 4 ... .
== Snx) = Spx) = ;(smx + -+« 4 frsin 1lx).

(e)

Figure 9 Partial sums of the square wave function. Convergence is not
uniform.
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fW =i, -a<x<n
fx + 2m) = f(x)

75

-m w
(a)
r 7z
™ Y .
Solx) = -2- R
= =
{b)

4
5x(x) = Six) = L. x
2 L
™ 4
S53(x) = Syx) = o (cos x + $ cos Ix) x
T 4 x
S5(x) = Se(x) = — — —(cos x + $cos 3x + 5 cos 5x) . .
o o | e 7
e

Figure 10 Partial sums of a sawtooth function. Convergence is uniform.
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satisfies the conditions of the theorem, then the Fourier series of f converges
uniformly on the interval —a < x < a.

Example.
Consider the function

flx)=x, —-1l<x<]l.

Although f(x) is continuous and has a continuous derivative in the interval
—1 < x < 1, the periodic extension of f is not continuous. The Fourier
series cannot converge uniformly in any interval containing 1 or —1 because
the periodic extension of f has jumps there, but uniform convergence must
produce a continuous function.

On the other hand, the function f(x) = | sin(x)|, periodic with period 27,
is continuous and has a piecewise continuous derivative. Therefore, its Fourier
series converges uniformly to f(x) everywhere. O

Here is a restatement of Theorem 2 for a function given on the interval
—a < x < a. The condition at the endpoints replaces the condition of conti-
nuity of the periodic extension of f.

Theorem 3. If f(x) is given on —a < x < a, if f is continuous and bounded
and has a piecewise continuous derivative, and if f(—a+) = f(a—), then the
Fourier series of f converges uniformly to f on the interval —a < x < a. (The
series converges to f(a—) = f(—a+) atx = ta.) O

If an odd periodic function is to be continuous, it must have value O at x = 0
and at the endpoints of the symmetric period-interval. Thus, the odd periodic
extension of a function given in 0 < x < a may have jump discontinuities
even though it is continuous where originally given. The even periodic exten-
sion causes no such difficulty, however.

Theorem 4. If f(x) isgiven on 0 < x < a, if f is continuous and bounded
and has a piecewise continuous derivative, and if f(0+) = f(a—) = 0, then the
Fourier sine series of f converges uniformly to f in the interval 0 < x < a. (The
series converges to 0 at x = 0 and x = a.) O

Theorem 5. If f(x) isgiven on 0 < x < a, and if f is continuous and bounded
and has a piecewise continuous derivative, then the Fourier cosine series of f
converges uniformly to f in the interval 0 < x < a. (The series converges to
f(0+)atx =0andto f(a—)atx =a.) O

EXERCISES

1. Determine whether the Fourier series of the following functions converge
uniformly or not. Sketch each function.
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e f(x)=¢" -1l<x<1

b. f(x)=sinh(x), —-w<x<mw

c. f(x)=sin(x), —-w<x<mw

d. f(x)=sin(x) +|sin(x)], —-T<x<m
e. fx)=x+|x|, —-m<x<m

f. f(x):x(xz—l), -l<x<1
g flx)=1+2x—-2x% —1<x<1

. The Fourier series of the function

sin(x)

flx) =

, —T<X<T
x

converges at every point. To what value does the series converge at x = 0?
At x = m? The convergence is uniform. Why?

. Determine whether the sine and cosine series of the following functions
converge uniformly. Sketch.

a. f(x) = sinh(x), O<x<m
b. f(x) = sin(x), O<x<m
¢. f(x)=sin(mwx), 0<x<3

d f(x)=1/(1+x), O0<x<1
.f(x):l/(1+x2), 0<x<?2

. Ifa, and b, tend to zero as n tends to infinity, show that the series

[o.o]
ag+ Zef"‘" (an cos(nx) + b, sin(nx))
n=1
converges uniformly (¢ > 0).

. For each of the following coefficients, use Theorem 1 to decide whether
convergence of the associated Fourier series is uniform.

)
sin“(nm/2
n:%, b, =0
nemw
1 — cos(nm
i B, By =
nm
2(1 + cos(nm
c. a;=0, a,,z%(nzz), b,=0
n?—
1

d. lln=0, bn=m
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1.5 Operations on Fourier Series

In the course of this book we shall have to perform certain operations on
Fourier series. The purpose of this section is to find conditions under which
they are legitimate. Two things must be noted, however. First, the theorems
stated here are not the best possible: There are theorems with weaker hypothe-
ses and the same conclusions. Second, in applying mathematics, we often carry
out operations formally, legitimate or not. The results must then be checked
for correctness.

Throughout this section we shall state results about functions and Fourier
series with period 27, for typographic convenience. The results remain true
when the period is 2a instead. For functions defined only on a finite interval,
the periodic extension must fulfill the hypotheses. We shall refer to a function
f(x) with the series shown.

oo}

fx) ~ap+ Zan cos(nx) + b, sin(nx) (1)

n=1

Theorem 1. The Fourier series of the function c f (x) has coefficients cag, cay,, and
chy, (c is constant). O

This theorem is a simple consequence of the fact that a constant passes
through an integral. The fact that the integral of a sum is the sum of the inte-
grals leads to the following.

Theorem 2. The Fourier coefficients of the sum f(x) + g(x) are the sums of the
corresponding coefficients of f(x) and g(x). O

These two theorems are so natural that the reader has probably used them
already without thinking about it. The theorems that follow are much more
difficult to prove, but extremely important.

Theorem 3. If f(x) is periodic and piecewise continuous, then the Fourier series
of f may be integrated term by term:

b b 0 b
f fx)dx = / agdx + Z/ (a, cos(nx) + by, sin(nx)) dx. (2)

a a n=1 a
O
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Theorem 4. If f(x) is periodic and piecewise continuous, and if g (x) is piecewise
continuous fora < x < b, then

b b
[ reeis = [ agtos

)
+ Zf (an cos(nx) + b, sin(nx)) g(x)dx.  (3)
n=1 V%
O

In Theorems 3 and 4, the function f(x) is only required to be piecewise con-
tinuous. It is not necessary that the Fourier series of f(x) converge at all. Nev-
ertheless, the theorems guarantee that the series on the right converges and
equals the integral on the left in Eqgs. (2) and (3).

One important application of Theorem 4 was the derivation of the formulas
for the Fourier coefficients in Section 1. An application of Theorems 3 and 4 is
given in what follows.

Example.
The periodic function h(x) whose formula in the interval 0 < x < 27 is

hix)=x, O0<x<2mw

has the Fourier series

i g — 22 sin(nnx).
n=1

By applying Theorems 1 and 2, we find that the function f(x) defined by
f(x) = [t — h(x)]/2 has the series

[ee]

flx) ~ Z sin(nx)-

n

n=1
This manipulation would be simple algebra if the correspondence ~ were an
equality.
The function f(x) satisfies the hypotheses of Theorem 3. Thus we may in-
tegrate the preceding series from 0 to b to obtain

b 2. 1 — cos(nb)
fo f(x)dx = 21 e

Theorem 3 guarantees that this equality holds for any b. In the interval from 0
to 2r we have the formula f(x) = (w — x)/2. Hence

b b b2 1 - cos(nb)
fof(x)dx:2—4:n2;n2, 0<b<2m
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Now, replacing b by x, we have

x(2m — x) 21 >3 cos(nx)
TR LT sasm @
n= n=1

Outside the indicated interval, the periodic extension of the function on the
left equals the series on the right.

It is worthwhile to mention that the series on the right of Eq. (4) is the
Fourier series of the function on the left. That is to say,

1 7 x(2m —x) = 1

27 ), 4 x nzzl: n? ®)
1 x0w— —1

—f M cos(nx)dx = — (6)
7 Jo 4 n?

2 _

l f M sin(nx)dx = 0. (7)
T Jo 4

Equations (6) and (7) can be verified directly, of course, but Theorem 4, to-
gether with the orthogonality relations of Section 1, also guarantees them. In
addition, Eq. (5) gives us a way to evaluate the series on the right. L]

Although the uniqueness property stated in the following theorem is so very
natural that we tend to assume it is true without checking, it really is a conse-
quence of Theorem 4.

Theorem 5. If f(x) is periodic and piecewise continuous, its Fourier series is
unique. O

That is to say, only one series can correspond to f(x). We often make use
of uniqueness in this way: if two Fourier series are equal (or correspond to the
same function), then the coefficients of like terms must match.

The last operation to be discussed is differentiation, one that plays a princi-
pal role in applications.

Theorem 6. If f(x) is periodic, continuous, and piecewise smooth, then the dif-
ferentiated Fourier series of f(x) convergesto f’(x) atevery point x where f"(x)
exists:

f(x)= Z(—nan sin(nx) + nb,, cos(nx)). (8)

n=1

O

The hypotheses on f(x) itself imply (see Section 4) that the Fourier series of
f(x) converges uniformly. If f(x) (or its periodic extension) fails to be con-
tinuous, it is certain that the differentiated series of f(x) will fail to converge,
at some points at least.



1.5 Operations on Fourier Series 81

Example.
Let f be the function that is periodic with period 27 and has the formula

fx)=|x|, —wm<x<m.

This function is indeed continuous and piecewise smooth and is equal to its
Fourier series,

f(x) = r_ S (cos(x) +

. cos(3x) . cos(5x) .. ) .

9 25

According to Theorem 5, the differentiated series

4 (sin(x) r sin(3x) 5 sin(5x) y )
T 3

D

converges to f’(x) at any point x where f”(x) exists. Now, the derivative of
the sawtooth function f(x) (see Fig. 10) is the square-wave function

1, O<x<m

f’(x):{—l,—n<x<0 ®)

(see Fig. 9). Moreover, we know that the foregoing sine series is the Fourier
series of the square wave f’(x) and that it converges to the values given by Eq.
(9), except at the points where f’(x) has a jump. These are precisely the points
where f”(x) does not exist. [

Later on, it will frequently happen that we know a function only through its
Fourier series. Thus, it will be important to obtain properties of the function
by examining its coefficients, as the next theorem does.

Theorem 7. If f is periodic, with Fourier coefficients a,, by, and if the series

[o0]
D (In*an] + 1n*b,l)

n=1
converges for some integer k > 1, then f has continuous derivatives f', - --, f®
whose Fourier series are differentiated series of f. O

Example.
Consider the function defined by the series

flx) = Ze_”” cos(nx),

n=1

in which « is a positive parameter. For this function we have ay = 0,a, = e "¢,
b, = 0. By the integral test, the series Y nfe ™" converges for any k. Therefore
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f has derivatives of all orders. The Fourier series of f’ and f” are

fl(x) = Z —ne ™ sin(nx),
n=1

f(x) = Z —n%e ™" cos(nx). 0
n=1

If you have studied linear algebra, you may appreciate another way of under-
standing Fourier series. First, note that the set of all functions that are periodic
with a fixed period—here we take period 27 for simplicity—is a linear space
or abstract vector space: (1) a constant multiple of a periodic function is pe-
riodic with the same period; (2) the sum of two functions with period 27 is
again periodic with the same period. Then the formation of a Fourier series
for a function f in this space amounts to expressing f in terms of a basis that
consists of the functions 1, sin(x), cos(x), sin(2x), cos(2x), - - -, that appear in
the series. The vector space has to be restricted to integrable functions so that
the formulas for the coefficients of the series make sense.

The leap from finite to infinite dimensions raises some puzzling questions,
especially what we mean by equality between a function that can be expressed
in finite terms and an infinite series. We have taken a practical approach by dis-
cussing piecewise smooth functions and convergence of a series at every point.
Questions arising from Fourier series occupied mathematicians for much of
the 19th century, and some remain open.

EXERCISES

[o0]
1. Evaluate the sum of the series Z 1/n? by performing the integration
n=1

indicated in Eq. (5).
2. Sketch the graphs of the periodic extension of the function

T—Xx
f(x) = 5 0<x<2m

and of its derivative f’(x) and of

F(x) = fo f(r)dt.

Which of the functions f, f’, F have Fourier series that converge?

3. Suppose that a function has the formula f(x) = x,0 < x < w. What is
its derivative? Can the Fourier sine series of f be differentiated term by
term? What about the cosine series?
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Verify Egs. (6) and (7) by integration.

Suppose that a function f(x) is continuous and piecewise smooth in the
interval 0 < x < a. What additional conditions must f(x) satisfy in
order to guarantee that its sine series can be differentiated term by term?
The cosine series?

Is the derivative of a periodic function periodic? Is the integral of a peri-
odic function periodic?

It is known that the equality

in ([zcos (2)]) = 3= 2 costn)

n=1

is valid except when x is an odd multiple of 7. Can the Fourier series be
differentiated term by term?

Use the series that follows, together with integration or differentiation, to
find a Fourier series for the function p(x) = x(w — x),0 < x < 7.

B o0 (_1 n+1 .
x—ZE sin(nx), O0O<x<m
n
n=1

Let f(x) be an odd, periodic, piecewise smooth function with Fourier
sine coefficients by, by, - - - . Show that the function defined by

o0
u(x, t) = Z bee ™!sin(nx), t>0,
n=1

has the following properties:

32M = 2 — 2t
a. 92 = E —n*bye " Fsin(nx), t>0,
x
n=1

b. u(0,t)=0, u(m,t)=0, t>0,

1
c. u(x,0)= 5 (f(x+)+ f(x—)).
Let f be as in Exercise 9, but define u(x, y) by

o0
u(x, y) = aneﬂ’y sin(nx), y > 0.

n=1

Show that u(x, y) has these properties:

NPy =
@ 5= E —n*b,e ™ sin(nx), y >0,
x
n=1
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b. u(0,y)=0, u(w,y)=0, y=>0,
1
c. u(x,0)= 5 (f(x+)+ f(x—)).

1.6 Mean Error and Convergence in Mean

While we can study the behavior of infinite series, we must almost always use
finite series in practice. Fortunately, Fourier series have some properties that
make them very useful in this setting. Before going on to these properties, we

shall develop a useful formula.
Suppose f is a function defined in the interval —a < x < a, for which

(f(x))dx
is a finite number. Let
= nwx . (NTX
flx) ~ag+ nz:;an cos (T) + b, sin (T)

and let g(x) have a finite Fourier series

N
glx)=Ag+ ZA” cos (Tli:—x) + B, sin (m;ix) ;
1

Then we may perform the following operations:

a fx)g(x)dx = f“ f(x) |:A0 + ZN:An cos (n;r—x) + B, sin (nzx)i| dx
" = .
~ A, [ fx)dx +X:I:Aﬂ :; fx) cos(nZ—x)dx
+ iBn :1 f(x)sin(m;—x) dx.

We recognize the integrals as multiples of the Fourier coefficients of f, and
rewrite

1 [e Ll
= [ f(x)g(x)dx = 2aA, + le(a,,A,, % B3 (1)

Now suppose we wish to approximate f(x) by a finite Fourier series. The
difficulty here is deciding what “approximate” means. Of the many ways we
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can measure approximation, the one that is easiest to use is the following:
a
En= [ (f(x)—g(x))dx. (2)

(Here g is the function with a Fourier series containing terms up to and
including cos(Nmx/a).) Clearly, E y can never be negative, and if f and g are
“close,” then E  will be small. Thus our problem is to choose the coefficients
of g so as to minimize E y. (We assume N fixed.)

To compute E y, we first expand the integrand:

En= i fz(x)dx -2 ‘ fx)g(x)dx + /a gz(x)dx. (3)

The first integral has nothing to do with g; the other two integrals clearly
depend on the choice of ¢ and can be manipulated so as to minimize E 5. We

already have an expression for the middle integral. The last one can be found
by replacing f with ¢ in Eq. (1)

a N
f gix)dx =a [mé +y A+ Bﬁ] : (4)
L -

Now we have a formula for E y in terms of the variables Ay, A,, By:

Qa N
En={ Fix)dx—2a |:2A0a0 + Z A, + Bnbn]
- 1

N
+a |:2A§+2Aﬁ+33] (5)

1

The error Ey takes its minimum value when all of the partial derivatives
with respect to the variables are zero. We must then solve the equations

JdEN
—— = —4aay +4ahy =0
Ay
oE

N - —2aa, +2aA,=0
A,
oE

N — _2ab, +2aB, =0.
0B,

These equations require that Ay = a9, A, = a4, By = b,. Thus g should be
chosen to be the truncated Fourier series of f,

glx)=ao+ i:an cos (?) + by sin (”Z_x)

in order to minimize E y.
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Now that we know which choice of A’s and B’s minimizes E y, we can com-
pute that minimum value. After some algebra, we see that

N N
min(Ex) = | f(x)dx —a [zag +> at+ bﬁ}. (6)
i -

Even this minimum error must be greater than or equal to zero, and thus we
have the Bessel inequality

N
1 a
= fAx)dx = 223+ ) a2 +b2. 7)
a 1

This inequality is valid for any N and therefore is also valid in the limit as N
tends to infinity. The actual fact is that, in the limit, the inequality becomes
Parseval’s equality:

I ge =
= f(x)dx =2a3+ Y al+b2 (8)
o -

Another very important consequence of Bessel’s inequality is that the two
series 3 aZand ) b2 must converge if the left-hand side of Eqs. (7) and (8) is
finite. Thus, the numbers a, and b, must tend to 0 as n tends to infinity.

By comparing Egs. (6) and (8), we get a different expression for the mini-
mum error

[0}
min(Ey) =a Z a2+ b,

N+1

This quantity decreases steadily to zero as N increases. Since min(Ey) is,
according to Eq. (2), a mean deviation between f and the truncated Fourier
series of f, we often say “the Fourier series of f convergesto f in the mean.”
(Another kind of convergence!)

As we observed at the end of section 5, the idea of Fourier series can be
understood in terms of a basis in a vector space. The usual setting for making
this idea theoretically sound is as follows. Consider the set of all functions that

are periodic with period 27 (any other period would work as well) and are
2

such that the integral f2(x)dx exists (makes sense) and is finite. This set

is a vector space, oftenodesignated L,. The letter L honors Henri Lebesgue,
who developed a definition of integral that is more comprehensive than the
usual Riemann integral taught in calculus. In this vector space, the functions 1,
cos(x), sin(x), cos(2x), sin(2x), - - - that appear in a Fourier series constitute a
basis, if we agree that equality between a function and its Fourier series means
convergence in mean.
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Summary
If f(x) has been defined in the interval —a < x < a, and if

if 2(x)dx
is finite, then:

1. Among all finite series of the form

N
nmwx . (NTX
X(X)=A0+212Ancos (—a )+anm(—a )

the one that best approximates f in the sense of the error described by Eq.
(2) is the truncated Fourier series of f:

N
nix nwx
ag +Zan cos (—) + b, sin (—)
: a a
1 =
2. — 2(x)dx =2a + aZ + b2,
2 J =2 ) a sy,

I s nTx
3. an:—f f(x)cos(—)dx—)Oasn—»oo
al_, a

s . /UTX
bn—;[af(x)51n(7)dx+0 asn — 00

4. The Fourier series of f converges to f in the sense of the mean.

Properties 2 and 3 are very useful for checking calculated values of Fourier
coefficients.

EXERCISES

1. Use properties of Fourier series to evaluate the definite integral

1. F X\ [\2
= [ﬂ (ln ‘Zcos (5) D dx.
(Hint: see Section 10, Eq. (4) and Section 5, Eq. (5).)
2. Verify Parseval’s equality for these functions:
a fix)=x, —-l<x<l b. f(x) =sin(x), -7 <x <.

3. What can be said about the behavior of the Fourier coefficients of the fol-
lowing functions as n — oo?
a f(x)=x"2, —-l<x<l1 b. f(x)=|x|""2, —1<x<1
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4. How do we know that E j has a minimum and not a maximum?

5. Ifafunction f defined on the interval —a < x < a has Fourier coefficients

a, =0, bn:_

N
what can you say about

’ fz(x)dx?

—a

6. Show that, as n = o0, the Fourier sine coefficients of the function
1
flx)==, —-m<x<m
x

tend to a nonzero constant. (Since this is an odd function, we can take the
cosine coefficients to be zero, although strictly speaking they do not exist.)

Use the fact that % sin
t
f sin(t) e

1.7 Proof of Convergence

In this section we prove the Fourier convergence theorem stated in Section 3.
Most of the proof requires nothing more than simple calculus, but there are
three technical points that we state here.

Lemmal. Forall N=1,2,---,
1 "1 <
— -+ dy =1. |
”LT (2 nX—I:COS(ny)) y

Lemma 2. Forall N=1,2,---,

sin ((N + %)y)

N
1

— + —
2 ; i) 2sin(3y)

Lemma 3. If ¢(y) is piecewise continuous, —w < y < 7, then its Fourier coeffi-
cients tend to 0 with n:

lim l @(y) cos(ny)dy =0,
T -

R .
lim - ¢(y) sin(ny)dy = 0. 0
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In Exercises 1 and 2 of this section, you are asked to verify Lemmas 1 and 2
(also see Miscellaneous Exercise 17 at the end of this chapter). Lemma 3 was
proved in Section 6.

The theorem we are going to prove is restated here for easy reference. Period
27 is used for typographic convenience; we have seen that any other period
can be obtained by a simple change of variables.

Theorem. If f(x) is piecewise smooth and periodic with period 27, then the
Fourier series corresponding to f converges at every x, and the sum of the
series is

o
1
aop +2:u,7 cos(nx) + by, sin(nx) = i(f(x+) + f(x=)). (1)
n=1
O
Proof: Let the point x be chosen; it is to remain fixed. To begin with, we assume

that f is continuous at x, so that the sum of the series should be f(x). Another
way to say this is that

lim Sy(x) — f(x) =0,
N—o0o
where Sy is the partial sum of the Fourier series of f,
N
Sn(x) =ag+ Zan cos(nx) + b, sin(nx). 2)

n=1

Of course, the a’s and b’s are the Fourier coefficients of f,

w=3z [ s
5= % " f(z) cos(nz)dz, (3)
b, = 2; :T f(2) sin(nz)dz.

The integrals have z as their variable of integration, but that does not affect
their value.

Part 1. Transformation of Sy(x).
In order to show a relationship between Sy(x) and f, we replace the coeffi-
cients in Eq. (2) by the integrals that define them and use elementary algebra
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on the results.

w N b4
Sn(x) = %f f(z)dx + Z [% f(z) cos(nz)dz cos(nx)
= n=1 i

T

+% f(z)sin(nz)dz sin(nx):| (4)

-

T N .
- % [ﬂ Heldx + ; [% » f(z) cos(nz) cos(nx)dz

+% " f(z)sin(nz) sin(nx)dzi| (5)

I e il IR
B E[x f@ x+;|:; » f(z)(cos(nz) cos(nx)

+ sin(nz) sin(nx))dzj| (6)
= N
= é[” f(z) (% + ;cos(nz) cos(nx)
+sin(nz) sin(nx))dz (7)

= N
- %./7;1 f(z) (; + Zl:cos(n(z — x))) dz. (8)

In this very compact formula for Sy(x), we now change the variable of inte-
gration from z to y = z — x:

1 mTtx 1 N

s == [ flay) 5+ 3 costm) ) . ©®)
T J m+x 2 s

Note that both factors in the integrand are periodic with period 27. The inter-

val of integration can be any interval of length 2 with no change in the result.

(See Exercise 5 of Section 1.) Therefore,

1 = i =
Sn(x) = ;/ flx+y) (2 + Zcos(ny)) dy. (10)
- n=1

Part 2. Expression for Sy(x) — f(x).

Since we must show that the difference Sy (x)— f(x) goes to 0, we need to have
f(x) in a form compatible with that for Sy(x). Recall that x is fixed (although
arbitrary), so f(x) is to be thought of as a number. Lemma 1 suggests the
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appropriate form,

f(x) = f(x).’l!f' (—+Zcos(ny)) dy

n=1
= l[v f(x) l+§:cos(ny dy (11)
Tl n=1

Now, using Eq. (10) to represent Sy/(x), we have

N
1 ] 1

Sn(x)— f(x)=— (flx+y)— f(x) (— + Zcos(ny)) dy. (12)
b ] 2

n=1

Part 3. The limit.
The next step is to use Lemma 2 to replace the sum in Eq. (12). The result is

sm( (N + )y)
$v0) = £ = = [ (e - g ey as)
2sin(2 3 >y)
The addition formula for sines gives the equality
sin ((N + )y) = cos(Ny) sm( ) + sin(Ny) cos(ly)
Substituting it in Eq. (13) and using simple properties of integrals, we obtain

1 [= 1
Sn(x) = f(x) = ;f (fx+y) - f(x))—cos(Ny)dy

T

0s(3y)
2sin(3y)

The first integral in Eq. (14) can be recognized as the Fourier cosine coefficient
of the function

+% ‘(f(x+y) f(x)) sin(Ny)dy. (14)

xb(y)=%(f(x+y)—f(x)). (15)

Since f is a piecewise smooth function, so is ¥/, and the first integral has limit
0 as N increases, by Lemma 3.

The second integral in Eq. (14) can also be recognized, as the Fourier sine
coefficient of the function

f(x+y) f(x)

o(y) = in(Ly)

cos (37) (16)

To proceed as before, we must show that ¢(y) is at least piecewise continuous,
—n < y < m. The only difficulty is to show that the apparent division by 0 at
y = 0 does not cause ¢(y) to have a bad discontinuity there.
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First, if f is continuous and differentiable near x, then f(x + y) — f(x) is
continuous and differentiable near y = 0. Then ’'Hépital’s rule gives

(4
sy I Ve VORI iy (17)
y=0  2sin(3y) y=0 cos(1y)
Under these conditions, the function ¢(y) of Eq. (16) has a removable dis-
continuity at y = 0 and thus is piecewise continuous.
Second, if f is continuous at x but has a corner there, then f(x+ y) — f(x)
is continuous with a corner at y = 0. In this case, ’Hopital’s rule applies with
the one-sided limits, which show

lim flx +_y) — fx) _ lim flx+y)
y>0+  2sin(y) y—>0+ cos(%y)

= f'(x+) (18)

/
fi, SEEH G, FERHL_ oy, 5 (19)
y—0— 2sin(3y) y—>0-— cos(%y)
Under these conditions, the function ¢(y) of Eq. (16) has a jump discontinuity
at y = 0, and again is piecewise continuous.

In either case, we see that the second integral in Eq. (14) is the Fourier
sine coefficient of a piecewise continuous function. By Lemma 3, then, it too
has limit 0 as N increases, and the proof is complete at every x where f is
continuous.

Part 4. If f is not continuous at x.
Now, let us suppose that f has a jump discontinuity at x. In this case, we must
return to Part 2 and express the proposed sum of the series as

l(f(x"')'*'f(X—)):lfn f(x+) l+XN:cos(n ))d
2 = 5t 2 emley] | dy
1 0 1 N
= - flx=) (5 + ;cos(ny)) dy. (20)

Here, we have used the evenness of the integrand in Lemma 1 to write

T

L P~ L0 (1§ !
;fo 2 ¥ 2 costm) dy=;f, 2t 2 costm) |dy=3. @V
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Next, we have a convenient way to write the quantity to be limited:

Sl %(f(xﬂ + flx-))
1 (" i
= ;_/(; (flx+y)— f(x+)) (E + nz;cos(ny)) dy

N
+ % i (flx+y)— f(x=)) (% + nzl:cos(ny)) dy. (22)

The interval of integration for Sy(x) as shown in Eq. (10) has been split in half
to conform to the integrals in Eq. (20).

The last step is to show that each of the integrals in Eq. (22) approaches 0
as N increases. Since the technique is the same as in Part 3, this is left as an
exercise.

Let us emphasize that the crux of the proofis to show that the function from
Eq. (16),

flx+y)— fx) 1
e e T 23
169 2sin(ly) cos (37) (23)
(or a similar function that arises from the integrands in Eq. (22)), does not
have a bad discontinuity at y = 0. [

EXERCISES

1. Verify Lemma 2. Multiply through by 2 sin(3 ). Use the identity

o (b4 (1) (- 2))):

Note that most of the series then disappears. (To see this, write out the
result for N = 3.)

2. Verify Lemma 1 by integrating the sum term by term.

3. Let f(x) = f(x+2n)and f(x) = |x| for —m < x < 7. Note that f is
continuous and has a corner at x = 0. Sketch the function ¢(y) as defined
in Eq. (16) if x = 0. Find ¢(0+) and ¢(0—).

4. Let f bethe odd periodic extension of the function whose formula is 7 — x
for 0 < x < . In this case, f has a jump discontinuity at x = 0. Taking
x = 0, sketch the functions

(x+y) — flxt) 1
¢R(y)=%cos (Ey) (y>0)

(E+g)— fla—) 1
or(y) = fxz:i/n(%}{)x cos(iy) (y <0).
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(These functions appear if the integrands in Eq. (22) are developed as in
Part 3 of the proof.)

5. Consider the function f that is periodic with period 27 and has the for-
mula f(x) = |x]*/* for—7 < x < 7.
a. Show that f is continuous at x = 0 but is not piecewise smooth.

b. Show that the function ¢(y) (from Eq. (16), with x = 0) is piecewise
continuous, —7 < x < 7, except for a bad discontinuity at y = 0.

¢. Show that the Fourier coefficients of ¢(y) tend to 0 as n increases
despite the bad discontinuity.

1.8 Numerical Determination of Fourier Coefficients

There are many functions whose Fourier coefficients cannot be determined
analytically because the integrals involved are not known in terms of easily
evaluated functions. Also, it may happen that a function is not known explic-
itly, but its value can be found at some points. In either case, if a Fourier series
is to be found for the function, some numerical technique must be employed
to approximate the integrals that give the Fourier coefficients. It turns out that
one of the crudest numerical integration techniques is the best.

Any periodic, piecewise smooth function can be reduced by the procedure
illustrated in Fig. 11 to the sum of some functions fi(x) and f(x), whose
series can be found by integration, and another function that is continuous,
periodic and piecewise smooth. This last function’s Fourier coefficients will
approach 0 rapidly with n.

Suppose then that f(x) is continuous, piecewise smooth and periodic with
period 2a. We wish to find its Fourier coefficients numerically. For instance,

l a
a = -~ I;" f(x)dx.

The integral is approximated using the trapezoidal rule. First, cut up the
interval —a < x < a into r equal subintervals with endpoints xq, x;. - - - , X;
where

xp=—a+kAx, Ax=2a/r.

Next, evaluate the sum
1 1 1
ap = i ('Z'f(xo)+ )+ 4+ flx—)+ 'if(xr)) Ax. (1)

Since xp = —a, x, = a, and f is periodic with period 2a, we have f(xy) =
f(x;): the two terms with % multipliers can be combined. Thus, our approxi-
mation is

1 2
aoz—(f(x|)+f(x3)+"'+f(xr))'_a-
2a r
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f(x)
//
N \ x
—a \ a
(a)
i
S— L X

(b)

H{x)

(d)

100~ ()~ fy(x)

l N
N

{e)

Figure 11 Preparation of a function for numerical integration of Fourier coef-
ficients. (a) Graph of piecewise smooth function f(x) given on —a < x < a.
(b) Graph of fi(x), which has jumps of the same magnitude and position as
f(x). Coefficients can be found analytically. (c) Graph of f(x) — fi(x). This
function has no jumps in —a < x < a. (d) Graph of f,(x). The periodic
extensions of f>(x) and of f(x) — fi(x) have jumps of the same magnitude
at x = =a, and so forth. The coefficients of f, can be found analytically. (e)
Graph of f3(x) = f(x) — fi(x) — fa(x). The Fourier series of f3(x) converges
uniformly (the coefficients tend to zero rapidly).
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The occurrences of 2a cancel, and the computed value is just the average of the
functional values.

We use a caret over the usual coefficient name to designate approximations.
Other Fourier coefficients are approximated in a similar way.

Summary

Let f(x) be continuous, piecewise smooth and periodic with period 2a.
Approximate Fourier coefficients of f(x) are

do= = (fln) 4o+ fx) @
in= 2 (e cos (T 4ot fx)con (22)) ®
b= 2 (fosin(T2) 4ot fa)sin (2. @

If r is odd, Egs. (3) and (4) are valid forn = 1,2,---,(r — 1)/2, giving a
total of r coefficients. If r is even, Eq. (4) gives 5,/3 = 0, and Eq. (3) has to be
modified:

. l rmwx, rux, ,
a,/g—r(f(xl)cos( 55 )+---+f(x,)cos( P )) (3)
We again get r valid coefficients. a

The formulas in Egs. (2)-(4) were derived for the case in which xp, x),
-, x, are equally spaced points in the interval —a < x < a. However, they
remain valid for equally spaced points on the interval 0 < x < 2a. That is,
4a
X2= —,-+- , X =2a. (5)

¥ r

2a
XQ=0, X = —

Note also that when f(x) is given in the interval 0 < x < a, and the sine
or cosine coefficients are to be determined, the formulas may be derived from
those already given here. Let the interval be divided into s equal subintervals
with endpoints 0 = xj, x;,--- ., x; = a (in general, x; = ia/s). Then the
approximate Fourier cosine coefficients for f or its even extension are

1/1 1
éo:;(Ef(x0)+f(xl)+"'+f(xf'l)+£f(x5))

nIT X

a'l=§(%f(x0)+f(xl)cos( ; )+...+~21~f(xs)C05("J:lxs))|

n=1---,s—1

1/1 1 :
-s‘(Ef(xu)+f(x|)cos(szx')+-~+Ef(xs)cos(sj.;x)) (6)

i3
P
I
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i X COS X; cos2x; cos3x; sin(x;)/x;

0 0 1.0 1.0 1.0 1.0

1 % 0.86603 0.5 0 0.95493

2 % 0.5 —0.5 —1.0 0.82699

3 % 0 -1.0 0 0.63662

4 ZT” —-0.5 —0.5 1.0 0.41350

> 5?” —0.86603 0.5 0 0.19099

6 —-1.0 1.0 —-1.0 0.0

Table 3 Numerical information

Similarly, the approximate Fourier sine coefficients for f or its odd extension

are
2 10 () - (5,

a

#o= 11,12, = 8h (7)

An important feature of the approximate Fourier coefficients is this: If
. X . (X
F(x) :a0+a1cos(—) +Elsm(—) +.e
a a

is a finite Fourier series using a total of r approximate coefficients calculated
from Egs. (4) and (5), then F(x) actually interpolates the function f(x) at
X1, X2, -+ , %X,. That s,

= E feil B
Thus the graph of F (x) cuts the graph of f(x) at the points x;,i = 1,2,--- , r.

Example.
Calculate the approximate Fourier coefficients of f(x) = sin(x)/x in —7 <
X <.

Since f is even, it will have a cosine series. We simplify computation by using
the half-range formulas and making s even. We take s = 6, xp = 0, x; = /6,

-, x5 = 51/6, x¢ = 7. The numerical information is given in Table 3.

The results of the calculation are given in Table 4. On the left are the ap-
proximate coefficients calculated from the table. On the right are the correct
values (to five decimals), obtained with the aid of a table of the sine integral
(see Exercise 2). Figure 12 shows the difference between f(x) and F (x) (the
sum of the Fourier series using the approximate coefficients through a¢). O

For hand calculation, choosing s to be a multiple of 4 makes many of the
cosines “easy” numbers such as 1 or 0.5. When the calculation is done by digital
computer, this is not a consideration.
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ay, a, error
0.58717 0.58949  0.00232
0.45611 0.45141  0.00470
—0.06130 —0.05640 0.00490
0.02884 0.02356  0.00528

W= o

Table 4 Approximate coefficients
of sin(x)/x

0.03
0.02

0.01+

=

i) 1\_/16 2 25

aTw "

-0.014

Figure 12 Graph of the difference between f(x) = sin(x)/x and F(x), the
sum of the Fourier series using the approximate coefficients d, through de.

EXERCISES

1.

Since Table 3 gives sin(x)/x for seven points, seven cosine coefficients can
be calculated. Find dsg.

Express the Fourier cosine coefficients of the example in terms of integrals
of the form

(n+1)m sin(t)

Si((n+ 1)) = f
0

This is the sine integral function and is tabulated in many books, especially

Handbook of Mathematical Functions, Abramowitz and Stegun, 1972.

Each entry in the list that follows represents the depth of the water in Lake
Ontario (minus the low-water datum of 242.8 feet) on the first of the cor-
responding month. Assuming that the water level is a periodic function
of period one year, and that the observations are taken at equal intervals,
compute the Fourier coefficients dg, 4;, by, a4, b,, thus identifying the mean
level, and fluctuations of period 12 months, 6 months, 4 months, and so
forth. Take x as January,- - -, x1; as December, and x;, as January again.



Jan.
Feb.
Mar.
Apr.
May
June

0.75
0.60
0.65
1.15
1.80
2.25

1.9 Fourier Integral

July
Aug.

Sept.

Oct.
Nov.
Dec.

2:35
2.15
1.75
1.05
1.00
0.90

99

4. The numbers in the table that follows represent the monthly precipitation
(in inches of water) in Lake Placid, NY averaged over the period 1950-1959.

Find the approximate Fourier coefficients ay, - - - , d¢ and by,--- . b
Jan. 2.751 July  3.861
Feb. 2.004 Aug. 4.088
Mar. 3.166 Sept.  4.093
Apr. 2909 Oct.  3.434
May 3.215 Nov. 2.902
June 3.767 Dec. 3.011

5

1.9 Fourier Integral

In Sections 1 and 2 of this chapter we developed the representation of a pe-
riodic function in terms of sines and cosines with the same period. Then, by
means of periodic extension, we obtained series representations for functions
defined only on a finite interval. However, we must frequently deal with non-
periodic functions defined for x between —oc¢ and o¢. Can such functions also
be represented in terms of sines and cosines? We make some transformations

that suggest an answer.

Suppose f(x) is defined for —o0 < x < o0 and is piecewise smooth in
every finite interval. Then for any positive a, f(x) can be represented in the

interval —a < x < a by its Fourier series:

oc
nmx .
ap + Z a, cos (T) + b, sin (

1]

f(x)

n=1

2a

Example 1.
Let

1 . o/nmx
b, ;f_" f(x)sin (T

1 E: 1

dx, ! R

ag [_,, f(x)dx, a r
a

)dx.

-3

o[

nmwx
—) , —a<x<a
a
a
nmwx
f(x)cos (—) dx,
a

—a

0<x
x:<0:

(1)
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Foranya > 0, we have the Fourier series for f(x) on the interval —a < x < a:

n

0
nwx . TX
f(x)=a0+z ancos(—)+bnsm(—), —a<x<a
: a a

1—e™® _ 1 —e™* cos(n)

i 2a e a (1 + (mr/u)z)
(1 — e cos(nm))nm
- 2)
a? (1 + (n;rr/u)z)

(The series convergesto 1/2atx =0 andtoe %/2 at x = a.) O

Now we modify Eq. (1). Let A, = nwr/a and define two functions

1 [ 1 f*

Az(Ay) = - f(x) cos(hyx)dx, By(Ay) = = f(x)sin(A,x)dx. (3)

Notice that - -
an = 7AG(A'")! bn = *Ba(}‘-n)-
a a

Because of this, the Fourier series Eq. (1) becomes

f(x) = a0+2 [Az(A,) cos(Anyx) + Bi(A,) sin(A,x)]-AA, —a < x < a (4)

n=1

where AL =7m/a = Api1 — Ape

The form in which Eq. (4) is written is chosen to suggest an integral with
respect to A over the interval 0 < A < 0o. We may imagine a increasing to
infinity, so that AA — 0 and

A,(A) — A(Q) = %foo f(x) cos(Ax)dx (5)

B,(A) — B(A) = %foo f(x)sin(Ax)dx (6)

and a9 —> 0. Then Eq. (4) suggests

flx) = foo [A(A) cos(Ax) + B(A)sin(Ax)] dA, —o00 < x < 00. (7)
0

Example 1 (continued).
For f(x) asin Example 1, we find (remember that f(x) = 0 for x < 0)

1 g _
AA) = ;fo e *cos(Ax)dx = 77[(1 e
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L= -
B(A) = ;./; e “sin(ix)dx = n—(l )

and therefore we expect that

> 1 e : e 0<x
/o [n(l +A2) e (1 +A2) Sln()\.x)] dx = [0, x < 0. O

The derivation above is not a proof but it does suggest the following
theorem:

Fourier Integral Representation Theorem. Let f(x) be piecewise smooth on
every finite interval, and let f_mx | f(x)|dx be finite. Then at every point x,

f (A(A) cos(Ax) + B(A)sin(Ax))dAr = %(f(x+)+f(x—)). —X <X <
0
(8)

where
A(A) = lf f(x)cos(rx)dx, B(A)= lf f(x)sin(Ax)dx. (9)
b 4 —00 n -850
O

Eq. (8) is called the Fourier integral representation of f(x); A(%) and B()
in Eq. (9) are the Fourier integral coefficient functions of f(x). The right-hand
side of Eq. (8) was also seen in the Fourier series convergence theorem. Since
f(x) is piecewise smooth, the expression in Eq. (8) is the same as f(x) almost
everywhere, so we often write Eq. (7) instead of Eq. (8).

Example 2.

The function

_JLxl <1
f(")‘{o.|x|>1.

has the Fourier integral coefficient functions

00 1 )
A(A) = lj f(x)COS(AX)dx = l‘[ COS(A.I)dx = 25'"(;\-)
e T Ja Th

B(x) =0.

Since f(x) is piecewise smooth, the Fourier integral representation is legit-
imate, and we write

_ [ 2sin(A)
f(x) —j; = cos(Aix)dx.

(Actually the integral equals ] at x = %1, so equality is not strictly correct at
these two points.) O
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Example 3.
Find the Fourier integral representation of f(x) = exp(—|x]).
Direct integration gives

AL) = %foo exp(—|x|) cos(Ax)dx

o]

2

o0
:—[ e " cos(Ax)dx
T Jo

2 e *(—cos(Ax) +Asin(Ax))|* 2 1
T 1+2A2 o T1+aZ

B(A) = 0, because exp(—|x|) is even. Since exp(—|x|) is continuous and
piecewise smooth, we may write

2% 2 A
exp(—|x|) = ;/ C;)S_E;)d}u, —00 < x < 00. {i]
0

These two examples illustrate the fact that, in general, one cannot evaluate
the integral in the Fourier integral representation. It is the Fourier Integral
Representation Theorem that allows us to write the equality between a suitable
function and its Fourier integral.

If f(x) is defined only in the interval 0 < x < ©0, one can construct an even
or odd extension whose Fourier integral contains only cos(Ax) or sin(Ax).
These are called the Fourier cosine and sine integral representations of f, re-
spectively.

Let f(x) be defined and piecewise smooth for 0 < x < 00, and let
fooo | f(x)|dx < 0o. Then we write:

Fourier cosine integral representation
[oe]
f(x) :/ A\ cos(Ax)dr, 0<x <o00
0
2 o
with  A(A) = —f f(x) cos(Ax)dx,
T Jo
Fourier sine integral representation
o0
f(x) =f B(A)sin(Ax)dA, 0<x<
0

with B(A) = %foo f (x) sin(Ax)dx.
0
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Example 4.

Find the Fourier sine and cosine integral representations of f(x) given for
0 < xby

sin(x), O<x<m

f(")z{o. T2,

Since f(x) = 0 for x > m, the integral for B(X) reduces to one over the
interval 0 < x < m:

B(A) = Ef f(x)sin(Ax)dx = i[ sin(x) sin(Ax)dx
T Jo 0

b1

_2 [sin((x —Dx)  sin((2 + 1)x)]”

“xl o20-1) 20+1) ],
N i I:sin((l - 1) B sin((A + l)n')]
" wl 2G:—1) 20+1) |’

This expression can be simplified by using the fact that
sin((A £ 1)) = sin(Amr £ ) = —sin(Ax).
Then, creating a common denominator, we obtain

—2sin(Am)

B(&) = T

Hence the Fourier sine integral representation of f(x) is

[ =2sin(Am) .
flx) = j; —n(lz T sin(Ax)dr, 0 < x.

Since f(x) is continuous for 0 < x, the equality holds at every point.
Similarly, we can compute the cosine coefficient function

—2(1 4+ cos(Am))

AN = — = 1)

and the cosine integral representation of f(x) is

a * =2(1+ cos(Am))
f(x) —-[0 ﬁcos(kx)dk. 0 < x.

Note that both A(A) and B(A) have removable discontinuities at A = 1. O

It seems to be a rule of thumb that if the Fourier coefficient functions A(A)
and B(A) can be found in closed form for some function f(x), then the inte-
gral in the Fourier integral representation cannot be carried out by elementary
means, and vice versa. (See Exercise 3.)



104 Chapter 1  Fourier Series and Integrals

Rules for operations on Fourier integrals generally follow the lines men-
tioned in Section 1.5 for Fourier series. In particular: if f(x) is continuous
and if both f(x)and f'(x) have Fourier integral representations, then

f(x) = f [A(X) cos(ax) + B(A) sin(Ax)] dA
0

f'(x) = f [—AA(X) sin(Ax) + AB(X) cos(rx)] da.
0

Example 5.
Let f(x) = exp(—|x|) as in Example 3. Then its derivative is
rii | —Ei0 <
f(x)_le". x < 0.

Clearly, f(x) is continuous, and both f(x) and f’(x) have Fourier integral
representations. The one for f(x) is in Example 3. Thus we have

f’()—fooi - in(Ax)dx O
x—o ”1+A25ln X -

EXERCISES

1. Sketch the even and odd extensions of each of the following functions, and
find the Fourier cosine and sine integrals for f. Each function is given in
the interval 0 < x < oo.

a f(x)=e™™
WO Hehak
« g0= {3

2. Find the Fourier integral representation of the function f;(x) given below.
This is sometimes called a “window” because it is “open” fort —h < x <

t+ h.
l,|x—t|<h

fe(x) = IO. |x —t| > h

3. Find the Fourier integral representation of each of the following functions.

1
0
b ) = sin(x)

X

(Hint: To evaluate the Fourier integral coefficient functions, consult the
Fourier integral representations found in the examples.)
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4. In Exercise 3b, the |nh,gralf | fix)|dx is not finite. Nevertheless, A()

and B(A) do exist (B(x) = EI] Find a rationale in the convergence theo-
rem for saying that this function can be represented by its Fourier integral.
(Hint: See Example 1.)

5. Find the Fourier integral representation of each of these functions:

_Jsn(x), —w=x<mw
o ﬂx}_{ﬂ, x| =

_ | sin(x), O=x<mx
i) = 0, otherwise

_Jlsin(x)l, —wT=x<=m
B = 0, otherwise,

6. Show that if k and K are positive, then the following are true:

e 1
a. fu gk sin(x)dx = T

a0l 1 — E—Kx
b. f —— sin(x)dx = tan" (K
a x

fi’“ sinix) T
c. dx =
i X 2

(Part (a) by direct integration, (b) by integration of (a) with respect to
k over the interval 0 to K, {c) by limit of (b} as K — o0.)

7. Starting from Exercise 6c, show that

. x/2, D=z

L= = N .J'.. Tl'lr ?

f Bk Z}d}. = 0, z=0
o A —mf2, z<0

Is this the Fourier integral of some function?

8. Change the variable of integration in the formulas for A and B and justify
each step of the following string of equalities. {Do not worry about chang-
ing order of integration.)

flx) = %fuw f_: F(t) (cos(At) cos(hx) + sin(at) sin(Ax)) dtdA
= fle) fx cos(A(f — x))dadt
it -

1 £ o sinf(wt — x))
:;-[ f{tj[llm T}df

= lim _f f(t) Mdr

=X
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The last integral is called Fourier’s single integral. Sketch the function
sin(wv)/v as a function of v for several values of . What happens near
v = 0? Sometimes notation is compressed and, instead of the last line, we
write

fx) =f° FO)8(t — x)dt.

Although § is not, strictly speaking, a function, it is called Dirac’s delta func-
tion.

9. Refer to Example 1. Use the formulas there to find
a a

Aa(}\-n) = —an, Bu()"n) = —b,.
T T

Next, replace A, = nr/a by A and take the limit as a — o0. Are the results
identical to A(A) and B()L)?

1.10 Complex Methods

Fourier Series

Suppose that a function f(x) equals its Fourier series

f(x)=ao+ Zaﬂ cos(nx) + b, sin(nx).
n=1

(We use period 27 for simplicity only.) A famous formula of Euler states that
e'® = cos(0) +isin(f), where i* = —1.

Some simple algebra then gives the exponential definitions of the sine and
cosine:

cos(@) = % (e +e7), sin(0) = % (2 =2

By substituting the exponential forms into the Fourier series of f we arrive at
the alternate form

i ; 4 : )
f(x)=ao+ S ;an (e”’Jc + ef”’x) —ib, (e’”x — ef’”")

T , ) , p
=ag+ 5 ; (an —iby) ™ + (a, +iby,) e ",

We are now led to define complex Fourier coefficients for f:

1 1
o = do, Cn:i(an_ibn); cfn=i(an+ibn), n=123,.--.
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In terms of these two coefficients, we have

f(x)—c0+z "™ + c_pemi) che o (1)

This is the complex form of the Fourier series for f. It is easy to derive the
universal formula .
Cp=— x)e ™ dx, 2

e f(x) (2)
which is valid for all integers n, positive, negative, or zero. The complex form is
used especially in physics and electrical engineering. Sometimes the function
corresponding to a Fourier series can be recognized by use of the complex
form.

Example.
The series

o0 ( 1n+1
Z cos(nx)

n=1

may be considered the real part of

0 (— 1)n+l

2.

n=

0 n+1
=23 iy )
1

because the real part of ¢’ is cos(f). The series on the right in Eq. (3) is recog-
nized as a Taylor series

Z( l)nﬂ(wy’ In(1 +e™).

n=1

Some manipulations yield
1 4 ei* = gi*/2 (eix/z +efix/2) — 2152 g (f)
2
x
In(1 + &) = +ln(2cos (E))

The real part of In(1 + e*) is In(2 cos(x/2)) when —r < x < . Thus, we
derive the relation

In (2 cos (g)) ~ i (—ln)”“ cos(nx), —m < x <. (4)
1

(The series actually converges except at x = £, 3, - -+ to In(]2 cos(3)]).)
O



108 Chapter 1  Fourier Series and Integrals

Fourier integral

The Fourier integral of a function f(x) defined in the entire interval —oo <

x < 0o can also be cast in complex form:
o0 -
f(x) = f C(Me™da.
—00
The complex Fourier integral coefficient function is given by
1 o ;
co = [  fee .

It is simple to show that

c) = % (A —iB(L),

(5)

(6)

(7)

where A and B are the usual Fourier integral coefficients. The complex Fourier
integral coefficient is often called the Fourier transform of the function f(x).

Example.
Find the complex Fourier integral representation of

—a<x<a
x < |al.

so=1{
The coefficient function (or transform) of f is

1 a . 1 efi)\x a
Ca) = —/ R
2w

. C2m —ir |,
_ 1 et —e"™  sin(ia)
2w iA R

The representation of f is

© ¢in( .
f(x) =f Me“\xdk, —00 < X < 00.
oo TTA

Of course, at x = =+a, the integral converges to 1/2.

O

This example brings out a fact about symmetry: If f(x) is even, C(A) is real;

if f(x)is odd, C(A) is imaginary.

The Fourier integral or transform may be used to solve differential equa-
tions on the interval —oc0 < x < 00, in much the same way that the Laplace

transform is used.
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EXERCISES

1. Use the complex form

1 [* ]
a, —ib, = — f(x)e7'™dx, n#0
T J x

to find the Fourier series of the function
f(x)=e*, —-m<x<m.
. Find the complex Fourier series for the “square wave” with period 27:

l, O0<x<m
f(x)_{—l, T <x<0
. Find the complex Fourier integral representation of the following
functions:

e %, x>0
o flx)= 0, x<0
_|sin(x), O0<x<m
b. flx)= 0, elsewhere.
. Find the complex Fourier integral for
xe ™, O0<x
o flx)= 0, x<0

b. f(x)=e **lsin(x).

. Relate the functions and series that follow by using complex form and Tay-
lor series.

o0
1 — r cos(x)
.1+ r"cos(nx) = —————, 0<r<l
¢ ; (nx) 1 — 2r cos(x) +r? =
=, sin(nx) R
b. Z = g sin(sin(x)).
e 1
. Show by integrating that
fﬂ einxefimxdxz {01 n?ém
b 2w, n=m

and develop the formula for the complex Fourier coefficients using this
idea of orthogonality.
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7. Find the function f(x) whose complex Fourier coefficient function is
given

a. C(A) = {

1, —-l<i<l,
0, otherwise

b. C(A) =,
8. Show that the complex Fourier coefficient function for f(x) = e is

cuil,ﬁl

v

Use a change of variable in the exponent in Eq. (6). You need to know that

C(A) =

/_”» eTdz= J.

oo

1.11 Applications of Fourier Series and
Integrals

Fourier series and integrals are among the most basic tools of applied mathe-
matics. In what follows, give just a few applications that do not fall within the
scope of the rest of this book.

Nonhomogeneous Differential Equation

Many mechanical and electrical systems may be described by the differential
equation

y+ay+By= f(1).

The function f(t) is called the “forcing function,” Sy the “restoring term,”
and « y the “damping term.” It is known (see Sec. 0.2) that: (1) a sin or cosine
in f(t) will cause functions of the same period in y(t); (2) if f(t) is broken
down as a sum of simpler functions, y(t) can be broken down in the same
way.

Suppose that f(1) is periodic with period 277, and let its Fourier series be

f(t)=ao+ Z a, cos(nt) + b, sin(nt).

n=1

Then a particular solution y(t) will be periodic with period 2x; it and its deriv-
atives have Fourier series:
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o0
y(t) = Ag + Z A, cos(nt) + B, sin(nt)

n=1
o0
y(t) = Z —nA, sin(nt) + nB,, cos(nt)
n=1

y(t) = Z —n? A, cos(nt) — n? B, sin(nt).

n=1
Then the differential equation can be written in the form:

[o o]
BAy+ Z (-=n*A, +anB, + BA,) cos(nt)
n=1

o0
(—nan —anA, + ﬁBn) sin(nt) = ap + Zan cos(nt) + by, sin(nt).

n=1

8

+

I
—

1

The A’s and B’s are now determined by matching coefficients

BAg=aqg
(B —n?)A, +anB, = a,

—anA, + (B —n?)B, = b,,.

When these equations are solved for the A’s and B’s, we find

= (B —nDa, — ombn’ B, = (B — n®b, +ana,
A A

where
A=(B— nH)? + o?n’.

Now, given the function f, the a’s and b’s can be determined, thus giving the
A’s and B’s. The function y(¢) represented by the series found is the periodic
part of the response. Depending on the initial conditions, there may also be a
transient response, which dies out as ¢ increases.

Example.
Consider the differential equation

7+ 0.49 + 1.04y = r(1).
If r(t) = sin(nt), the corresponding particular solution is

_ —0.4ncos(nt) + (1.04 — n*) sin(nt)

y() (104 — n2)2 + (0.4n)2
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Next, suppose that r (t) is a square wave function with Fourier series

= 2(1 — cos(nm)) .
r(t) = Zl T—sm(nt).

The corresponding response is

(1) = i 2(1 — cos(nmr)) —0.4n cos(nt) + (1.04 — n?) sin(nt)
g n=1 nmw (104 o= "2)2 + (0.4")2
Note that the term for n = 1 has a small denominator, causing a large
response. 0

Boundary Value Problems

By way of introduction to the next chapter, we apply the idea of Fourier series
to the solution of the boundary value problem

d’u
F+pu—f(x). 0<x<a
u(0)=0, wula)=0.

First, we will assume that the solution u(x), which we are seeking, equals its
Fourier sine series,

00
u(x):ZB,,sin(?). D<x<a

n=1
and that this series may be differentiated twice to give
7 T — nn? . o/nmx
m :Z—(TB,,)sm(T). 0<x<a.
n=1

The sine series was chosen to satisfy the boundary conditions at x = 0 and
Xi=a:
Second, we will assume that f(x) is equal to its Fourier sine series,

flx)= ib,,sin('mx). 0<x<a.

a
n=1

When we insert the series forms for u, u”, and f(x) into the differential
equation, we find that

x 53 &
> (- B pm) s ("5) = i (T). 0<x<a

n=1 n=1
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Since the coefficients of like terms in the two series must match, we may con-

clude that
n’m?
p— = Byi=by: 7121273000

If it should happen that p = m?>7?/a” for some positive integer m, there is
no value of B,, that satisfies

mim?
(p o a2 ) B, = by,

unless that b,, = 0 also, in which case any value of B,, is satisfactory. In sum-
mary, we may say that

and

o0
a’b, . /nmx
u(x) = E ,—,25|n(—)
~ a’p —n'm a

with the agreement that a zero denominator must be handled separately.

Example.
Consider the boundary value problem

—u=-x, 0<x<l

w(0)=0, u(l)=0.

2 —l n
x=Z (rtn) sin(nrx), 0<x<]l.

Thus, by the preceding development, the solution must be

o0

—1)\ntl
u(x) = 2 =1

————sin(nwrx), 0<x < 1.
x n(nix?+1) ( )

n=1

Although this particular series belongs to a known function, one would not,
in general, know any formula for the solution u(x) other than its Fourier sine
series. O
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The Sampling Theorem

One of the most important results of information theory is the sampling the-
orem, which is based on a combination of the Fourier series and the Fourier
integral in their complex forms. What the electrical engineer calls a signal is
just a function f(¢) defined for all ¢. If the function is integrable, there is a
Fourier integral representation for it:

f(r) = f:)o C(w) exp(iwt)dw

Clw) = ﬁ [ i £(t) exp(—iwt)dt.

A signal is called band limited if its Fourier transform is zero except in a finite
interval; that is, if

Clw)=0, for |o|> Q.
Then 2 is called the cutoff frequency. If f is band limited, we can write it in
the form

Q
f(t)=f C(w) exp(iwt)dw (1)
-Q

because C(w) is zero outside the interval —Q < w < Q. We focus our atten-
tion on this interval by writing C (@) as a Fourier series:

oo .
Clw) = Zc,,exp (m:_:w), —-Q<w< . (2)
—00

The (complex) coefficients are

1 (@ —i
Cp= — C(w) exp iy dw.
22 J_qo Q

The point of the sampling theorem is to observe that the integral for ¢, actu-
ally is a value of f(t) at a particular time. In fact, from the integral

Eq. (1), we see that
B 1 f —ni
LT

Thus there is an easy way of finding the Fourier transform of a band-limited
function. We have

Gy = % Y r (—gr) exp (ingw)
zﬁg(g)exp(—igw), et
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By utilizing Eq. (1) again, we can reconstruct f(t):

Q
f(t) = f C(w) expliwt)dw
-Q

oo Q .
= ﬁ Z iff (%)] exp(%) exp(iwt)dw.
= -2

Carrying out the integration and using the identity

. ~ (eiH - e—iﬂ)
sin(0) = 2—'
we find
. nmy sin(Qt — n)
f(')'gf(ﬁ) Qt —nm (3)

This is the main result of the sampling theorem. It says that the band-limited
function f(t) may be reconstructed from the samples of f at t = 0, £x/
Q, - --. It is difficult to determine what functions are actually band limited.
However, the process usually works quite well.

In practice, we must use a finite series to approximate the function

N ;
Qt —
1) = Zf(r;;r sin(§2t mr). 4)
-N

Qt — nm

Since the sampled values all come from the interval —Nm/Q to N7/, the
series cannot attempt to approximate the function outside that interval. An
animation on the web site shows the effects of choosing N and .

Example.

The function R
t°+ 2t
f(t)= 1 ey

is not band limited, but can be approximated satisfactorily from a finite por-
tion of the sum as in Eq. (4). Figure 13 shows results for N = 100 (that
is, 201 terms) and ©2 = 4 and 10. The target function is dashed. Notice the
improvement. O

EXERCISES

1. Use the method of Part A to find a particular solution of

4 +0 4ﬂ + 1.04u = r(1)
e de T
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0.8

0B

0.4

0.2

Figure 13 Graphs of approximation using sampling: Eq. (4) with N = 100 and
€ =4 and 10.

where r(¢) is periodic with period 47, and
t
r(t)=—, 0<t<d4m.
4
2. In the solution of Exercise 1, calculate the magnitude of the coefficients of

the Fourier series of u(t) (periodic part).

3. Asimply supported beam of length L has a point load w in the middle and
axial tension T. (See Exercises in Sec. 0.3.) Its displacement u(x) satisfies
the boundary value problem

APu T w
E_ﬁ'u:ﬁh(x)’ 0<x<L

u(0)=0, u(L)=0
where h(x) is the “triangle function”

_ | 2x/L, 0<x<L/2
k@)= {Z(L —x)/L, L/2<x<L.

Use the method of Part B to find u(x) as a sine series.
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4. The inhomogeneity in the differential equation in Exercise 3 has a dis-
continuous derivative. Find another way to solve the differential equation.
Hint: both u(x) and '(x) must be continuous for0 < x < L.

5. Use the software to approximate the function f(¢) = e~ by the Sampling
Theorem. Try Q =4, N = 2.

6. Simplify the final formula for sampling to

mr) (-1)"

() =sin@n) Y f (5 A

1.12 Comments and References

The first use of trigonometric series occurred in the middle of the eighteenth
century. Euler seems to have originated the use of orthogonality for the de-
termination of coefficients. In the early nineteenth century Fourier made ex-
tensive use of trigonometric series in studying problems of heat conduction
(see Chapter 2). His claim, that an arbitrary function could be represented
as a trigonometric series, led to an extensive reexamination of the founda-
tions of calculus. Fourier seems to have been among the first to recognize
that a function might have different analytical expressions in different
places.

Dirichlet established sufficient conditions (similar to those of our conver-
gence theorem) for the convergence of Fourier series around 1830. Later,
Riemann was led to redefine the integral as part of his attempt to discover con-
ditions on a function necessary and sufficient for the convergence of its Fourier
series. This problem has never been solved. Many other great mathematicians
have founded important theories (the theory of sets, for one) in the course of
studying Fourier series, and they continue to be a subject of active research. An
entertaining and readable account of the history and uses of Fourier series is
in The Mathematical Experience, by Davis and Hersh. (See the Bibliography.)

Historical interest aside, Fourier series and integrals are extremely impor-
tant in applied mathematics, physics and engineering, and they merit further
study. A superbly written and organized book is Tolstov’s Fourier Series. Its
mathematical prerequisites are not too high. Fourier Series and Boundary Value
Problems by Churchill and Brown is a standard text for some engineering ap-
plications.

About 1960 it became clear that the numerical computation of Fourier coef-
ficients could be rearranged to achieve dramatic reductions in the
amount of arithmetic required. The result, called the fast Fourier transform
or FFT, has revolutionized the use of Fourier series in applications. See Fast
Fourier Transforms by James W. Walker.
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The sampling theorem mentioned in the last section has become bread and
butter in communications engineering. For extensive information on this, as
well as the FFT, see Integral and Discrete Transforms with Applications and Error
Analysis, by A.J. Jerri.

Chapter Review

See the web site for review questions.

Miscellaneous Exercises

1. Find the Fourier sine series of the trapezoidal function given for
0<x <mby

x/o, Ol<x<a
fx)=11, a<x<mWm-—«
(m—x)/a, m—a<x<m.
2. Show that the series found in Exercise 1 converges uniformly.

3. When « approaches 0, the function of Exercise 1 approaches a square
wave. Do the sine coefficients found in Exercise 1 approach those of a
square wave?

4. Find the Fourier cosine series of the function
X
Feo= [ o,
0

where f denotes the function in Exercise 1. Sketch.

5. Find the Fourier sine series of the function given in the interval 0 < x < a
by the formula (e is a parameter between 0 and 1)

hx
—_—, O<x <aa
aa
FE=T ba =
, aa<x<a
(1—a)a

6. Sketch the function of Exercise 5. To what does its Fourier sine series con-
verge at x = 02 atx = aa? at x = a?

7. Suppose that f(x) = 1,0 < x < a. Sketch and find the Fourier series of
the following extensions of f (x):



10.

11.

12.

13.

14.
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even extension

g op

odd extension

c. periodic extension (period a)

d. even periodic extension

e. odd periodic extension

f. the one corresponding to f(x) =x, —a < x < 0.

Perform the same task as in Exercise 7, but f(x) =0,0 < x < a.

Find the Fourier series of the function given by

0, —a<x<0
f(x)_{Zx, 0<x<a.
Sketch the graph of f(x) and its periodic extension. To what values does
the series converge at x = —a, x = —a/2,x = 0, x = g, and x = 2a?

Sketch the odd periodic extension and find the Fourier sine series of the
function given by

T
1, 0<x<3
fX)=91 =
-, —<X<T.
2 2

To what values does the series converge at x = 0, x = 7/2, x = m,
x =3m/2,and x = 2m?

Sketch the even periodic extension of the function given in Exercise 10.
Find its Fourier cosine series. To what values does the series converge at
x=0,x=mw/2,x=mw,x =31/2,and x = 27?

Find the Fourier cosine series of the function

% Dl
lw x.< 2:

glx) = {(1)_

Sketch the graph of the sum of the cosine series.

Find the Fourier sine series of the function defined by f(x) = 1 — 2x,
0 < x < 1. Sketch the graph of the odd periodic extension of f(x), and
determine the sum of the sine series at points where the graph has a jump.

Following the same requirements as in Exercise 13, use the cosine series
and the even periodic extension.
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15. Find the Fourier series of the function given by

0, —Jr<:<:<—E
2
T b4
x) = { sin(2x), ——<x < —
f(x) in(2x) > >
14
0, —_< X<
2

Sketch the graph of the function.
16. Show that the function given by the formula f(x) = (7 — x)/2,
0 < x < 2m, has the Fourier series

o0

flx) = Z sm(nx)‘ 0 <x <2m.

n
1

Sketch f(x) and its periodic extension.
17. Use complex methods and a finite geometric series to show that

N sin((N + 1)x) — sin(1x)
Z cos(nx) = = =,

2 sin(%x)

n=1
Then use trigonometric identities to identify

L sin(1Nx) cos(1(N + 1)x)
Z cos(nx) = = = :

sin(}x)

n=1

18. Identify the partial sums of the Fourier series in Exercise 16 as

e sin(nx)
Sn(x) =) :

n

n=1

The series of Exercise 17 is S}, (x). Use this information to locate the max-
ima and minima of Sy(x) in the interval 0 < x < . Find the value of
Sn(x) at the first point in the interval 0 < x < 7 where S}, (x) = 0 for
N = 5. Compare to (m — x)/2 at that point.

19. Find the Fourier sine series of the function given by
. [(TX
sm(—). O<x<a

a
0, Aa<xX<m®

f(x)={

assuming that 0 < a < 7.

20. Find the Fourier cosine series of the function given in Exercise 19.



21.

22.

23.

24,

25.

26.

27.

28.

29.

30.
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Find the Fourier integral representation of the function given by

1, 0O<x<a
f(x)'{o, x <0 or x>a.

Find the Fourier sine and cosine integral representations of the function
given by

a—x
fk)=1 a ’

0, a<x.

O<x<a

Find the Fourier sine integral representation of the function

_Jsin(x), 0<x<m
fx) = 0, T < X.

Find the Fourier integral representation of the function

| l/e, a<x<a+te
fx)= {0, elsewhere.

Use integration by parts to establish the equality

o0 B
. Ax)dr = ——.
./0 e " cos(Ax) e

The equation in Exercise 25 is valid for all x. Explain why its validity im-

plies that
2 5 A
—f ool x)dx =e* A>0.
0

T 1+ x2
Integrate both sides of the equality in Exercise 25 from 0 to ¢ to derive the
equality

00 ,—A of
/ O
A A

Does the equality in Exercise 27 imply that

=

2 > . e
—f tan~ (¢) sin(Af)dt = —?
T Jo A

From Exercise 27 derive the equality

o j - —A
f ¢ sin(Ax)dA = L tan"!(x), x> 0.

Without using integration, obtain the Fourier series (period 27) of each
of the following functions. (Hint: the series are finite.)

a. 2+ 4sin(50x) — 12 cos(41lx) b. sin?(5x)
c. sin(4x + 2) d. sin(3x) cos(5x)

e. cos>(x) f. cos(2x+ 3m)
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31. Let the function f(x) be given in the interval 0 < x < 1 by the formula
fx)=1-x.

Find (a) a sine series, (b) a cosine series, (c) a sine integral, and (d) a
cosine integral that equals the given function for 0 < x < 1. In each case,
sketch the function to which the series or integral converges in the interval
-2 <x <2

32. Verify the Fourier integral

20 5 p T qz
[) cos(Aq) exp(—Ar7t)dr = ‘/;exp (—;) (t>0)

by transforming the left-hand side according to these steps: (a) convert to
an integral from —o0 to oo by using the evenness of the integrand; (b)
replace cos(Aq) by exp(irq) (justify this step); (c) complete the square in
the exponent; (d) change the variable of integration; (e) use the equality

f. exp(—uz)du = ﬁ

oc

33. Approximate the first seven cosine coefficients (dg, a,.--- , ) of the
function

= 0 |
f(x) e <x<

34. Use Fourier sine series representations of u(x) and of the function f(x) =
x,0 < x < a, to solve the boundary value problem

d’u

dx?

u(0) =0, wu(a)=0.

2
—yu=-=x, 0<x<a,

35-43. For cach of these exercises,
a. find the Fourier cosine series of the function;

b. determine the value to which the series converges at the given values
of x;
c. sketch the even periodic extension of the given function for at least
two periods.
44.-52. For each of these exercises,

a. find the Fourier sine series of the function;

b. determine the value to which the series converges at the given values
of x;

c. sketch the odd periodic extension of the given function for at least two
periods.
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a
0, 0<x < —
3
a a 2a a a
35. & 44. f(x)=9x—=, —<x<—, x=0,-,4,—=
3 3 3 3 2
a 2a
=, —<x<a
3 3
1 a
- O0<x<- x=-,2a,0,—a
36. & 45. f(x) =} 2 :
1, —<x<a
2x 3a
T x=0,-,a4, —
a
37. & 46. f(x) =
f) (3a —2x) a
,—<x<a
2a 2
X, 0<x<5 x=0, a, 3
38. & 47. f(x) = & i
-, —<x<a
2
(@ —x) a
39. & 48. f(x) = s Dex; sz,u,—E
a
a
0, 0<x<—
4
40, & 49 f() ] a 3a Oua 3a
. . = , —<x<—, x=0,—,—,a,——
& 4 4 42 4
3a
0, —<x<a
4
a
41. & 50. f(x)=x(a—x), O0<x <a, x:0,—a,—5

a
42. & 51. f(x):ekx, 0<x<a, x=0,£,a,—a

a a
0, 0<x<5 x:—a,z,a
43. & 52. f(x) = i
1, 5<x<u

53.-58. For each of these exercises,

a. find the Fourier cosine integral representation of the function;

b. sketch the even extension of the function.

59.-64. For each of these exercises,

a. find the Fourier sine integral representation of the function;

b. sketch the odd extension of the function.

123
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53.

54,

55.

56.

57.

58.

65.

66.

67.
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& 59. f(x)=e™0<x

e™ O<x<a
& 60. f(x)= 0, 4<%
1, 0<x<b
& 61. f(x)= 0 s
_Jeos(x), 0<x<m
& 62. f(x)= 0, o
l1—-x, 0<x<1
& 63. f(x)= 0, diezs
1, 0<x<l1
& 64 f(x)=42—x, 1<x<2
0, 2<x
(Cesaro summability.) Let f(x) be a periodic function with period 27
whose Fourier coefficients are ag, a1, by, - - - . Then, the partial sum
N
Sn(x) =ag+ Zun cos(nx) + by, sin(nx)
n=1

is an approximation to f(x) if f is piecewise smooth and N is large
enough. The average of these approximations is

onlx) = %(Sl(x) -

It is known that on(x) converges uniformly to f(x) if f is continuous.
Show that

= N+1—mn X
on(x) =ag+ Z T(un cos(nx) + b, sin(nx)).
n=1

In analogy to Lemma 2 of Section 7, prove that

N-1 . 201
. 1 _sin (5Ny)
nz:U:sm (n+3)y) = —sin(%y) .

Following the lines of Section 7, show that

1 ™ sin(3 Ny) :
on(x) — f(x) = M./;” [flx+y)— f(x)] (W) d

This equality is the key to the proof of uniform convergence mentioned
in Exercise 65.



68.

69.
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In a study of river freezing, E.P. Foltyn and H.T. Shen (“St. Lawrence River
freeze-up forecast,” Journal of Waterway, Port, Coastal and Ocean Engi-
neering, vol. 112, 1986, pp. 467-481) use data spanning 33 years to find
this Fourier series representation of the air temperature in Massena, NY:

o0
T(t) = ap + Za,, cos(2nmt) + b, sin(2nmrt).

n=1

Here T is temperature in °C, ¢ is time in years, and the origin is Oct. 1.
The first coefficients were found to be

ap = 6.638, a; = 5.870, by = —13.094, a, = 0.166, b, = 0.583,

and the remaining coefficients were all less than 0.3 in absolute value. The
authors decided to exclude all the terms from a5 and b up, so their ap-
proximation could be written

T(t) = ag+ Asin(2t +0).

Find the average temperature in Massena.

A

Find A, the amplitude of the annual variation, and the phase angle 6.

o

Find the approximate date when the minimum temperature occurs.

-

Find the dates when the approximate temperature passes through 0.

e. Discuss the effect on the answer to part d if the next two terms of the
series were included.

In each part that follows, a function is equated to its Fourier series as justi-
fied by the Theorem of Section 3. By evaluating both sides of the equality
at an appropriate value of x, derive the second equality.

4 & 1
a |x|=--— ——cos((2k + I)rx), —-l<x<1
Il =5 nzg(zkmz (2K + D7)
n? 1 1
—=1l+-+—+

L, O]
-1, -l<x<0

8
b ii L Sin((2k + 1) )—I
3 = 2k+15ln nX)=

7
2. 42 1
C. 1 e o 2
| sin(x)| = HE cos(2nx)
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The Heat Equation g =

CHAPTER

»

N

2.1 Derivation and Boundary Conditions

As the first example of the derivation of a partial differential equation, we con-
sider the problem of describing the temperature in a rod or bar of heat con-
ducting material. In order to simplify the problem as much as possible, we
shall assume that the rod has a uniform cross section (like an extrusion) and
that the temperature does not vary from point to point on a section. Thus, if
we use a coordinate system as suggested in Fig. 1, we may say that the temper-
ature depends only on position x and time ¢.

The basic idea in developing the partial differential equation is to apply the
laws of physics to a small piece of the rod. Specifically, we apply the law of
conservation of energy to a slice of the rod that lies between x and x + Ax
(Fig. 2).

The law of conservation of energy states that the amount of heat that enters
aregion plus what is generated inside is equal to the amount of heat that leaves
plus the amount stored. The law is equally valid in terms of rates per unit time
instead of amounts.

Now let g (x, t) be the heat flux at point x and time ¢. The dimensions of g
are! [q] = H/tL?, and q is taken to be positive when heat flows to the right.
The rate at which heat is entering the slice through the surface at x is Ag(x, t),
where A is the area of a cross section. The rate at which heat is leaving the slice
through the surface at x + Ax is Aq(x + Ax, t).

Square brackets are used to symbolize “dimension of” H = heat energy, ¢ = time, T =
temperature, L = length, 1 = mass, and so forth.

(©) 2010 Elsevier, Inc. All rights reserved. 1 27
doi:10.1016/B978-0-12-374719-8.00003-7.
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o e

Figure 1 Rod of heat-conducting material.

Figure 2 Slice cut from rod.

The rate of heat storage in the slice of material is proportional to the rate of
change of temperature. Thus, if p is the density and c is the heat capacity per
unit mass ([c] = H/mT), we may approximate the rate of heat storage in the
slice by

T Y
c AAx—(x,
& ot

where u(x, t) is the temperature.

There are other ways in which heat may enter (or leave) the section of rod
we are looking at. One possibility is that heat is transferred by radiation or
convection from (or to) a surrounding medium. Another is that heat is con-
verted from another form of energy—for instance, by resistance to an electrical
current or by chemical or nuclear reaction. All of these possibilities we lump
together in a “generation rate” If the rate of generation per unit volume is g,
[g] = H/tL3, then the rate at which heat is generated in the slice is AAxg.
(Note that g may depend on x, ¢, and even u.)

We have now quantified the law of conservation of energy for the slice of
rod in the form

ou
Aq(x, t) + AAxg = Aq(x + Ax, t)+AAxpc§. (1)

After some algebraic manipulation, we have

qx,t) —q(x+ Ax, t) ou

+g=pc—.
Ax 8= Py

The ratio
qlx+ Ax,t) —q(x, )

Ax
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should be recognized as a difference quotient. If we allow Ax to decrease, this
quotient becomes, in the limit,

lim qlx+ Ax,t) —q(x, 1) _ Bj
Ax—0 Ax dx

The limit process thus leaves the law of conservation of energy in the form

aq ou
—L4g=pc—. 2
2y TET PG (2)
We are not finished, since there are two dependent variables, g and , in this
equation. We need another equation relating g and u. This relation is Fourier’s
law of heat conduction, which in one dimension may be written:

_ Ou
q=—K".
In words, heat flows downbhill (g is positive when 81/dx is negative) at a rate
proportional to the gradient of the temperature. The proportionality factor «,
called the thermal conductivity, may depend on x if the rod is not uniform, and
also may depend on temperature. However, we will usually assume it to be a
constant.
Substituting Fourier’s law in the heat balance equation yields

0 ou 2 du (3)
— | k— =pc—.
dx 0x B at

Note that «, p, and ¢ may all be functions. If, however, they are independent
of x, t, and u, we may write

*u g  pcou

x2 kK ot @
The equation is applicable where the rod is located and after the experiment
starts: for 0 < x < a and for ¢t > 0. The quantity «/pc is often written as k,
and is called the thermal diffusivity. Table 1 shows approximate values of these
constants for several materials.
For some time we will be working with the heat equation without
generation:
Fu _10u
o it 0O<x<a, 0<t, (5)
which, to review, is supposed to describe the temperature u in a rod of length a
with uniform properties and cross section, in which no heat is generated, and
whose cylindrical surface is insulated.
Some qualitative features can be obtained from the partial differential equa-
tion itself. Suppose that u(x, t) satisfies the heat equation, and imagine a graph
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c o K k= ﬁ
Material a & a af
Aluminum  0.21 2.7 0.48 0.83
Copper 0.094 8.9 0.92 1:1
Steel 0.11 7.8 0.11 0.13
Glass 0.15 2.6 0.0014 0.0036
Concrete 0.16 2.3 0.0041 0.011
Ice 0.48 0.92 0.004 0.009

Table 1 Typical values of constants

of u(x, t*), with ¢* a fixed time. If a portion of the graph is shaped like U, J or
backwards ] , the graph is concave there—that is, 3%u/9x? is positive. Then by
the heat equation du/3t must be positive as well. Vice versa, when the graph
is convex, 8°u/dx* and hence du/8t must be negative. Thus, the graph of a
solution of the heat equation tends to straighten out.

This equation alone is not enough information to completely specify the
temperature, however. Each of the functions

u(x, t) = x* + 2kt

u(x, t) = e sin(x)

satisfies the partial differential equation and so do their sum and difference.
Clearly this is not a satisfactory situation either from the mathematical or
physical viewpoint; we would like the temperature to be uniquely determined.
More conditions must be placed on the function . The appropriate additional
conditions are those that describe the initial temperature distribution in the
rod, and what is happening at the ends of the rod.
The initial condition is described mathematically as

u(x,0)= f(x), 0<x<a

where f(x) is a given function of x alone. In this way, we specify the initial
temperature at every point of the rod.

The boundary conditions may take a variety of forms. First, the temperature
at either end may be held constant, for instance by exposing the end to an ice-
water bath or to condensing steam. We can describe such conditions by the
equations

u0,t) =Ty, ula,t)=T, t>0

where Ty and T may be the same or different. More generally, the temperature
at the boundary may be controlled in some way, without being held constant.
If x, symbolizes an endpoint, the condition is

u(xg, t) = a(t), (6)
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where o is a function of time. Of course, the case of a constant function is
included here. This type of boundary condition is called a Dirichlet condition
or condition of the first kind.

Another possibility is that the heat flow rate is controlled. Since Fourier’s
law associates the heat flow rate and the gradient of the temperature, we can
write

a0, = B() @)
X

where B is a function of time. This is called a Neumann condition or condition
of the second kind. We most frequently take B(t) to be identically zero. Then
the condition

ou
—(x9,2t) =0
Bx(O)

corresponds to an insulated surface, for this equation says that the heat flow is
zero.
Still another possible boundary condition is

a
crulxo, £) + Cz%(xo, £) = y(), (8)

called third kind or a Robin condition. This kind of condition can also be real-
ized physically. If the surface at x = a is exposed to air or other fluid, then the
heat conducted up to that surface from inside the rod is carried away by con-
vection. Newton’s law of cooling says that the rate at which heat is transferred
from the body to the fluid is proportional to the difference in temperature
between the body and the fluid. In symbols, we have

q(a, 1) = h(u(a, 1) — T(2)) 9

where T'(t) is the air temperature. After application of Fourier’s law, this be-
comes

—Ka—u(a,t) = hu(a,t) — hT(¢). (10)
0x

This equation can be put into the form of Eq. (8). (Note: /4 is called the con-
vection coefficient or heat transfer coefficient; [h] = H/L?tT.)

All of the boundary conditions given in Egs. (6), (7) and (8) involve the
function u and/or its derivative at one point. If more than one point is in-
volved, the boundary condition is called mixed. For example, if a uniform rod
is bent into a ring and the ends x = 0 and x = a are joined, appropriate
boundary conditions would be

u(0,t) = u(a,t), t>0 (11)
z—Z(O, )= 2—2(51, t), t>0 (12)

both of mixed type.
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Many other kinds of boundary conditions exist and are even realizable, but
the four kinds already mentioned here are the most commonly encountered.
An important feature common to all four types is that they involve a linear
operation on the function u.

The heat equation, an initial condition, and a boundary condition for each
end form what is called an initial value-boundary value problem. For instance,
one possible problem would be

Bzu_lau O<x<a, O0<t (13)

ax2 kot ’

u(0, 1) = Ty, 0<t (14)
0

ko=@, = h(u(a,) = T), 0<t (15)

u(x, 0) = f(x), 0<x<a. (16)

Notice that the boundary conditions may be of different kinds at different
ends.

Although we shall not prove it, it is true that there is one, and only one,
solution to a complete initial value-boundary value problem.

We have derived the heat equation (4) as a mathematical model for the tem-
perature in a “rod,” suggesting an object that is much longer than it is wide.
The equation applies equally well to a “slab,” an object that is much wider than
it is thick. The important feature is that we may assume in either case that the
temperature varies in only one space direction (along the length of the rod
or the thickness of the slab). In Chapter 5, we derive a multidimensional heat
equation.

It may come as a surprise that the partial differential equations of this sec-
tion have another completely different but equally important physical inter-
pretation. Suppose that a static medium occupies a region of space between
x = 0and x = a (a slab!), and that we wish to study the concentration
u, measured in units of mass per unit volume, of another substance whose
molecules or atoms can move, or diffuse, through the medium. We assume
that the concentration is a function of x and ¢ only and designate q(x, t) to
be the mass flux ([q] = m/tL?). Then the principle of conservation of mass
may be applied to a layer of the medium between x and x + Ax to obtain the
equation

d
q(x,t) + Axg =q(x+Ax,t)+Axa—L:(x,t). (17)
When we rearrange Eq. (17) and take the limit as Ax approaches 0, it becomes
aq ou
——tg=—. 18
ox £ Bt (18)

In these equations, g is a “generation rate” ([g] = m/tL?), a function that ac-
counts for any gain or loss of the substance from the layer by means other than
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movement in the x-direction. For example, the substance may participate in a
chemical reaction with the medium at a rate proportional to its concentration
(a first-order reaction) so that in this case the generation rate is

g = —ku(x, t). (19)

The concentration and the mass flux are linked by a phenomenological
relation called Fiek’s first law, written in one dimension as

ou
q= Aot (20)
In words, the diffusing substance moves toward regions of lower concentra-
tion at a rate proportional to the gradient of the concentration. The coefficient
of proportionality D, usually constant, is called the diffusivity. By combining
Fick’s law with Eq. (18) arising from the conservation of mass, we obtain the
diffusion equation ,
L (21)
dx2 D Dot
At a boundary of the medium, the concentration of the diffusing substance
may be controlled, leading to a condition like Eq. (6), or the flux of the sub-
stance may be controlled, leading via Fick’s law to a condition like Eq. (7); an
impermeable surface corresponds to zero flux. If a boundary is covered with
a permeable film, then the flux through the film is usually taken to be pro-
portional to the difference in concentrations on the two sides of the film. Sup-
pose that the surface in question is at x = a. Then these statements may be
expressed symbolically as

qa,t) = h(u(a, t) — C(t)), (22)

where the proportionality constant / is called the film coefficient and C is the
concentration outside the medium. Using Fick’s law here leads to the equation

—Da—u(a, t) = hu(a, t) — hC(¢). (23)
dx

This equation is analogous to Eq. (10) and can be put into the form of Eq. (8).

EXERCISES

1. Give a physical interpretation for the problem in Egs. (13)-(16).
2. Verify that the following functions are solutions of the heat equation (5):
u(x, t) = exp(—kzkt) cos(Ax)

u(x, t) = exp(—kzkt) sin(Ax)
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Suppose that the rod exchanges heat through the cylindrical surface by
convection with a surrounding fluid at temperature U (constant). New-
ton’s law of cooling says that the rate of heat transfer is proportional to
exposed area and temperature difference. What is g in Eq. (1)? What form
does Eq. (4) take?

Suppose that the end of the rod at x = 0 is immersed in an insulated
container of water or other fluid; that the temperature of the fluid is the
same as the temperature of the end of the rod; that the heat capacity of the
fluid is C units of heat per degree. Show that this situation is represented
mathematically by the equation

du Ju
C—(0,t)=xA—(0,t
e UL e (R

where A is the cross-piecewise area of the rod.

Put Eq. (10) into Eq. (8) form. Notice that the signs still indicate that heat
flows in the direction of lower temperature. That is, if u(a, ) > T(z),
then q(a, t) is positive and the gradient of u is negative. Show that, if
the surface at x = 0 (left end) is exposed to convection, the boundary
condition would read

:ca—u(O, t) = hu(0,t) — hT(¢).
0x

Explain the signs.

Suppose the surface at x = a is exposed to radiation. The Stefan-
Boltzmann law of radiation says that the rate of radiation heat transfer
is proportional to the difference of the fourth powers of the absolute tem-
peratures of the bodies:

q(a,t) =o (u'(a,t) — TY).

Use this equation and Fourier’s law to obtain a boundary condition for
radiation at x = a to a body at temperature 7.

The difference cited in Exercise 6 may be written
ut Tt = (u—T)(u3+u2T+uT2+T3).

Under what conditions might the second factor on the right be taken
approximately constant? If the factor were constant, the boundary con-
dition would be linear.
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8. Interpret this problem in terms of diffusion. Be sure to explain how the
boundary conditions could arise physically.
0%u du

D—+K=—, O<x<a, 0<t
9x2 at

3
do.=¢ Zwy=0, v<t
ax

u(x,0) =0, 0<x<a.

9. Write out in mathematical form the heat problem (partial differential
equation, boundary conditions, initial condition) that would describe the
temperature u(x, t) in a cylindrical bar under these conditions.

The cylindrical surface is insulated.

The rod is carrying an electric current.

The right end is thermally insulated.

The left end is attached to a large transformer at temperature T.
Initially, the temperature is uniform at temperature U.

10. Write out in mathematical form the problem (partial differential equa-
tion, boundary conditions, initial condition) that would describe the con-
centration u(x, t) of a chemical species diffusing through a uniform
medium in a cylindrical tube under these conditions.

The surface of the tube is impervious.

The chemical species is consumed in a first-order chemical reaction inside
the tube.

The right end is sealed.

The left end is attached to a source of the chemical that is kept at constant
concentration.

Initially, the concentration is 0 everywhere in the tube.

2.2 Steady-State Temperatures

Before tackling a complete heat conduction problem, we shall solve a simpli-
fied version called the steady-state or equilibrium problem. We begin with this
problem:

E)z_u:la_u 0O<x<a, O0<t (1)
9x2  kot’ i

u(0,t) = Tp, 0<t (2)
u(a,t) = Ty, 0<t (3)
u(x,0)= f(x), 0<x<a. (4)

We may think of u(x, t) as the temperature in a cylindrical rod, with insulated
lateral surface, whose ends are held at constant temperatures T and T;.
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Experience indicates that after a long time under the same conditions, the
variation of temperature with time dies away. In terms of the function u(x, t)
that represents temperature, we thus expect that the limit of u(x, t), as ¢ tends
to infinity, exists and depends only on x:

flirgo u(x, t) = v(x)

and also that
. 0u
lim — =0.
The function v(x), called the steady-state temperature distribution, must still
satisfy the boundary conditions and the heat equation, which are valid for all
t > 0. Therefore v(x) should be the solution to the problem

P 5)
ppeiale) <x<a
v(0)=T,, v(a)="T. (6)
On integrating the differential equation twice, we find
dv
— =A, wv(x)=Ax+B.
dx

The constants A and B are to be chosen so that v(x) satisfies the boundary
conditions:
v(0)=B=T,, v(a)=Aa+B=T.

When the two equations are solved for A and B, the steady-state distribution
becomes X
vix) =T+ (T - To)_. (7)

Of course, Egs. (5) and (6), which together form the steady-state problem
corresponding to Eqs. (1)—(4), could have been derived from scratch as was
done in Chapter 0, Section 3. Here, however, we see it as part of a more com-
prehensive problem.

We can establish this rule for setting up the steady-state problem corre-
sponding to a given heat conduction problem: Take limits in all equations that
are valid for large ¢ (the partial differential equation and the boundary condi-
tions), replacing # and its derivatives with respect to x by v and its derivatives,
and replacing du/9¢ by 0.

Example.

Find the steady-state problem and solution of Eqs. (13)—(16) of Section 2.1,

which were
8*u  10u
8x2 ko’
u(0,t)=T,, O<t (9)

0O<x<a, 0O0<t (8)
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—Ka—u(u,t) =h(u(a,t)—Ty), O0<t (10)
0x

u(x,0) = f(x), 0<x<a. (11)

When the rule given here is applied to this problem, we are led to the following
equations:

dz_v
dx?
v(0) =Ty, —«kv'(a)="h(a)—T).

=0, 0O<x<a

The solution of the differential equation is v(x) = A + Bx. The boundary
conditions require that A and B satisfy

U(O) =T0:A= T()
—«kv'(a)=h(v(@) —T)): =« B = h(A+ Ba — T)).

Solving simultaneously, we find

_ h(T — To).

A=T, B
) Kk + ha

Thus the steady-state solution of Eqgs. (8)—(11) is

xh(T1 — Ty)

= I
v(x) 8% K+ ha

(12)
a

In both of these examples, the steady-state temperature distribution has
been uniquely determined by the differential equation and boundary condi-
tions. This is usually the case, but not always.

Example.

For the problem
2u  109u o B (13)
— =, <x <a, <
ax? kot
ou
~2(0,1) = 0, 0<t (14)
0x
d
Z@n=0, o<t (15)
0x

u(x,0) = f(x), 0O0<x<a, (16)
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which describes the temperature in an insulated rod that also has insulated
ends, the corresponding steady-state problem for v(x) = lim u(x, ) is
—a0

4 =0, 0<x<a
dx?

d—v(O) =0; d—v(a) =0;
dx dx

It is easy to see that v(x) = T (any constant) is a solution to this problem.
However, there is no information to tell what value T should take. Thus, this
boundary value problem has infinitely many solutions. O

It should not be supposed that every steady-state temperature distribution
has a straight-line graph. This is certainly not the case in the problem of
Exercise 1.

While the steady-state solution gives us some valuable information about
the solution of an initial value-boundary value problem, it also is important
as the first step in finding the complete solution. We now isolate the “rest” of
the unknown temperature u(x, t) by defining the transient temperature distri-
bution,

w(x, t) = u(x,t) — v(x).

The name transient is appropriate because, according to our assumptions
about the behavior of u for large values of t, we expect w(x, ) to tend to zero
as t tends to infinity.

In general, the transient also satisfies an initial value-boundary value prob-
lem that is similar to the original one but is distinguished by having a homo-
geneous partial differential equation and boundary conditions. To illustrate
this point, we shall treat the problem stated in Egs. (1)-(4) whose steady-state
solution is given by Eq. (7).

By using the equality u(x,t) = w(x,t) + v(x), and what we know about
v—that is, Eqgs. (5) and (6)—we make the original problem for u(x, t) into a
new problem for w(x, t), as shown in what follows.

?u  w dr

+ — by rules of calculus
dx? ax?  dx? y

al
= a—:; because of Eq. (5)
du dw dv
T 4 by rules of calculus
dw
— 3 because v(x) does not depend on t

Pw 1w

g S by substituting into Eq. (1)
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u(0, £) = w(0, t) + v(0)
To =w(0,8)+ Ty
u(a, t) =w(a,t) +via)
T =w(a,t)+ T,
u(x,0) =w(x,0)+v(x)
f(x) =w(x,0)+ T+ (T1 — To)x/a

139

by definition of the transient
from Egs. (2) and (6)

by definition of the transient
from Egs. (3) and (6)

by the definition of the transient
from Egs. (4) and (7)

Now we collect and simplify these transformations of Egs. (1) to (4) to get an
initial value-boundary value problem for w:

?w 10w
W:EE’ O<x<a, O0<t (17)
w(0,t) =0, 0<t (18)
w(a,t) =0, 0<t (19)
w(x, 0) = f(x) - [T+ (T - T)7] (20)
= g(x), O<x<a. (21)

In the last line, we have just renamed the combination of f(x)and v(x) in Eq.
(20).

In the next section, we shall see how the problem for the transient temper-
ature can be solved. The mathematical purpose of setting up the steady-state
problem and then the transient problem is that the transient problem is ho-
mogeneous. You can test this by trying w(x, t) = 0: this function satisfies the
partial differential equation (17) and the boundary conditions (18), (19). It is
crucially important for the method we will develop to have a homogeneous
partial differential equation and boundary conditions.

EXERCISES

See extra exercises on the web site.

1. State and solve the steady-state problem corresponding to

u 10u
W_Y(M_U):EE’ 0O<x<a, O0<t
u(0,t)=Ty, wula,t)=T, O0<t

u(x,0)=0, 0<x <a.

Also find a physical interpretation of this problem. (See Exercise 3,
Section 1.)

2. State the problem satisfied by the transient temperature distribution corre-
sponding to the problem in Exercise 1.
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3. Obtain the steady-state solution of the problem

32u+ 3( T)_li)u 0 it
722 y(u =t <x <a, <

wO0,t)=T, u(a.t)=T, 0O0<t

x
ux,0)=Th—, O0O<x<a.
a

Can you think of a physical interpretation of this problem? Note the differ-
ence between the partial differential equation in this exercise and in Exer-
cise 1. What happens if y = w/a?

4. State the initial value-boundary value problem satisfied by the transient
temperature distribution corresponding to Eqs. (8)—-(11).
5. Find the steady-state solution of the problem

a du ou 0 B
—k— ) =cp—, Xy
dax Kax g at S =

u(0,)=Ty, u(a,t)=T,, O0<t

if the conductivity varies in a linear fashion with x: x (x) = ko + Bx, where
ko and B are constants.

6. Find and sketch the steady-state solution of
Pu_ 1w
ax2 kot

together with boundary conditions

O<x<a, O0<t

du
aa —(0,)=0, u(a,t)=T
dx
du du
b. u(0,t)— —(0,t)=T), —(a,t)=0
0x dx

a au
c. u(0,t)— l(0. t)=Tp, ula,t)+ —‘(ﬂ- t)=T,.
0x ax
7. Find the steady-state solution of this problem, where r is a constant that
represents heat generation.
9u P 1 du
a2 kot
du
u0,t)=T, —I(a,t)=0, 0<t.
dx

O<x<a, 0<t

8. Find the steady-state solution of

o%u +y2(U(x) —u) L9 0<x<a, O0<t
— —-u)=——, : <
ax? ¥ 5 k ot

u(0, t) = Uy, %(a, t)=0, 0<t
ax

where U(x) = Uy + Sx (Uy, S are constants).
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9. This problem describes the diffusion of a substance in a medium that is
moving with speed S to the right. The unknown function u(x, t) is the
concentration of the diffusing substance. Write out the steady-state prob-
lem and solve it. (D, U, and S are constants.)

*u  du ou

= S

i + —

dxz 0Ot dx
u(0,t)=U, wu(a,t)=0, 0<t,

u(xso):os O<x<a.

O<x<a, 0<t,

Project 2.1

In the article “Transport of Cr(VI) in soils contaminated with chromite ore
processing residue (COPR)” (Practice Periodical of Hazardous, Toxic and
Radioactive Waste Management, 6 (2002) 6—13), authors C.-H. Wang et al.
describe a laboratory experiment about chromium leaching. A vertical, soil-
filled tube has chromium contaminant at the top (x = 0), from where diffu-
sion and flowing water carry it downward. Inside the column, the chromium
also undergoes a chemical reaction. A simplified mathematical model for the
chromium concentration C(x, t) is this boundary value problem:

aC a%C aC

—=D——-S§S—-kC, 0O0<x<L, O0<t
at ax2 ax

aC S aC

—(0,t) = = (C(0,t) —Cys), —(L,t)=0,0<t
Bx( ) D(( )—Cy) Bx( ) <
C(x,0) =0, 0O<x<L

The parameters are: D, diffusion coefficient; S, water speed (positive down-
ward); k, chemical reaction coefficient; C, concentration at the top of the
column.

a. Explain the boundary condition at the bottom of the tube (x = L) in phys-
ical terms.

b. Assuming that C(x, t) — v(x) as t — oo, write out the steady state prob-
lem. The steady state problem consists of an ordinary differential equation
for v(x) and boundary conditions at x = 0 and x = L.

c. Find the general solution of the differential equation in part b.

d. Determine values of the “arbitrary” coefficients in the general solution of
part ¢ so that the boundary conditions are satisfied.

e. Write out the problem for the transient, w(x, t) = C(x, t) — v(x). The
problem for the transient consists of a partial differential equation, two
boundary conditions and an initial condition. The partial differential equa-
tion and two boundary conditions should turn out to be homogeneous.
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2.3 Example: Fixed End Temperatures

In Section 1 we saw that the temperature u(x, t) in a uniform rod with insu-
lated material surface would be determined by the problem

*u 1 du

o O<x<a, O<t (1)
u(0,t) = Tp. 0<t (2)
u(a,t) =T, 0<t (3)
u(x,0)= f(x), O0<x<a (4)

if the ends of the rod are held at fixed temperatures and if the initial tempera-
ture distribution is f(x). In Section 2 we found that the steady-state tempera-
ture distribution,
v(x) = lim u(x, 1),
[

satisfied the boundary value problem
dx?
v(0) =Ty, v(a)=T. (6)

=0, 0<x<a (5)

In fact, we were able to find v(x) explicitly:
X
v(x) =To+ (T —To);- (7)
We also defined the transient temperature distribution as
w(x,t)=ulx,t)—v(x)

and determined that w satisfies the boundary value-initial value problem

dz_w=16_w O<x<a, 0O0<t (8)
axr  k at

w(0,t) =0, 0<t (9)
wia,t) =0, 0<t (10)
w(x,0) = f(x) —v(x) =g(x), O0<x<a. (11)

Our objective is to determine the transient temperature distribution, w(x, t),
and—since v(x) is already known—the unknown temperature will be

u(x, t) = v(x) + wix, ). (12)
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The problem in w can be attacked by a method called product method, sepa-
ration of variables, or Fourier’s method. For this method to work, it is essential
to have homogeneous partial differential equation and boundary conditions.
Thus, the method may be applied to the transient distribution w but not to
the original function u. Of course, because both the partial differential equa-
tion and the boundary conditions satisfied by w(x, ¢) are homogeneous, the
function w = 0 satisfies them. Because this solution itself is obvious and is
of no help in satisfying the initial condition, it is called the trivial solution. We
are seeking the unobvious, nontrivial solutions, so we shall avoid the trivial
solution at every turn.

The general idea of the method is to assume that the solution of the partial
differential equation has the form of a product: w(x, t) = ¢(x)T(t). We re-
quire that neither of the factors ¢(x) or T(¢) be identically 0, since that would
lead back to the trivial solution. Now, each of the factors depends on only one
variable, so we have

8?w i Jw ;
=T, S = T ().

The partial differential equation becomes

1
¢"(x)T(t) = %qﬁ(x)T'(t)
and on dividing through by ¢ T, we find

¢"(x) _ T'(t)
¢(x)  KkT(r)’
Here is the key argument: The ratio on the left contains functions of x alone
and cannot vary with ¢. On the other hand, the ratio on the right contains
functions of ¢ alone and cannot vary with x. Since this equality must hold for
all x in the interval 0 < x < a and for all ¢ > 0, the common value of the two
sides must be a constant, varying neither with x nor :
¢"(x) T'(1)
= p, = p
¢(x) kT(t)

Now we have two ordinary differential equations for the two factor functions:

¢"—pp=0, T — pkT=0. (13)

O<x<a, 0<t.

The two boundary conditions on w may also be stated in the product form:
w(0,1) = ¢(0)T(t) =0, wla,t)=¢(a)T(t)=0.

There are two ways that these equations can be satisfied for all £ > 0. Either
the function T'(¢t) = 0 for all ¢, which is forbidden, or the other factors must
be zero. Therefore, we have

$(0) =0, ¢(a)=0. (14)
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Our job now is to solve Egs. (13) and satisfy the boundary conditions (14)
while avoiding the trivial solution.
Case 1: If p > 0 the solutions of Eq. (13) are

¢(x) = ¢, cosh(/px) + c;sinh(/px), T(t) = cePk,

Now we apply the boundary conditions.

)=0
¢(a)=0: ¢ysinh(\/pa)=0

Because the sinh function is 0 only when its argument is 0—clearly not true of
J/pa—we have ¢; = ¢; = 0 and ¢(x) = 0, which is not acceptable.

Case 2: If we take p = 0, the solutions of the differential equations (13) are
¢(x) = ¢y + c2x, T(t) = c. The boundary conditions require

Again we have ¢(x) = 0.
Case 3: We now try a negative constant. Replacing p by —2? in Eqs. (13)
gives us the two equations

" +2%=0, T +2%T=0
whose solutions are
@(x) = cycos(Ax) + cysin(rx), T(t) = cexp(—kzkt).

If ¢ has the form given in the preceding, the boundary conditions require that
¢(0) = ¢) = 0, leaving ¢(x) = ¢z sin(Ax). Then ¢(a) = ¢z sin(ra) = 0.

We now have two choices: either ¢, = 0, making ¢(x) = 0 for all values of x;
orsin(ia) = 0. We reject the first possibility, for it leads to the trivial solution
w(x,t) = 0. In order for the second possibility to hold, we must have » =
nm/a, where n = 1, £2, 43, - - -. The negative values of n do not give any
new functions, because sin(—#) = —sin(@). Hence we allow n = 1,2,3, -
only. We shall set ., = nx /a.

Incidentally, as the differential equation (13) and the boundary conditions
(14) for ¢(x) are homogeneous, any constant multiple of a solution is still a
solution. We shall therefore remember this fact and drop the constant ¢; in
¢(x). Likewise, we delete the ¢ in T'(1).

To review our position, we have for each n = 1, 2, 3, - - - , a function ¢, (x)
= sin(A,x), and an associated function T,(f) = exp(—Ailkt). The product
wy(x, t) =sin(A,x) exp(—l,z,kt) has the properties:

2
1. Ay = —kf,w,,; Hau:,, = —Af,kw,,; and therefore w, satisfies the heat

Ix?
equation
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2. wy(0,¢t) = sin(O)e’W“ = 0 for any » and t; and therefore w, satisfies the
boundary condition at x = 0.

3. wy(a,t) = sin()una)eflﬁkt =0 for any n and t because A,a = nmw and

sin(nmr) = 0. Therefore w, satisfies the boundary condition at x = a.

Now we call on the Principle of Superposition in order to continue.

Principle of Superposition. Ifu;, u,, - - - are solutions of the same linear, homo-
geneous equations, then so is

U=cCciU;+cuy+---. O

In fact, we have infinitely many solutions, so we need an infinite series to
combine them all:

[e.]
wix, t) = Z by sin(Anx) exp(—A2kt). (15)
n=1
Using an infinite series brings up questions about convergence that we are
going to ignore. However, it is easy to verify that the function defined by
the series does satisfy the boundary conditions: at x = 0 and at x = a,
each term is 0, so the sum is 0 as well. To check the partial differential equa-
tion, we have to differentiate w(x, t) by differentiating each term of the se-
ries. This done, it is easy to see that terms match and the heat equation is
satisfied.

Notice that the choice of the coefficients b, does not enter into the checking
of the partial differential equation and the boundary conditions. Thus, Eq.
(15) plays the role of a general solution of Egs. (8), (9), (10).

Of the four parts of the original problem, only the initial condition has not
yet been satisfied. At t = 0, the exponentials in Eq. (15) are all unity. Thus the
initial condition takes the form

w(x,0) = Zb,, sin (?) =g(x), 0<x<a. (16)
n=1

We immediately recognize a problem in Fourier series, which is solved by
choosing the constants b, according to the formula

] . /nmXx
b"=u_f0 g(x)sm(T)dx. (17)

If the function g is continuous and piecewise smooth, we know that the
Fourier series actually converges to g(x) in the interval 0 < x < a, so the
solution which we have found for w(x, ) actually satisfies all requirements
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set on w. Even if g does not satisfy these conditions, it can be shown that the

solution we have arrived at is the best we can do.
Once the transient temperature has been determined, we find the original
unknown u(x,t) as the sum of the transient and the steady-state

solutions,

u(x, t) = v(x) + w(x, t).

Example.

Suppose the original problem to be
u  19u
—=—-—, 0<x<a, O0<t
0x? kot

u(0,)=T, O0<t

u(@,t)=T, 0<t

u(x,0)=0, 0<x<a.
The steady-state solution is

v(x) =T+ (T} — mg.

The transient temperature, w(x, t) = u(x, t) — v(x), satisfies

2w 10w

—_— =, 0O<x<a, O<t
axz kot

W(O,t):(), 0<t

w(a, t) =0, 0<t

w(x,0)=-Tp — (Ty — To)f =g(x), 0<x<a.
a

According to the preceding calculations, w has the form

w(x, t) = ) bysin(A,x) exp(—Azkt) (18)

n=1

and the initial condition is

o0
w(x, 0) = an sin (?) =gx), 0<x<a.

n=1
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100 -

u(x,t)

X

Figure 3 The solution of the example with T; = 100 and Ty = 20. The function
u(x, t) is graphed as a function of x for four values of ¢, chosen so that the
dimensionless time kt/a? has the values 0.001, 0.01, 0.1 and 1. For kt/a? = 1,
the steady state is practically achieved. See the web site.

The coefficients b, are given by

b, = %fo [—TO (T, — To)z]sin (”Z—x) dx

_ 2Ty cos(nmx/a)|*

a (am/fa) |,
2 sin(nx/a) — (nmx/a)cos(nwx/a)|®
_;(Tl - To) e ;
. 2 4 —{=1") + M(_l)n
nmw nmw

-2
b= — (To — Ti(-1)").
nmw
Now the complete solution (see Fig. 3) is

ulx,t)=w(x,t)+ Ty + (T, — To)f, where
a

[e9)

2 T — L(-1"
wix, =—-=Y o B sin(Anx) exp(—A2kt).  (19)
e n
The solution of this problem is shown as an animation on the web site. |

We can discover certain features of u(x, t) by examining the solution. First,
u(x, 0) really is zero (0 < x < a) because the Fourier series converges to
—v(x) att = 0. Second, when ¢ is positive but very small, the series for w(x, t)
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will be almost equal to —Ty — (T} — Ty)x/a. But at x = 0 and x = a, the
series adds up to zero (and w(x, t) is a continuous function of x); thus u(x, t)
satisfies the boundary conditions. Third, when ¢ is large, exp(—A2kt) is small,
and the other exponentials are still smaller. Then w(x, t) may be well approx-
imated by the first term (or first few terms) of the series. Finally, as t — oo,
w(x, t) disappears completely.

EXERCISES

Also see Separation of Variables Step by Step on the web site.

1. Write out the first few terms of the series for w(x, £) in Eq. (19).

2. Ifk = 1 cm?/s (a value between copper and aluminum), @ = 1 cm, show
that after ¢ = 0.5 s the other terms of the series for w are negligible com-
pared with the first term. Sketch u(x,t) fort = 0, ¢+ = 0.5, ¢ = 1.0, and
t = 0o. Take Ty = 100, T; = 300.

3. We can see from Eq. (19) that the dimensionless combinations x/a and
kt/a® appear in the sine and exponential functions. Reformulate the partial
differential equation (8) in terms of the dimensionless variables. & = x/a,
T =kt/a% Setu(x,t) = U(§, 7).

4. Sketch the functions ¢y, ¢,, and @3, and verify that they satisfy the bound-
ary conditions ¢(0) = 0, ¢(a) = 0.

In Exercises 5-8, solve the problem

?w 19w

—_— =, O<x<a, O0<t
ax2 kot

w(0,t) =0, w(a,t)=0, 0<t

w(x, 0) = g(x), 0O<x<a

for the given function g(x).

5. g(x) = Tj (constant)

6. g(x) = Bx (B is constant)

7. g(x) = B(a — x) (B is constant)
2Tyx

a
; O<x<—
2

a
2Tyla—x) a
- —<x<a.

8. g(x)=
a

Project 2.2
A.N. Virkar, T.B. Jackson and R.A. Cutler (“Thermodynamic and kinetic ef-
fects of oxygen removal on the thermal conductivity of aluminum nitride,’
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Journal of the American Ceramic Society, 72 (1989) 2031-2042) use the follow-
ing boundary value problem to study the kinetics of oxygen removal from a
grain of aluminum nitride by diffusion:

aC 3*C
=S Rl
ot 0x2
C(0,t)=Cy;, Cla,t)=C;, 0<t
C(x,0)=Cyp, 0<=x <a.

0<x<a, 0<t

In these equations, C is the oxygen concentration, D is the diffusion constant,
a is the thickness of a grain, Cp and C; are known concentrations.

a. Find the steady-state solution, v(x).

b. State the problem (partial differential equation, boundary conditions and
initial condition) for the transient, w(x, t) = C(x, t) — v(x).

c. Solve the problem for w(x, t) and write out the complete solution C(x, t).

d. The concentration in the center of the grain, C(a/2, t) varies from Cj at
time t = 0 toward C, as t increases. Suppose that we want to find out how
long it takes for this concentration to complete 90% of the change it will
make from Cy to Cy; that is, we want to solve this equation for #:

a
C (5.t) = Co=09(Cy — Co).
Show that this equation is equivalent to the equation
a
w (E, f) = —0.1(61 = C(])

Find an approximate formula for the solution by using just the first term
of the series for w(x, ).

e. Use the formula in part d to find ¢ explicitly fora = 5x10~%m, D = 10711
cm?/s. Be careful to check dimensions.

Project 2.3

In the article “Nanoscale calorimetry using a suspended bridge configuration”
(Journal of Microelectromechanical Systems, 16 (2007) 861-871), temperature
variation in a strip measuring approximately 400 x 0.3 x 8000 um in the x, y
and z directions is considered. The authors judge that the temperature in the
long dimension varies little and in the short dimension changes so fast that
only its average is of interest. Consequently, temperature in the strip can be
treated as a function of just x and . The equation investigated is

19T _ 9T g
a9t oax2  k
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In this equation, « is the thermal diffusivity, g is the rate at which heat is sup-
plied by electric current, and k is thermal conductivity. The article is not clear
about boundary conditions at the edge of the strip and, in fact, solves the equa-
tion as if it were on an infinite domain. Assume that the equation is to be solved
for 0 < x < a, 0 < t with conditions

TW0,t)=0, T(a,t)=0, 0<t
T(x,00=0, 0<x<a

a. Setup and solve the steady state problem for v(x) = tlirn T(x, t).
—00

b. Set up the complete problem for the transient temperature w(x,t)=
T (x, t) — v(x). The problem will consist of a partial differential equation,
two boundary conditions, and an initial condition. The partial differential
equation and boundary conditions must be homogeneous.

c. Solve the problem for the transient temperature.

d. Put together the pieces and get the complete solution T'(x, t).

2.4 Example: Insulated Bar

We shall consider again the uniform bar that was discussed in Section 1. Let
us suppose now that the ends of the bar at x = 0 and x = a are insulated
instead of being held at constant temperatures. The boundary value—initial
value problem that describes the temperature in this rod is:

%u  10u " it s 0
—_— =, <x<a, <

ox? kot

0 ]

20,0=0, =(a,n=0, 0<t 2)
0x dx

u(x,0)= f(x), 0<x<a, (3)

where f(x) is supposed to be a given function.

We saw in Section 2 that the solution of the steady-state problem is not
unique. However, the mathematical purpose behind finding the steady-state
solution is to pave the way for a homogeneous problem (partial differential
equation and boundary conditions) for the transient. In this example the par-
tial differential equation and boundary conditions are already homogeneous.
Thus, we do not need the steady-state solution or the transient problem. We
may look for u(x, £) directly.

Assume that 4 has the product form u(x, t) = ¢(x) T(¢) with neither factor
identically 0. The heat equation becomes

# (DT = 19T
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and the variables are separated by dividing through by ¢ T, leaving

¢"(x) _ T'(x)
p(x)  kT(t)

In order that a function of x equal a function of #, their mutual value must
be a constant. If that constant were positive, T would be an increasing expo-
nential function of time, which would be unacceptable. It is also easy to show
that if the constant were positive, ¢ could not satisfy the boundary conditions
without being identically zero.

Assuming then a non-positive constant, we can write

¢'®) _ T
p(x) KT (1)

and separate these equalities into two ordinary differential equations linked by
the common parameter A%:

O<x<a, 0<t.

@'+ 22 =0, O<x<a (4)

T +2*kT =0 0<t. (5)

The boundary conditions on u# can be translated into conditions on ¢,
because they are homogeneous conditions. The boundary conditions in prod-
uct form are

3—M(O, )=¢'(0)T(t)=0, O0<t
ax

a—M(at, H=¢'(a)T(t)=0, 0<t.
dax

To satisfy these equations, we must have the function T'(¢) always zero (which
would make u(x, t) = 0), or else

¢'(0)=0, ¢'(a)=0.

The second alternative avoids the trivial solution.
We now have a homogeneous differential equation for ¢ together with
homogeneous boundary conditions:

@' +12p=0, O<x<a (6)

¢'(0)=0, ¢'(a)=0. (7)

A problem of this kind is called an eigenvalue problem. We are looking for
those values of the parameter A% for which nonzero solutions of Egs. (6) and
(7) may exist. Those values are called eigenvalues, and the corresponding solu-
tions are called eigenfunctions. Note that the significant parameter is A2, not A.
The square is used for convenience and to make the sign definite. It is worth
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mentioning that we already saw an eigenvalue problem in Section 3 and in the
Euler buckling problem of Chapter 0.
The general solution of the differential equation in Eq. (6) is

¢(x) = ¢, cos(Ax) + ¢, sin(Ax).

Applying the boundary condition at x = 0, we see that ¢'(0) = c;A = 0,
giving ¢, = 0 or A = 0. We put aside the case A = 0 and assume ¢, = 0, so
¢(x) = ¢, cos(ix). Then the second boundary condition requires that ¢'(a) =
—cyhsin(Aa) = 0. Once again, we may have ¢, = 0 or sin(Aa) = 0. Butc, =0
makes ¢(x) = 0. We choose therefore to make sin(Aa) = 0 by restricting A to
the values 7 /a, 27 /a, 37 /a, - - - . We label the eigenvalues with a subscript:

A;’, = (E)2 . @u(x)=cos(Ayx), n=1,2,---
a

Notice that any constant multiple of an eigenfunction is still an eigenfunction;
thus, we may take ¢, = 1 for simplicity.
Returning to the case & = 0, we see that Egs. (6) and (7) become

¢" =0, 0<x<a,

$'(0)=0, ¢'(a)=0.

The solution of the differential equation is ¢(x) = ¢, + cx. Both boundary
conditions tell us that ¢; = 0. Therefore ¢(x) is a (any) constant. Thus 0 is an
eigenvalue of the problem Egs. (6), (7), and we designate

A(z) =0, ¢0(X) =1.

Let us summarize our findings by saying that the eigenvalue problem, Egs.
(6) and (7), has the solution

A.(Z,=0. ¢u(x)= 1.
An= (E) du(x) = cos(A,x). n=1,2,.-.
a

Now that the numbers A> are known, we can solve Eq. (5) for T'(t), finding
To(t) =1, T,(t) = exp(—Ankt).

The products ¢, (x) T, (1) give solutions of the partial differential equation (1)
that satisfy the boundary conditions, Eq. (2):

ug(x,t) =1, uy(x,t)= cos(A,,x)exp(—A,z,kt). (8)

Because the partial differential equation and the boundary conditions are all
linear and homogeneous, the Principle of Superposition applies, and any lin-
ear combination of solutions is also a solution. The solution #u(x, t) of the
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whole system may therefore have the form
x
u(x,t) =ag+ Z a, cos(A,x) exp(—l,z,kt). (9)
1

There is only one condition of the original set remaining to be satisfied, the
initial condition Eq. (3). For u(x, t) in the form above, the initial condition is
u(x,0) = f(x),or

o0

ap + Za,, cos(iyx) = f(x), 0 <x <a.
1

Because %, = nr /a, we recognize that making this equality true is a problem
in Fourier series, and we can immediately cite formulas for the coefficients:

1 2 nwx
ag = ;£ f(x)dx, a,= ;L f(x) cos (T) dx. (10)

When these coefficients are computed and substituted in the formulas for
u(x, t), that function becomes the solution to the initial value-boundary value
problems, Egs. (1)-(3). Notice that when t — oo all other terms in the sum-
mation for u(x, t) disappear, leaving

lim u(x.t) =a, = i/ f(x)dx.
1—00 a Jo

Example.
Find the complete solution of Eqs. (1)-(3) for the initial temperature distrib-
ution f(x) = To + (Ty — To)x/a.

It requires no integration to find that a, = (T + T;)/2. The remaining
coefficients are

2 a
5= —-/ (To + (T, —To)x/a)cos(m) dx
aJy a

cos(nm) — 1

nim?

= 2Ty — To)
Thus the solution is given by Eq. (9) with these coefficients for ay and a,,.. A
graph of u(x, t) as a function of x is shown in Fig. 4 and as an animation on

the web site. O

EXERCISES
1. Using the initial condition

X
ux,00=T—, 0<x<a
a
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100 4

u(x,t)

X

Figure 4 The solution of the example, u(x, t), as a function of x for several
times. The initial temperature distribution is f(x) = Ty + (T} — Ty)x/a. For
this illustration, Ty = 20, T} = 100, and the times are chosen so that the di-
mensionless time kt/a’ takes the values 0.001, 0.01, 0.1 and 1. The last case is
indistinguishable from the steady state. See the web site also.

find the solution u(x, t) of this example problem. Sketch u(x, 0), u(x, t)
for some t > 0 (using the first three terms of the series), and the steady-
state solution.

2. Repeat Exercise 1 using the initial condition

2

u(x.0)=T0+T1(£) , 0<x <a.
a

3. Same as Exercise 1, but with initial condition

2Tox a
=3 0<x<5
a
u(x,0) =
(£:0) 2Tola—x) a
—_— =<Xx<a
a 2

4. Solve Egs. (1)-(3) using the initial condition u(x, 0) = f(x), where

a
. 0<x<—

flx)= a

L, —<x<a.
2

5. Consider this heat problem, which is related to Egs. (1)-(3):

Pu  10u

—_—=—— 0<x<a, 0<t
ax: kot

du

8 =5 2% =50 e
ax 5 = o, axﬂ. =91, <

u(x,0) = f(x), 0<x<a.
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a. Show that the steady-state problem has a solution ifand only if S5 = §;
and give a physical reason why this should be true. (Recall that the heat
flux q is proportional to the derivative of u with respect to x.) Find the
steady-state solution if this condition is met.

b. If the steady-state solution v(x) exists, show that the “transient,”
w(x, t) = u(x, t) — v(x) has the boundary conditions

d d
—w(O. t)=0, —w(u. =0, ‘0<%
ax x

¢. Show that the function u(x, t) = A(kt + x2/2) + Bx satisfies the heat
equation for arbitrary A and B, and that A and B can be chosen to
satisfy the boundary conditions

a d
o) =8 —@hH=8 0<t.
dx dx

What happens to u(x, t) as t increases if Sy # 5,7

. Verify that u,(x, t) in Eq. (8) satisfies the partial differential equation (1)
and the boundary conditions, Eq. (2).

. State the eigenvalue problem associated with the solution of the heat prob-
lem in Section 3. Also state its solution.

. Suppose that the function ¢(x) satisfies the relation
#)
¢(x)

Show that the boundary conditions ¢'(0) = 0, ¢'(a) = 0, then force ¢(x)
to be identically 0. Thus, a positive “separation constant” can only lead to
the trivial solution.

> 0.

. Referto Egs. (9) and (10), which give the solution of the problem stated in
Egs. (1), (2) and (3). If f is piecewise continuous, the coefficients a,, — 0
asn — oc. For t = t; > 0, fixed, the solution is

oo
u(x, t) = ap + Za,, exp(—AZkt) cos(,x)
1

and the coefficients of this cosine series are
2
Au('l) =Qay exP(—A;ktl )

Show that A,(t;) — 0 so rapidly as n — oo that the series given in the
preceding converges uniformly 0 < x < a. (See Chapter 1, Section 4,
Theorem 1.) Show the same for the series which represents

9%u

a—xz(x. tl).
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10. Sketch the functions ¢y, ¢,, and ¢3 and verify graphically that they satisfy
the boundary conditions of Eq. (7).

11. The boundary conditions Eq. (2) require that

du
—(0,t)=0, 0<t
0x

and similarly at x = a. Does this mean that u is constant at x = 0?

12. This table gives values of u(0, t) for the function u found in the example
and shown in Fig. 4. Make a graph of #(0, t) and describe the graph in
words.

kt/a?: |0.001|0.003|0.01\0.03\ 0.1| 0.3\ 1
u(0,t): | 22.9| 24.9(29.0|35.6|47.9/58.3|60.0

13. Check that the partial differential equation and boundary conditions are
satisfied by the series in Eq. (9).

Project 2.4
A slug calorimeter is a device to measure heat flow. It is usually modeled as a
right circular cylinder of solid copper, with length L, initially at uniform tem-
perature. At t = 0 uniform constant heat flux is applied at one end, while the
other end and the cylindrical surface are perfectly insulated. The temperature
at the insulated end is measured with a thermocouple, and the heat flow rate
at the other end is determined from those measurements.

A boundary value problem describing the temperature u(x,t) in the

calorimeter is
%u  10u
—_— = 0<x<L, 0<t
ax2 kot

du du

7(01"‘.):_(21 7(L1t):0: 0<t

ox dax

u(x, 0) = Tp, 0<x<lL
The non-homogeneous boundary condition at the end x = 0 tells us that heat
is being forced into the calorimeter (assuming Q > 0). Since the cylindrical
surface and the other end are insulated, the heat energy has nowhere to go

and must be stored in the calorimeter. The implication is that the temperature
increases with time.

a. Show that the four functions
vo=1, v =x, vy, =2x+2kt, v3=x>+6kxt

are solutions of the heat equation. These functions are called heat polyno-
mials.
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b. Determine a function v(x, t) that is a linear combination of the heat poly-
nomials in part a and that satisfies both boundary conditions. In the
process of solving this problem, the function v(x. t) plays the role of a
“steady-state” solution: although it is certainly not steady, it satisfies the
non-homogeneous boundary condition.

a. i. Set up the problem for w(x, t) = u(x, t) — v(x, t). This problem will
have a homogeneous partial differential equation and homogeneous
boundary conditions.

ii. Solve the problem for w and determine the limit of w(x, t) ast — oc.

iii. Estimate how long it takes (as a function of k and L) for the first non-
constant term of the series solution of w to get to about 1% of its initial
value.

d. Form the function u(x,t) = v(x,t) + w(x, t). Make a graph of u(L.,t),
the temperature at the insulated end of the calorimeter, for t = 0 to 1. Use
parameters Q =100, L = 1,k =1, Tp = 20.

e. Explain how Q can be determined from u(L, t).

This project is based on information provided by T.M. Hightower in High-
tower, T.M., Olivares, R.A., and Philippidis, D., “Thermal Capacitance (Slug)
Calorimeter Theory Including Heat Losses and Other Decaying Processes,”
NASA TM-2008-215364, Sept. 2008. A much more extensive and sophisticated
analysis is carried out in the report. The parameters in part d are chosen for
simplicity. The values used in the report are approximately Q = 675 K/cm,
L =0.01 m, k = 0.00011 m?%/s, Ty = 300 K.

2.5 Example: Different Boundary Conditions

In many important cases, boundary conditions at the two endpoints will be
different kinds. In this section we shall solve the problem of finding the tem-
perature in a rod having one end insulated and the other held at a constant
temperature. The boundary value-initial value problem satisfied by the tem-
perature in the rod is

9u  10u

- = —— 0O<x<a, O<t (1)
ax2 kot
u(0,1) = Ty, 0<t (2)
du
—(a,t) =0, 0<t (3)
0x

u(x,0)= f(x), O0<x<a. (4)
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It is easy to verify that the steady-state solution of this problem is v(x) = Tp.
Using this information, we can find the boundary value—initial value problem
satisfied by the transient temperature w(x, t) = u(x, t) — Tp:

3w 103w

ﬁ_iﬁ’ 0<x<u, 0<t (5)
a

w®0,0=0, —(a,)=0, 0<t (6)
0x

w(x,0)=f(x) -Th=gx), 0<x<a. (7)

Since this problem is homogeneous, we can attack it by the method of sep-
aration of variables. The assumption that w(x, t) has the form of a product,
w(x, t) = ¢(x)T(t), and insertion of w in that form into the partial differen-
tial equation (5) lead as before, to

q;”((;c)) = kT II"((tt)) = constant. (8)
The boundary conditions take the form
$(0)T(1)=0, O0<t 9
¢'(@a)T(t)=0, 0<t (10)
As before, we conclude that ¢ (0) and ¢’(a) should both be zero:
¢(0) =0, ¢'(a) =0. (11)

By trial and error we find that a positive or zero separation constant in Eq. (8)
forces ¢(x) = 0. Thus we take the constant to be —A2. The separated equations
are

" +AM¢Pp=0, O<x<a (12)
T'+2kT =0, 0<t. (13)
Now, the general solution of the differential equation (12) is
¢(x) = c; cos(Ax) + ¢ sin(Ax).
The boundary condition, ¢(0) = 0, requires that ¢; = 0, leaving
¢(x) = cosin(Ax).
The boundary condition at x = a now takes the form
¢'(a) = cAcos(ha) = 0.

The three choices are: ¢; = 0, which gives the trivial solution; A = 0, which
should be investigated separately (Exercise 2), and cos(Aa) = 0. The third
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alternative—the only acceptable one—requires that Aa be an odd multiple of
7 /2, which we may express as

_@n—=1Dm
B 2a
Thus, we have found that the eigenvalue problem consisting of Egs. (11) and
(12) has the solution

2n—1 .
A= —hix 5 ) , Pn(x) =sin(Apx), n=1,2,3,---. (15)
a
With the eigenfunctions and eigenvalues now in hand, we return to the dif-

ferential equation (13), whose solution is

A 5 =il a2.an0 (14)

T,(t) = exp(—AZ2kt).

As in previous cases, we assemble the general solution of the homogeneous
problem expressed in Egs. (5), (6), and (7) by forming a general linear combi-
nation of our product solutions,

w(x, 1) = ) bysin(A,x) exp(—Azkt). (16)

n=1

The choice of the coefficients, b,, must be made so as to satisfy the initial con-
dition, Eq. (8). Using the form of w given by Eq. (16), we find that the initial
condition is

w(x,0)=Zb..sin ((2";%) =g(x), 0 <x<a. (17)

n=1

A routine Fourier sine series for the interval 0 < x < a would involve the
functions sin(nmx/a), rather than the functions we have. By one of several
means (Exercises 10-12 or see sections 2.7 and 2.8), it may be shown that the
series in Eq. (17) represents the function g(x) provided that g is piecewise
smooth and that we choose the coefficients by the formula

bu=2 f " gx)sin (L - ”’”‘) dx. (18)
aJy 2a

Now the original problem is completely solved. The solution is

ulx,t) = Ty+ Y by sin(i,x) exp(—A2kt), (19)

n=1

with the b, as found by Eq. (18). It should be noted carefully that the Tj term in
Eq. (19) is the steady-state solution in this case; it is not part of the separation-
of-variables solution.
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100 4

u(x,t)

X

Figure 5 Solution of the example, Eq. (20): u(x, t) is shown as a function of x
for various times, which are chosen so that the dimensionless time kt/a” takes
the values 0.001, 0.01, 0.1, 1.0. For the illustration, T; has been chosen equal
to 0 and T; = 100.

Example.
Find the solution of Egs. (1)-(4) with the initial condition

u(x,0)=T;,, 0 <x <a.

Then g(x) = Ty — T, 0 < x < a, and the coefficients as determined by Eq.
(18) are

4

bn = (Tl o TU)JT(ZM __ l).

Therefore, the complete solution of the boundary value-initial value problem
with initial condition u(x, 0) = T, would be

oc

4
u(x, )= To+ (T = To)— 3

n=1

T sin(4,,x) exp(—Aa;kt). (20)

See Fig. 5 for graphs and an animation on the web site. O

Now that we have been through three major examples, we can outline the
method we have been using to solve linear boundary value-initial value prob-
lems. Up to this moment we have seen only homogeneous partial differential
equations, but an inhomogeneity that is independent of f can be treated by the
same method we used—finding the steady state solution.
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Summary of Separation of Variables
Prepare

If the partial differential equation or a boundary condition or both are not
homogeneous, first find a function v(x), independent of t, which satisfies the
partial differential equation and the boundary conditions. Since v(x) does not
depend on t, the partial differential equation applied to v(x) becomes an ordi-
nary differential equation. Finding v(x) is just a matter of solving a two-point
boundary value problem.

Determine the initial value-boundary value problem satisfied by the “tran-
sient solution” w(x, t) = u(x, t) — v(x). This must be a homogeneous problem.
That is, the partial differential equation and the boundary conditions (but not
usually the initial condition) are satisfied by the constant function 0.

Separate

Assuming that w(x, t) = ¢(x)T(t), with neither factor 0, separate the partial
differential equation into two ordinary differential equations, one for ¢»(x) and
one for T(t), linked by the separation constant, —2?. Reduce the boundary
conditions to conditions on ¢ alone.

Solve

Solve the eigenvalue problem for ¢. That is, find the values of A for which
the eigenvalue problem has nonzero solutions. Label the eigenfunctions and
eigenvalues ¢, (x) and A2

Solve the ordinary differential equation for the time factors, T, (t).

Combine and satisfy remaining condition

Form the general solution of the homogeneous problem as a sum of constant
multiples of the product solutions:

w(x, 1) =) cuu(x) T, (0).

Choose the ¢, so that the initial condition is satisfied. This may or may not
be a routine Fourier series problem. If not, an orthogonality principle must
be used to determine the coefficients. (We shall see the theory in Sections 7
and 8.)

Check
Form the solution of the original problem
u(x, t) = v(x) + w(x,t)

and check that all conditions are satisfied.
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EXERCISES

See Common Eigenvalue Problems on the web site.

1. Find the steady-state solution of the problem stated in Egs. (1)—(4).

2. Determine whether 0 is an eigenvalue of the eigenvalue problem stated in
Egs. (11) and (12). That is, take 2 = 0 and see whether the solution is
nonzero.

3. Solve the problem stated in Eqgs. (1)-(4), taking f(x) = Tx/a.
4. Solve the problem stated in Eqs. (1)-(4) if

_JTh O0<x<a/2
f(x)_{Tl a/2 <x <a.

5. Solve the nonhomogeneous problem

’u B 1ou T 0 0<t
ax2  kat a? S e &
a
u(0,t) =Ty, —(a.t)=0, 0<t
ax
u(x,0) =Ty, 0<x<a.

6. Solve this problem for the temperature in a rod in contact along the lateral
surface with a medium at temperature 0.

u_1ou ,

axz—k§+;yu, 0O<x<a, 0O0<t
a

u(0,) =0, —(a,t)=0, 0<t
dx

u(x,0) = T, 0<x <a.

7. Solve the problem

*u  19u

—_— e — O<x <g; 0<it

axt kot

0

Z0,0=0, u@ =T, 0<t

ax

u(x;0) =T 0<x<a.

8. Compare the solution of Exercise 7 with Eq. (20). Can one be turned into
the other?

9. Solve the problem in Exercise 7 taking Ty = 0 and

X
u(x,0) =T cos (2—) O<x<a
a
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10. 4. Show that the eigenfunctions found in this section are orthogonal.
That is, prove that

a ) 0 (m+#n)
fo sin(Apx) sin(Amx)dx = | @ =7
2
when A, = M .
2a
b. Use the orthogonality relation in part a. to justify the formula in Eq.
(18).

11. To justify the expansion of Eq. (17), for an arbitrary piecewise smooth
g(x),

oo
2n—1
ansin(m) =g(x), 0 <x <a,
- 2a

construct the function G(x) with these properties:

G(x) =g(x), O<x<a
G(x)=g(2a—x), a<x<2a.

Show that G(x) corresponds to the series
o
N.
G(x) ~ ZBNsin (ﬂ), 0 < x < 2a.
e 2a

12. Show that the By of the series in the preceding equation satisfy

Qa

2 N.
Bxy=0 (N even), Bny= —f g(x) sin (Lx) dx (N odd).
aJo 2a

13. a. Solve this problem over the interval 0 < x < 2a.

%u  10u

—_—= -, O<x<2a, O0<t
dxz kot

u(0,t) =Ty, ua,t)=T, 0<t

u(x, 0) = g(x), 0 <x < 2a.

A function f is given over the interval 0 < x < a, and g is an exten-

sion of f defined by
g(x):{f(x)’ O<x<a

f(2a—x), a<x<2a.

b. Explain why the solution of the problem comprised of Egs. (1)—(4) is
exactly the same as the solution of the problem in part a.
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Project 2.5

In the ceramics industry, the following problem has to be analyzed for parame-
ter measurement. A cylindrical rod of uniform porous material is suspended
vertically so that its lower end is immersed in water. The cylindrical surface
and the upper end are sealed—with wax, for example. The concentration of
water in the rod (weight per unit volume) is a function C(x, t) that satisfies
the boundary value problem

39’C  aC
—=—, 0<x<l, 0<t
dx?* at

aC
C(0,¢) = Cp, a—(L.t) =0, 0<t
X

C(x,0)=0, 0L

In these equations, D is the diffusion constant, L is the length of the cylinder
and C, is the saturation concentration, which depends on the porosity of the
material.

a. Find C(x,1).

b. Use the solution of part a to find an expression for the total weight of water

absorbed by the rod,
L
W(t) = A[ C(x, t)dx.
0

c. Aplotof W(t)/(CyAL) asa function of s = \/ Dt/L? over the range 0 to 2
resembles a slanted line segment joined by a curve to a horizontal line seg-
ment. The slope of the slanted line segment in this graph is approximately
2//7. Experimenters plot measured values of W(t)/(CyAL) vs. /1 to get
a similar graph. Then they use the slope of the slanted line segment to find
D. Explain how.

2.6 Example: Convection

We have seen three examples in which boundary conditions specified either
1 or du/dx. Now we shall study a case where a condition of the third kind
is involved. The physical model is conduction of heat in a rod with insulated
lateral surface whose left end is held at constant temperature and whose right
end is exposed to convective heat transfer. The boundary value-initial value
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problem satisfied by the temperature in the rod is

Dt fadi 0 0<t (1)
3 kot SRS S

u(0,t) = Ty, 0<t 2)
ou

—«-—(a,t) =h(u(a,t) = Ty), 0<t 3)
0x

u(x,0) = f(x), 0<x<a. (4)

We found in Section 2 that the steady-state solution of this problem is
xh(Ty — Ty)
= T e —— 5
v =To+ — ——— (5)

Now, since the original boundary conditions were nonhomogeneous, we
form the problem for the transient solution w(x, t) = u(x, t) —v(x). By direct
substitution it is found that

Bz_w_la_w 0O<x<a, O0<t (6)
8x2  k at’ ’

ow
w(0,¢) =0, hw(u,t)+x£(a,t) =0, O<t (7)
w(x,0) = f(x) —v(x) = g(x), 0<x<a. (8)

The solution for w(x, ) can now be found by the product method. On the
assumption that w has the form of a product ¢(x) T (¢), the variables can be
separated exactly as before, giving two ordinary differential equations linked
by a common parameter A>:

" +2%p =0, O<x<a
T'+X3%T=0, 0<t

Also, since the boundary conditions are linear and homogeneous, they can be
translated directly into conditions on ¢:

w(0,t) =(0)T () =0
K{;—w(a, t)+ hw(a,t) = [k¢'(a) + ho(a)]T(t) = 0.
x
Either T'(¢) is identically zero (which would make w (x, t) identically zero), or

$(0) =0, k¢'(a)+he(a)=0.

Combining the differential equation and boundary conditions on ¢, we get
the eigenvalue problem

" +2%p=0, O0O<x<a (9)
$(0) =0, «k¢'(a)+he(a)=0. (10)
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A
0.2500 0.5000 1.0000 2.0000 4.0000
2.5704 2.2889 2.0288 1.8366 1.7155
5.3540 5.0870 49132 48158 4.7648
8.3029 8.0962 7.9787 79171 7.8857
11.3348 11.1727 11.0855 11.0408 11.0183
14.4080 14.2764 14.2074 14.1724 14.1548

[ N S N L

Table 2 First five positive solutions of the equation
tan(x) = —Ax

The general solution of the differential equation is
¢(x) = ¢, cos(rx) + ¢ sin(Ax).

The boundary condition at x = 0 requires that ¢(0) = ¢, = 0, leaving ¢(x) =
¢; sin(Ax). Now, at the other boundary,

kd'(a) + hgp(a) = ca(kh cos(ha) + hsin(ra)) = 0.

Discarding the possibilities ¢; = 0 and A = 0, which both lead to the trivial
solution, we are left with the equation

kicos(ha) + hsin(ha) =0, or tan(ia) = —%l. (11)

From sketches of the graphs of tan(ia) and —« A/ h (Fig. 6), we see that there
is an infinite number of solutions, A,, A, A3, - -, and that, for very large n, 1,
is given approximately by

l"§2n—17r

2 a

Table 2 shows the first five values of the product ia for several different val-
ues of the dimensionless parameter x/ha. (More solutions are tabulated in
Handbook of Mathematical Functions by Abramowitz and Stegun.)

Thus we have for eachn = 1,2, - - -, an eigenvalue A2 and an eigenfunction
¢, (x), which satisfies the eigenvalue problem Egs. (9) and (10). Accompanying
¢, (x) is the function

T,(t) = exp(—Alkt)

that makes wy, (x, t) = ¢,(x)T,(t) a solution of the partial differential equation
(6) and the boundary conditions Eq. (7). Since Egs. (6) and (7) are linear and
homogeneous, any linear combination of solutions is also a solution. There-
fore, the transient solution will have the form

oc
w(x. 1) = Y b, sin(h,x) exp(—Akt),

n=1
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n/a 2n/a 3n/a 4n/a

Figure 6 Graphs of tan(ia) and —ix/h. The points of intersection are so-
lutions of tan(Aa) = —Ak/h, eigenvalues of the problem Egs. (9)-(10). The
intersection at A = 0 corresponds to the trivial solution.

and the remaining condition to be satisfied, the initial condition Eq. (8), is

oo

w(x,0) = Zb,, sin(A,x) = g(x), 0 <x <a. (12)

n=1

Thus the constants b,, are to be chosen so as to make the infinite series equal
g(x).

Although Eq. (12) looks like a Fourier series problem, it is not, because A,,
A3, and so forth, are not all integer multiples of 4. If we attempt to use the idea
of orthogonality, we can still find a way to select the by, for it may be shown by
direct computation that

a
] sin(A,x) sin(A,x)dx =0, if n #m. (13)
0

Then if we multiply both sides of the proposed Eq. (12) by sin(2,,x) (where
m is fixed) and integrate from 0 to a, we have

a st a
f g(x)sin(A,,x)dx = Zb,,f sin(A,x) sin(,,x)dx
0 0

n=1

where we have integrated term by term. According to Eq. (13), all the terms
of the series disappear, except the one in which n = m, yielding an equation

for b,,: ”
fg(x)sin().,,,x)dx
b =g . (14)
/sinz()\,,.x)dx
0
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100 1 100 1

u(x,t)
u(x,t)

)

@ 1 (b) 1
X X

Figure 7 Solution of Eqs. (1)-(4) with T, = 20, T} = 100, and f(x) = 0.
Graphs (a) and (b) correspond to k/ha = 0.1 and k/ ha = 1.0, respectively.
In each case, u(x, t) is graphed as a function of x for times chosen so that
the dimensionless time kt/a? takes on the values 0.001, 0.01, 0.1, 1. Note that
both the temperature and its slope at the right end (x = a) change with time,
in such a way that the boundary condition Eq. (3) is satisfied. See animations
on the web site.

By this formula, the b,, may be calculated and inserted into the formula for
w(x, t). Then we may put together the solution u(x, t) of the original problem
Egs. (1)-(4):

u(x,t) = v(x) + w(x,t)
xh(Ty — To) N

=it (k + ha)

oc
Z b, sin(k,x) exp(—Aokt).

n=1

In Fig. 7 are graphs of u(x, t) for two different values of the parameter «/ ha;
both have initial conditions u(x, 0) = 0. See animations on the web site.

EXERCISES
1. Sketch v(x) as given in Eq. (5) assuming
ali>Th bT1=T ¢ T <T.

2. If Ty > T, as in Fig. 7, what is the maximum value of the temperature
u(x, t) on the interval 0 < x < a at any fixed time t? The solution will be
a function of Ty, Ty and z = &/ ha.

3. Why have we ignored the negative solutions of the equation

tan(ia) = _,—KA?
1
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4. Derive the formula Eq. (12) for the coefficients b,,.

5. Sketch the first two eigenfunctions of this example takingk / h = 0.5 (A =
2.29/a, k; = 5.09/a).

6. Verify that
a 2 A
[ Sinz()'mx)dx = i + £M'
o 2 h 2
7. Find the coefficients b,, corresponding to
g(x)'——l. 0<x<a.

8. Using the solution of Exercise 7, write out the first few terms of the solu-
tion of Eqs. (6)—(8), where g(x) = T,0 < x < a.

9. Same as Exercise 7 for g(x) = x,0 < x < a.

10. Verify the orthogonality integral by direct integration. It will be necessary
to use the equation that defines the 2.,,:

KA, cos(Aya) + hsin(A,a) = 0.

Project 2.6
Carpeting can be a significant source of indoor pollution. In the article “Mod-
eling emissions of volatile organic compounds from new carpets” (Atmospheric
Environment, 28 (1994) pp. 227-234), authors J.C. Little et al. model the con-
centration C(x, t) of volatile organic compounds inside the carpet with the
heat/diffusion equation
ac a*C
—=D— <x < L; 0<t.
at dx?
The boundary condition at x = 0, where the carpet lies on an impenetrable
floor, is
acC
—(0,t) =0, 0 <t.
dx
At the upper surface of the carpet, where x = L, air circulating in the room
picks up pollutants from the carpet. Under the assumptions that the pollutant
concentration in the room air is uniform (but changing in time) and is in
equilibrium with the concentration at the surface of the carpet, the authors
derive this boundary condition:
Y 9C L D oC L Q C(L,t)=0, 0
K Br( )+ ax( )+ K (L, t)=70, 0. <t
The parameters and their units are:
V, volume of air in the room, m*
A, area of the carpet, m*
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K, ratio of concentrations at carpet surface and air, dimensionless
D, diffusion coefficient, m*/s
Q, flow rate of air through the room, m? /s

a. Assuming that x and ¢ are measured in meters and seconds, check that each
term of the boundary condition has the same dimension.

b. The article cited gives the solution C(x, t) as an infinite series of product
solutions. Find the product solutions that satisfy the diffusion equation and
the boundary condition at x = 0.

c. Thesecond boundary condition leads to a nonlinear equation for the eigen-
values 4. Substitute your solution of part b into the boundary condition
to find this equation for A:

Q v,

ADK AK

d. The authors performed experiments with various carpets. The parame-
ters were V = 20 m’, A = 8.8 m%, Q = 0.0056 m®/s, L = 0.002 m.
For formaldehyde, an important pollutant, K = 11,000 and D = 3.2 x
10~'2 m?/s. Use these values in the equation in part c to find the first eigen-
value, A, (the smallest positive solution of the equation).

rtan(AL) =

e. Use the first eigenvalue 4, to estimate the number of days until the expo-
nential in the product solution reduces from 1 to 0.01.

Note: The boundary condition at x = L does not allow the eigenfunctions
to be orthogonal. The correct coefficients of the series solution are found from
the initial condition by other means.

2.7 Sturm-Liouville Problems

At the end of the preceding section, we saw that ordinary Fourier series are
not quite adequate for all the problems we can solve. We can make some
generalizations, however, which do cover most cases that arise from separa-
tion of variables. In simple problems, we often find eigenvalue problems of
the form

" +2%p=0, l<x<r (1)
a, () — axg'(l) =0, (2)
Bro(r) + pag’(r) = 0. (3)

It is not difficult to determine the eigenvalues of this problem and to show the
eigenfunctions orthogonal by direct calculation, but an indirect calculation is
still easier.



2.7 Sturm-Liouville Problems 171

Suppose that ¢, and ¢,, are eigenfunctions corresponding to different eigen-
values A% and A2, That is,

m*
O+ APy =0, ¢+ A2 Pu =0,

and both functions satisfy the boundary conditions. Let us multiply the first
differential equation by ¢,,, the second by ¢,,, subtract the two, and move the
terms containing ¢,¢,, to the other side:

¢,,;’¢m = ¢::|-¢n - (A-;",, = )~,2.)¢n¢m-

The right-hand side is a constant (nonzero) multiple of the integrand in the
orthogonality relation

f' ¢n(x)¢m(x)dx =0, n#m,
!

which is proved true if the left-hand side is zero:

/; (¢,I,,¢m - ¢::r¢n) dx =0.

This integral is integrable by parts:

j; (¢,,,’¢m s ¢::r¢rr) dx

= [¢:,(x)¢m(x) = ¢,,"(x)¢n(x)]|; = [ (¢:v¢:,n i ¢:ﬂ¢t’1) dx.

The last integral is obviously zero, so we have

(ﬁrﬁﬂ['muwmn¢u4¢uwmm—¢mwmuu.
1
Both ¢, and ¢,, satisfy the boundary condition at x = r,

ﬁ1¢m(r) g ﬁztb,',,(r) =0
ﬁl¢n(r) +ﬂ1¢:,(r) =0.

These two equations may be considered simultaneous equations in 8, and f,.
At least one of the numbers 8, and B, is different from zero; otherwise, there
would be no boundary condition. Hence the determinant of the equations
must be zero:

¢m(f)¢:,(i’) = ¢n(r )¢:"(f) =0.
A similar result holds at x = [. Thus

[¢(x)¢m(x) = #p,(x)$u(x)][; =0
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and, therefore, we have proved the orthogonality relation

f' ¢n(x)¢m(x)dx =0, n #m
!

for the eigenfunctions of Eqgs. (1)-(3).

We may make a much broader generalization about orthogonality of eigen-
functions with very little trouble. Consider the model eigenvalue problem be-
low, which might arise from separation of variables in a heat conduction prob-
lem (see Section 9):

[s(x)¢'(x)] — q(x)p(x) + M2 p(x)p(x) =0, l<x<r
arp(l) — (1) =0
Bro(r) + B2g'(r) = 0.

Let us carry out the procedure used in the preceding with this problem. The
eigenfunctions satisfy the differential equations

(S¢:|)’ a3 q¢n + /\,E.P‘Pn =0
(s¢,) — qbm + A2, pdm = 0.

Multiply the first by ¢,,, the second by ¢, subtract (the terms containing g (x)
cancel), and move the term containing p¢, @, to the other side:

(3¢,,,)’¢m = (S(t,’,,)lff’rr = ()-3;, = A,?;)p¢n¢m- (4)
Integrate both sides from I to r, and apply integration by parts to the left-hand
side:

[ I(Sd’,’,)"Pm <= (5¢:")’¢n]dx

= [S¢a’:¢’” o S¢:n¢"] |1’ — [ (S¢:|¢r’n = s¢:l¢rlu) dx'
The second integral is zero. From the boundary conditions we find that

¢:,(r)¢m(r) = ¢;"(r)¢n(r) =0
&, (Ddm(l) = 7, (Dn(l) = 0

by the same reasoning as before. Hence, we discover the orthogonality relation

f ' P(X)u(X)um(x)dx =0, 22 #12,
1

for the eigenfunctions of the problem stated.

During these operations, we have made some tacit assumptions about in-
tegrability of functions after Eq. (4). In individual cases, where the coefficient
functions s, g, and p and the eigenfunctions themselves are known, one can
easily check the validity of the steps taken. In general, however, we would like
to guarantee the existence of eigenfunctions and the legitimacy of computa-
tions after Eq. (4). To do so, we need the following:
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Definition
The problem
(s¢') —qep +App =0, l <x<r (5)
arp(l) —aa'(l) =0 (6)
Bro(r) + Bag’(r) =0 (7)

is called a regular Sturm-Liouville problem if the following conditions are ful-
filled:

a. s(x),s'(x),q(x),and p(x) are continuous for! < x < r;
b. s(x) > 0and p(x) > Ofor! <x <r;
c. Thea’s and B’s are non—negative, and of + af > 0, B + B7 > 0.

d. The parameter A occurs only where shown. O

Condition a and the first condition b guarantee that the differential equation
has solutions with continuous first and second derivatives. Notice that s (/) and
s(r) must both be positive (not zero). Condition c just says that there are two
boundary conditions: & + &7 = 0 only if &) = a; = 0, which would be no
condition. The other requirements contribute to the desired properties in ways
that are not obvious.

We are now ready to state the theorems that contain necessary information
about eigenfunctions.

Theorem 1. The regular Sturm-Liouville problem has an infinite number of

eigenfunctions ¢y, ¢, -, each corresponding to a different eigenvalue A3,
A3, ---. If n#m, the eigenfunctions ¢, and ¢, are orthogonal with weight
function p(x):
f & (X)Pm(x) p(x)dx =0, n#m. (8)
!
O

The theorem is already proved, for the continuity of coefficients and eigen-
functions makes our previous calculations legitimate. It should be noted that
any constant multiple of an eigenfunction is also an eigenfunction, but aside
from a constant multiplier, the eigenfunctions of a Sturm-Liouville problem
are unique.

A number of other properties of the Sturm-Liouville problem are known.
We summarize a few here.
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Theorem 2. (a) The regular Sturm-Liouville problem has an infinite number of
eigenvalues, and 1>, — o0 asn — oc.

(b) If the eigenvalues are numbered in order, A7 < A3 < ---, then the eigen-
function corresponding to 2> has exactly n — 1 zeros in the interval | < x < r
(endpoints excluded).

() If g(x) = 0, and &y, &2, By, Pa, are all greater than or equal to zero, then all
the eigenvalues are nonnegative. 0O

Examples.

1. We note that the eigenvalue problems in Sections 3 to 6 of this chapter are
all regular Sturm-Liouville problems, as is the problem in Eqs. (1)—(3) of
this section. In particular, the problem

¢ +22p=0, 0<x<a
¢(0) =0, hela)+kg'(a)=0

is a regular Sturm-Liouville problem, in which
sx)=plx)=1, qx)=0, ai=1, a;=0, fi=h, pr=x.
All conditions of the definition are met.

2. A less trivial example is

(x¢’)’+A2()—lc)¢=0. l<x<2, ¢()=0, ¢(2)=0.

We identify s(x) = x, p(x) = 1/x, q(x) = 0. This is a regular Sturm-
Liouville problem. The orthogonality relation is

2
f ¢u(x)¢m(X)idX =0, n#m.
1

The conclusions of Theorems 1 and 2 hold for both examples. O

EXERCISES

1. The general solution of the differential equation in Example 2 is
@(x) = ¢y cos(AIn(x)) + ¢, sin(A In(x)).

Find the eigenvalues and eigenfunctions and verify the orthogonality
relation directly by integration.

2. Check the results of Theorem 2 for the problem consisting of
¢"+1%¢=0, 0<x<a,

with boundary conditions
a ¢(0)=0, ¢(a)=0 b. ¢'(0) =0, ¢'(a) =0.

Incase b, 2] = 0.
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. Find the eigenvalues and eigenfunctions and sketch the first few eigen-
functions of the problem

¢"+2%9=0, 0<x<a

with boundary conditions

a $(0)=0, ¢'(a)=0
b. ¢'(0)=0. ¢(a)=0
e $(0)=0, ¢(a)+¢'(a)=0
d. ¢(0)—¢'(0)=0, ¢'(a) =0

e. $(0)—¢'(0)=0, ¢(a)+4¢'(a)=0.

. InEgs. (1)-(3), take I = 0, r = a, and show that
a. The eigenfunctions are ¢, (x) = ayA, cos(A,x) + a; sin(A,x).

b. The eigenvalues must be solutions of the equation

May iy + aafy)
a By — a0 ]

. Show by applying Theorem 1 that the eigenfunctions of each of the fol-
lowing problems are orthogonal, and state the orthogonality relation.

a ¢"+12(1+x)p=0, ¢(0)=0, ¢'(a)=0
b. (e*¢’) +1%e*p =0, $(0)—¢'(0)=0, ¢(a)=0

—tan(ia) =

AZ
. ¢"+(F)¢=0. $(1)=0. ¢'(2)=0

d. ¢" —sin(x)¢ +e*2’¢ =0, ¢'(0)=0, ¢'(a) =0

. Show that 0 is an eigenvalue of the problem

(s¢) +12pp=0, l<x<r
p'l)=0, ¢'(r)=0

where s and p satisfy the conditions of a regular Sturm-Liouville
problem.

. Find all values of the parameter 1« for which there is a nonzero solution of
this problem:

¢"+puep=0
$(0) +¢'(0) =0, ¢(a) +¢'(a) =0.

One solution is negative. Does this contradict Theorem 27
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Consider the problem
(s¢") —qp+3’pp=0, l<x<r
#(r)=0

in which s(/) = 0,s5(x) > Ofor! < x < r, but p and g satisfy the
conditions of a regular Sturm-Liouville problem. Require also that both
¢(x) and ¢'(x) have finite limits as x — [+. Show that the eigenfunctions
(if they exist) are orthogonal.

Use the result of Exercise 8 to determine the orthogonality relation for
these important cases (see Ch. 5):
d ( d¢

a. ;(rd_r)-{.k'"p:o, O<r<a, ¢a)=0

d [ . d¢ o b4 n
b (sm(@)%) +3sin(0)¢ =0, 0<0 < . ¢ (5) = 0.
Extend Theorem 1 and Exercise 8 further. Suppose that in Eq. (5), s(I) =
0,s(r) = 0and s(x) > Ofor! < x < r. Explain why the orthogonality
relation Eq. (8) is still valid. Apply the result to the solutions of

a .. de 2 B

a. 70 (sm(())de)Jr). sin(0)p =0, 0<0 <
d 5. d¢ a _

b. E((l—x)dx)+k¢—0. 1 =x ==,

The problem below is not a regular Sturm-Liouville problem. Why? Solve,
and show that the eigenfunctions are not orthogonal.

"+ Ap=0, 0<x<a
$(0) =0, ¢'(a) = r¢pa)=0

2.8 Expansion in Series of Eigenfunctions

We have seen that the eigenfunctions that arise from a regular Sturm-Liouville
problem

(s¢') —qp+Xpp=0, l<x<r (1
a1p(l) —e2¢'(1) = 0 (2)
Bro(r) + Brg'(r) =0 (3)

are orthogonal with weight function p(x):

f P(x)pu(x)Pm(x)dx =0, n#m, (4)
!
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and it should be clear, from the way in which the question of orthogonality
arose, that we are interested in expressing functions in terms of eigenfunction
series.

Suppose that a function f(x) is given in the interval /| < x < r and that
we wish to express f(x) in terms of the eigenfunctions ¢,,(x) of Egs. (1)-(3).
That is, we wish to have

o0
flx)= Zc"(b,,(x). ] <ixZrs (5)
n=1

The orthogonality relation Eq. (4) clearly tells us how to compute the coef-
ficients. Multiplying both sides of the proposed Eq. (5) by ¢,,(x) p(x) (where
m is a fixed integer) and integrating from [ to r yields

f f(X)pm(x) plx)dx = Zc,, f B (x) (%) p(x)ddx

n=1

The orthogonality relation says that all the terms in the series, except that one
in which n = m, must disappear. Thus

f F(X)bm(x) p(x)dx = ¢,y f @2 (x)p(x)dx
i 1

gives a formula for choosing c,,,.

We can now cite a convergence theorem for expansion in terms of eigen-
functions. Notice the similarity to the Fourier series convergence theorem. Of
course, the Fourier sine or cosine series are series of eigenfunctions on a regu-
lar Sturm-Liouville problem in which the weight function p(x) is 1.

Theorem. Let ¢, ¢, - - -, be eigenfunctions of a regular Sturm-Liouville prob-
lem Eqs. (1)—(3), in which the a’s and B’s are not negative.
If f(x) is piecewise smooth on the interval | < x < r, then

ZCn¢n( ) f(x+) L f(x ) I < Xi<T (6)

n=
where

j" f(x)u(x)p(x)dx

Cn =

_[ ¢2(x) p(x)dx

Furthermore, if the series

Z leal [/ ¢"(X P(x)dX]

n=1

7

converges, then the series Eq. (6) converges uniformly, | < x <. O
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EXERCISES

1. Verify that

2

A% = (I:(TL)) . ¢n = sin(As In(x))

are the eigenvalues and eigenfunctions of

(x¢')'+lz(i)¢=0‘ l<x<b
¢(1) =0, ¢(b)=0.

Find the expansion of the function f(x) = x in terms of these eigenfunc-
tions. To what values does the series converge at x = 1 and x = b?

2. If ¢y, ¢, - - -, are the eigenfunctions of a regular Sturm-Liouville problem
and are orthogonal with weight function p(x) onl < x < r, and if f(x)
is piecewise smooth, then

2()()d= nrzr
[fxpxx Zac

n=1

where

ay = [ én(x)p(x)dx
and c,, is the coefficient of f as given in the theorem. Show why this should
be true and conclude that ¢, /a, — 0asn — oo.
3. Verify that the eigenvalues and eigenfunctions of the problem
(e*¢’)' +e*y?¢p =0, O0<x<a
¢(0)=0, ¢a)=0

e () = (5)sn ("),

Find the coefficients for the expansion of the function f(x) = 1,0 < x <
a, in terms of the ¢,,.

are

4. If ¢y, ¢, - -+ are eigenfunctions of a regular Sturm-Liouville problem, the
numbers ,/a, are called normalizing constants, and the functions v, =
./ /a, are called normalized eigenfunctions. Show that

f Va(x)p(x)dx = 1, / V() Ym(x)p(x)dx =0, n#m.
! 1
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5. Find the formula for the coefficients of a piecewise smooth function f(x)
in the series

o0
fx) =) bavulx), l<x<r
n=1
where the ¥, are normalized eigenfunctions.
6. Show that, for the function in Exercise 5
o0

f fz(x)p(x)dx = b,z,.
I 1

n=
7. What are the normalized eigenfunctions of the following problem?

" +12p=0, 0<x<l
@'(0)=0, ¢(1)=0

2.9 Generalities on the Heat Conduction
Problem

On the basis of the information we have about the Sturm-Liouville problem,
we can make some observations on a fairly general heat conduction problem.
We take as a physical model a rod whose lateral surface is insulated. In order
to simplify slightly, we will assume that no heat is generated inside the rod.

Since material properties may vary with position, the partial differential
equation that governs the temperature u(x, t) in the rod will be

i} ou du
oF (K(X)a) = p(x)c(x)a—t. l<x<r, 0<t (1)

Any of the three types of boundary conditions may be imposed at either
boundary, so we use as boundary conditions

al“(’vt)_alg(l-r)=('l. t>0 (2)
ax
du

Bru(r,t) + B—(r.t) =c3, t > 0. (3)
0x

If the temperature is fixed, the coefficient of du/dx is zero. If the boundary is
insulated, the coefficient of u is zero, and the right-hand side is also zero. If
there is convection at a boundary, both coefficients will be positive, and the
signs will be as shown.
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We already know that in the case of two insulated boundaries, the steady-
state solution has some peculiarities, so we set this aside as a special case.
Assume, then, that either &, or 8, or both are positive. Finally we need an
initial condition in the form

u(x,0)= f(x), l<x<r. (4)

Equations (1)-(4) make up an initial value-boundary value problem.
Assuming that ¢; and ¢ are constants, we must first find the steady-state
solution
v(x) = lim u(x,t).
=0

The function v(x) satisfies the boundary value problem

d dv

E(K(x)ﬂ) =0 l<x<r (5)
o(l) —a'(l) = ¢, (6)
Bru(r) + Bav'(r) = ca. (7)

Since we have assumed that at least one of a; or f is positive, this problem
can be solved. In fact, it is possible to give a formula for v(x) in terms of the

function (see Exercise 1)

X ds

— = I(x). (8)
1 k(§)

Before proceeding further, it is convenient to introduce some new functions.

Let &, p, and ¢ indicate average values of the functions k(x), p(x), and ¢(x).
We shall define dimensionless functions s(x) and p(x) by

k(x)=&s(x), p(x)c(x) = pcp(x).
Also we define the transient temperature to be
w(x,t) =u(x,t) —v(x).

By direct computation, using the fact that v(x) is a solution of Egs. (5)—(7),
we can show that w(x, t) satisfies the initial value-boundary value problem

i(()a_w)-l()a—w ! 0<t 9)
ax”ax —kpxat. X T <
a.w(l',t)—aza—w(I.t):O. 0<t (10)
dx
Jw
Brw(r, t)+ —(r.t) =0, 0<t (11)
ax

w(x,0)= f(x)—vix)=gx), l<x<r (12)
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which has homogeneous boundary conditions. The constant k is defined to be
&/ pe.

Now we use our method of separation of variables to find w. If w has the
form w(x, t) = ¢(x)T(t), the differential equation becomes

7 U
T(1) (s(x)¢'(x)) = EP(XW(X)T’(I‘)
and, on dividing through by p¢ T, we find the separated equation
(S¢I)l B T’

=— l<x<r, 0<t

pp kT

As before, the equality between a function of x and a function of t can hold
only if their common value is constant. Furthermore, we expect the constant

to be negative, so we put

(s¢’)’ _ Vi =32
pp kT
and separate two ordinary equations
T+ X*kT =0, 0<t
(s¢) +22pp=0, | <x<r.

The boundary conditions, being linear and homogeneous, can also be changed
into conditions of ¢. For instance, Eq. (10) becomes

[arp() — '] T() =0, 0<t

and, because T'(t) = 0 makes w(x, t) = 0, we take the other factor to be zero.
We have, then, the eigenvalue problem

(s¢')Y +A*pp =0, l<x<r (13)
(1) —egp'(1) =0 (14)
Bio(r) + B¢'(r) = 0. (15)

Since s and p are related to the physical properties of the rod, they should be
positive. We suppose also that s, s’, and p are continuous. Then Egs. (13)-(15)
is a regular Sturm-Liouville problem, and we know the following facts.

1. There is an infinite number of eigenvalues
0< A2 h] <mmny

2. To each eigenvalue corresponds just one eigenfunction (give or take a con-
stant multiplier).
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3. The eigenfunctions are orthogonal with weight p(x):

/1 bn(x)bm(x) p(x)dx = 0, 1 #m.

The function T;,(¢) that accompanies ¢,(x) is given by
T,(t) = exp(—Af,kt).

We now begin to assemble the solution. Foreachn = 1,2,3, .-+ , w,(x, ) =
@n(x) T, () satisfies Egs. (9)—(11). As these are all linear homogeneous equa-
tions, any linear combination of solutions is again a solution. Thus the tran-
sient temperature has the form

W(x, 1) = Y aupa(x) exp(—Ackt).

n=1

The initial condition Eq. (12) will be satisfied if we choose the a,, so that

w(x, 0) = Zanqb,,(x) =g(x), I<x<r.

n=1

The convergence theorem for series of eigenfunctions tells us that the equality
will hold, except possibly at a finite number of points, if f(x)—and therefore
g (x)—is piecewise smooth. Thus w(x, t) is the solution of its problem, if we
choose

f 8(x)n(x) p(x)dx

1

an = T 4

| diptoas
1
Finally, we can write the complete solution of Egs. (1)—(4) in the form
u(x, 1) = v(x) + Y auu(x) exp(—A2kt). (16)
n=1

Working from the representation Eq. (16) we can draw some conclusions
about the solution of Egs. (1)-(4):

1. Since all the A2 are positive, u(x, t) does tend to v(x) as t — 0.

2. Forany t; > 0, the series for u(x, #;) converges uniformlyinl < x < r
because of the exponential factors; therefore u(x, ;) is a continuous func-
tion of x. Any discontinuity in the initial condition is immediately elimi-
nated and smoothed out.



2.10 Semi-Infinite Rod 183

3. For large enough values of t, we can approximate u(x, t) by
v(x) + a ¢ (x) exp(—Afkt).

(To judge how large t might be, we need to know something about the a,,
and the A,.) Because ¢;(x) is of one sign on the interval | < x < r (that
is, ¢1(x) > 0 or ¢ (x) < 0 for all x between ! and r), the graph of the
approximation above will lie either above or below the graph of v(x), but
will not cross it (provided that a, #0).

EXERCISES

1. Find the explicit form for v(x) in terms of the function in Eq. (8)
assuming

a. (X|=ﬂ1=0. 1 =¢C =0

3

b. a; > 0or f; > 0, and no coefficient negative.
Why are these two cases separate?

2. Justify each of the conclusions.

3. Derive the general form of u(x, t) if the boundary conditions are du/dx =
0 at both ends. In this case, A* = 0 is an eigenvalue.

2.10 Semi-Infinite Rod

Up to this point we have seen only problems over finite intervals. Frequently,
however, it is justifiable and useful to assume that an object is infinite in length.
(Sometimes this assumption is used to disguise ignorance of a boundary con-
dition or to suppress the influence of a complicated condition.) Thus, if the
rod we have been studying is very long, we may treat it as semi-infinite—
that is, as extending from 0 to oo. If properties are uniform and there is no
“generation,” the partial differential equation governing the temperature
u(x, t) remains

*u  10u

ax2=zg. O<x, O0<t

Let us suppose that at x = 0 the temperature is held constant, say u(0,t) = 0

in some temperature scale. In the absence of another boundary, there is no
other boundary condition. However, it is desirable that u(x, t) remain finite—
less than some fixed bound—as x — 0.
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Thus, our mathematical model is

32_“ - 13_14! 0 0<t (1)
@2 agr T =

u(0,6)=0, 0<t (2)
u(x,t) bounded as x — oo (3)
u(x,0) = f(x), 0<x. (4)

The heat equation (1) and the boundary condition (2) are homogeneous.
The boundedness condition (3) is also homogeneous in an important way: a
(finite) sum of bounded functions is bounded. Thus, we can attack Egs. (1)
(3) by separation of variables. Assume that u(x, t) = ¢(x)T(¢), so the partial
differential equation can be separated into two ordinary equations as usual:

() _ T
p(x)  KT(0)

There is just one boundary condition on u, which requires that ¢(0) = 0. The
boundedness condition also requires that ¢ (x) remain finite as x — oo. It is
easy to check (see Exercises) that a positive separation constant produces func-
tions ¢ (x) that cannot fulfill both the boundary and boundedness conditions
without being identically 0. Thus, we must choose a negative separation con-
stant, —A2. The differential equation together with the boundary and bound-
edness conditions forms a singular eigenvalue problem (singular because of
the semi-infinite interval),

= const. (5)

" +22%=0, 0<x (6)
¢(0) =0, ¢(x) bounded as x — oo. (7)
The general solution of the differential equation is
¢(x) = cq cos(Ax) + ¢y sin(Ax),

which is bounded for any choice of the constants and for any value of A. The
boundedness condition told us to use a negative constant in Eq. (5) and now
contributes nothing further.

Applying the boundary condition at x = 0 shows thatc; = 0, leaving ¢(x) =
3 sin(Ax). In this singular eigenvalue problem, there are no “special” values of
A: any value produces a nonzero solution of the differential equation that also
satisfies the boundary and boundedness conditions. (But negative values of A
return positive values of A> and thus produce no new solutions.) Recalling that
any constant multiple of a solution of a homogeneous problem is still a solu-
tion, we choose ¢, = 1 and summarize the solution of the singular eigenvalue
problem as

¢(x;)) =sin(Ax), A > 0. (8)
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The solution of Eq. (5) for T(t), with constant —A?, is
T(t) = exp(—lzkt)‘
For any value of 22, the function
u(x.t;2) = sin(Ax) exp(—A’kt)

satisfies Eqs. (1)-(3). Equation (1) and the boundary condition Eq. (2) are
homogeneous, and Eq. (3) is homogeneous in effect; therefore any linear com-
bination of solutions is a solution. Since the parameter A may take on any
value, we must use an integral—the continuous analogue of a sum or series—
to include all possibilities. Thus u should have the form

u(x,t) = fm B(X)sin(Ax) exp(—Ar%kt)d. (9)
0

(We need not include negative values of A. They give no new solutions.) The
initial condition will be satisfied if B(4) is chosen to make

oo
u(x,0) =[ B(4)sin(Ax)dAi = f(x), 0 <x.
0
We recognize this as a Fourier integral; B(A) is to be chosen as
2 oo
B(A) = —-[ f(x)sin(Ax)dx. (10)
T Jo

If B() exists, then Eq. (9) is the solution of the problem. Notice that when
t > 0, the exponential function makes the improper integral in Eq. (9) con-
verge very rapidly.

Some care must be taken in the interpretation of our solution. If the rod
really is finite (say length L) the expression in Eq. (9) is, of course, meaning-
less for x greater than L. The presence of a boundary conditionat x = L would
influence temperatures nearby, so Eq. (9) can be considered a valid approxi-
mation only for x <« L.

Example.

Solve the problem in Eqgs. (1)-(4) using the initial temperature distribution

| %, 0<x<b
f(x)'lo. b < x.

This means that a section of length b at the left end of the rod starts out at
temperature Ty, different from the temperature of the long right end, which
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100

u(x,t)

X

Figure 8 Graphs of the solution of the example, u(x, t) as a function of x over
the interval 0 < x < 3b where b = 1 and T = 100 for convenience. The times
have been chosen so that the dimensionless time kt/b? takes the values 0.001,
0.01, 0.1 and 1. When kt/b? = 0.01, the temperature near x = b/2 has not
changed noticeably from its initial value.

is at the same temperature as the left boundary. (We assume T, > 0.) The
solution is given by Eq. (9), with B(A) calculated from Eq. (10):

B(x) = Ef f(x)sin(Ax)dx
T Jo
2 (b
= —f Tosin(ix)dx
T Jo

= ﬁ(1 — cos(Ab)).
AT

Therefore, the complete solution is

2 1 - rb ”
ux.t) = =T, f 1= 00s(AB) cin(ax) exp(—AZK¢)da.
b 0 A
In Fig. 8 are graphs of u(x, t) as a function of x for various values of t; an
animation can be seen on the web site. O
EXERCISES

1. Find the solution of Egs. (1)—(3) if the initial temperature distribution is
given by
0, 0<x<a
flx)=¢ T,, a<xi<b
0, b<x.
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. Verify that u(x, t) as given by Eq. (9) is a solution of Egs. (1)—(3). What is
the steady-state temperature distribution?
. Find the solution of Egs. (1)-(4) if f(x) = Toe ™", x > 0.

. Find a formula for the solution of the problem

9? 19

l::——“, 0<% 0:<t
ax2 kot

dJu

—(0,1)=0, O0<t
a0t <

u(x,0) = f(x), 0<x.

. Determine the solution of Exercise 4 if f(x) is the function given in
Exercise 1.

. Penetration of heat into the earth. Assume that the earth is flat, occupying
the region 0 < x (so that x measures distance down from the surface).
At the surface, the temperature fluctuates according to season, time of day,
etc. We cover several cases by taking the boundary condition to be u(0, t) =
sin(wt), where the frequency @ can be chosen according to the period of
interest.

a. Show that u(x, t) = e #* sin(wt — px) satisfies the boundary condition
and is a solution of the heat equation if p = \/w/2k.

b. Sketch u(x,t) as a function of ¢ for x = 0,1 and 2 m, taking @
2 x 1077 rad/s (approximately one cycle per year) and k = 0.5 x 10
m?/s.

-6

c. With w as in part b, find the depth (as a function of k) at which seasons
are reversed.

. Consider the problem

Pu  10u
axz kot
u(0,1) = Ty, 0<t
u(x,0) = f(x), 0<x.

0<%, 0<it

Show that, for our method of solution to work, it is necessary to have
To = lim f(x). Find a formula for u(x, t) if this is the case.
X—00

. If the separation constant in Eq. (5) were positive (say p>) we would
attempt to solve ¢” — p’¢ = 0 subject to the conditions, Eq. (7). Solve
the differential equation and show that any nonzero, bounded solution is
not 0 at x = 0, and that any solution that is 0 at x = 0 is not bounded.
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Project 2.7

R.C. Bales, M.P. Valdez and G.A. Dawson (Gaseous deposition to snow, 2:
Physical-chemical model for SO, deposition, Journal of Geophysical Research
92 (1987), pp. 9789-9799) develop a mathematical model for the transport of
SO, gas into snow by molecular diffusion. The governing partial differential

equation is
acC a2C )
—=D| — —a*C
at ax?

where C is the concentration of SO, as a function of x (depth into the snow)
and time; D is a diffusion constant. The term containing C appears because
the SO, takes part in a chemical reaction with water in the snow, forming
sulphuric acid, H,SO4. The coefficient a? depends on pH, temperature and
other circumstances; we treat it as a constant. The problem is to be solved for
a wide range of values for the parameters.

If the snow is deep, the authors believe that it is reasonable to use a semi-
infinite interval for x and to add the condition C(x,t) — 0asx — oo.In
addition, a natural boundary condition at the snow surface is that concentra-
tion in the snow match that in the air: C(0, t) = Cy. Furthermore, if the snow
is fresh, we can assume that the concentration throughout is initially 0,

C(x,0)=0, 0< x.

a. Find a steady-state solution v(x) that satisfies the partial differential equa-
tion and the boundary conditions.

b. State the problem (partial differential equation, boundary condition at x =
0, condition as x — 00, and initial condition) to be satisfied by the tran-
sient w(x, t) = C(x, t) — v(x).

c. Solve the problem for the transient. Note that the condition as x — 0
must be relaxed to: w(x, ) bounded as x — oo. Individual product solu-
tions do not approach 0 as x increases.

Project 2.8
In the article referenced in Project 2.3, the authors treat the problem of tem-
perature inside a strip by solving the partial differential equation

18T 3T q(x)
—_
o 0t  0x? k

on an infinite interval. In this equation, « is the thermal diffusivity, q is the
rate at which heat is supplied by electric current, and & is thermal conductivity.
The function g is assumed to be a positive constant g, in a finite range and zero
outside that range. By placing the origin in the middle of the range, they can
invoke symmetry and reduce the problem to one on a semi-infinite interval,
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with boundary condition

aT
—(0,8)=0, O0<t.
x

The formula for g becomes

, 0D<x<b
q(x) = H

0, b<x<oo

The initial condition is
T(x,0)=0, 0<x <o00.

Our usual technique of absorbing the inhomogeneity in a steady-state solution
will not work here, because of the semi-infinite interval. However, a solution
can be found by the following steps.

o0
a. Find a coefficient function C(2) for which q(x) = f C(1r)cos(Ax)dxr.
0

o0

b. Assume that T(x, t) = [ ¢(t, 1) cos(rx)dr (where the function ¢ is to

0
be found), and put T in this form into the partial differential equation. Do
the differentiation inside the integrals. Note that the boundary condition
is automatically satisfied by the use of the cosine.

. Now the three terms of the equation all have the form of Fourier cosine
integrals. Equate the coefficient functions to find a differential equation for
the function ¢.

. Solve the equation for ¢, with the initial condition ¢(0) = 0.

. Now write out the function T(x,t) in the form of a Fourier cosine
integral.

2.11 Infinite Rod

If we wish to study heat conduction in the center of a very long rod, we may as-
sume that it extends from —o00 to 0o. Then there are no boundary conditions,
and the problem to be solved is

akljzlﬁ_ —o<x<oo, 0<t (1)
ax: kot
u(x,0) = f(x), -0 <X <00 (2)

|u(x,t)] bounded as x — +o0. (3)
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Using the same techniques as before, we look for solutions in the form
u(x, t) =¢(x) T (t), so that the heat equation (1) becomes

¢"(x) _ T'(r)
Pp(x)  T(1)
As in the previous section, the constant must be nonpositive (say —A2) in

order for the solutions to be bounded. Thus, we have the singular eigenvalue
problem

= constant.

" +22 =0, —co<x<o
¢(x) bounded as x — +oo.

It is easy to see that every solution of ¢” /¢ = —A? is bounded. Thus, our factors
¢(x) and T(t) are

¢(x;A) = Acos(Ax) + B sin(Ax)
T(t; 1) = exp(—A%kt).
We combine the solutions ¢(x) T(¢) in the form of an integral to obtain
u(x, t) = fooo (A(A) cos(Ax) + B(A)sin(Ax)) exp(—)\zkt)dk. (4)
At time t = 0, the exponential factor becomes 1, and the initial condition is
f:o (A(X) cos(Ax) + B(A)sin(Ax))dA = f(x), —o0 <x < 00.

As this is clearly a Fourier integral problem, we must choose A(A) and B()) to
be the Fourier integral coefficient functions,

A(L) = %fjo f(x)cos(Ax)dx, B(L) = ij;oo f(x)sin(Ax)dx.  (5)

Then the function u(x, t) in Eq. (4) satisfies the partial differential equation
(1) and the initial condition (2), provided that f is piecewise smooth and
| f(x)| has a finite integral. It can be proved that the boundedness condi-
tion (3) is also satisfied, provided that the initial value f(x) is bounded as
x — £o0.

Example.
Solve the problem posed in Egs. (1)—(3) with

0, X < —a
fx)=1T, —-a<x<a,
0, a<x.
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ulx,t)

X

Figure 9 Solution of example problem. At ¢+ = 0, the temperature is Ty > 0
for —a < x < a and is 0 in the rest of the rod; u(x, t) is shown as a function
of x on the interval —3a < x < 3a for three times. The times are chosen so
that the dimensionless time kt/a? takes the values 0.01, 1 and 10 (to get a clear
picture of the changes in u). Note that u(x, t) is positive everywhere for any
t > 0. The values Ty = 100 and @ = 1 have been used for convenience. Also
see the web site.

In words, the rod has a center section of length 2a whose temperature is differ-
ent from that of the long sections to the left and right. We must compute the
coefficient functions A(A) and B(A). The latter is identically 0 because f (x) is
an even function; and

A(A) = %/:’0 f(x) cos(rx)dx

1 a
= —f Ty cos(Ax)dx
T

—a

2T
=20 sin(Aa).
AT

Thus, the solution of the problem is

u(x, t) = znﬁ foo sin;}»u) cos(Ax) exp (—Azkt) dh. (6)
0

This function is graphed as a function of x for several values of ¢ in Fig. 9 and
animated on the web site. The figure suggests that u(x, t) is positive for all x
when ¢ > 0. This is indeed true and illustrates an interesting property of the
solutions of the heat equation: the instantaneous transmission of information.
The “hot” section in the interval —a < x < a instantly raises the temperature
everywhere else from the initial value of 0 to a positive value. L]

Starting from the general form of a solution in Eq. (4), we can derive some
very interesting results. Change the variable of integration in Eq. (5) to x” and
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substitute the formulas for A(1) and B(1) into Eq. (4):
u(x,t) = f [[ f(x") cos(Ax")dx" cos(rx)
+ [ f(x')sin(lx')dx'sin(kx)] exp(—x’kt)da.
-0
Combining terms we find
u(x,t) = f f f(x ) [cos Ax") cos(ix) + sin(Ax )sm()\x)] dx’'
X exp(—k'kt)dl
1 [+ <] x
= —f [ f(x") cos(h(x’ — x))dx" exp(—r’kt)dA.
T Jo —00
If the order of integration may be reversed, we may write
l oo o0
u(x, t) = —f f(x')f cos(A(x" — x)) exp(—A’kt)drdx’.
T J-x 0

The inner integral can be computed by complex methods of integration. It
is known to be (Miscellaneous Exercises 32, Chapter 1)

= ; 5 N E —(x' —x)?
./0. cos(i(x" — x)) exp(—A°kt)dx = T exp[ ik ] t>0.

This gives us, finally, a new form for the temperature distribution:

o / f(x)exp[—( ’k—x) ] xf, (7)
Example (cont.)

Using this form, we find the solution of the example problem solved above (see
Eq. (6)) to be

u(x, t)

(x.1) = [ x_x)]d' ®)

u(x, — | dx'.

Van k kt

a
Of the two formulas, Eqs. (4) and (7), for the solution u(x, t), each has its

advantages. For simple problems we may be able to evaluate the coefficients

A(%) and B(4) in Eq. (5). However, it is a rare case indeed when the integral

in Eq. (4) can be evaluated analytically. The same is true for the integral in

Eq. (7). Thus, if the value of u at a specific x and t is needed, either integral

would be calculated numerically. For large values of kt, the exponential factor
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in the integrand of Eq. (4) will be nearly zero, except for small A. Thus, Eq. (4)
is approximately

A
ulx,t) = f (A(X) cos(Ax) + B(A)sin(kx))exp(—lzkt)dk
0

for A not large, and the right-hand side may be found to a high degree of
accuracy with little effort.
On the other hand, if kt is small, the exponential in the integrand of Eq. (7)
will be nearly zero, except for x’ near x. The approximation
1 x+h

’ _(x! == x)2 ’
\/4’(7”" x—h f(x )exp [ 4kt ] o

is satisfactory for h not large, and again numerical techniques are easily applied
to the right-hand side.

The expression in Eq. (7) also has a number of other advantages. It requires
no intermediate integrations (compare Eq. (5)). It shows directly the influence
of initial conditions on the solution. Moreover, the function f(x) need not
satisfy the restriction

u(x,t) =

'[xlf(x)ldx < 00

in order for Eq. (7) to satisfy the original problem.

EXERCISES

See the exercise Common Singular Eigenvalue Problems on the web site.

1. Find the solution of Egs. (1)—(3) using the form given in Eq. (7) if the initial
temperature distribution is

|, x<o,
f(x)—|T1, 0 < x.

2. Find the solution of Egs. (1)-(3) using the form given in Eq. (4) if

_ | Tya—=Ix|), —a<x<a,
fx) = ’0, otherwise.

3. Same task as in Exercise 2, with f(x) = Tye~*/4! for all x.

4. Show that the solution of the problem studied in Section 10,

Zu  10u

s = =-—, O0<x, O<t
ax2 kot

u(0,1) =0, 0<t

u(x,0) = f(x), 0<x,
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can be expressed as

1 a0 ! s a Y2 — (' 2

Hint: Start from the problem of this section with initial condition

u(x,0) = fo(x), —oo0 <x < o9,

where f, is the odd extension of f. Then use Eq. (7), and split the interval
of integration at 0.

5. Verify by differentiating that the function

u(x,t) =

1 x>
o]
Vakmt = [ 4kt }
is a solution of the heat equation

2u  10u

—==—, 0<t, —00< X <00.

axz kot
What can be said about u at x = 0? at t = 0+? What is lim,_, o, u(0, t)?
Sketch u(x, t) for various fixed values of t.

6. Suppose that f(x) is an odd periodic function with period 2a. Show that
u(x, t) defined by Eq. (7) is also odd and periodic with period 2a.

7. If f(x) = 1 for all x, the solution of our heat conduction problem is
u(x,t) = 1. Use this fact together with Eq. (7) to show that

1 1 /“ [—(x’—x)z]d ;
= ex e — - <
Jarkt Jo P 4kt

8. Solve the problem that follows, using Eq. (7).

9’u 1du
_——— =0 <Xx<00, O0<t
dx? kot
1, x>0
u(x.())—‘_L x<0

9. Can Exercise 8 be solved in the form of Eq. (4)? Note that

2 [ sin(A
_“f sin( x)dl=!l' 0<x
0

T A -1, x<0.

(See Chapter 1, Section 8.)
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Project 2.9

In “Merton’s Partial Differential Equation and Fixed Point Theory” (Lowen-
thal, et al., American Mathematical Monthly, 105 (1998) pp. 412-420), the
authors transform and analyze a certain boundary value problem from finan-
cial mathematics. The dependent variable F(V, t) is the market value of debt
in the form of bonds that are issued by a firm. There are two independent vari-
ables: V, the market value of the firm’s assets, and ¢, the time until maturity.
(Notice that t decreases as ordinary time increases.) If the equation accurately
describes the value of F, then an investor armed with the solution can calcu-
late a fair price for a bond that promises to pay an amount B when it matures
attimet = 0.

It is assumed that there are no payments of principal or interest until the
bond comes due and that there is some risk of default when the debt matures.
The governing partial differential equation (derived by Robert C. Merton) is

2
lo"Vza : +wvﬂ:-—wF = E 0<V, 0<t
2 av? v at
The parameters are o2, a measure of the volatility of the firm’s assets, and w,
the risk-free interest rate (for example, the rate on a U.S. Treasury bond with
the same maturity).
The initial condition is

B if B<V

F(V,0)=min(B, V) = V if B>V

There are two boundary conditions. F(0,t) = 0 and F(V,t) — Be ™ as
V — o0, where B is the payment promised at maturity. Here is the ex-
planation of the decaying exponential: B dollars invested now at an interest
rate of @ and compounded continuously will be worth Be®" after ¢ years;
vice versa, Be™® dollars invested now will be worth B dollars at maturity,
whent = 0.

a. Explain the meaning of the initial and boundary conditions in words, with-
out equations.

The authors suggest a sequence of modifications of the partial differential
equation to maneuver it into one that is more familiar.

b. Change the independent variable from V to W = In(V), and designate

5

aF 5
F(V,t) = G(W, ). Use the chain rule to compute IV and vz in terms
G 3°G i ! s ’
of — and -. Substitute into the equation and simplify to obtain

ow aw=

1 ,d°G ( 1,)3(; G
as w—io' G =

—ot— + e —.
27 awz aw_ 27 T o
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c. Change the dependent variable to H(W, t), where G(W,t) = e¥WHET
G 2
W, t). e
H(W, t). Compute W and W2
and .

d. Next choose @ and B so that the equation for H becomes the heat
equation,

in terms of H and the parameters «

¥H _ 23H

= — , —c0o<W<oo, O0<t.
aw?  o? ot

e. Determine the initial condition on H.

2.12 The Error Function

In Section 11 we made transformations of a Fourier integral to obtain the
solution of the heat problem

*u_13u F- o
ox kar  oTrI O
u(x,0) = f(x), —oo0 <x < o0, 2)
in the form of a single integral,
1 > (x—x")? fak
u(x,t) = [ (x))e7 LI (3)
V4ﬂkt -00 f

Even for the simplest functions f, this integration cannot be carried out in
closed form, mainly because the indefinite integral [ ¢~ dx is not an elemen-
tary function. We can improve our understanding of the solution Eq. (3) if we
introduce the error function, defined as

erf(z) = %foze":d}'. (4)

A graph of erf(z) is shown in Fig. 10. Values of the function are available
from spreadsheet programs and computational software. Approximations to
the error function will be found in Handbook of Mathematical Functions, by
Abramowitz and Stegun.

Several important properties of the error function follow immediately from
the definition. First, it is clear that erf(0) = 0, and it is easy to show that erf is
an odd function (Exercise 1). Second, by the fundamental theorem of calculus,
the derivative of the error function is

& ()= gt (5)
dzer zZ)= e =

/T
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1 -
0.8 1
0.6 9
0.4
0.2 4

erf(z)

-3 -2 Y4 1 , 2 3
4

~0.6

-0.8 1

=1

Figure 10 Graph of the error function erf(z) for -3 < z < 3.

And finally, the error function supplies the integral
b
f e Vdy= \/T; (erf(b) — erf(a)) . (6)
a

The reason for the choice of the constant in front of the integral in Eq. (4) is
to make
'linolo erf(z) = 1. (7)

b 2
A=f e Vdy.
0

We are going to show that A = /m /2. First write A” as the product of two

integrals,
oo " oo %
A? :f e_’"dyf e “dx.
0 0

Remember that the name of the variable of integration in a definite integral
is immaterial. This expression for A? can be interpreted as an iterated double
integral over the first quadrant of the x, y-plane, equivalent to

o0 o0 . N
A= / f e X dxdy.
o Jo

Now, change to polar coordinates. The first quadrant is described by the in-
equalities 0 < r < 00,0 < 6 < m/2, and the element of area in polar
coordinates is rdrd6. Thus, we have

n/2 [L3] ;
A? =[ f e " rdrdo. (8)
0 0

To see that this is true, define
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This integral, which can be evaluated by elementary means (see Exercise 2),
has value /4. Hence A = /7 /2 and Eq. (7) is validated.
Many workers also use the complementary error function, erfc(z), defined as

2 20 :
erfc(z) = \/—; J e Vdy. 9)
By using Eq. (7) we obtain the identity
erfc(z) = 1 — erf(z). (10)

Some properties of the complementary error function are found in Exercise 3.
We are interested in the error function because of its role in solving the heat
equation. First we shall show that the solution of the problem

%u 10u e ¢ (an
= ——, —00 00,

ax> kot S 65 =

u(x,0) =sgn(x), —o00 <x <00, (12)

isu(x, t) = erf(x/+/4kt). (Recall that sgn(x) has the value —1 if x is negative or
+1 if x is positive.) The easy way to prove this statement is to verify it directly.
(See Exercises 4 and 5.) Here, we shall arrive at the same conclusion, starting
from Eq. (3),

1

Jarkt

First, change the variable of integration to y = (x' — x)/+/4kt. Then
dy = dx'/«/4kt, and

20
u(x‘ f) = f sgn(xr)e‘—(.t—x')lf‘”(fdxl- (13)
—00

1 o :
= v s
u(x,t) V3 [xsgn(x + y/dkt)e ™ dy. (14)

Now the function e is even, and the sgn function changes from —1 to +1 at

= —x/+/4kt. Thus, the integrand of Eq. (14) is as shown in Fig. 11. The tail
to the left of —x/+/4kt has the same area as the tail to the right of x/+/4kt, but
opposite sign. These two areas cancel, leaving

x/\/m )
ulx,t) = — e Vdy.
N N 4

Finally, use the symmetry of the integrand to halve the interval of integra-
tion and double the result:

2 [V
u(x,t) = ﬁf e dy = erf(x/v4kt).
0
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Y

(a)

Y

I
- x{Jakt xf 4kt

(b)

Figure 11 (a) Graph of exp(—y?) and (b) graph of sgn(x + y+/4kt) exp(—y?).
The tails beyond +x/+/4kt have the same areas with opposite signs.

This is the result we wanted to arrive at. Figure 12 shows graphs of u(x, t) =

erf(x/+/4kt) as a function of x for several values of kt.
Because the erf(0) = 0, the function above, u(x, t) = erf(x/+/4kt), must

also be the solution of the problem

*u _19u
ax? kot
u(0,t)=0, O<t
u(x,00=1, 0<x.

<x O<t
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14

u(x,t)

71 4

Figure 12 Graphs of the solution of the problem in Eqs. (11) and (12), u(x, t)
= erf(x/+/4kt), for x in the range —2 to 2 and for kt = 0.01, 0.1, 1 and 10. As
kt increases, the graph of u(x, t) collapses toward the x-axis.

A simple modification leads to the conclusion that the complementary error
function, u(x,t) = erfc(x/+/4kt) is the solution of this problem with zero
initial condition and constant boundary condition,

u  10du

=i ==, U<, 0 <8
ax* kot

u(0,t) =1, 0<t
u(x,0)=0, 0<x.

EXERCISES

1. Show that erf(—z) = —erf(z), that is, that erf is an odd function.
2. Carry out the integration indicated in Eq. (8).

3. Verify these properties of the complementary error function:

a. ierfc(z) = —e"“i.

dz Jr

b. erfc(0) = 1.

c. lim erfc(z) =0.
Z—=0

d. lim erfe(z) =2.
Z—» =00

e. erfc(z) is neither even nor odd.

4. Verify by differentiating that u(x,t) = erf(x/v/4kt) satisfies the heat
equation (1).

5. Verify that u(x, t) = erf(x/+/4kt) satisfies the initial condition

l; 0<%
U £} = -1, x<0
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6. In probability and statistics, the normal or Gaussian probability density
function is defined as

1 2
flz) = Te" 2 —00<z<00,
T

and the cumulative distribution function is
®(x) = f f(2)dz.
-0

Show that the cumulative distribution function and the error function are
related by ®(x) = [1 + erf(x/\/i)]/Z.

7. Express the integral below in terms of the error function:

e *
I(x) —f \/;dx.

8. Use error functions to solve the problem

u 13u
axr kot
u0,t)=U,, 0<t
u(x,0)=U;, 0<x.

Oicx, O<t,

(Hint: What conditions does u(x, t) — U}, satisfy?)

9. Assuming that U, < 0 and U; > 0, the problem in Exercise 8 might be
interpreted as representing the temperature in a freezing lake. (Think of
x as measuring depth from the surface.) Define x(t) as the depth of the
ice-water interface; then u(x(t), t) = 0. Now find x(t) explicitly.

10. Use error functions to solve the problem

9%u _ 1 du - &5 (i
ax2 kot e =
u(x,0) = f(x), =00 <x<o00,

where f(x) = U forx < 0and f(x) = U, forx > 0.

11. a. We know from Exercise 1 that erfis an odd function. Show that

( t)—l of X—a " fx+a
e ‘z(e (Jm) “ (ﬁ«))

is an odd function of x: u,(—x, t) = —u,(x. t).

b. Fill in this table of initial conditions for the functions listed on the left.
Each function may have different values in some of the intervals listed
at the top.
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12.

13.

14.

Chapter2  The Heat Equation

initial condition for: x<—al|l-a<x<00<x<ala<x
xX—a

1. erf( )
4kt
x+a

2. erf( )
Vakt

3. uy(x, t)

X

4. erf( Jm)

u(x,t) =

i erf(\/%) —uy(x, 1)

c. Show that Tyu(x, t) is the solution of the example problem of Section
2.10 (seen in Fig. 8).

Verify that the function

u(x, 1) = % (erf(xj/;—T‘:) ‘e”f(%))

(with a < b) is the solution of the heat equation for —00 < x < oo with
initial condition

l, a<x<b

0, otherwise

u(x,0) = l
Hint: make a table like the one in Exercise 11, with headings: x < a,

a<x<bb<x

a. Use the development of Exercise 12 to express the solution of the ex-
ample in Section 2.11, where

0, x<-—a
u(x,00=4{ T, —-a<x<a
0, a<x

b. Takea = 1, Ty = 100k = 1 and compute u(0, t) at times t = 0, 0.01, 1,
10. (Use Table 3 containing values of the error function.)

¢. Compare your results for part b against Fig. 9.
d. Repeat parts b and c for u(2, t).

a. Use the definition of the error function, Eq. (4), to explain why it is
true that

e,f(_x_) ol X
Vakt) 7 Jakt
if x /+/4kt is small.
b. Check the approximation for x = 1, kt = 1, 25, 100. (Use the table.)
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0000 0011 0.023 0034 0.045 0056 0.068 0.079 0.09 0.101
0.1 0112 0124 0.135 0.146 0.157 0.168 0.179 0.190 0201 0.212
02 0223 0234 0244 0255 0266 0276 0287 0297 0308 0318
03 0329 0339 0349 0359 0369 0379 0389 0399 0409 0419
04 0428 0438 0447 0457 0466 0475 0485 0494 0503 0512
0.5 0520 0529 0.538 0546 0555 0563 0572 0580 0588 0.59
06 0604 0612 0619 0627 0635 0642 0.649 0657 0.664 0.671
0.7 0678 0685 0.691 0698 0.705 0711 0718 0.724 0730 0.736
08 0742 0748 0.754 0760 0.765 0.771 0776 0.781 0.787 0.792
09 0797 0802 0807 0812 0816 0821 0825 0830 0834 0.839
1.0 0.843 0.847 0851 0.855 0.859 0.862 0866 0.870 0.873 0.877
1.1 0.880 0.884 0.887 0.890 0.893 0.896 0.899 0902 0905 0.908
1.2 0910 0913 0916 0918 0921 0923 0925 0928 0930 0.932
1.3 0934 0936 0938 0940 0942 0944 0946 0947 0949 0951
1.4 0952 0954 0955 0957 0958 0960 0961 0962 0964 0.965
1.5 0966 0967 0968 0.970 0971 0972 0973 0974 0975 0.975
1.6 0976 0977 0978 0979 0980 0980 0981 0982 0982 0.983
1.7 0984 0984 0985 0.986 0986 0987 0987 0988 0988 0.989
1.8 0989 0990 0990 099 0991 0991 0991 0992 0992 0.992
1.9 0993 0993 0993 099 0994 0994 0994 0995 0995 0.995
20 0995 099 099 099 099 099 099 0997 0997 0.997

Table 3 Values of the error function, erf(z)

2.13 Comments and References

In about 1810, Fourier made an intensive study of heat conduction problems,
in which he used the product method of solution and developed the idea of
Fourier series. Sturm and Liouville made their clear and simple generaliza-
tion of Fourier series in the 1830s. Among modern works, Conduction of Heat
in Solids by Carslaw and Jaeger, is the standard reference. The Mathematics of
Diffusion by Crank and The Heat Equation by D.V. Widder are also useful ref-
erences. (See the Bibliography.)

Although we have motivated our study in terms of heat conduction and,
to a lesser extent, by diffusion, many other physical phenomena of interest in
engineering are described by the heat/diffusion equation: for example, voltage
and current in an inductance-free cable and vorticity transport in fluid flow.
The heat/diffusion equation and allied equations are being employed in biol-
ogy to model cell physiology, chemical reactions, nerve impulses, the spread
of populations, and many other phenomena. Some good references are Dif-
ferential Equations and Mathematical Biology by D.S. Jones and B.D. Sleeman;
Mathematical Biology by ].D. Murray; and An Introduction to Mathematical
Biology by L. Allen.
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i

m -3 -2 -1 0 1 2 3

0 0 0 0 1 0 0

1 0 0 0.5 0 0.5 0 0

2 0 0.25 0 0.5 0 0.25 0

3 0125 0 0.375 0 0.375 0 0.125

Table 4 Random-walk probabilities

The diffusion equation also turns up in some classical problems of probabil-
ity theory, especially the description of Brownian motion. Suppose a particle
moves exactly one step of length Ax in each time interval At. The step may
be either to the left or right, each equally likely. Let u;(m) denote the proba-
bility that, at time mAt, the particle is at point iAx(m = 0,1,2,---,i = 0,
41,42, -+ -). In order to arrive at point i Ax at time (m + 1)At, the particle
must have been at one of the adjacent points (i £ 1)Ax at the preceding time
mAt, and must have moved toward i Ax. From this, we see that the probabili-
ties are related by the equation

1 1
uim+1)= zu;_l(m) + 514;,,,(rn).

The u’s are completely determined once an initial probability distribution is
given. For instance, if the particle is initially at point zero (119(0) = 1, #;(0) = 0,
for i #0), the u;(m) are formed by successive applications of the difference
equation, as shown in Table 4.

The equation may be transformed into a close relative of the heat equation.
First, subtract u; (m) from both sides:

wi(m+1) —u;(m) = = (j(m) = 2u;(m) + u;—;(m)).

B | -

Next divide by Ax?/2 on the right and by At - (Ax?/2At) on the left to obtain

ui(m+1) —u;(m) 2At gy (m) = 2u;(m) + iy (m)
At (Ax)? ~ (Ax)? :

If both the time interval At and the step length Ax are small, we may think
of u;(m) as being the value of a continuous function u(x,t) at x = iAx,
t = mAt. In the limit, the difference quotient on the left approaches du/dt.
The right-hand side, being a difference of differences, approaches 8%u/dx’.
The heat equation thus results if, in the simultaneous limit as Ax and At tend
to zero, the quantity 2At/(Ax)?* approaches a finite, nonzero limit. In this
context, the heat equation is called the Fokker-Planck equation. More details
and references may be found in Feller, Introduction to Probability Theory and
Its Applications.
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We have used the phrase “linear partial differential equation” several times.
The most general such equation, of second order in two independent variables,

can be put in the form

9%u *u ’u du du
s T D_—+E,—+Fu+G=0
x> axat at* dx at
where A, B, - -+, G are known—perhaps functions of x and t but not of u or

its derivatives. If G is identically zero, the equation is homogeneous. Of course,
the ordinary heat equation has this form if we take A = 1, E = —1/k, and all

other coefficients equal to zero.

Some astute students will have wondered why we should seek solutions in
product form. The simplest answer is in many cases that it works. A more
subtle rationale is that of seeking solutions that are geometrically similar func-
tions of x at different times. The idea of similarity—related to dimensional
analysis—has been most fruitful in the mechanics of fluids.

Chapter Review

See the web site for Review Questions.

Miscellaneous Exercises

Also see Review Questions on the web site.

In Exercises 1-16, find the steady-state solution, the associated eigenvalue
problem, and the complete solution for each problem.

-az—uz-!-?—li 0<x<a 0<t
ax?  kat’ -
u0,t)=T, ua,t)=T, 0<t
ux,00=T,, 0<x<a
2.%—)/214:%%. 0<x<a, O0<t
u0,0)="T, ula,t)=T., 0<t
u(x,00=T, O<x<a
u 1 du
3. — =—-—, O<x<a, O0<t
dx? k ot
u0,t)=T, ula,t)=T., 0<t
u(x,0)=T,, 0<x<a, (ris constant)
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4.

5.

7.

10.
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-_— Q<x<a, 0.<t

3
w©0,)=Ty, —(a,1)=0, 0<t

dx
T
ulx 0)=i. 0:x <id
a
3%u 5 1du 3
—_—— = - <x<a,
ax VM Tk

W =0, Maa=0, o
—(0,£) =0, —(a,t)=0, <
ax ax

Tix
u(x,0)=—, O0O<x<a

a

9u _lau
ax2  kat’
u(0,t)=0. wula,t)=T,, 0<t
u(x,00=0, 0<x<a

Pu _10u
axz kot
u(©0,)=T, u(a,t)=T,,

u(x,0)0=T, O<x<a

O<x<a, 0<t

0<x<a, 0O0<t

9%u  10u p -
— = <x<a, <
axz kot

du AT ou AT
—(0,t)=—, —(a,t)=—;
dx a dx

u(x,00=T, O<x<a

9%u  10u 4 Bl
— e O <
ax2 kot
du
u0,)=T, —I(a,t)=0, 0<t
ox
u(x,00=T, O0O<x<a

*u  10u 0 0.2
—_— <x<a, <
ax? kot .
a d
Zon=0 Z@rn=0 0<
dx dx o

To, 0<x< =
u(x,0) = a

T,, —<x<a
2

0<t

t

0<t

t
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u _ 10u
ax2 kot
u(0,t) =T, O0<t

u(x,0)=To(l —e ™), 0<x

0=x<060; 0<%

*u  19u 5 s el
—_—= - <X <00, <
ax: kot
u0,t)=T,, 0<t

_]0, O0<x<a
u(x.O)—[Tm s
u  19u

==— O0<x<o0, 0O0<t
ox* kot

ou
—(0,1) =0, 0<t
dx

Ty, 0<x<a
u(x.O)—[O‘ e
%u 1 du
== ——, —00<X<00, 0<t
ax? kat
u(x,0) = exp(—ea|x]), —00<x <
u  1du i
et o -0 < X < 00, <
ax: kot

0, —-o0<x<0
ux,00=3 T, O0O<x<a

0, a<x<
?u  1du
;=77—, O<x<a, 0O0<t
dx* kot

du
—(0,t) =0, u(a,t)=Ty, O0<t
0x

u(x,.0)=T+S(a—x), 0<x<a

207

Give a physical interpretation for this problem and thus explain why
u(x, t) should increase steadily as t increases. (Assume that S is a posi-

tive constant.)

Fu  1du 0 o
—_——— <X <dy <
axr kot

Ju

Um0, B, O
ax y =0, 8xa. =9, <

u(x,0)=0, 0<x<a



18.

19.

20.

21.

22.

23.

Chapter2 The Heat Equation

Show that v(x, t) = (§/2a)(x* + 2kt) satisfies the heat equation and the
boundary conditions of the problem in Exercise 17. Also find w(x. t),
defined by u(x, t) = v(x.t) + w(x, t).

Show that the four functions
wo=1, uy=x, up=x>+2kt, us = x>+ 6kxt

are solutions of the heat equation. (These are sometimes called heat poly-
nomials.) Find a linear combination of them that satisfies the boundary
conditions (0, t) =0, u(a,t) =t.

Suppose that u(x, t) is a positive function that satisfies

9%u N du
axz ot
Show that the function
w(x,t) = 12 0
uadx

satisfies the nonlinear partial differential equation called Burgers’
equation:
ow w  w

—_—tw— = .
at wax ax2

Find a solution of the Burgers’ equation that satisfies the conditions

w(0,t) =0, w(l,t)=0, O0<t

w(ix,0)=1, 0<x<l.

Taking the function u(x, t) given below as a solution of the heat equation
(with k = 1), find a solution w of Burgers’ equation. Verify that w satisfies
Burgers’ equation. (See Exercise 20.)

tu(x;f) = Lex (_—xz)
T Vant P\ )

Consider a solid metal bar surrounded by a finite quantity of water con-
fined in a water jacket. If the bar and the water are at different tempera-
tures, they will exchange heat. Let 1, and u; be the temperatures in the
bar and in the water. Heat balances for the water and the bar give these
two equations:

d
c;% =h(uy — uy)

du
czd—: = h(uy — uy).
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Here, ¢, and ¢; are the heat capacities of the bar and the water, and h is the
product of the convection coefficient with the area of the bar-water inter-
face. Find temperatures u; and u; assuming initial conditions u;(0) = T,
1(2(0) =(.

Solve the eigenvalue problem by setting ¢(p) = ¥ (p)/p:
l 2,1\ 2
;(p'(b) +X1¢p=0 0<p<a

¢(0) bounded, ¢(a)=0.

Is this a regular Sturm-Liouville problem? Are the eigenfunctions
orthogonal?

Solve this problem for heat conduction in a sphere. (Hint: let u(p. t) =
v(p.t)/p.)

Li(pz%)=la_" O<p<a, 0O0<t
p2ap ap kat’ d
u(0,t) bounded, wu(a,t)=0, 0<t
u(p.0)=T,, O0<p<a

State and solve the eigenvalue problem associated with

e"‘~a— e"-aﬁ =~1—?£ O<x<a, 0<t
ax 9x k ot

du
u(0,t) =0, —(a,t)=0.
ox

Find the steady-state solution of the problem

Bzu+ 2(T(x) ) = 1 du
dx? J = 5 " kot

du
w0,t) =T, —(a.t)=0, O0<t
ax

0<x<a, 0<t

where T(x) = Ty + Sx.

Determine whether or not A = 0 is an eigenvalue of the problem

¢ +2xp=0, 0O<x<a
¢'(0)=0, ¢(a)=0.

Same question as Exercise 28, but with boundary conditions:

$'(0)=0, ¢'(a)=0.
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30. Prove the following identity:

e () -+
dnkt Jy *P 4kt T2 Jakt Vakt /|

31. In Exercise 6 of Section 10, it was shown that the function

w(x, ;w) = e P sin(wt — px)

where p = \/w/2k, satisfies the heat equation and also the boundary
condition
w(0, ;w) = sin(wt).

Show how to choose the coefficient B(w) so that the function
u(x, t) = f B(w)e P sin(wt — px)dew
0

satisfies the boundary condition
u(0,t)= f(r), 0<t
for a suitable function t.

32. Use the idea of Exercise 31 to find a solution of

9u 1 du
—=-7 0<x, O0<it
ox? kot

u(0,t) = h(t), 0<t,

where
0.<it< T

1,
wo={g 7,

33. S.E.Serrano and T.E. Unny develop probabilistic mathematical models for
groundwater flow under uncertain conditions (Predicting groundwater
flow in a phreatic aquifer, Journal of Hydrology, 95 (1987) 241-268) and
compare the results to measurements. One of the models uses this non-
linear Boussinesq equation,

ay 0 dy

— ——|Kh—=)=I+¢, 0<x<L, 0<t,
at  dx dx

together with the conditions

y(0,8) = yi(t), y(L,t)=y(1), O0<t,
y(x,0) = yo(x), 0<x<L.
In these equations, y(x,t) is the water table elevation above sea level,

h(x. t) is water table elevation above bedrock, K is hydraulic conductiv-
ity (in meters per day, m/da), S is the aquifer specific yield, I is a function



34.

Miscellaneous Exercises 211

representing input by percolation from the aquifer, and ¢(x, t) is a ran-
dom function that accounts for uncertainty in input.

The partial differential equation is nonlinear because h and y represent
the same thing, relative to two different references. We assume that the
bedrock elevation has constant slope a, so that y = h + ax. Then the
equation can be written in terms of h alone as

sah ] Khah a(Kh)—[+¢
oF e\ o) apow TS
Next, this equation is linearized. Assume tf_lat K is constant, and that h
can be broken down as 1 = i + h’, where /1 is a constant mean value of
h, W’ is a fluctuation much smaller than A. (In this case, h is about 150 m
and h' is less than 1 m.) Then the product K is approximately equal to
Kh = T (transmissivity) and, as a coefficient in the second term, can be
treated as a constant. The equation is now linear in i’ (we drop the prime
for convenience):
ah . 9%h ah
S——T——-aK—=1+¢, 0<x<L, 0<t
at ax? dax
a. Treating I as a constant, find a steady-state solution v(x) for the sta-
tistical mean value of h, which is obtained by replacing ¢(x. t) with 0.
The boundary and initial conditions are

h(0,t)=hy, h(L.,t)=h;, 0<t,
h(x,0) = ho(x), O0<x<L.

b. State the problem (partial differential equation, boundary conditions,

and initial condition) to be satisfied by the mean transient, w(x, t) =
h(x, t) — v(x). (Again, the statistical mean corresponds to ¢ = 0.)

c. Solve the problem in b.

d. Values for the parameters are: a = 0.0292 m/m, K = 17.28 m/da,

T =218.4 m?/da, S = 0.15, L = 116.25 m. Find the eigenvalues.

Suppose that u(x. t) is a function that satisfies the heat equation

*u _ du
ax: ot
Define z = x — vt and w(x, t) = u(z, t). Use the rules of calculus, includ-
ing the chain rule, to compute dw/dt, dw/dx and 3*w/dx?, and show
that w(x, t) is a solution of the equation
92w dw  dw

axr ox ot
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Consider a steel plate that is much larger in length and width (x- and z-
directions) than in thickness (y-direction), and suppose the plate is free to
expand or contract under the effects of heating. Assume that the tempera-
ture T in the plate is a function of y and ¢ only. Timoshenko and Goodier
(Theory of Elasticity, pp. 399—403) derive the following expression for the
stresses due to thermal effects:

TE 1 +C 3 +c
PR aTEdy+7y aTEydy.

0 =0,= ———
S A 1—v 2c(1—v)J_, 2¢3(1—v) J_,

The parameters, and their values for steel are as follows: « is the coef-

ficient of expansion, 6.5 x 107% per degree F; E is Young’s modulus,

28 x 108 Ib/in%; v is Poisson’s ratio, 0.7; and 2c is the thickness of the plate.

Note that the origin is located so that the plate lies between y = ¢ and

y=—c.

a. Show that if T(y) = Ty + Sy, where Ty and S are constants, then
the thermal stress is 0. (This is a typical steady-state temperature
distribution.)

b. Suppose that the plate is initially at temperature 500 °F throughout,

and then the temperature on the face ¥ = c is suddenly changed
to 200° while the temperature at ¥y = —c remains at 500°. Find
T(y,t).

c. Assume the initial and boundary conditions given in b. Use your un-
derstanding of the function T(y, t) to explain why the thermal stress
near the face y = ¢ is large just after time 0.

Project 2.10

In an article about chemical sensors (Wang Lin & Gary L. Foutch, Rapid
analyte concentration estimation from slowly equilibrating sensors, Sensors
and Actuators B 128 (2007) 199-207) the authors refer to the diffusion equa-

tion

To g o
9t ox?

for the concentration C(x, t) of an adsorbate on a film. They cite the following
formula for the solution without any further details.

with

[e e}

Clx,t) - C 4 (—1)* 2
_—=1-= —A:Dt A
e e R
_(@n+rm

A
& 2L

Assume that Cy, C; are constants.



Miscellaneous Exercises 213

a. Rearrange the equation to get an expression for C(x, t).

b. In the expression that you find, determine which terms correspond to the
steady-state solution and which to the transient solution.

c. By examining the cosines and the values of 4, determine the boundary
conditions on C(x, t), assuming that the intervalis 0 < x < L.

d. Supposing that the initial condition has the form C(x,0) = f(x),0 < x <
L, determine the function f(x) that was used in the paper.

e. Check your work by stating the full problem for C(x, t) (partial differential
equation, boundary conditions, initial condition), solving it and compar-
ing your solution with the series from part a.

Project 2.11
Professor J. Skufca at Clarkson University performs this experiment in class to
illustrate heat conduction. A 90 cm steel rod is kept in a heated classroom so
that its temperature is uniform at 7Tj. In class, insulation in the form of a cylin-
der of plastic foam is slipped over the rod, leaving 3 cm exposed. At the be-
ginning of the experiment, the exposed end is submerged in ice water. During
class the temperature on the surface of the rod is recorded from thermocou-
ples located at 10, 20, 30 and 40 cm from the end of the insulation (that is, 13,
23, 33 and 43 cm from the end of the rod). Visit the web site for photographs
of the apparatus and a write-up of the experiment.

A standard way to model the temperature at distance x from the end of the
insulation is with the problem

u  19du o L Bt
e kafr T o U=
wu(0,t)=0, w(lL,t)=T,., 0<t

u(x,00=T, O0<x<lL

a. Find the solution of this problem in terms of the parameters Tp. k. L.

b. Use software to obtain graphs of your solutions u(x, t) at x = 10, 20, 30, 40
cm and t from 0 to 4000 s. Take parameters L = 87 cm, k = 0.155 cm? /s,
Ty=21.4C.

c. The following table contains data values collected at times in multiples of
1000 s and distances in multiples of 10 cm.

t:\x: 10 20 30 40
1000 13.1 179 203 2I.1
2000 11.2 157 18.7 20.2
3000 106 148 17.8 195
4000 103 144 17.4 19.1
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Values calculated from the mathematical solution are substantially lower
than the observed data values. For example, (10, 1000) = 9.2, u(10, 2000)
= 6.7 approximately. Make a list of at least three possible shortcomings in
the model that might explain the discrepancy.

d. Prof. Skufca believes that a major failing of the model lies with the foam
insulation. The value of the thermal conductivity « is small; however, the
foam is very light (low value of density p) and its heat capacity c is also
very low. These parameters combine to make its diffusivity k large, so that
temperature inside the foam is essentially a linear function of distance from
the surface of the rod, and heat is transferred to the surface of the insulation
by convection. The new model is therefore

%u 2 ) 1 du ” _
-y (u— = - %5, <
ax? Y " kot

u(0,t)=0, uw(L.)=T, O0<t

ux,00=T,, 0<x<lL

e. Find the solution of this problem in terms of the parameters T, k, L and
Y-
f. Use software to obtain graphs of your solution u(x, t) at x = 10, 20, 30, 40

cm and ¢ from 0 to 4000 s, with the same parameters as in part b and
y = 0.0425.

g. Compare some values from your computed solution with the tabulated
values above. Do they agree well? What is your opinion of the new model?
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» CHAPTER

3.1 The Vibrating String

A simple and historically important example of a problem that includes the
wave equation is provided by the study of the vibration of a string, like a
violin or guitar string. We set up a coordinate system as shown in Fig. 1. The
unknown is the transverse displacement, u(x, t), measured up from the x-axis.
The situation is similar to that of the hanging cable discussed in Chapter 0, but
here the string is taut, and of course motion is allowed. In order to find the
equation of motion of the string, we consider a short piece whose ends are at
x and x + Ax and apply Newton’s second law of motion to it.

First, we must analyze the nature of the forces on the string. We assume
that the only external force is the attraction of gravity, acting perpendicular to
the x-direction. Internal forces are exerted on the segment by the rest of the
string. We will assume that the string is perfectly flexible and offers no resistance
to bending. Then the only force that can be transmitted by the string is a pull
or tension, which acts in a direction tangential to the center line of the string.
Its magnitude we denote by T'(x, t).

The forces on the small segment of string are shown in Fig. 2. We shall
further assume that each point on the string moves only in the vertical direc-
tion. Thus, the horizontal component of acceleration is zero. Application of
Newton’s second law for the horizontal direction to the segment leads to the
equation

—T(x, t)cos(¢p(x, 1)) + T(x + Ax, t)cos(p(x + Ax, t)) =0,
or

T(x,t)cos(@p(x,t) = T(x + Ax, t)) cos(¢p(x + Ax,1)). (1)

(©) 2010 Elsevier, Inc. All rights reserved. 21 5
doiz10.1016/B978-0-12-374719-8.00004-9.
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Au(x, t)

)il

a X

Figure 1 String fixed at ends and frozen at time t.

Tix+Ax)

Figure 2 Section of string showing forces exerted on it.

This says that the horizontal component of tension in the string is the same at
every point:

T(x,t)cos(p(x,t)) = T(x + Ax, t)cos(p(x + Ax,t)) = H,

independent of x. If the string is taut, H can vary only slightly with ¢, so we
will assume that H is constant.

In the absence of external forces other than gravity, Newton’s second law for
the vertical direction yields

—T(x,t)sin(¢(x, 1)) + T(x + Ax, t))sin(¢p(x + Ax, t)) — mg = m‘;—:(x. t).
(2)

(Because u(x, t) measures displacement in the vertical direction, its second
partial derivative with respect to t is the vertical acceleration.) The mass of the
short piece of string we are examining is proportional to its length,
m = pAx, where p is the linear density, measured in units of mass per unit
length.

Now we use Eq. (1) to solve for the tensions at the ends of the segment of
string as

H H

T(x,?) = prerrramr T(x+ Ax,t) = P
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When these expressions are substituted into Eq. (2), we have

32
—Htan(¢(x,t)) + Htan(¢(x + Ax, 1)) — pAxg = pra—:. (3)
Recall from Section 0.3 that tan(¢(x, t)) is the slope of the string at (x, 1)
and hence may be expressed in terms of the (partial) derivative with respect
to x:
du

tan(¢p(x,t)) = —(x.1), tan(¢p(x+ Ax,t)) = ﬂ(x + Ax, t).
ax dx

Substituting these into Eq. (3), we have

e Bu( e Bu( b n u N
—(x+ Ax, t) — —(x, = pAx| — .
ax ax PEX\ar 78

On dividing through by Ax, we see a difference quotient on the left:

H au( e iRiar s} Bu( 3l= 82u+
Ax \ax " * x =P\ar"¢)

In the limit as Ax — 0, the difference quotient becomes a partial derivative
with respect to x, leaving Newton’s second law in the form

9%u u

o2 P T P8 “)

or
2

u 1 Pu 1

Ixz 2oz 2
where ¢* = H/p. If ¢? is very large (usually on the order of 10°m?/s?), we
neglect the last term, giving the equation of the vibrating string

(5)

2u 1 9%u ” s )
= —_— <x<a, <t
ax2 ¢ ot

This equation is called the wave equation in one dimension. Two- and three-
dimensional versions will be treated in Chapter 5.

In describing the motion of an object, one must specify not only the equa-
tion of motion, but also both the initial position and velocity of the object.
The initial conditions for the string, then, must state the initial displacement
of every particle—that is u(x, 0)—and the initial velocity of every particle,
du/dt(x,0).

For the vibrating string as we have described it, the boundary conditions are
zero displacement at the ends, so the boundary value-initial value problem for
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the string is

2 2
a'::%al:. 0<x<a, 0<t (7)
dx*  ¢* ot

u(0,1) =0, u(a, t) =0, 0<t (8)
u(x,0) = f(x), D<x<a (9)
du

—(x,0)=g(x), 0<x<a (10)

ot

under the assumptions noted plus the assumption that gravity is negligible.

A more complete and detailed derivation of the equations governing the

vibrating string and other phenomena related to the wave equation is given
by D. Yong in “Strings, Chains and Ropes,” SIAM Review 48 (2006), 771-
781.

EXERCISES

1.

Find the dimensions of each of the following quantities, using the facts
that force is equivalent to mL/t?, and that the dimension of tension is F
(force): u, d*u/dx?, 3*u/at* ¢, g /c*. Check the dimension of each term in
Eq. (5).

Suppose a distributed vertical force F (x, t) (positive upwards) acts on the
string. Derive the equation of motion:

u 1 9% IF( B
ot oz H U

The dimension of a distributed force is F /L. (If the weight of the string is
considered as a distributed force, and is the only one, then we would have
F(x, t) = —pg. Check dimensions and signs.)

Find a solution v(x) of Eq. (5) with boundary conditions Eq. (8) that are
independent of time. (This corresponds to a “steady-state solution,” but
the words “steady-state” are no longer appropriate. “Equilibrium solution”
is more accurate.)

Suppose that the string is located in a medium that resists its
movement, such as air. The resistance is expressed as a force opposite
in direction and proportional in magnitude to velocity. Thus it affects only
Eq. (2). Proceed to derive the equation that replaces Eq. (7) for this
case.
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3.2 Solution of the Vibrating String Problem

The initial value-boundary value problem that describes the displacement of
the vibrating string,

Pu 1 3%u e — ()
= — % <X <'d;

oxr ¢ or?

u(0,t) =0, u(a,t) =0, 0<t (2)

u(x,0)= f(x), 0<x<a (3)

du

a(x,O):g(x). D<x<a (4)

contains a linear, homogeneous partial differential equation and linear, homo-
geneous boundary conditions. Thus we may apply the method of separation
of variables with hope of success. If we assume that’

u(x, t) = ¢(x)T(t), Eq. (1) becomes

" (x)T(1) = cizda(x):r"(z).

Dividing through by ¢ T, we obtain
#"(x) _ T'(s)
¢(x)  T(t)’

For the equality to hold, both members of this equation must be constant.

We write the constant as —2> and separate the preceding equation into two
ordinary differential equations linked by the common parameter A%.

T +A2c2T=0, O0<t (5)
¢"+2% =0, 0<x<a. (6)

O<x<a, O0<t.

The boundary conditions become
(O)T(t) =0, ¢@)T(t)=0, 0<t
and, since T'(t) = 0 gives a trivial solution for u(x, t), we must have
¢(0)=0. ¢(a)=0. (7)

The eigenvalue problem Egs. (6) and (7) is exactly the same as the one we
have seen and solved before. (See Section 3.2) We know that the eigenvalues
and eigenfunctions are

2
kf, = (ﬂ) o daE)y=8simAax); =123 500
a

!'T no longer symbolizes tension.
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Equation (5) is also of a familiar type, and its solution is known to be
T,(t) = a, cos(h,ct) + b, sin(r,ct)

where a, and b, are arbitrary. (In other words, there are two independent
solutions.) Note, however, that there is a substantial difference between the
T that arises here and the T that we found in the heat conduction problem.
The most important difference is the behavior as f tends to infinity. In the
heat conduction problem T'(t) tends to 0, whereas here T(t) has no limit but
oscillates periodically in agreement with our intuition.

Foreachn =1, 2, 3, - - -, we now have product solutions

y(x, t) = sin(A,x) [ay cos(hyct) + by, sin(A,ct)) (8)

Such solutions are called standing waves. For a particular a,, and b,, u,(x. t)
maintains the same shape, as a function of x, but with a variable, periodic
amplitude. For any choice of a,, and b,,, u,(x, t) is a solution of the homoge-
neous partial differential equation (1) and also satisfies the boundary condi-
tions Eq. (2). Some standing waves are shown animated on the web site.

By the Principle of Superposition, linear combinations of the u,(x, t) also
satisfy both Egs. (1) and (2). In making our linear combinations, we need no
new constants because the a,, and b,, are arbitrary. We have, then,

u(x,t) = Zsin(/\,,x) [a,, cos(A,ct) + b, sin(A,ct)]. (9)

n=1

The initial conditions, which remain to be satisfied, have the form

u(x,0) = Zn,, sin (n:_x) = f(x), 0O<x<a

n=1

du e nT ., /NAX
a—'(x.O) — Zb,,Tcsm (T) =g(x), 0<x<a.

n=1

(Here we have assumed that

du =
a—t(x. t) = ZSin(A,,x) [—ayA,csin(A,ct) + by, c cos(i,ct)] .

n=1

In other words, we assume that the series for u may be differentiated term-by-
term.) Both initial conditions take the form of Fourier series problems: a given
function is to be expanded in a series of sines. In each case, then, the constant
that multiplies sin(nmx/a) must be the Fourier sine coefficient for the given
function. Thus we determine that

2. f8 . o/nmx
a,,=;£ f(x)sm(-a—)dx. (10)
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and
nm 2; T8 nmwx
o & ===
b,.n c a./o g(x)sm( = ) x

or

2 ¢ . /X
b, = m]ﬂ g(x)sm(T) dx. (11)

If the functions f(x) and g(x) are piecewise smooth on the interval 0 < x <
a, then we know that the initial conditions really are satisfied, except possibly
at points of discontinuity of f or g. By the nature of the problem, however, one
would expect that f, at least, would be continuous and would satisfy f(0) =
f(a) = 0. Thus we expect the series for f to converge uniformly.

Example.
If the string is lifted in the middle and then released, appropriate initial condi-
tions are

2x a
h-—, 0<x<—

a
2x a
h{2——), —<x<a
a 2

d
a—:(x.0)=g(x)50. 0<x<a.

u(x,0) = f(x) =

Thenb, =0forn=1,2,3,---,and

) a2 2 a 2 .
a, —I:/ h- —xsin(ﬂ)dx+f h (2— —x)sin (E) dx]
alJo a a a2 a a

8_h sin(nm/2)

n? n?

I

Therefore the complete solution is

8h o sin(nm/2 nmwx nmwct
u(x,t) = o %sin (—)cos( ) (12)
- n a a
The web site shows an animated version of this solution. O

Although the solution in the example above can be considered valid, it is
difficult to see, in the present form, what shape the string will take at various
times. However, because of the simplicity of the sines and cosines, it is possible
to rewrite the solution in such a way that u(x, t) may be determined without
summing a series.
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By applying the trigonometric identity
1
sin(A) cos(B) = 5 [sin(A — B) +sin(A + B)]

we can express u(x, t) as

o

ulrdi= % |:fr_’; Z sin(:ZT/Z) sin (rm(xa— cr))

n=1
20

8h sin(nm/2) . (nn(x+ct)
B /) g (e )].

n=1

We know that the series

8h <, sin(nw/2 nwx
B 55 o) oy
m? n? a
n=1
actually converges to the odd periodic extension, with period 2a, of the func-
tion f(x). Let us designate this extension by f,(x) and note that it is defined
for all values of its argument. Using this observation, we can express u(x, t)
more simply as

u(x,t) = -;-[f,,(x-—ct)+ folx +ct)]. (13)

In this form, the solution u(x, t) can easily be sketched for various values of
t. The graph of f,(x + ct) has the same shape as that of f,(x) but is shifted ct
units to the left. Similarly, the graph of f,(x — ct) is the graph of f,(x) shifted
ct units to the right. When the graphs of f,(x + ct) and f,(x — ct) are drawn
on the same axes, they may be averaged graphically to get the graph of u(x, t).
In Fig. 3 are graphs of f,(x + ¢t), f,(x — ct), and

u(x,t) = % [fo(x +ct) + folx — ct)]

for the particular example discussed here and for various values of t. The dis-
placement u(x, t) is periodic in time with period 2a/c. During the second
half period (not shown) the string returns to its initial position through the
positions shown. The horizontal portions of the string have a nonzero veloc-
ity. Equation (12) can also be used to find u(x. t) for any given x and t. For
instance, if we take x = 0.2a and t = 0.9a/c, we find that

u (O.Za. 0.9:1) = %[ﬁ(—o.m) + fo(l.1a)]

- % [(~0.6h) + (=0.2h)]
= - 0‘”1
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t=0 ux.r)
/\ N
a~~ a
uxt)
filx + et) fx-ct)
PO S 0.3alc
//X J‘u,_‘_ -
T a

. i u(xt)
_ folx+et) li(i: _Cf_)fio.sa'c
a""‘ i ~.-‘ : d X
u(x,t)
J flx+et) bix=ct) .-== "
-_-—": t=0.7alc X
5 = a a
+-.. >
tu(x.f)
t=alc !

Figure3 On the leftare the graphs of f., (x+ct) (solid) and f,,(x —ct) (dashed)
for the given value of ct. On the right is the graph of u(x, t) for0 < x < a,
made by averaging the graphs on the left.

The function values can be read directly from a graph of f(x). The ma-
nipulations with the series solution in the example can be done for any f(x).
Therefore the formula of Eq. (13) is a solution of Egs. (1)-(4) for any f(x),
provided that g(x) = 0. We will generalize in the next sections.

Frequencies of Vibration

The product solutions in Eq. (8) provide important information about pos-
sible frequencies of vibration. The multipliers A,c¢ in the sines and cosines of
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t are frequencies, in radians per unit time; A,c /27 are frequencies in cycles
per unit time (or Hertz, if the time unit is seconds). For the vibrating string
problem, the possible frequencies of vibration are

(nm/a)c L

—— ] —

2 2a

The fact that these form an arithmetic sequence guarantees a common period
for all the u,(x, t) in Eq. (8), and thus u(x, t) in Eq. (9) is a function that is
periodic in time.

EXERCISES

1. Verify that the product solution
u,(x, t) = sin(A,x) [a, cos(r,ct) + b, sin(A,ct)]
satisfies the wave equation (1) and the boundary conditions, Eq. (2).

2. Sketch wu;(x.t) and u»(x,t) as functions of x for several values of t.
Assume a; and a» = 1, by and b, = 0. (The solutions u,(x, t) are called
standing waves. See Eq. (8).)

In Exercises 3-5, solve the vibrating string problem, Egs. (1)—(4), with the ini-
tial conditions given.

3. f(x)= Up, 0<x<af2
> e 0, a/2<x<a
g(x) =0, 0:<oxraa;

(This initial condition is difficult to justify for a vibrating string, but may
be reasonable where the unknown function is pressure in a pipe with a
membrane at the midpoint. See Miscellaneous Exercise 18 of this chapter
for some derivations.)

4, f(x):sin(na—x). gx)=0, 0<x<a.
5. f(x)=0, gx)=1, 0<x <a.
6. If = .
Za,, sin (%) = fo(x), Zb,, cos (%) = Ge(x)

n=1 n=1

show that u(x, t) as given in Eq. (9) may be written

u(x,t) = % (folx —ct) + folx +ct)) + % (Gelx + ct) = Gelx — ct)).

Here, f,(x) and G,(x) are periodic with period 2a.
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7. The pressure of the air in an organ pipe satisfies the equation

92 2
_£=_l_3 P. 0O<x<a, O0<t

ax*  ¢? at?
with the boundary conditions ( p, is atmospheric pressure)
a. p(0,1) = po, pla.t) = po if the pipe is open, or

d
b. p(0,1) = po, %(u, t) =0 ifthe pipe is closed at x = a.

Find the eigenvalues and eigenfunctions associated with the wave equa-
tion for each of these sets of boundary conditions.

8. Find the lowest frequency of vibration of the air in the organ pipes re-
ferred to in Exercise 7 a and b.

9. If a string vibrates in a medium that resists the motion, the problem for
the displacement of the string is

Pu 1 d%u +k3u 8 e
= — — <x <a, <
ax?  c? ot at x5

u(0.t)=0, wua.t)=0, 0<t

plus initial conditions. Find eigenfunctions, eigenvalues, and product
solutions for this problem. (Assume that k is small and positive.)

10. For the problem in Exercise 9, find frequencies of vibration and show that
they do not form an arithmetic sequence. If we form a series solution, will
it be periodic? What happens to u(x, t) as t — oo?

11. Does the series in Eq. (12) converge uniformly?

In Exercises 12-14, find a solution by separation of variables.

12. 92 2
—8“=L —a“+2k@ : O<x<a, O0<t
ax2 2\ ar? at
u(0,1t) =0, wula;t)=0, 0:<t

d
u(x. 0) = f(x), a—'t‘(x.m =0, 0<x<a,

where f(x) isas in Eq. (11). (Assume that k is small and positive.)

13, 9w 1 3%
ax2 2 a2
u(0,t) =0, wul(a,t)=0, 0<t

+y2u. 0<x<a, O<t

k)
u(x,0) =h, a—l:(x.O) =0, 0O<x:<a,

where h and 32 are constants.
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14.

15.
16.

17.
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9’ 19°
—':=—,—l: 0<x<a, O0<t
ax?  c¢? ar?
du
u(0,8)=0, —(a,t)=0, O0<t
ax
du
u(x,0) =0, E(X‘O)=l' 0<x<a

Find frequencies of vibration for the problems in Exercises 12 and 13.

In simple beam theory, an elastic beam’s length is assumed much greater
than its other dimensions. The transverse (perpendicular to the length)
displacement and its derivatives with respect to x (distance along the cen-
terline of the beam) have these interpretations:

function interpretation dimensions
u(x.r) displacement length
u(x,t) slope or gradient (dimensionless)

—ETu(x, t)
—ETuyee(x.t)

internal bending moment | force - length

internal shear force force

—ETuy o (x,t) | loading force/length

The parameters are: E = Young’s modulus, a material constant; I =
moment of the cross-sectional area about the horizontal axis. Then the
partial differential equation that describes small displacement is known
to be

u 1%

axt 2 at?
Find the dimensions of the parameter ¢ = \/EI/p, where p is mass per
unit length (a) using the information in the table and (b) by assuming
that the partial differential equation is dimensionally consistent.

0<t

=0, O0<x<a,

The displacements u(x, t) of a uniform thin beam satisfy
3t 1 9%u § g
—_———— <SxX<a, <t
dxt c2 a1

If the beam is simply supported at the ends, the boundary conditions
are

2

’u 3%u
M(O,t)=0, Q(O,t)=0. u(a,t)=0. ﬁ(a, f)=0.

Find product solutions to this problem. What are the frequencies of
vibration? (You need to solve four simultaneous homogeneous algebraic
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19.
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Figure 4 Shapes of car antenna.

equations to find the eigenvalues and eigenfunctions. The four equations
are easy to solve for these boundary conditions.)

Write out formulas for the first four frequencies of vibration for a thin
beam (Exercise 17) and for a string (text). Then find their values, assum-
ing that parameters ¢ and a have values that make the lowest frequency of
each equal to 256 cycles per second. The difference in the set of frequen-
cies accounts for some of the difference between the sound of a stringed
instrument and that of a xylophone or glockenspiel.

My car’s antenna vibrates in the wind under various conditions in one of
the two shapes shown in Fig. 4. If the antenna is modeled as a uniform thin
beam with centerline displacement u(x, 1), then u satisfies the equation

atu 1 8%u Ffo), 0 B g

_—=——— %,i0)s <x<a, <t

ax? c? or?
where f is a “forcing function” that represents the effect of wind or other
distributed forces. Because the base of the antenna is built into the
car, the boundary conditions at the base are zero displacement and
slope:

du
u(0,t)=0, —(0,t)=0, 0<t.
dx

The top of the antenna is free to move. There, the internal moment and
shear are both zero, leading to the conditions
8% u

ax;(““)=0‘ S@n=0 o<t

(These four boundary conditions are standard for a cantilevered beam.)

It can be shown that the solution of the foregoing problem, together
with initial conditions on « and u;, can be represented as a series of prod-
ucts of the form

(a,, cos(Af‘ct) +b, sin(lict) + F,,(t)) Pulx)
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where F,(t) comes from the forcing function, and ¢,(x) and %, are
related through the eigenvalue problem

¢" =Ap=0, 0<x<a
$(0) =0, ¢'(0)=0, ¢"(a)=0, ¢"(a)=0.

This arises in the obvious way from the boundary conditions and the
homogeneous partial differential equation.

Solve the eigenvalue problem, sketch the first two eigenfunctions, and
compare them to the figure.

20. In the text, we assumed that the ratio ¢” /¢ had to be a negative constant.
Show that, if ¢”/¢ = p* > 0 (or equivalently, if " — p>¢ = 0), then
the only function that also satisfies the boundary conditions, Eq. (7), is
¢(x)=0.

Project 3.1
The transverse displacement of a beam that is free (unsupported) is described
by the partial differential equation

'u 1 9%
—+—=—=0, 0<x<a, 0<t,

axt o

two initial conditions, and boundary conditions which express the fact that
shear and bending moment are zero at both ends.

a. Use the information in Exercise 16 to write out the boundary conditions.

b. Find product solutions for this problem. Note that 0 is an eigenvalue with
special product solutions. You need to solve four simultaneous, homoge-
neous, algebraic equations to determine the eigenvalues and eigenfunc-
tions.

c. Find the first three positive eigenvalues. (You need to solve a transcendental
equation numerically to get values.)

d. Obtain a graph of the eigenfunction ¢, (x) corresponding to the lowest pos-
itive eigenvalue.

e. If a beam is free at the ends but supported at the nodes of the first eigen-
function (that is, at the places where the eigenfunction is zero: ¢, (x) = 0),
it won't fall, and its displacement will be approximately u(x.t)=
¢y (x) Ty (t). In this situation, the beam may be struck gently in the middle,
and the lowest frequency of vibration, fi(Hz), can be measured. Explain
how E can be found from f,.
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3.3 D’Alembert’s Solution

In Section 3.2 we saw that, in some cases, we could express the solution of
the wave equation directly in terms of the initial data. From this evidence we
might suspect that there is something special about x + ¢t and x — ct. To test
this idea, we change variables and see what the wave equation looks like. Let
w=x+ct,z=x—ct,and u(x, t) = v(w, z). Then a calculation using the
chain rule shows that the wave equation becomes (see Exercise 11)

%
dzow

It is actually possible to find the general solution of this last equation. Put in

another form it says
d [ dv
=il 222 Yo
dz \ dw

which means that dv/dw is independent of z, or

E)v_g( )
T s

Integrating this equation, we find that

v= f@(w)dw + ¢(z).

Here, ¢(z) plays the role of an integration “constant.” Since the integral of
f(w) is also a function of w, we may write the general solution of the partial
differential equation above as

v(w, z) = ¥r(w) + ¢(2),

where V¥ and ¢ are arbitrary functions with continuous derivatives. Trans-
forming back to our original variables, we obtain

u(x,t) = ¥U(x+ct) + ¢p(x —ct) (1)

as a form for the general solution of the one-dimensional wave equation. This
is known as d’Alembert’s solution or the traveling wave solution. It represents
the solution as the superposition of two waves, one moving to the left and the
other to the right, with propagation speed c.
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Now let us look at the vibrating string problem:

9%u 1 9%u

ﬁ=§§ 0<% < 0<t (2)
u(0,t) =0, ula,t)=0, 0<t (3)
u(x,0) = f(x), O<x<a (4)
i)

a—t:(x. 0=g(x), 0<x<a. (5)

We already know a form for u. The problem is to choose y and ¢ in such a way
that the initial and boundary conditions are satisfied. We assume then that

u(x,t) = Y(x+ct) +¢(x — ct).

The initial conditions are

V(x)+¢(x) = f(x), 0<x<a

Y (x) —cd'(x) =g(x), 0<x<a. 6)
If we divide through the second equation by ¢ and integrate, it becomes
Yx)—¢p(x)=Gx)+A, O<x<a (7)
where G(x) stands for
6= [ gty ®

and A is an arbitrary constant. Equations (6) and (7) can now be solved simul-
taneously to determine

1,(1(x)=%(f(x)+G(x)+A). 0 <x<a

P(x) = %(f(x)—G(x)—A). 0<x<a.

These equations give 1 and ¢ only for values of the argument between 0 and
a. But x &£ ct may take on any value whatsoever, so we must extend these func-
tions to define them for arbitrary values of their arguments. Let us designate
them as

Yix) = (f(x)+ G(x) + A)

]t DO =

$(x) = 5 (f(x) = G(x) = A)

where f and G are some extensions of f and G. (That is f(x) = f(x)
and G(x) = G(x) for 0 < x < a.) However we choose these extensions,
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the wave equation and the initial conditions are satisfied. Thus, they must be
determined by the boundary conditions,

u(0,t) = ylct) + p(—=ct) =0, t=>0 (9)
wa, t)=yYla+ct)+¢la—ct)=0, t=>0. (10)

The first of these equations says that
flet) +Glet)+ A+ f(—ct) — G(—ct) —A=0

or

flct) + f(=ct) + G(ct) = G(=ct) = 0.

As these equations must be true for arbitrary functions f and G (because the
two functions are not interdependent), we must have individually

f(ct) = —f(—cr). G(ct) = G(—ct). (11)

These conditions tell us that f is odd and G is even.
At the second endpoint, a similar calculation shows that

fla+ct)+ f(a—ct)+Gla+ct)—Gla—ct)=0.
Once again, the arbitrariness of f and G implies that
fla+ct)=—=f(a—ct), Gla+ct)=G(a—ct). (12)

The oddness of f and evenness of G can be used to transform the right- hand
sides. Then

f(a +ct) = f(—a +ct), Gla+ct)=G(—a+ct).

These equations say that f and G are both periodic with period 2a, because
changing their arguments by 2a does not change the functional value. Thus we
want f to be the odd periodic extension of f and G to be the even periodic
extension of G. In the notation we used in Chapter 1, the explicit expressions
for ¢ and v are

Yx+ct) = = (folx +ct) + Go(x +ct) + A)

J= D]

d(x —ct) = (fo(x —ict) — Gy (x=ct) — A).

2

Finally, we arrive at an expression for the solution u(x, t):

u(x, 1) = % [fr,(x +ct)+ folx — cr)] + % [C..(x +ct) — G, (x — ct)]. (13)
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The web site shows an animated version of Fig. 3 (Section 3.2) using this form
of the solution.

This form of the solution of Egs. (2)-(5) allows us to see directly how the
initial data influence the solution at later times. From a practical point of view,
it also permits us to calculate u(x, t) at any x and t and even to sketch u as
a function of one variable for a fixed value of the other. The following pro-
cedure is helpful in sketching u(x, t) as a function of x for a fixed t = t*,
when the initial condition (5) has g(x) = 0. It is easily adapted to other
cases.

1. Sketch the odd periodic extension of f; call this f,(x).

2. Sketch f,(x + ct*) against x; this is just the graph of f, shifted ct* units to
the left.

3. Sketch f,(x — ct*) against x on the same axes. This graph is the same as
that of f, but shifted ct* units to the right.

4. Average graphically the graphs made in the two preceding steps. Check that
the boundary conditions are satisfied. (See Fig. 3.)

Similarly, to graph u(x, t*) if f(x) = 0, first sketch G(x) and its even
periodic extension G, (x). Then sketch the graphs of G.(x + ct*) (same shape
as G.(x) but shifted ¢t* units to the left) and —G,(x — ct*) (graph of G, (x)
shifted ct* units to the right and reflected in the horizontal axis). These two
are then averaged graphically to obtain the graph of u(x, t*). Check that the
boundary conditions are satisfied.

About graphical averaging: If the graphs of two functions h(x) and k(x) are
drawn on the same set of axes, then the graph of the average, £ (h(x)+k(x)), lies
halfway between the two. That means that on every vertical line that intersects
the graphs of h(x) and k(x), the graph of % (h(x) + k(x)) crosses the midpoint
of the line segment joining the intersections. Averaging is particularly easy to
do when the graphs of I(x) and k(x) consist of straight line segments, because
the slope of the average is the average of the slopes.

Example.
Suppose we are solving Eq. (2) to (5), with f(x) = 0 and

0, O0<x<a/2
2c, afl2<x<a

glx) = |

(the parameters are chosen for convenience, not realism). The solution of the
problem, as given by Eq. (13) is

u(x.t) = % [C,.(x +ct) — G.(x — ct)].
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The first task is to find G(x) as given in Eq. (8). Since g(x) has two different
expressions in two subintervals, G(x) is determined in two parts: (1) for 0 <
x < a/2,g(x) = 0, so that G(x) = 0 also throughout this interval; (2) for
a/2 <x <a,g(x)=2c,s0

1 x 1 a/2 1 x
G(x) = -f gly)dy = —[ g(y)dy + —/ g(y)dy
cJo 0 € J,

¢ 1/2

1 a/2 1 x
=—f 0dy+—f 2cdy =2(x —a/2)
0 a

c c /2

in this interval. Therefore, the function G(x) is identified as

G(x)zlo. 0O<x<af2
2(x—a/f2), a/2<x<a

in the interval 0 < x < a. Notice that G is a continuous function. A graph of
the even, periodic extension of G (x) is shown in Fig. 5.

To plot u(x, t) for a specific value of t = t*, we first sketch G.(x + ct*)
against x (this graph is the same as that of G,, but shifted ¢t* units to the left.),
then sketch — G, (x — ct*) against x. (This graph is that of G., shifted ct* units
to the right and reflected in the horizontal axis.) Finally, the two graphs have
to be averaged graphically. This procedure is carried out in Fig. 6a and 6b for
t* = a/4c. Check that boundary conditions are satisfied.

EXERCISES

1. Let u(x, t) be a solution of Egs. (2)—(5) with g(x) = 0 and f(x) a func-
tion whose graph is an isosceles triangle of width a and height h. Find
u(x, t) for x = 0.25a and 0.5a, and for t = 0, 0.2a/c, 0.4a/c, 0.8a/c,
l.4a/c.

2. Sketch u(x, t) of Exercise 1 as a function of x for the times given. Compare
your results with Fig. 3.

3. Taking g(x) = 0 and f(x) as given below, find values of u(x, t) at x =
0.3a, 0.5a and times ct = 0.1a, 0.5a.
0, 0<x <0.4a
10h(x — 0.4a), 0.4a < x < 0.5a
10h(0.6a — x), 0.5a < x < 0.6a

0, 0.6a < x < a.

flx)=

4. Sketch u(x, t) with f and g as in Exercise 3, for times ct = 0, 0.1a, 0.3a,
0.4a, 0.5a, 0.6a.
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1
0.75
0.50
0.25

Figure 5 Even periodic extension of G(x) for the example problem.

11
1 -
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0.5 1
0.50 1
0 Seeee .
025 050 075 1 12§ 150
X 2 0.25 1
0.5 1 !
0 < - : \
0 0.25 050 075 1

-1 4 X
(a) (b)
Figure 6 (a) Graphs of G.(x + a/4) (solid), which is moving to the left, and
—G,(x —a/4) (dotted), which is moving to the right. (b) Graph of u(x, a/4c),

the average of the functions in (a). Notice the scales on the axes. Here, a = 1
for convenience.

5. Let u(x, t) be a solution of Egs. (2)—(5) with f(x) = 0 and g(x) = ac,
0 < x <a.Findu(x,t)at: x = 0, ¢t = 0.5a/c; x = 0.2a, t = 0.6a/c;
x=0.5a,t=1.2a/c.

6. Sketch u(x, t) of Exercise 3 as a function of x for times t = 0, 0.25a/c,
0.5a/c,a/c.

7. Find the function G(x) corresponding to (see Eq. (8)) the function given
below. Remember that G must be continuous.

0, 0<x <0.4a
g(x)=1{5¢c, 0.4a <x <0.6a

0, 0.6a<x<a.
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11.

12.

13.
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Let u(x, t) be the solution of the vibrating string problem, Egs. (2)—(5)
with f(x) = 0 and g(x) as in Exercise 7. Sketch u(x, t) as a function of
x for times ct = 0, 0.24, 0.4a, 0.54, 4, 1.84. Hint: sketch G,(x + ct) and
—G,(x — ct); then average them graphically.

. Justify this alternate description of the function G(x) that is specified in

Eq. (8): G is the solution of the initial value problem

d—G—l() 0
T e =*
G(0) = 0.

Check that G(x) from Exercise 7 satisfies these conditions.

Verify directly that u(x, t) as given by Eq. (1) is a solution of the wave
equation (2) if ¢ and ¢ have at least two derivatives.

Use the change of variables at the beginning of this section to transform
the wave equation. You need to use the chain rule extensively—for
instance,

du dv ow dvodz _ v

ot ow ot  dzat ow
In this way, find expressions for the second derivatives of u, then substitute
into the wave equation,

av
e e =
c = (=c)

*u 1 93%u
ax2 ¢ o
The equation for the forced vibrations of a string is

%u 1 8%u

0x2 2 912

(see Section 1, Exercise 2). Changing variables to

= —%F(x,t) (%)

w=x+ct, z=x—ct, u(x,t)=v(w,z), f(w,z)=F(x,1),
this equation becomes
8%
Jwoz
Show that the general solution of this equation is

= —ﬁf(w, z).

v(w,z) = —ﬁ // f(w, 2)dwdz + ¥ (w) + ¢(2).

Find the general solution of Eq. () in Exercise 12 in terms of x and t, if
F(x,t) = T cos(t).



236 Chapter3  The Wave Equation

3.4 One-Dimensional Wave Equation: Generalities

As for the one-dimensional heat equation, we can make some comments for
a generalized one-dimensional wave equation. For the sake of generality, we
assume that some nonuniform properties are present. For the sake of simplic-
ity, we assume that the equation is homogeneous, and free of ». Our initial
value—boundary value problem will be

3 du plx) 8%u

a(s(x)a): YL l<x<r, 0<t (D)

cull, 1) — okl ) =t 0 <1 @
ax

Bualr, 0+ footr, ) = s, 0 < 3)
ax

u(x, 0) = f(x), l<x<r (4)

%(x, 0) = g(x), l<x<r. (5)

We assume that the functions s(x) and p(x) are positive for I < x < r,
because they represent physical properties; that s, s’ and p are all continuous,
and that s and p have no dimensions. Also suppose that none of the coeffi-
cients a;, &, B1, B2 are negative.

To obtain homogeneous boundary conditions we can write

u(x,t) =v(x) + w(x,t)

just as before. In the wave equation, however, neither of the names “steady-
state solution” nor “transient solution” is appropriate; for, as we shall see, there
is no steady state, or limiting case, nor is there a part of the solution that tends
to zero as t tends to infinity. Nevertheless, v represents an equilibrium solution
and, more importantly, it is a useful mathematical device to consider u in the
form provided in the preceding equation.

The function v(x) is required to satisfy the conditions

(sv'Y =0, l<x<r
av(D) —av'(l) = ¢

Biv(r) + o' (r) = ca.

Thus v(x) is exactly equivalent to the “steady-state solution” discussed for the
heat equation.



3.4 One-Dimensional Wave Equation: Generalities 237

The function w(x, t), being the difference between u(x, t) and v(x), satisfies
the initial value-boundary value problem

) ow\  px) dw

a(s(x)a) = 3 g l<x<r, 0<t (6)

alw(l,t)—a;_a—w(l,t)zo, 0<t (7)
0x

Biw(r, t) + ﬂza—w(r, t) =0, 0<t (8)
dx

w(x, 0) = f(x) — v(x), l<x<r 9)

%—t}(x, 0) = g(x), l<x<r. (10)

Since the equation and the boundary conditions are homogeneous and
linear, we attempt a solution by separation of variables. If w(x, t) = ¢(x) T (¢),
we find in the usual way that the factor functions ¢ and T must satisfy

T'+cA*T=0, 0<t (11)
(s(x)p'Y +AM?p(x)p =0, l<x<r (12)
a¢(l) —ax9'(1) = 0, (13)
Bro(r) + Bag'(r) = 0. (14)

The eigenvalue problem represented in the last three lines is a regular Sturm-
Liouville problem, because of the assumptions we have made about s, p, and
the coefficients. We know that there are an infinite number of nonnegative
eigenvalues AZ, A2, - - -, and corresponding eigenfunctions @1, @2, - - - which
have the orthogonality property

[ Ou(X)Pm(x)p(x)dx =0, n#m.

The solution of the equation for T is
T, (t) = a, cos(A,ct) + b, sin(A,ct).

From here it is clear that the frequencies of vibration that occur in the solution
of Egs. (1)—(3) are Anc/27 (cycles per time unit). Thus, it is the eigenvalues
coming from Eqs. (12)—(14) that determine these frequencies.

Having solved the subsidiary problems that arose after separation of vari-
ables, we can begin to assemble the solution. The function w will have the
form -
w(x, t) = Z ¢n(x) (a, cos(A,ct) + by, sin(A,ct)) (15)

n=1
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and its two initial conditions, yet to be satisfied, are

w(x,0) = Zand),,(x) =f(x)—v(x), Il<x<r

n=1
Jw =
o (% 0) = ;bnmapncx) =i, ledn

By employing the orthogonality of the ¢,, we determine that the coefficients
an, and b, are given by

g Ii f[ "L G) — ()] dalx) px)ds (16)
b= o fl Rt (17)

where .
I, = f $2(x) p(x)dx. (18)

!

Finally, u(x, t) = v(x) + w(x, t) is the solution of the original problem, and
each of its parts is completely specified. From the form of w(x, ¢), we can make
certain observations about u:

1. u(x, t) does not have a limit as t — oc. Each term of the series form of w
is periodic in time and thus does not die away.

2. Except in very special cases, the eigenvalues A2 are not closely related to
each other. So in general, if u causes acoustic vibrations, the result will not
be musical to the ear. (A sound would be musical if, for instance, A,, = #Aq,
as in the case of the uniform string.)

3. In general, u(x, t) is not even periodic in time. Although each term in the
series for w is periodic, the terms do not have a common period (except in
special cases), and so the sum is not periodic.

EXERCISES
1. Verify the formulas for the a,, and b,. Under what conditions on f and g
can we say that the initial conditions are satisfied?

2. Check the statement that v(x) is the same for the heat conduction problem
and for the problem considered here.

3. Identify the period of T,(¢) and the associated frequency.

4. Although u(x, ¢) has no limit as t — 00, show that the following general-
ized limit is valid:

Ll
v(x) :Tlgxgo?fo u(x, t)dt.

(Hint: do the integration and limiting term by term.)
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5. Formally solve the problem

8 du plx) (8%u ou
a(s(x)a)Z > (Fﬂfa +qx)u, l<x<r, 0<t

with the boundary conditions Egs. (2) and (3) and initial conditions Egs.
(4) and (5), taking y to be constant.

6. Verify that w(x, t) as given in Eq. (15) satisfies the differential equation and
the boundary conditions Egs. (6)—(8).

7. In reference to the observations at the end of the section, prove the fol-
lowing statement: The product solutions of the problem in Egs. (6)—(8)
all have a common period in time if the eigenvalues of the problem in
Egs. (12)—(14) satisfy the relation

An :a(n+ﬂ)

where f is a rational number.

8. Find a separation-of-variables solution of the problem

dur 1 [d%u 2 B B
= = ul, <x<a, <
0x2 2\ 02 K

u(0,£)=0, wula,t)=0, 0<t

u(x, t) = f(x), Z—:(x, 0)=g(x), 0<x<a.

Is this an instance of the problem in this section? Which of the observations
at the end of the section are valid for the solution of this problem?

3.5 Estimation of Eigenvalues

In many instances, one is interested not in the full solution to the wave equa-
tion, but only in the possible frequencies of vibration that may occur. For
example, it is of great importance that bridges, airplane wings, and other struc-
tures should not vibrate; so it is important to know the frequencies at which a
structure can vibrate, in order to avoid them. By inspecting the solution of the
generalized wave equation, which we investigate in the preceding section, we
can see that the frequencies of vibration are A,,c /2w, n=1,2,3, - - -. Thus we
must find the eigenvalues A2 in order to identify the frequencies of vibration.
Consider the following Sturm-Liouville problem:

(s(x)9'Y —q(x)p + X2p(x)p =0, l<x<r (1)
(1) =0, ¢(r)=0 (2)
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where s, s’, g, and p are continuous, and s and p are positive for I < x <
r. (Note that we have a rather general differential equation, but very special
boundary conditions.)

If ¢, is the eigenfunction corresponding to the smallest eigenvalue A2, then
¢, satisfies Eq. (1) for A = A;. Alternatively, we can write

—(s¢) +qd1 =Aipp, l<x<r.

Multiplying through this equation by ¢, and integrating from [ to r, we obtain
f —(s¢y) ¢rdx + f qeidx =22 / poidx.
1 ! 1
If the first integral is integrated by parts, it becomes

— 5@l +/I s@|¢ldx.

But ¢, (1) = ¢1(r) = 0, so the first term vanishes and we are left with the
equality

/I s(@])Pdx +/z qéidx = Af/l poidx.

Because p(x) is positive for I < x < r, the integral on the right is positive
and we may define A? as

2 Jisleldx+ [ agtdx _ N(gy)

1 I poidx D(¢)

(3)

It can be shown that, if y(x) is any function with two continuous derivatives
(I < x < r) thatsatisfies y(I) = y(r) = 0, then

2 < N(y)

1= 50y E

By choosing any convenient function y that satisfies the boundary conditions,
we obtain from the ratio N(y)/D(y) an upper bound on A%. Usually this
bound is quite a good estimate. One should keep in mind that the graph of the
eigenfunction ¢, (x) does not cross the x-axis between I and r, so the graph of
y(x) should not cross the axis either.

Example.
Estimate the first eigenvalue of

¢ +A%p =0, 0<x<1
¢(0) = ¢(1) = 0.
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Let us try y(x) = x(1 — x), which satisfies the boundary conditions. Then
y'(x)=1—2and

1
N() :fo [/ ())2dx = /01(1 —2x)%dx = %
1 1 1
D(y) =f0 y*(x)dx :fo x*(1 — x)%dx = -y

Therefore N(y)/D(y) = 10. We know, of course, that ¢, (x) = sin(wx), and

2

1 T
N(¢) :f 7?2 cos*(wx)dx = —
. 2
1
D(¢) = f sin?(srx)dx = -
A 3

so N(¢1)/D(¢1) = A2 = n% < 10, confirming Eq. (4). O

Example.
Estimate the first eigenvalue of

1
(X¢l)’+lzz¢ =0, l<x<2
#(1) = ¢(2) = 0.
The integrals to be calculated are
. 2 o 1 2
N(y) :f x(y"Ydx, D(y) :f = dx.
1

1

The tabulation gives results for several trial functions. It is known that the first
eigenvalue and eigenfunction are

2 T \?
A2 :(ln—z) = 20.5423

. (mhhx
¢1(x):s1n( 7 )

The error for the best of the trial functions is about 1.44%.

y(x) ‘ VEQ - %) - 1) ‘ 2-x)(x—1) (Z—")Xﬁ
M 23.7500 22.1349 20.8379
D(y)
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This method of estimating the first eigenvalue is called Rayleigh’s method,
and the ratio N(y)/D(y) is called the Rayleigh quotient. In some mechanical
systems, the Rayleigh quotient may be interpreted as the ratio between poten-
tial and kinetic energy. There are many other methods for estimating eigenval-
ues and for systematically improving the estimates.

EXERCISES

1. Using Eq. (3), show thatif g > 0, then A2 > 0 also.

2. Verify the results for at least one of the trial functions used in the second
example.

3. Estimate the first eigenvalue of the problem
" +2X2(1+x)p=0, 0<x<1
#(0) = ¢(1) = 0.

4. Verify that the general solution of the differential equation below is
ax cos(A/x) + bx sin(A/x), and then solve the eigenvalue problem

)\’2

¢”+—4¢=0, l<x<2
x

¢(1)=0, ¢(2)=0.

5. Estimate the lowest eigenvalue of the problem in Exercise 4 using y =
(x— 12— x).

6. Estimate the lowest eigenvalue of the problem
"+ X 2x9p=0, 0<x<1
$(0) =0, ¢(1)=0.

Use the trial function x?(1 — x), and minimize the Rayleigh quotient with
respect to b.

7. Estimate the first eigenvalue of the problem
" —xp+22p=0 0<x<l
$(0) =0, ¢(1)=0.

Suggested trial functions: a low-degree polynomial or a simple trigonomet-
ric function.

8. Use Eq. (3), adapted to the problem in Exercise 7, to show that the first
eigenvalue for that problem is in the range

7r2<k§<7r2+1
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3.6 Wave Equation in Unbounded Regions

When the wave equation is to be solved for 0 < x < o0 or for —o¢ < x <
o0, we can proceed as we did for the solution of the heat equation in these
unbounded regions. That is to say, we separate variables and use a Fourier
integral to combine the product solutions.

Consider the problem

Pu_1vw .
ax2 2 a2’ il =

u(x,0) = f(x), 0<x (2)
du

a—r(x. 0)=g(x), 0<x (3)
u(0,1) =0, 0<t. (4)

We require in addition that the solution u(x, t) be bounded as x — oc.
On separating variables, we make u(x. t) = ¢(x)T(r) and find that the fac-
tors satisfy

T"+2%c*T =0, 0<t
" + 12 =0, 0<x
¢(0) =0, |¢(x)] bounded.
The solutions are easily found to be
@(x;2) =sin(ix), T(t; 1) = Acos(ict)+ Bsin(Act)

and we combine the products ¢(x; A)T(t; &) in a Fourier integral

u(x,t) = L-x (A(X) cos(ict) + B(A) sin(Aict)) sin(ix)dA. (5)
The initial conditions become
u(x,0) = f(x) = /oc A(X) sin(Ax)d A, 0<x
Ny 0

=(x,0) = g(x) = f AcB()sin(Ax)dA, 0 < x.

0

Both of these equations are Fourier integrals. Thus the coefficient functions
are given by

A(x) = 2,/‘ f(x)sin(Ax)dx, B(i)= —2—f g(x)sin(Ax)dx.
7 Jo e Jo
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It is sufficient to demand that [, | f(x)|dx and [, |g(x)|dx both be finite in
order to guarantee the existence of A and B.

The deficiency of the Fourier integral form of the solution given in Eq. (5)
is that the formula gives no idea of what u(x, t) looks like. The d’Alembert
solution of the wave equation can come to our aid again here. We know that
the solution of Eq. (1) has the form

u(x,t) = y(x+ct) +¢(x — ct).

The two initial conditions boil down to

Y(x)+ ¢(x) = f(x), 0<x
Y(x)—@x)=Gx)+ A, 0<x.

As in the finite case, we have defined

G(x) = f gly)dy

and A is any constant.
From the two initial conditions we obtain

Yr(x) 1 (f(x)+G(x)+A), x>0

Lol ]

P(x) = E(f(x)—G(x)—A). x > 0.
Both f and G are known for x > 0. Thus
Yi(x+ct) = %(f(x+cr)+G(x+ct)+A)

is defined forall x > 0Oand ¢ = 0. But¢(x—ct) is not yet defined for x—ct < 0.
That means that we must extend the functions f and G in such a way as to
define ¢ for negative arguments and also satisfy the boundary condition. The
sole boundary condition is Eq. (4), which becomes

u(0,t) = 0= y(ct) + ¢(—ct).
In terms of f and G, extensions of f and G, this is
0= f(ct)+G(ct)+ A+ f(—ct) — G(—ct) — A
Since f and G are not dependent on each other, we must have individually
flct)+ f(—=ct) =0, G(ct) — G(—ct) = 0.

That is, f is f, the odd extension of f, and G is G., the even extension of G.
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u(x.f)
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Figure 7 Solution of Egs. (1)-(4) with g(x) = 0. On the left are graphs of
folx +ct) (solid) and of f,(x — ct) (dashed) at the times shown. On the right
are the graphs of u(x, t) for 0 < x, made by averaging the graphs of the left.

Finally, we arrive at a formula for the solution

u(x,t) = % [f(x+ct)+ Ge(x +ct)] + % [fo(x —ct) — Ge(x —ct)]. (6)

Now, given the functions f(x) and g(x), it is a simple matter to construct f,
and G, and thus to graph u(x, t) as a function of either variable or to evaluate
it for specific values of x and t. By way of illustration, Fig. 7 shows the solution
of Egs. (1)-(4) as a function of x at various times, for f(x) as shown and
glx)=0.

Time-varying Boundary Condition
Another interesting problem that can be treated by the d’Alembert method is
one in which the boundary condition is a function of time. For simplicity, we
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take zero initial conditions. Our problem becomes

?u 1 9%u T D )
= — o < T, <X

ax2  c? ot

u(x,0)=0, 0<x (8)
du

—(x,0)=0, O0<x 9)
at

w(0,t)=h(t), 0<t. (10)

As u is to be a solution of the wave equation, it must have the form
u(x,t) = Y(x+ct) +¢(x —ct). (11)

The two initial conditions, Egs. (8) and (9), can be treated exactly as in the
first problem. Of course, G(x) = 0, and the constant A, being arbitrary, may
be taken as 0. The conclusion is that

¥vix)=0, ¢(x)=0 0<x.

Because both x and ¢ are positive in this problem, we see that ¥ (x + ct) = 0
always, so that Eq. (11) may be simplified to

u(x, t) = ¢p(x — ct). (12)

The boundary condition Eq. (10) will tell us how to evaluate ¢ for negative
arguments. The equation is

u(0,t) = ¢p(—ct)=h(t), 0<t. (13)

We now put together what we know of the function ¢:

0, q=>0

h (—%) q <0.

¢(q) = (14)

The argument g is a dummy, used to avoid association with either x or r.
Equations (12) and (14) now specify the solution u(x, t) completely.

Example.
Take h(t) as shown in Fig. 8. Note that the graph of ¢ for negative argument
is that of h, reflected. In other words, to make the graph of ¢(q), start from
the graph of h(t): (1) graph the even extension h.(t); (2) replace the right half
(from 0 up) with 0; (3) adjust scales so that g = —c where t = —1, etc.

The graphs in Fig. 9 show u(x, t) as a function of x for various values of .
It is clear from both the graphs and the formula that the disturbance caused
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LU]

i T2 3 t
/\Io(m
-3¢ -2‘c —:: 1 q

Figure 8 Graphs of h(t) and ¢(q) for semi-infinite string with time-varying
boundary condition.

by the variable boundary condition arrives at a fixed point x at time t = x/c.
Thus the disturbance travels with the velocity ¢, the wave speed. An example
is animated on the web site. O

A wave equation accompanied by nonzero initial conditions and time-
varying boundary conditions can be solved by breaking it into two problems,
one like Egs. (1)-(4) with zero boundary condition, and the other like Eqs.
(7)-(10) with zero initial conditions.

EXERCISES

1. Derive a formula similar to Eq. (6) for the case in which the boundary
condition Eq. (4) is replaced by

du
—(0,t)=0, O0<t.
ax

2. Derive Eq. (6) from Eq. (5) by using trigonometric identities for the prod-
uct sin(Ax)-cos(ict), and so forth, and recognizing certain Fourier
integrals.

3. Sketch the solution of Egs. (1)-(4) as a function of x at times t = 0, 1/2c,
1/c,2/¢,3/c, if g(x) = 0 everywhere and f(x) is the rectangular pulse

0, 0<x<l1
flx)y=11, lxx<?2
0, 2<x

4. Describe in words the solution of Exercise 3.

5. Use software to get graphs of the solution to Exercise 3 for times in the
interval 1/c <t < 2/c, especially for ¢t = 1.4, 1.5, 1.6.
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Figure9 Graphs of u(x, t) versus x for the semi-infinite string under the time-
varying boundary condition u(0, t) = h(t), with h(t) as shown in Fig. 6. The
shape seen in the last drawing will continue to travel to the right.

6. Same as Exercise 3, but f(x) = 0 and g(x) is the rectangular pulse

0, D<x<l
gxX)=1c, 1<x<2

0, 2<x:

7. Sketch the solution of Egs. (7)-(10) at times t = 0, 7/2, 7, 37/2, 27,
57/2,if h(t) = sin(t). Take ¢ = 1.

8. Sketch the solution of Egs. (7)-(10) at times ¢t = 0, 1/2, 3/2, and 5/2, if
¢ =1and

0. 0<t=<l1
hit)=11, 1<t<2
0; 2-<t.
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9. Find a function h(t) so that the solution of the problem Eq. (7)-(10) looks
like the solution of Exercise 3 for t large enough.

10. In general, if we know the solution (for example, an animation or video)
of the wave equation (1) for all x > 0 and for t > t*, is it possible to
determine the functions f, g and h in the conditions

u(x,0) = f(x), %(x. 0) =g(x), 0 <x,u(0,1)=h(t),0 <t

11. Use the d’Alembert solution of the wave equation to solve the problem

Pu 1 %u

Ry —<x<oo, 0<t
ax: c?at?

u(x,0) = f(x), -0 <X <0

du

E(X.O) =g(x), —00<x <o00.

12. The solution of the problem stated in Exercise 11 is sometimes written

X+ct

1 1
u(x,t) == (f(x+ct)+ f(x—ct)) + —[ g(z)dz.
2 2¢ Jy_ct
Show that this is correct by differentiating as needed and substituting into
the initial conditions. You will need Leibniz’s rule (see the appendix) to
differentiate the integral.

Project 3.2.
M. Yates and W.A. Jury (“On the use of virus transport modeling for deter-
mining regulatory compliance,” Journal of Environmental Quality 24 (1995)
1051-1055) cite the equation

acC a*C aC

— = —V— —=uRC, 0 : O<t
at dx? ax £ = =

to describe virus concentration C(x,t) in porous soil with moving
groundwater. The parameters are: R, reduction factor in virus movement due
to adsorption; D, diffusivity; V, pore-water velocity; u, rate of virus inacti-
vation. Typical values and units are shown in the table. These are all assumed
constant.

Parameter | Value | Units
R 2 (none)
% 0.67 | m/da
D 0.2 m?/da
n 0.3 1/da
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The authors offer the function

Clx. 1) = Cod (Rx — Vt)? _w)

X
. ex p—
VRD axt’ p( 4R Dt

as a solution of the differential equation. (Cyd is an input at x = 0). At fixed x,
this function has roughly the shape of a smooth (“Gaussian”) lump that peaks
at approximately t = Rx/y/V? + 4R Dpu. The height of the peak decreases ex-

ponentially in x.

Check that the equation is dimensionally homogeneous (each term
has the same dimensions) if x and t are measured in meters and
days.

Assuming that the solution has the form C(x,t) = ¢***"u(x, t), deter-
mine values of a and b so that the function u(x, t) satisfies a heat equation.

Expand the argument of the exponential and show that the linear terms in
x and t are exactly the ax + bt from part b.

Suppose that the second-order derivative is neglected in the differential
equation, leaving the first-order wave equation

a d aC d
R_Cz_V—C—uRC or R—+V—C=—uRC. 0<x, 0<t
at ax at ax

Introduce new variables w = Rx + Vt, z = Rx — Vt. Assume that C has
the form C(x, t) = W(w). Substitute into the partial differential equation
and find an ordinary differential equation for W(w). Solve the ordinary
differential equation.

Next assume that C(x, t) = ¥(w)¢(z), with W(w) as found above, and
show that /(z) is an arbitrary function.

Initial and boundary conditions are
C(x,0)= f(x), 0<x, C(0,¢t)=h(t), 0<t.

With C(x,t) = W(Rx + Vt)p(Rx — Vt), explain how these conditions
determine ¢(z) completely.

Conclude that, at fixed x, this function first has the shape given by the
function f in the initial condition, diminished by an exponential in #, until
Vt = Rx; and after that has the shape of the function / in the boundary
condition, reversed and diminished by an exponential in x.

. Suppose that f(x) = 0and h(t) has the shape of a Gaussian lump. Describe

C(x, t) in words.
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3.7 Comments and References

The wave equation is one of the oldest equations of mathematical physics.
Euler, Bernoulli and d’Alembert all solved the problem of the vibrating string
about 1750, using either separation of variables or what we called d’Alembert’s
method. This latter is, in fact, a very special case of the method of characteris-
tics, in essence a way of identifying new independent variables having special
significance. Wan’s Mathematical Models and their Analysis gives applications
to traffic flow and also discusses other wave phenomena. Allen’s An Introduc-
tion to Mathematical Biology explains some applications to population dynam-
ics. (See the bibliography.)

Because many physical phenomena described by the wave equation are part
of our everyday experience—the sounds of musical instruments, for
instance—they are often featured in popular expositions of mathematical
physics. The book of Davis and Hersch explains standing waves (product so-
lutions) and superposition in an elementary way. Of course, many other phe-
nomena are described by the wave equation. Among the most important for
modern life are electrical and magnetic waves that are solutions of special cases
of the Maxwell field equations. These and other kinds of waves (including wa-
ter waves) are studied in Main’s Vibrations and Waves in Physics; both exposi-
tion and figures are first rate.

The potential difference V between the interior and exterior of a nerve axon
can be modeled approximately by the Fitzhugh-Nagumo equations,

ﬂ_alvﬂ/ lvi-R
at  ax? 3

0

R —K(V+a-bR).

at

Here R represents a restoring effect and a, b, and k are constants. At first
glance, one would expect V to behave like the solution of a heat equation.
But a traveling wave solution

V(x,t)= F(x—ct), R(x,t)=G(x—ct),

of these equations can be found that shows many important features of nerve
impulses. This system and many other exciting biological applications of
mathematics are reported by Murray’s excellent book, Mathematical
Biology.

Another text that contains many applications of partial differential equa-
tions (and other mathematics) to biological problems is An Introduction to
Mathematical Biology by Linda ].S. Allen.

More information about the Rayleigh quotient and estimation of eigenval-
ues is in Boundary and Eigenvalue Problems in Mathematical Physics, by Sagan.
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The classic reference for eigenvalues, and indeed for the partial differential
equations of mathematical physics in general, is the work by Courant and
Hilbert, Methods of Mathematical Physics.

Chapter Review

See the web site for Review Questions.

Miscellaneous Exercises

Exercises 1-5 refer to the problem

2

°u 1 0°u
= — ; O<x<a, 0O0<t
ax: % or?
u(0,t) =0, ula,t)=0, 0<t
o
u(x,0) = f(x), a—t(x.()) =g(x), 0<x<a.

1. Take f(x) = 1,0 < x < a and g(x) = 0. (This is rather unrealistic if
u(x, t) is the displacement of a vibrating string.) Find a series (separation
of variables) solution.

2. Sketch u(x, t) of Exercise 1 as a function of x at various times throughout
one period.

3. The solution u(x, t) of Exercise 1 takes on only the three values 1, 0, or
—1. Make a sketch of the region 0 < x < a,0 < t and locate the places
where u takes on each of the values.

4. Take g(x) = 0and f(x) to be this function:

3hx 2a

— 0<x<—
f(X) = 2a

3h(a —x) 2a

= & XS

The graph of f is triangular, with peak at x = 2a/3. Find a series solution
for u(x, t).

5. Use d’Alembert’s solution to sketch u(x, t) of Exercise 4 as a function of
X at times 0 to a/c in steps of a /6¢.
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6. Find an analytic (integral) solution of this wave problem

2
“u
a2’

X

-0o<x<00, O0<t

Pu 1
=

[

DX

X c

u(x,0) = f(x), %(x. 0) =g(x), —oo0 < x <o0,

: h, |x| <e€
with g(x) =0and f(x) =
0, |x|>e:

7. Sketch the solution of the problem in Exercise 6 at times t = 0, € /c, 2¢/c,
3e/c.

8. Same as Exercise 7, but f(x) = 0 and

x| <€
glx) =
0, |x|>e.

9. Let u(x, t) be the solution of the problem

9%u 1 3%u
ﬁ = c_zﬁ 0<ix,: 0=t
u(0,t) =0, 0<t

u(x,0) = f(x). z—t;(x. 0)=g(x), 0<x.

Sketch the solution u(x, t) as a function of x at times t = 0, a/6c, a/2c,
5a/6c,7a/6c. Use g(x) = 0and

3hx
E—. 0<x < —
hia —
flx) = B X), 2—a<x<a
a 3
0, a<x.

10. Same task as in Exercise 9 but

sin(x), 0<x<m

flx)=

0, <X

and g(x) = 0. Sketch at times t = 0, 7w /4c, w/2¢, 37 /4¢c, w/c, 27 /c.
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11. Let u(x, t) be the solution of the wave equation on the semi-infinite in-
terval 0 = x = oo, with both initial conditions equal to zero, but with the
time-varying boundary condition

3 ct ma
sin (—) 0 <t =< —
u(0, t) = a €
ma
0, — < .

Sketch u(x, t) as a function of x at various times.

12. Same as Exercise 11, but the boundary condition is w(0.r) = h, for all
t=>0

13. Same as Exercise 11, but the boundary condition is

het

a
— D<t < —
a C
u(0, g § Bi2E—cE] & . . 24
a c s
2a
0. —_ I
c

14. Estimate the lowest eigenvalue of the problem

(e*¢") + 3¢ =0, O=<x=<1
@(0) =0, ¢(1)=0.

{This problem can be solved exactly.)

15. Estimate the lowest eigenvalue of the problem

(x') +22x =0, l<x <2
¢(ly=0, ¢(2)=0

16. Show that the nonlinear wave equation

(the Korteweg-deVries equation) has, as one solution,
ul(x,t) = 12a°sech’(ax — 4a’t).

A wave of this form is called a soliton or solitary wave,

17. The solution in Exercise 16 is of the form u(x, t) = f{x —ct). What is the
function f, and what is the wave speed ¢?



18.

19.

20.

21.
22,
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For t < 0, water flows steadily through a long pipe connected at x = 0
to a large reservoir and open at x = a to the air. At time ¢ = 0, a valve at
x = a is suddenly closed. Reasonable expressions for the conservation of
momentum and of mass are

du ap

e 0<x<a, O0<t (A)
a ,d
a—‘(: =_c"a—:. 0O<x<a, allt (B)

where p is gauge pressure and « is mass flow rate. If the pipe is rigid,
c2 = K/p, the ratio of bulk modulus of water to its density. Show that
both p and u satisfy the wave equation. The phenomenon described here
is called water hammer.

Introduce a function v with the definition u = dv/dx, p = —dv/dt. Show
that (A) becomes an identity and that (B) becomes the wave equation
for v.

Reasonable boundary and initial conditions for # and p are

u(x,0)=Up (constant), 0 <x <a

p(x,0) =0, 0D<x<a
p(0,1) =0, all ¢
u(a,t) =0, t> 0.

Restate these as conditions on v. Show that the first and third equations
may be replaced by

v(x,0)=Upx, O0<x<a
v(0,t) =0, all t.
Solve the problem in Exercise 20; find a series form for v(x, t).

In many problems involving fluid flow, the combination

d d

l + Vl

at ax
(called the Stokes derivative) appears. Here V is the speed of the fluid in
the x direction. If V equals u or otherwise depends on u, this operator is

nonlinear and difficult to work with. Let us assume that V is a constant,
so that the operator is linear, and define new variables

E=x+Vt, t=x-Vt, ulx,t)=v, 1)

Show that . 4 5
v =avI,
at  ax aE
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23. Assume that u(x, y, t) has the product form shown in what follows.
Separate the variables in the given partial differential equation.

ulx,y. t) = y¥(x+ Vt)op(x — V)Y(y),

u 1 [du Bu)
mie | Co e

ayr  k\ ot ax

24. A fluid flows between two parallel plates held at temperature 0. At the
inlet, fluid temperature is Tj and initially the fluid is at temperature Tj.

If V is the speed of the fluid in the x direction, a problem describing the
temperature u(x, y. t) is

2
au:l(%.’.\/au). O<y<b‘ Ot Q<

ayr  k \ ot ax

u(x,0,t) =0, u(x,b,t)=0, 0<x, 0<t
u(0, y, t) =Ty, O<y<b, 0<t
u(x,y,0)=T,, 0 < x, 0<y<b.

Make a separation of variables as in Exercise 23. State and solve the eigen-
value problem for Y. Show that

un(x, ¥, t) = $ulx — Vt)exp(=22k(x + V1)/2V) sin(h,y)

satisfies partial differential equation and boundary conditions at y = 0
and y = b, without restriction of ¢,, (except differentiability).

25. Show how to satisfy the initial and inlet conditions in the problem of
Exercise 24, by forminga sum of product solutions and correctly choosing
the ¢,,.

26. Find all functions ¢ such that u(x. t) = ¢(x — ct) is a solution of the heat

equation,
ax: kot
27. Take the constant ¢ = (1 + i)/wk/2 in Exercise 26 and show that the
functions

e P sin(wt — px), e P* cos(wt — px)
can be obtained from ¢(x — ct) and ¢(x — ¢t). (Here p = JwJ2k and ¢
is the complex conjugate of c. Refer to Exercise 6 in Section 2.10.)

28. Some nonlinear equations can also result in “traveling wave solutions,”
u(x, t) = ¢p(x — ct). Show that Fisher’s equation,

9?u  du (a )
= — —u(l —u),
ax2  at




29.

30.

31

32.

33.
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has a solution of this form if ¢ satisfies the nonlinear differential equation
¢"+co'+ (1 -¢)=0.
Show that the function u given below is a solution of the problem:

u 1 %u

ax2 2o’
u(0,t) =0, ula.t)=sin(wt), 0<t

O<x<a, 0<t

provided that the parameters are such that sin(wa/c) #0.

sin(wx/c) sin(wt)

M= el

If w = mc/a, the denominator of the function in Exercise 37 is 0. Show
that, for this value of @, a function satisfying the wave equation and the
given boundary condition is

ct | /mAx et X X\ . ct
u(x, t) = ——sm(—)cos — ] — —cos (—) sin| — ).
a a a a a a
A string in a musical instrument is typically not as flexible as assumed in

Section 3.1. For such a string the displacement u may satisfy the partial
differential equation

9%u w1 9%

ax2  axt 2o’
where ¢ = T/p as in Section 3.1, and € = EI/T with E = Young’s
modulus for the material, I = second moment of area. (See an elasticity
reference.)

0O<x<a, 0<t

Assuming that u(x, t) = ¢(x)T(t), carry out a separation of variable and
find the eigenvalue problem for ¢. Take the boundary conditions to be

u(0,1) =0, u(a,t) =0,

T oty L e, 0
Bxas 2 g &
Show that ¢(x) = sin(ux) satisfies the eigenvalue problem found in

Exercise 31, provided that 1 = nm/a and
2=l vepd
where —2%2 = T"(t)/c*T(t).

The values of A? are related to the frequencies of vibration of the string
mentioned in 31. Show that A, approaches nm/a for any fixed n as €
approaches 0.
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34. The longitudinal vibration of a thin rod has been described by Love (see
Bibliography) with the equation

%u 1 (8314 atu

—&

s 10 < <y OB
ot? ax2at?

ax: 2
Here, u(x, t) is the displacement of the points that are at x when there
is no motion; € = vK? where v is Poisson’s ratio and K is the radius of
gyration of a cross-section of the rod. Take boundary conditions

u(0,t) =0, u(a,t)=0
separate the variables by assuming u(x, t) = ¢(x)T(t). It will be useful to
name ¢” /¢ = —A>.

35. The eigenvalue problem in Exercise 34 is routine. Once that is solved, find
the differential equation for T'(t), solve it, and determine the frequencies
of vibration.

36. For the wave equation with Dirichlet boundary conditions and a forcing
function (see Section 3.1),

9%u 1 9%u  F(x,t)
ax2 2 ar2 H
u(0,t) =0, wu(a,t)=0, 0<t

9
u(x,0) =0, a—?(O.t)=0. O<x<a

0<x<a, 0<t

we expect that the solution should have the form

u(x, t) = f: T,(t) sin (?)

n=1

for an appropriate sequence of functions T,(t). To find those functions,
substitute the expected form into the partial differential equation to
obtain

=] B g - _ F(x,1)
Z c_l-dT*.A"T" sin(A,x) = H

n=1

To solve this equation, we can expand the right-hand side as a Fourier sine
series,

F(x,1) )
q =Zbu(t)sm()~,.x).

n=1

In order for this to be true, we must have

_2 & B(x, 1) . /nAx
ba(t) = ;](: g sin (—) dx.




37.
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Then we conclude that T,,(¢) must be the solution of

d’T,
dt?

) dT,
+ 5T, = by(2), T,(0) =0, d—r'(O) =0,n=1,2,-.-.

1
)

F(x.t)

Suppose that = f cos(wt).

a. Find the b, ().

b. Find the T,(t).

c. Discuss special cases.

In the article “A curved-beam bistable mechanism” (Journal of Micro-
electromechanical Systems, 13 (2004) 137-146), authors J. Qiu et al. are
interested in the shape of a beam with a compressive axial loading. If the

beam is clamped at both ends, the displacement w (perpendicular to the
long axis of the beam) satisfies the equations

d'w ,d*w

W+ dx2=0‘ O<x<a
w(0) =0, w(a)=0

dw dw

E(O)—O. E(n) = 0.

The parameter 42 is proportional to the axial load. Find the three smallest
values of A7 that allow nonzero solutions of the differential equation and
boundary conditions. The problem is not the same as a traditional eigen-
value problem, but the approach and solution methods are similar. Hint:
there appear to be two families of solutions.
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The Potential
Equation

» CHAPTER

4.1 Potential Equation

The equation for the steady-state temperature distribution in two dimensions
(see Chapter 5) is

Fu  Fu B

m + a—yz = 0.
The same equation describes the equilibrium (time-independent) displace-
ments of a two-dimensional membrane, and so is an important common part
of both the heat and wave equations in two dimensions. Many other physical
phenomena—gravitational and electrostatic potentials, certain fluid flows—
and an important class of functions are described by this equation, thus mak-
ing it one of the most important of mathematics, physics, and engineering.
The analogous equation in three dimensions is

Pu  *u u

+ — —_—

S v
axr  9yr  9z?

Either equation may be written V> = 0 and is commonly called the potential
equation or Laplace’s equation.

The solutions of the potential equation (called harmonic functions) have
many interesting properties. An important one, which can be understood
intuitively, is the maximum principle: If V2u = 0 in a region, then 1 cannot
have a relative maximum or minimum inside the region unless u is constant.
(Thus, if du/dx and du/dy are both zero at some point, it is a saddle point.)
If u is thought of as the steady-state temperature distribution in a metal plate,
it is clear that the temperature cannot be greater at one point than at all other

(©) 2010 Elsevier, Inc. All rights reserved. 261
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nearby points. For, if such were the case, heat would flow away from the hot
point to cooler points nearby, thus reducing the temperature at the hot point.
But then the temperature would not be unchanging with time. We return to
this matter in Section 4.5.

A complete boundary value problem consists of the potential equation in a
region plus boundary conditions. These may be of any of the three types

. ou du .
u given, — given, or c¢u+pf— given
on on

along any section of the boundary. (By du/8n, we mean the directional deriv-
ative in the direction normal or perpendicular to the boundary.) When u is
specified along the whole boundary, the problem is called Dirichlet’s problem;
if du/dn is specified along the whole boundary, it is Neutnann’s problem. The
solutions of Neumann’s problem are not unique, for if  is a solution, so is u
plus a constant.

It is often useful to consider the potential equation in other coordinate sys-
tems. One of the most important is the polar coordinate system, in which the
variables are

x =rcos(f), y=rsin(f),

r=4x+y?, 0=tan! (Z) .
x
By convention we require 7 > 0 (and the inverse tangent has to be adjusted for
the correct quadrant). We shall define

u(x, ¥) = u(r cos(8), r sin(9)) = v(r, 9)
and find an expression for the Laplacian of u,
5 ?u  d*u
Viy= o 4
axz  9y?
in terms of v and its derivatives by using the chain rule. The calculations are
elementary, but tedious. (See Exercise 7.) The results are

?u  , 8%v  2sin(f)cos(6) 8%v sin(9) 82v
— =cos“(f)— — —
9x2 or2 r 90ar rz 002
sin?(0) dv  2sin(0) sin(6) dv
+ 4 it
r or r2 a0
3%u 3%v  2sin(@) cos(8) 8%v  cos?(6) d%v

= sin?(8) — + kil
sin“(6) 32 6or = 12 262

o cos?(8) 8v  2sin(6) sin(8) dv
ror r2 a6
From these equations we easily find that the Laplacian in polar coordinates is
v 18wy 138 13 [ dv 1 8%
= r— |+ =—.
ar r2 862

ay?

V= — e =i
ar2  rar r29602 ror
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In cylindrical (r, 8, z) coordinates, the Laplacian is

V2 _18(31}) 1 9% 9%

e — |+ ==+ —.
v r or Tar r2 902  9z>

EXERCISES

1. Find a relation among the coefficients of the polynomial
plx,y) =a+bx+cy+dx*+exy+ fy*

that makes it satisfy the potential equation. Choose a specific polynomial
that satisfies the equation and show that, if 9p/3x and dp/dy are both
zero at some point, the surface there is saddle shaped.

2. Show that u(x, y) = x? — y* and u(x, y) = xy are solutions of Laplace’s
equation. Sketch the surfaces z = u(x, y). (These are hyperbolic para-
boloids. See a calculus text.) What boundary conditions do these func-
tions fulfill on thelinesx =0,x =a,y =0, y = b?

3. Ifasolution of the potential equation in the square 0 < x < 1,0 <y < 1
has the form u(x, y) = Y(y)sin(w x), of what form is the function Y? Find
a function Y that makes u(x, y) satisfy the boundary conditions u(x, 0) =
0, u(x, 1) = sin(mx).

4. Find a function u(x), independent of y, that satisfies the potential
equation.

5. What functions v(r), independent of 8, satisfy the potential equation in
polar coordinates?

6. Show that r"sin(n6) and r"cos(nf) both satisfy the potential equation in
polar coordinates (n =0, 1,2, ---).

7. Find expressions for the partial derivatives of u with respect to x and y in
terms of derivatives of v with respect to r and 6.

8. If u and v are the x- and y-components of the velocity in a fluid, it can
be shown (under certain assumptions) that these functions satisfy the

equations
d a
Ok O (A)
Jx dy
Gl a
o5 (B)
ay Ox
Show that the definition of a velocity potential function ¢ by the
equations
d¢ 9¢
= —— V= ——
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" y
A
A u=100
u = flx)
x b
u=0 Vig =0 u=0 é-0 V=0 u=0
ax
> X »
u=fx) @ u=0 a
(a) (b)
y
y A it—b
dy
b
3 _ol V=0 9 __
u=0| yi=o =100 D ¢ e
> X »=.X
@-0 P %-0 a
& dy
(c) (d)

Figure1 (a) u is displacement of a membrane; the graph of f(x) is an isosceles
triangle. (b) u is the temperature on a cross-section of a long bar. (¢) u is volt-
age in a rectangular sheet of conducting material. (d) ¢ is a velocity potential
(see Exercise 8). What are x— and y— velocities on the boundaries?

causes (B) to be identically satisfied and turns (A) into the potential equa-
tion. (See the Comments and References at the end of this chapter.)

9. For each of the cases in Fig. 1, (a) write out the problem in mathematical
form (partial differential equation and boundary conditions); (b) provide
an interpretation in words of the boundary conditions for the given inter-
pretation of the unknown function.

10. What differential equation is the one-dimensional potential equation?
What is the form of the solution of the one-dimensional Dirichlet prob-
lem? The one-dimensional Neumann problem?

4.2 Potential in a Rectangle

One of the simplest and most important problems in mathematical physics is
Dirichlet’s problem in a rectangle. To take an easy case, we consider a problem
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with just two nonzero boundary conditions:

32—u+&=0 O<x<a 0<y<b (1)
ax2 9yt 7 ’

u(x,0)= fi(x), O0O<x<a (2)
u(x,b) = fo(x), O0<x<a (3)
u(0, y) =0, O<y<b (4)
u(a, y) =0, 0<y<b. (5)

It is not immediately clear that separation of variables will work. However,
we have a homogeneous partial differential equation and some homogeneous
boundary conditions, so we can try the method. If we assume that u(x, y) has
a product form u = X(x)Y(y), then Eq. (1) becomes

X'0)Y(») + XY (y) =0.
This equation can be separated by dividing through by XY to yield:

Xll(x) 3 Yll(y)

X - YO) (©)

The nonhomogeneous conditions Egs. (2) and (3) will not, in general, become

conditions on X or Y, but the homogeneous conditions Egs. (4) and (5), as
usual, require that

X(0)=0, X(a)=0. (7

Now, both sides of Eq (6) must be constant, but the sign of the constant

is not obvious. If we try a positive constant (say p2), Eq. (6) represents two
ordinary equations

X —p’X =, Yap'¥=0
The solutions of these equations are
X(x) = Acosh(ux) + Bsinh(ux), Y(y) = Ccos(uy) + Dsin(uy).

In order to make X satisfy the boundary conditions Eq. (7), both A and B
must be zero, leading to a solution u(x, y) = 0. Thus we try the other possi-
bility for sign, taking both members in Eq. (6) to equal —A2.

Under the new assumption, Eq. (6) separates into

X"+A2X =0, Y -A*Y=0. (8)

The first of these equations, along with the boundary conditions, is recogniz-
able as an eigenvalue problem, whose solutions are

X, (x) = sin(A,x), )Lf, = (%)2.
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The functions Y that accompany the X’s are
Yn()’) = Qp COSh(An}’) * bn Sinh(lu}’)-

The a’s and b’s are for the moment unknown.

We see that X, (x)Y,(y) is a solution of the (homogeneous) potential Eq.
(1), which satisfies the homogeneous conditions Eqgs. (4) and (5). A sum of
these functions should satisfy the same conditions and equation, so u may
have the form

oC

u(x, y) = Z (ay cosh(A,y) + b, sinh(X,y)) sin(X,x). (9)

n=1

The nonhomogeneous boundary conditions Eqgs. (2) and (3) are yet to be
satisfied. If u is to be of the form above, the boundary condition Eq. (2)
becomes

u(x,0) = za,, sin (-r%{) = fi(x), 0<x<a. (10)
n=1

We recognize a problem in Fourier series immediately. The a,, must be the
Fourier sine coefficients of fy(x),

2: 4 . /nmx
= ;/(; f.(x)sm(T) dx.

The second boundary condition reads

u(x,0) = Y (a, cosh(uub) + by sinh(Gu,b)) sin ()

n=1

= fo(x), 0<x<a.
This also is a problem in Fourier series, but not as neat. The constant
a, cosh(A,b) + b, sinh(2,b)

must be the nth Fourier sine coefficient of f,. Since a,, is known, b, can be
determined from the following computations:

a, cosh(i,b) + b, sinh(x,b) = %[ fr(x)sin(A,x)dx = c,
0

¢, — a, cosh(i,b)

b = sinh(A,,b)
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If we use this last expression for b, and substitute into Eq. (9), we find the
solution

smh(k,, )
u(x, y) = Z[ inh(h Z)

cosh(A,b)

+a, [cosh(l,,y) - sinh(ob)

sinh(l,,y):l I sin(A,x). (11)

Notice that the function multiplying ¢, isOat y = Oand is 1 at y = b. Similarly,
the function multiplying a, is 1 at y = 0 and 0 at y = b. An easier way to write
this latter function is
sinh(A,(b — y))
sinh(a,b)

as can readily be found from hyperbolic identities.

Example.
Suppose f; and f; are both given by this function, whose graph is an isosceles
triangle:
2x a
— 0 <x <=
2

a
a—x a
2( ) - <Xx<a.
a 2

_ 8 sm(mr/Z)

cll . a"‘ =

filx) = folx) =

Then

n? n*

The solution of the potential equation for these boundary conditions is

i m(""')smh("'r ) + sinh(“=(b — )')) (?) (12)

8
uE)= n'_ snnh("””)

In Fig. 2 is a graph of some level curves, u(x, y) = constant, for the case where
a = b, and also a view of the surface z = u(x, y). Also see color figures on the
web site. O

Now we have seen a solution of Dirichlet’s problem in a rectangle with
homogeneous conditions on two parallel sides. In general, of course, the
boundary conditions will be nonhomogeneous on all four sides of the rec-
tangle. But this more general problem can be broken down into two problems
like the one we have solved.
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N=7/

‘x
\
\

<

172

X
(a) (b)

q“\-—-.

Figure 2 (a) Level curves of the solution u(x, y) of the example problem (see
Eq. (12)) for the case b =a = 1. Each curve is part of the locus of points that
satisfy u(x, y) = constant for constants 0 to 0.9 in steps of 0.1. For some con-
stants, the locus consists of more than one connected curve. (b) Perspective
view of the surface z = u(x, y).

Consider the problem
Viu =0, 0O<x<a, O0O<y<b (13)
u(x,0)= fi(x), 0<x<a (14)
u(x,b) = fr(x), 0<x<a (15)
u0,y)=g:(y), 0<y<b (16)
ula,y)=g(y). 0<y<b. (17)

Let u(x, y) = uy(x, y) + uz(x, y). We will put conditions on u; and u; so that
they can readily be found, and from them u can be put together. The most
obvious conditions are the following:

V2u, =0, Vi, =0
uy(x,0) = fi(x) wux,0)=0
u(x,b) = folx) wax,b)=0
u(0,y) =0 u3(0, y) = g1(y)
u(a,y) =0 ux(a, y) = ga(y).
It is evident that #; + u; is the solution of the original problem Egs. (13)-

(17). Also, each of the functions #, and u> has homogeneous conditions on

parallel boundaries. We already have determined the form of u,. The other
function would be of the form

A, sinh(ge,x) + B, sinh(p,(a — x))
sinh(ge,a)

u(x. y) =Y sin(uyy)

n=1

(18)
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where ., = nm/b, and

2 (b .
A= f sl el
0

2 [ .
By=2 / st
0

In the individual problems for u; and u,, the technique of separation of
variable works, because the homogeneous conditions on parallel sides of the
rectangle can be translated into conditions on one of the factor functions.

When the boundary conditions are not complicated functions, it may be
possible to satisfy some of them with a polynomial function. (See Exercises 1
and 2 of Section 4.1.) Then the difference between u and the polynomial is a
solution of the potential equation that satisfies some homogeneous boundary
conditions.

EXERCISES

1. Show that any two of the four functions sinh(Ay), sinh(A(b—¥)), cosh(Ay),
cosh(A(b — y)) are independent solutions of the differential equation Y” —
A2Y = 0 with A = 0. Thus, a linear combination of the two most con-
venient of the four can be used as the general solution of this differential
equation.

2. Show that the solution of the example problem may be written

.l
u(x, y) = 2 Z sm cosh( (y 2b)) . (ﬂ) .

cosh ( ””b) a

3. Use the form in Exercise 2 to compute # in the center of the rectangle in
the three cases: b = a, b = 2a, b = a /2. (Hint: Check the magnitude of the
terms to decide how many to use.)

4. Verify that each term of Eq. (9) satisfies Eqgs. (1), (4), and (5).
5. Solve the problem:
Viu=0, 0O<x<a, O<y<b
u(0,y) =0, wu(a,y)=0, O<y<b
u(x,0)=0, u(x,b)=f(x), 0O<x<a
where f is the same as in the example. Sketch some level curves of u(x, y).

6. Solve the potential problem on the rectangle 0 < x < a,0 < y < b,
subject to the boundary conditions: u(a, ) =1,0 < y < b,and u = 0 on
the rest of the boundary.
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7. Solve the problem of the potential equation in the rectangle 0 < x < a,
0 < y < b, for each of the following sets of boundary conditions.
Before solving, make a pictorial version of the problem as in Exercise 9 of
Section 4.1.

a. u(x,b) =100, 0 < x < a; u =0 on the other three sides of the
rectangle.

b. u(x,b) =100,0 < x < as;ula,y) = 100,0 < y < b; u = 0 on the
other two sides of the rectangle.

c. u(x,b)=>bx,0<x <asula,y)=ay,0 <y < b;u=0ontheother
two sides of the rectangle.

8. Solve the problem for u,. (That is, derive Eq. (18).)
9. Solve the problems represented in Figs. 1a, 1b, lc. (Section 4.2)

4.3 Further Examples for a Rectangle

In Section 4.2, we solved Dirichlet problems with separation of variables. The
same method applies to problems with other types of boundary conditions, as
shown in the following.

Example 1.
In this problem, the unknown function might be a voltage in a conductor. The
left and right sides are electrically insulated.

%u N 92u e B . 5
—+—=0, <x<a, <y<
ax? 3yl % ’4

ou ou

—(0,y) =0, —(a,y)=0, 0<y<b
0x 0x

u(x,0)=0, u(x,b)=Voxfa, 0<x<a

We have homogeneous conditions on the parallel or facing sides at x = 0 and
x = a. If we look for solutions in the product form u(x, y) = X(x)Y(y), we
find (as expected) that

X"(x) = _Y'G) = constant.

The conditions at x = 0 and x = a become

X'(0)=0, X'(a)=0.
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If we make the separation constant —\2, we find a familiar eigenvalue problem
for X whose solution is

Xo(x) = 1, )\.() =0
Xa(x) = cos(Apx), Ap=nmfa, n=1,2,---

For the factor Y (y), the differential equation is
Y=o, or YI—=12%,=0
with solution
Yo(y) =ao+boy or Y,(y)=a,cosh(A,y)+ bysinh(A,y).
Thus, the principle of superposition leads to the series solution
o0
u(x, y) = ag + by + Z(an cosh(A,y) + b, sinh(A,y)) cos(A,x).
n=1
The boundary condition at y = 0 becomes
o0
ap +Zuncos()tnx) =0, O0O<x<a
1
from which we see that all the a’s are 0. Then at y = b we have
00
bob + Z(b,, sinh(A,b)) cos(A,x) = Vox/a, 0<x <a.
n=1

This is a slightly disguised cosine series. The coefficients are

bob = lf Vo(x/a)dx
aJo

b, sinh(A,b) = 2] Vo(x/a) cos(A,x)dx.
0

See a color graphic of the solution on the web site. O

We have seen that the success of the separation of variables method depends
on having homogeneous boundary conditions at the ends of one of the inter-
vals involved. In Section 4.2 we mentioned splitting up a Dirichlet problem,
if necessary, to achieve this. The same splitting technique applies in problems
where boundary condition of other kinds are used. The principle is to zero the
conditions on two facing sides of the region and copy the rest.
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Example 2.
This problem may describe the temperature u(x, y) in a thin plate sandwiched
between insulating sheets.

Pu  du

— =i, <X.<a, 0O<y<b
ax?  ay?

du

—(0,y) =0, u(a, y) = Sy, O<y<b
0x

du

—a—(x. 0) =S, u(x,b) = Sbx/a, 0<x <a.
44

Since we have nonhomogeneous conditions on adjacent sides, we must split

the problem in order to solve by separation of variables. Here are the two
problems:

2 2 2 2

aﬂ(0. y) =0, uy(a,y)=0 %(0. y)=0, ua,y)=Sy
dax dx

duy duy

(x,0) =S, wu(x,b)=Sbx/a ~(x,0) =0, wxx,b)=0
ay dy

The solution of the original problem is the sum u = u, + u,. Here is the
reasoning in detail.

1. The potential equation is linear and homogeneous. By the Principle of Su-
perposition, the sum of solutions is a solution.

2. Atx = a, we have u(a,y) = 0+ Sy and at y = b we have u(x,b) =
Sbx/a + 0. Both conditions are satisfied.

3. From elementary calculus, we know

du  duy  duy du  duy " du,
ax odx dx  dy 9y oy

Then at the left and bottom boundaries, we have

P P
%0,9)=040, (x,0)=S5+0.
ax dy

These are satisfied as well.

Thus, it remains to solve the two problems for u; and u;. (See the Exercises.)
Here are product solutions: For u;:

cos(Aux)(ay cosh(r,y) + bysinh(A,y)), Ay=(n—3)a/a. n=1.2,---
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For us:

cos(ptny)(Ay cosh(p,x)+By, sinh(pnx)),  pn=(n—3)a/b, n=1,2,---.
O

The simple polynomial solutions that we found in Section 4.1, Exercise 1,
can be very useful in reducing the number of series needed for a solution. If
nonhomogeneous conditions are given on adjacent sides, and these are con-
stants or first-degree polynomials in one variable, a polynomial may be able to
satisfy enough of them to simplify the work.

Example 3.
Consider the Dirichlet problem with nonhomogeneous conditions on adja-
cent sides.

u  9*u

8x3+3y3=0' 0:< xi<a, 0O<y<b
u(0, y) =0, u(a,y)=g(y)., 0<y<b
u(x,0) =0, u(x,b)= f(x), 0<x<a.

To make it amenable to solution by separation of variables, we split it into two
problems.

Problem 1

has the mathematical expression
ﬂ ﬁzo, 0<x<a, O<y<b
ax:  ay?
(0, y) =0, uy(a,y) =0, 0O<y<b
u(x,0) =0, u(x,b)= f(x), 0<x<a.

Routine procedures, as presented in Section 4.2, determine the solution as

ui(x, y) = ib”M sin(4,x)
sinh(%,b)

n=1

2 a
with A, = n7/a and b, = ;f f(x)sin(4,x)dx.
0

Problem 2

is stated as
Puy 0wy
x> 9y?
u>(0, y) =0, ura, y)=g(y), 0<y<b
u>x(x,0) =0, ux(x,b) =0, O<x<a

=0, 0<x<a, O<y<b
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and it is clear that the solution of the original problem is the sum
uy(x, y) + ux(x, y). There is a shortcut way to find u,(x, y): Take the solu-
tion of the first problem, and swap x and y; a and b; f and g. For notational
clarity, we also introduce p, in place of 4, and B, in place of b,. Then we
have

_ = Sinh(ﬂux) :
uy(x, y) = E By,———— sin(,y)
n=1

"sinh(j,a)
nm ¥ :
= -, B, = _f g(y) Sln(u"'y)dy'
b b Jo

Of course, the integrations for the Fourier coefficients still have to be done,
but all the intermediate steps of separation of variables are skipped (except for
checking boundary conditions!).

This problem has another application. Suppose that b = a (so the region is a
square and 4,, = p,,), and also suppose that g(x) = — f(x), making B,, = —b,,.
Then for u(x, y) = ui(x, y) + u2(x, y) we have

>, sinh(k, ) sin(,x) — sinh(A,x) sin(4, y)
u(x, y) = ;b" Snh(oa) ;

Since the value of u on the diagonal of the square is u(x, x) which is identically
zero, this function is the solution of the problem on a 45-45-90 triangle:

Pu Du

—+—=0, O<x<y, O<y<a
ax?  dy?

u(0,y) =0, O<y<a

ulx,a)=f(x), 0<x<a
u(x, x) =0, O<x<a

Symmetry can be used in similar ways to solve complete problems with Dirich-
let or Neumann conditions on a 45-45-90 triangle. O

Example 4.
Refer to the problem in Example 2. The polynomial v(y) = Sy satisfies the
potential equation and several of the boundary conditions:

a
a—v(o.y)=0. v(a,y)=Sy, O0<y<b
X

Jv
—(x,0)=8, v(x,b)=8b, 0<x <a.
y
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Thus, we may set u(x, y) = v(y) + w(x, y) and determine that w must be the
solution of this problem, similar to the problem for u, in Example 2:

Fu Fu_ o @ 0 b
E T gyE <x<a, <y<
0
—w(O.y)=0, w(a,y) =0, O<y<b
ax
ow
E(x.O)zO. w(x,b)=8Sh(x—a)/a, 0<x<a
The solution is left as an exercise. O

Poisson Equation

Many problems in engineering and physics require the solution of the Poisson
equation,
V?u = —H in aregion R.

Here are three examples of such problems.

(1) uis the deflection of a membrane that is fastened at its edges, so that u = 0
on the boundary of R; H is proportional to the pressure difference across
the membrane. (See Section 5.1.)

(2) u is the steady-state temperature in a cross-section of a long cylindrical
rod that is carrying an electrical current; H is proportional to the power
in resistance heating. (See Section 5.2.)

(3) w is the stress function on the cross section R of a cylindrical bar or rod
in torsion (the shear stresses are proportional to the partial derivatives of
u); H is proportional to the rate of twist and to the shear modulus of the
material; # = 0 on the boundary of R.

If H is a constant, a polynomial of the form
P(x.y)= A+ Bx+Cy+ Dx*+ Exy + Fy?
is a solution of Poisson’s equation, provided that
2(D+F)=-H.

The other coefficients are arbitrary and may be chosen for convenience in sat-
isfying boundary conditions.

Example.

Find the deflection u of a membrane that is modeled by this problem. The
constant is H = p/o where p is the pressure difference (below to above) and
o is the surface tension in the membrane.
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A polynomial can be chosen that satisfies the partial differential equation
and boundary conditions on facing sides. For instance

v(x) = Hx(a — x)/2
satisfies the Poisson equation and two boundary conditions,
v(0) =0, v(a)=0.

Thus, we may set u(x, y) = v(x) + w(x, y) and determine that w is a solu-
tion of the problem

?w  w
— =il ki<, O<y<b
dx?  ay?
w(0, y) =0, w(a,y) =0, O<y<b
w(x,0) = —v(x), wix,b)=-v(x), 0<x<a.
The web site has color graphics of the solution. O

In general, if H is a polynomial in x and y, a solution can be found in the
form of a polynomial of total degree two higher than H. If H is a more gen-
eral function, it may be expressed as a double Fourier series (See Chapter 5),
and the partial differential equation can be solved following the idea of Section
1.11B.

EXERCISES

1. Solve the problem consisting of the potential equation on the rectangle
0 < x < a,0 < y < b with the given boundary conditions. Two of the

three are very easy if a polynomial is subtracted from u.

]
a. a—“(O. y) = 0; u = 1 on the remainder of the boundary;
X

b, 26 =6, 2 b= el =D e B) =1

b .y—.axa.y—,ux. =0, u(x.b)=1
du

c. a(x,()):O. u(x,b)=0; u(0,y)=1, ula,y)=0.

2. Same task as Exercise 1.
a. u(x.b) = 100; the outward normal derivative is 0 on the rest of the
boundary.

d
b. u(x,b) =100, u(0,y)=0, ula,y)= 100, a—"(x. 0) =0.
y

3. Finish the work for Example 1: find the b,,, form the series and check that
all conditions are satisfied.

4. In Example 2, check that the given product solution for u;(x, y) satisfies
the conditions and determine the coefficients a,, and b,,.
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In Example 2, check that the given product solution for u;(x, y) satisfies
the conditions and determine the coefficients A,, and B,,.

Explain the difference between the cosine series in Example 1 and the co-
sine series for u;(x, y) in Example 2. What is the source of the difference?

Finish the work for Example 3. That is, find w(x, y) as a series and check
that the boundary conditions are all satisfied.

Compare the amount of work involved in solving the problem of Example
2 (including Exercises 4 and 5) with the work for Example 3 (including
Exercise 7).

Finish the work of Example 4: find the solution, as a series, for w(x, y).
Form u(x, y) and use the first term of the series for w(x, y) to obtain an
expression for the value of u (%, 4). This would be the maximum deflec-
tion of the membrane.

Derive the condition on the coefficients so that the general second-degree
polynomial given below is a solution of the Poisson equation, V> p = —H,
where H is constant.

p(x,y)=A+Bx+Cy+ Dx*+ Exy+ Fy’.

a. Same task as Exercise 10, but H = K (x? + y?) and p is this part of the
general fourth-degree polynomial

p(x,y) = Ax* + Bx’y + Cx*y* + Dxy’ + Ey*
9%u " 9%u
ax2  ay?

=H, O0O<x<a, O<y<b

b. How many of these boundary conditions can be satisfied by p(x, y)?

u(0,y)=0, u(a,y)=0, 0<x<a
u(x,0) =0, u(x,b)=0, 0<y<b.
a. The problem represented in Fig. 1c has a solution that is a polynomial
in x and y. Find it.
b. Same take for Fig. 1d.

¢. How can you be certain that the solution of the problem represented
in Fig. 1b is not a polynomial?

Project 4.1

The steady temperature in a chip substrate was part of the study done in L. Wu,
“The thermoelastic analysis of chip-substrate system” (Journal of Electronic
Packaging, 126 (2004) 325-332). The author solved a problem similar to the
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following potential problem:

with f(x) =

u B 1 T 0 H
e, Byz_' ) <y<
u
—(*L.y)=0, 0 H
Bx( Y) A

du
u(%,0)= T (x;H)= f(x), —L<x<lL

ay

q/k, —B <x<B
0, elsewhere

In these equations, T = ambient temperature (constant); g = heat flow rate;
« = thermal conductivity.

a.

Before proceeding, make a pictorial representation of the problem in the
style of Fig. 1; sketch a graph of f(x); explain in words the boundary condi-
tion at y = H; based on your understanding of the physics of the problem,
sketch a graph of u(0, y) (temperature on the midline) for 0 < y < H.

By symmetry of the partial differential equation and the boundary condi-
tions, we may assume that u(x, y) is an even function of x and therefore

a
that a—"(O, y) =0,0 < y < H. We can simplify the problem to
x

s o+ &u =0, 0 L 0 H

axz 8)12 =V, <X < . < }/ <

d d

Yo p=0 XL, y=o, 0O<y<H

dx dx

du

u(x,0)=T, a(x. H)=f(x), 0<x<L

i = {110 8252

Solve this problem for u(x. y). In the separation of variables, be careful to
examine the case of A = 0.

Use software to obtain a surface graph or a contour graph of u(x, y) using
these parameter values: ¢ = 0.1 W/mm?, T = 25C, k = 0.17 W/mm/C,
B=10mm, H =L =50mm.

4.4 Potential in Unbounded Regions

The potential equation, as well as the heat and wave equations, can be solved
in unbounded regions. Consider the following problem in which the region
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involved is half a vertical strip, or a slot:

az“+82“=0. 0<x<a, O<y (1)
ax*  3y?

u(x,0)= f(x), 0<x<a (2)
u,y)=g(y), 0<y (3)
u(a. y) =ga(y). 0<y. (4)

As usual, we required that u(x, y) remain bounded as y — oc.

In order to make the separation of variables work, we must break this up into
two problems. Following the model of the preceding section, we set u(x, y) =
uy(x, y)+us(x, y) and require that the parts satisfy the two solvable problems:

Viu, =0, VZu, =0, 0O<x<a, O<y
ui(x,0) = f(x), wuz(x,0)=0, O<x<a

(0, y) =0, w0, ) =g1(y), O0<y

uy(a, y) =0, uz(a, y) =g(y), 0<y.

We attack the problem for u, by assuming the product form and separating
variables:

Xn(x) - Y”(}’) B Al

X(x) Y(y)

The sign of the constant —2? is determined by the boundary conditions at
x = 0 and x = a, which become homogeneous conditions on the factor X (x):

uy(x, y) = X(x)Y(y).

X(0)=0, X(a)=0. (5)

(We also can see that the condition to be satisfied along y = 0 demands func-
tions of x that permit a representation of an arbitrary function.)
The boundary conditions, Eq. (5), together with the differential equation

X"+xX=0 (6)

that comes from the separation of variables, constitute a familiar eigenvalue
problem whose solution is

2
X,,(x)=sin(£). A;’,:(ﬂ) . Ni=1,223 wnn
a a

The equation for Y is
Y =AY =0, 0<y.
In addition to satisfying this differential equation, ¥ must remain bounded as
y — oc. The solutions of the equation are ¢*” and e~**. Of these, the first is
unbounded, so
Yu(y) = exp(—=Aay).
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Finally, we can write the solution of the first problem as

u(x, y) = ia,, sin (?) exp (—:;7:}’)- (7)

n=1

The constants a,, are to be determined from the condition at y = 0.

The solution of the second problem is somewhat different. Again we seek so-
lutions in the product form u>(x, y) = X(x)Y(y). The homogeneous bound-
ary condition at y = 0 and the boundedness condition become conditions on

Y(y):
Y(0) =0, Y(y) bounded as y — oo.

Then the potential equation becomes
xﬂl(x) + Y”(y) _
X(x)  Y(y)

and both ratios must be constant. If Y”/Y is positive, the auxiliary conditions
force Y to be identically 0. Thus, we take Y”/Y = —p? or Y’ + u?Y = 0 and
find that the solution that satisfies the auxiliary conditions is

(8)

Y(y) = sin(puy).
for any ;> 0. Then, the general solution of the equation X"/ X = p? is

sinh(zex) sinh(p(a — x))
sinh(ua) sinh(ua)

X(x)=A

We have chosen this special form on the basis of our experience in solving the
potential equation in the rectangle.

Since p is a continuous parameter, we combine our product solutions by
means of an integral, finding

_[* sinh(1x) sinh(u(a — x))7 .
uz(x.y)—fn I:A(“)s—inh(ua)+B(”)7sinh(ua) ]sm(uy)d.u- 9

The nonhomogeneous boundary conditions at x = 0 and x = a are satisfied if

u(0, ) = f B(w)sin(uy)dp = g,(y), 0 <y
0

uy(a,y) = f A(p)sin(uy)dp = g2(y), 0 < y.
0

Obviously these two equations are Fourier integral problems, so we know how
to determine the coefficients A(z¢) and B (). An example of this kind of prob-
lem is shown on the web site.
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The potential equation can also be solved in a strip (0 < x < a, —00 <
y < 00), a quarter plane (0 < x, 0 < y), or a half plane (0 < x, —oc0
< y < 00). Along each boundary line, a boundary condition is imposed, and
the solution is required to remain bounded in remote portions of the region
considered. In general, a Fourier integral is employed in the solution, because
the separation constant is a continuous parameter, as in the second problem
here.

EXERCISES

Slot
1. Find a formula for the constants a,, in Eq. (7).

2. Verify that u;(x, y) in the form given in Eq. (7) satisfies the potential
equation and the homogeneous boundary conditions.

3. Find formulas for A(x) and B(pu) of Eq. (9).

4. Solve the potential equation in the slot, 0 < x < a,0 < y, for each of
these sets of boundary conditions.
a u(0,y)=0, wula,y)=0, 0<y; u(x,00=1, 0<x<a
b. u(0,y)=0, ula,y)=e”, 0<y; u(x,00=0, 0<x<a

e u(0,y)=f(y) = [(l) 22);'.<b

u(x,0)=0, 0<x<a.

u(a,y)=0, 0<y;

5. Solve the potential equation in the slot, 0 < x < a,0 < y, for each of
these sets of boundary conditions.
du
a. a(O.y):O, u(a,y)=0, 0<y; u(x,00=1, 0<x<a

d
b. a—u(O.y)=0. u@a,y)=e¢’, 0<y; u(x,00=0, 0<x<a
x

e u(0,y) =0, u(a-}')=f(}’)={(l): g:id,

ﬂ(x.0)=0. 0<x <a.
dy

6. Show that, if the separation constant had been chosen as —p? instead of
w? in solving for u, (leading to Y” — pu?Y = 0), then Y(y) = 0 is the
only function that satisfies the differential equation, satisfies the condition
Y(0) = 0, and remains bounded as y — oc.

7. Solve the problem of potential in a slot under the boundary conditions

u(x,0)=1, u(0,y)=ula,y)=e’.
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8. Show that the function v(x, y) given here satisfies the potential equation
and the boundary conditions on the “long” sides in Exercise 7, provided
that cos(a/2) #0.

cos (x —3a) _

v(x,y) =
) cos (3a)

What partial differential equation and boundary conditions are satisfied
by w(x, y) = u(x, y) — v(x, y), if u is the function of Exercise 72

9. Show that u(x, y) = x is the solution of the potential equation in a slot
(Eq. (1)-(4)) under the boundary conditions: f(x) = x, gi(y) = 0,
g2(y) = a. Can this solution be found by the method of this section?

10. a. Show that the function given below is a solution of the potential equa-
tion in the horizontal slot0 < x,0 < y < 7.

2 sin(y) )
,y) = — arct
u(x, y) = arctan (sinh(x)
b. Determine the boundary conditions that u satisfies at y = 0 and at

y=1.

c. Use a limiting process to determine the boundary condition that u
satisfies at x = 0.

d. Find a value a for which it is true that |u(x, y)| < 0.001 if x > a.

11. Solve the potential equation in the slot 0 < y < b, 0 < x for each of the
following sets of boundary conditions:

a. u(0,y)=0, u(x,0)=0, u(x.b):f(x)z{l‘ 0<x<a

0, a<x
b. u(0,y)=0, u(x,0)=e* u(x,b)=0.
Strip
12. Find product solutions of the potential problem in a strip:
Pu  *u
-+ —=0, 0<x<a, —-0<y<oo
dx?  dy?

subject to the boundedness condition: u(x, y) bounded as y — +o00.

13. Solve the potential problem consisting of the equation and boundedness
conditions from Exercise 12 and the boundary conditions

u0,y)=0, u(a,y)=e ", —00<y<c.

14. Show how to solve the potential problem of Exercise 12 together with the
boundary conditions

w0, y) =g1(y), ula,y)=g(y), —o00<y<oo,

where g, and g are suitable functions.
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15. Solve this problem in a horizontal strip

3*u  d’u

—+—=0, —00<x<00, O<y<bd
dax?  09y?

a—u(x. 0) =0, u(x,b)=e, —00o<x<o0

16. Solve this problem in a strip.
*u  du
—+—=0 -oco0o<x<o0o, O<y<bd
ax2  9y?

e*, 0<x <00

u(x,0)= f(x) = 0 —oo<x<0; u(x,b) =0, —o0c < x <00

Quarter Plane

17. Find product solutions of this potential problem in the quarter plane:
axz  ay?
u(0,y) =0, u(x,0)= f(x).

Note that u(x, y) must remain bounded as x — oo and as y — o0.

=0, 0<x, O<y

18. Solve the potential equation in the quarter plane, x > 0, y > 0, subject to
the boundary conditions

u(0,y)=e”, y>0, u(x,0)=e™*, x>0.

19. Solve this problem in the first quadrant:

*u  9’u

a—;cl)'?)F:O‘ 0<x<o0o, O0<y<o

ou

a—(O,y):O. 0<y, u(x,0)=¢e", 0<x
X

Half Plane )
20. The function u(x, y) = — arctan(x/y) for y > 0 plays somewhat the
T

same role for the potential equation that the error function plays for the
heat equation. Verify these properties of the function.

3*u " *u
* dy?
b. u(0,y)=0, 0<y<oo

=0, —x<x<oo, 0O<y<oc

c. u(—x,y)=—u(x, y),so uis an odd function of x.
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d. u(x,0) =sgn(x)
e. u(x,y) —> +lasx — +oo.

21. Find product solutions of the potential equation in the half-plane y > 0:

?u  u

—+—=0, —o0o<x<00, O<y<oo
ax:  ay?

u(x,0) = f(x), —o0<x < o00.

What boundedness conditions must u(x, y) satisfy?
22. Show that the function u(x, y) = sin(;rx/a) sinh(zy/a) satisfies the
potential problem
Viu =0, O<x<a, O0<y
u(0,y)=0, wu(a,y)=0, 0<y

u(x,0)=0, 0<x<a.

This solution is eliminated if it is also required that u(x, y) be bounded as
y —> OC.

23. Solve this problem in the upper half plane.

9%u 2 *u 0 0
— =0, —00<Xx <00, <y <00
ax*  dy? Y

u(x,0)=e

—lxl
24. Solve this problem in the upper half plane.

S EH o s s, 0 oo
=0, —-00<Xx< 00, <y<
ax2  y? ¥

1, —B B
u(x,0) = f(x) = [0 Ix| ><l; &

25. Solve this problem in the upper half plane.

33u+82u_0 <x<oo, 0<y<oo
a2t 3y 4 . y

e ™, 0<x<oo
u(x,0) = f(x) = IO' —00<x<0

26. Convert your solution of Exercise 21 into the following formula. (See
Section 2.11.)

LN . y :
u(x,y) = = [x f(x)y2+(x—-x’)3dx
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1T ¢

Figure 3 Project 4.2. Two strips crossed. The voltage is measured in the vertical
strip.

27. Use the formula in Exercise 26 to solve the potential problem in the upper
half plane, with boundary condition. (Do the integration.)

1, 0<%

u(x.0)=f(x)={0 £ <0

28. Solve the problem stated in Exercise 21 if the boundary function is

1, |x|<a,
f(x)=l

0, |x|>a.

Project 4.2

In “An improved transmission line structure for contact resistivity measure-
ments” (L.P. Floyd, et al., Solid-State Electronics 37 (1994) 1579-1584), a strip
of conducting material is carrying a current in the direction of its length. A
second, long, conducting strip of width L is placed at right angles to the first,
forming a cross (Fig. 3). A voltage is to be measured by a probe on the sec-
ond strip some distance from the first. In the second strip, the voltage V(x, y)
satisfies the boundary value problem

v v

ax2+ 557 =0, 0<x<L, O<y

av v
—(0,y)=0, —(L,y)=0, O0<y; V(x,0)=f(x), 0<x<lL
dx ax
In this problem, x is in the direction of current flow in the lower strip; y is

in the direction of the length of the second strip; y = 0 at the edge of the lower
strip. Of course, V is bounded as y — oc.
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a. Solve this boundary value problem for V in terms of f(x).

b. The authors of the article say that any measurement of V(x, y) made at a
distance y greater than 5L is independent of x. Explain this statement, and
determine what value (in terms of f) would be measured.

Project 4.3

In the article “A production planning and design model for assessing the ther-
mal behavior of thick steel strip during continuous heat treatment” (W.D.
Morris, Journal of Process Engineering, (2001) 53—63) the author models the
temperature T(x, y) of a long steel strip that comes out of an oven at x = 0,
moving to the right, where it is exposed to coolant air (Fig. 4). These equations
enter into the modeling (see the Table of Notation):

e Conservation of energy/steady-state heat equation, derived by considering
conservation of energy for a rectangle of dimensions Ax by Ay that is fixed
in space. (See Sections. 5.1 and 5.2.)

vaT 3°T 9T
——=—+—, 0<x, —b<y<b
kox 8x2  3y?

e Symmetry condition

aT
—(x,0)=0, 0 <x
ay

e Cooling by convection at the surface. (See Section 2.1, Eq. (10).)
aoT
—rca—(x, b) =h(T(x,b) —T;), 0 <x
y

e Condition at entry to cooling line (at x = 0)
TO,y)=Ty,, -b<y<b

The author treats the strip as infinite. In fact, typical dimensions are 100 m in
the x-direction and 2 cm in the y-direction, so that the ratio of x to y lengths
is on the order of 10*.

Next, these dimensionless variables are introduced.

_T_T“ Y:Z,X:E

9_ ’
Th—T, b b

and these dimensionless parameter combinations appear in the equations:

bv _@

=—, B
4 kK’ K
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] y strip speed v >

T ).
(| mm ¢

oven <---t---% cooling line

Figure 4 Project 4.3. Coordinate system for metal strip. The oven is in the
region x < 0; the cooling line is in x > 0.
The problem in terms of dimensionless variables and parameters is:

do _ &0 o 0<X 0<Y <l
Yax = axz " ayz e S
20

—(X,0)=0, 0<X

ay

a0
W(X, 1)=—-B6(X.,1), 0<X

6(0,Y) =1, 0 <Y <]

a. Solve the problem for the case of a high Biot number, B — 00, which
means that (X, 1) = 0,0 < X.

Table of Notation
h convection coefficient (W/m’K)
K thermal conductivity of steel (W/mK)
L length of cooling line
T(x.y) temperature in the strip
T temperature of coolant
To temperature of the strip at entry to cooling line
v strip speed (m/s)
k thermal diffusivity of steel (m?/s)
B Biot number (dimensionless)

b. Solve the problem for the case of a low Biot number, B = 0, which means
a0
that —(X,1)=0,0 < X.
aY

4.5 Potential in a Disk

If we need to solve the potential equation in a circular disk x> + y? < ¢, itis
natural to use polar coordinates r, 6, in terms of which the disk is described
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by 0 < r < c¢. We found in Section 4.1 that the potential equation in polar
coordinates is

18 ( ov 1 3%

-——\|lr— )+ —=-—=0

rar \ or r206?

There are some special features of this coordinate system. First, it is clear that
some coefficients of the Laplacian are negative powers of r. Thus, we must
enforce a boundedness condition at r = 0. Second, 8 and 6 + 27 refer to the
same angle. Therefore, we must require that the function v(r, 8) be periodic
with period 27 in 8.

The Dirichlet problem on a disk can now be stated as

li(ra—v)+i82—v:0, 0<r<c (1)
ror \_ or r2 06?2

v(c,0) = f(8) (2)
v(r,0 +2m)=v(r,0), O0<r<c (3)
v(r,#) bounded as r — 0+ (4)

By assuming v(r, #) = R(r)Q(6#) we can separate variables. The potential
equation becomes

1@MYQ+%RQ”=Q
r r
Separation is effected by dividing through by RQ/r?:
r(rR'(r)y + Q"(6) _
R(r) Q(6)

As usual, both terms must be constant. We know that if Q”/Q is a posi-
tive constant, then Q will be exponential, not periodic. Therefore we choose
Q"/Q = —A? and obtain this singular eigenvalue problem:

Q"+2*Q=0 (5)
Q(6 +2m) = Q) (6)
The accompanying equation for R(r) is
r(rRY —A*R=0 @)
R(r) bounded as r — 0 +. (8)

The general solution of Eq. (5) (if A > 0) is
Q(0) = Acos(A0) + B sin(Af).

This function is periodic for all A, but the period is 277 only if A is an integer.
Thus we have A, = n,n = 1,2,---. In addition, if A = 0, we have a peri-
odic solution that is any constant. Thus, the solution of the singular eigenvalue
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problem of Egs. (5) and (6) is

r=0, Quf)=1
Ap=mn, Q,(0)= Acos(nf)+ Bsin(nd), n=1,2,3,--

The novelty here is that we have two eigenfunctions for each eigenvalue
TR [ T
Knowing that A2 = n?, we can easily find R(r). The equation for R becomes

PR"+rR —n’R=0, O0<r<c

when the indicated differentiations are carried out. This is a Cauchy-Euler
equation, whose solutions are known to have the form R(r) = r®, where «
is constant. Substituting R = r%, R’ = ar®"!,and R” = a(a — 1)r®* 2 into it
leaves

(a(a— 1)+a—n2)r"‘ =0, O<r<ec.

As r® is not zero, the constant factor in parentheses must be zero—that is,
« = £n. The general solution of the differential equation is any combination
of r™ and r ~". The latter, however, is unbounded as r approaches zero, so we
discard that solution, retaining R,(r) = r". In the special case n = 0, the two
solutions are the constant function 1 and In(r). The logarithm is discarded
because of its behavior at r = 0.

Now we reassemble our solution. The functions

% 1=1, r"cos(nd), r"sin(nd) 9)

are all solutions of the potential equation, so a general linear combination of
these solutions will also be a solution. Thus v(r, 8) may have the form

v(r,0) =ag+ Zanr”cos(nQ) + Z b,r" sin(no). (10)

n=1 n=1

At the true boundary r = ¢, the boundary condition reads

v(c,0) =ap+ Zc” (ancos(nf) + b, sin(nh)) = f(0), —m <0 <um.

n=1
This is a Fourier series problem as in Section 1.1, solved by choosing
1 b2
= — 0)do,
ao m ) f©)

1

ch

- f FO)cosud)d6, by = f " F(O)sin(no)de.  (11)

T
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Example.
Consider the problem consisting of Eq. (1)—(4) with

0, —m<0<-—-m/2,
v(c,0)=f(6)=11, —-m/2<6 <mn/2,
0, n/2<6 <m.
The solution is given by Eq. (10), provided that the coefficients are chosen
according to Eq. (11). Since f(8) is an even function, b, = 0, and

1 . 1
ag= ;[Q f@0 =,

an = - f f(0)cos(nb)db = 2t 2) .
Tc" Jy nmc"
Therefore, the solution of the problem is
1 & 2sin(nm/2) r"
v(r,0) = 5 + nZZI: G — cos(n@). (12)

The level curves of this function are all arcs of circles that pass through the
boundary pointsr = ¢, 8 = +7/2, where f(6) jumps between 0 and 1. Along

the x-axis, the function has the simple closed form 5 + = tanY(x/c).
i1

The web site has a color graphic of the solution. O

Properties of the Solution

Now that we have the form Eq. (10) of the solution of the potential equation,
we can see some important properties of the function v(r, ). In particular, by
setting r = 0 we obtain
1 i 1 i
0,0) =ay=— 0)dg = — ,0)do. 13
v(0,80) = ag S ,,,f() o ﬂv(c ) (13)
This says that the solution of the potential equation at the center of a disk is
equal to the average of its values around the edge of the disk. It is easy to show
also that
1 14
v(0,0) = —f v(r, 6)do (14)
2m J_

w
for any r between 0 and ¢! This characteristic of solutions of the potential
equation is called the mean value property. From the mean value property, it is
just a step to prove the maximum principle mentioned in Section 4.1, for the
mean value of a function lies between the minimum and the maximum and
cannot equal either unless the function is constant.
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An important consequence of the maximum principle—and thus of the
mean value property—is a proof of the uniqueness of the solution of the
Dirichlet problem. Suppose that u and v are two solutions of the potential
equation in some region R and that they have the same values on the bound-
ary of R. Then their difference, w = u — v, is also a solution of the potential
equation in R and has value 0 all along the boundary of R. By the maximum
principle, w has maximum and minimum values 0, and therefore w is iden-
tically 0 throughout R. In other words, u and v are identical. But also, if the
difference w is small in absolute value on the boundary of R then w is small
throughout R. This observation sometimes allows us to replace a complicated,
exact solution with a simpler, approximate one.

Other Regions

The necessary periodicity for 8 for the solutions in a full disk leads to the spe-
cial eigenvalue problem in Egs. (3) and (4). In a sector of a disk, for instance
a quarter or half of a disk, homogeneous conditions on the straight sides will
lead to an ordinary eigenvalue problem.

Example.
Solve this potential equation on a half disk:

18 v 1 8%v
— + =0, 0<fl<m O<r<c

- r_ - —

ror \ or r? 962

v(r, 0) =0, vir,m)=0, O<r<c
v(c, 0) = f(8), 0<fO<m

The separation of variables as done in the previous part of the section leads to
the eigenvalue problem

Q" +A*Q=0
Q0)=0, Q(r)=0
This is an ordinary problem with solution
Q,(0) =sin(n), A,=nmw forn=1,2,---.

The equation for the second factor is the same as Eq. (7), with the same bound-
edness condition expressed in Eq. (8). The bounded solutions are just R,(r) =
r*» = r". Therefore our product solutions are

vu(r,0) =r"sin(nh), n=1,2, --

and the series solution, formed as a linear combination of product solutions,
is simply

v(r,0) = Z b,r"sin(n@).

n=1
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The coefficients are chosen to satisfy the nonhomogeneous boundary condi-
tion at r = ¢. For instance, if f(8) =6,0 < 8 < m, we would find that

—2 cos(nm)

nc"

T
b= if 0 sin(n0)do = O
Tc™ Jo
The situation is quite different if nonhomogeneous conditions are given on
the straight sides of a sector and a homogeneous condition is given on the arc.
In this case, a change of variable makes the solution simpler, as shown in the
following example.

Example.

Solve this problem on a quarter disk.
10 av 1 8% T
-——r—]+=—=0, 0<@ < —, O<r<c
ror \_ or r2 962 . 2
v(r, 0) =0, v(r,z):f(r), O<r<c
v(c,0) =0, 0<0<E

X

Make the following change of variables: r = ce™, x = —In(r/c). The range
on x is 0 to 0o. Also, designate v(r, 8) = v(ce ™, 0) = w(x, 8). By the chain

rule,
ov  dw 1 v ow
—=——), andr— = ——.
or  0x r ar 0x
18 [ dv 1 8%w
Therefore - — | r — | = — —, and the potential equation becomes
ror \ or r2 9x?
10w 13%w
r2 9x2  r? 90?
The common factor can be cancelled, leaving the ordinary potential equation

in variables x and 6, with 0 in a finite range.
The boundary conditions now are

=0, 0<0<%, 0<x<o0.

w(x, 0) =0, w(x,%):f(ce_x), 0<x<x

T
w(0,60) =0, 0<9<E.

Following the procedure of Section 4.4, we find product solutions
w(x, 0; A) = sin(Ax) sinh(Af), 0 < A
and combined solutions in the form of a Fourier integral,

[~ : sinh(A0)
w(x, 0) —]; B(A) s1n(Ax)mdA
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with y oo
B(p) = —/ f(ce ™) sin(Ax)dx.
T Jo

The solution of the original problem can be recovered now by replacing x with
—In(r/c). O

EXERCISES
1. Solve the potential equation in the disk 0 < r < c if the boundary condi-
tionisv(c,0) = |0|,— 7w <6 < .

2. Sameas Exercise 1 ifv(c,0) =0, —m < 6 < m.Is theboundary condition
satisfied at § = +x?

3. Same as Exercise 1, with boundary condition

v(c,0) = f(g) - {(C)(’)S(Q)s ;tfge{fw;eg <m/2

4. Same as Exercise 1 if

-1, —-mwT<6<0
f(g)_{ 1, 0<f8<m

5. Find the value of the solution at r = 0 for the problems of Exercises 1, 2,
3 and 4.

6. a. Show by differentiating and substituting that the function
2 2r sin(6
v(r, 8) = —arctan Ln()
T 1—r2
satisfies the potential equation in the disk with radius 1.

b. Use a limiting process (as r approaches 1—) to show that the given
function also takes value +1 on the upper semicircle and value —1 on
the lower semicircle.

7. Ifthe function f (@) in Eq. (2) is continuous, piecewise smooth, and satis-
fies f(—m+) = f(w—), what can be said about convergence of the series
for v(c, 0)?

8. The solution of Egs. (1)—(4) can be written in a single formula by the
following sequence of operations:
a. Replace 8 by ¢ in Eq. (11) for the a’s and b’s;

b. Replace the a’s and b’s in Eq. (10) by the integrals in part a;
c. Use the trigonometric identity

cos(n@) cos(ng) + sin(n) sin(neg) = cos(n(6 — ¢));
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d. Take the integral outside the series;

e. Add up the series (see Section 1.10, Exercise 1). Then uv(r, ) is given
by the single integral (Poisson integral formula)

c2—r?

1 T
v(r, 0) = 27 [ﬂ f(¢)cz +7r2— 2rccos(f — ¢)d¢'

9. Show that

v(r,0) =ap+ Z r~" (a, cos(nf) + b, sin(nd))

n=1

is a solution of Laplace’s equation in the region r > ¢ (exterior of a disk)
and has the property that |v(r, 8)| is bounded as r — oco.

10. If the condition v(c, 8) = f(6) is given, what are the formulas for the a’s
and b’s in Exercise 9?

11. Solve Laplace’s equation in the quarter disk0 < 6 < 7/2,0 < r < ¢, sub-
ject to the boundary conditions v(r, 0) = 0, v(r, w/2) = 0, v(c, 0) = 1.

12. Generalize the results of Exercise 11 by solving this problem:

13 ( v 1 3%
-——|r—]+=—=0, 0<f@<an, O0<r<c
or r2 962

r or
v(r,0) =0, v(r,ar)=0, 0<r <c,
v(c,0) = f(8), 0<8 <an.

Here, « is a parameter between 0 and 2.
13. Solve the problem stated in Exercise 12, taking o = 1/2 and f(6) = 1.
14. Suppose that @ > 1 in Exercise 12. Show that there is a product solution

a
with the property that a—v(r, ) is not bounded as r — 0+.
r

15. Solve the problem consisting of the potential equation on the half
disk,0 < 6 < m,0 < r < ¢, with boundary conditions

v(r,0)=0, v(r,m)=1 0<r<c
v(c,0)=0, 0<0 <m.

4.6 Classification of Partial Differential Equations
and Limitations of the Product Method

By this time, we have seen a variety of equations and solutions. We have con-
centrated on three different homogeneous equations (heat, wave, and
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potential) and have found the qualitative features summarized in the following
tabulation:

Equation Features
Heat Exponential behavior in time. Existence of a limiting
(steady-state) solution. Smooth graph for ¢ > 0.

Wave Oscillatory (not always periodic) behavior in time.
Retention of discontinuities for ¢ > 0.

Potential  Smooth surface. Maximum principle. Mean value
property.

These three two-variable equations are the most important representatives
of the three classes of second-order linear partial differential equations in two
variables. The most general equation that fits this description is

2 2 2
04 5 0% e, 5%, g9 e e
0&2 3€dn an? o0& an
where A, B, C, and so forth, are, in general, functions of & and 5. (We use
Greek letters for the independent variables to avoid implying any relations to
space or time.) Such an equation can be classified according to the sign of
B? — 4AC:
B2 —4AC < 0: elliptic
B2 —4AC =0: parabolic
B? —4AC > 0: hyperbolic.

Because A, B, and C are functions of £ and 1 (not of u), the classification of an
equation may vary from point to point. It is easy to see that the heat equation
is parabolic, the wave equation is hyperbolic, and the potential equation is
elliptic. The classification of an equation determines important features of the
solution and also dictates the method of attack when numerical techniques are
used for solution.

The question naturally arises whether separation of variables works on all
equations. The answer is no. For instance, the equation

W0 B%u
(E+n )352 +3n2 =0

does not admit separation of variables. In general, it is difficult to say just
which equations can be solved by this method. However, it is necessary to have
B =0.

The region in which the solution is to be found also limits the applicabil-
ity of the method we have used. The region must be a generalized rectangle.
By this we mean a region bounded by coordinate curves of the coordinate
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system of the partial differential equation. Put another way, the region is de-
scribed by inequalities on the coordinates, whose endpoints are fixed quanti-
ties. For instance, we have worked in regions described by the following sets of
inequalities:

0<x><sia; 0<t
0<x 0<t
- <x<o0, 0<t
0<x<a, 0<y<b
Oi<r<e, —nmr <0 <m.

All of these are generalized rectangles, but only one is an ordinary rectangle.
An L-shaped region is not a generalized rectangle, and our methods would
break down if applied to, for instance, the potential equation there.

There are, as we know, restrictions on the kinds of boundary conditions
that can be handled. From the examples in this chapter it is clear that we need
homogeneous or “homogeneous-like” conditions on opposite sides of a gener-
alized rectangle. Examples of “homogeneous-like” conditions are the require-
ment that a function remain bounded as some variable tends to infinity, or the
periodic conditions at # = +x (see Section 4.4). The point is that if two or
more functions satisfy the conditions, so does a sum of those functions.

In spite of the limitations of the method of separation of variables, it works
well on many important problems in two or more variables and provides in-
sight into the nature of their solutions. Moreover, it is known that in those
cases where separation of variables can be carried out, it will find a solution if
one exists.

EXERCISES

1. Classify the following equations:
0%u
a. -
axay
*u N ?u  u
dax?  dxdy 0y’
Pu  Pu Fu
+ —
ax*  dxdy 9y?
a%u %u - ’u  du
dx? axdy dy> dy
P*u  u  du -
S a9 oy
2. Show that, in polar coordinates, an annulus, a sector, and a sector of an
annulus are all generalized rectangles.
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3. In which of the equations in Exercise 1 can the variables be separated?
4. Sketch the regions listed in the text as generalized rectangles.

5. Solve these three problems and compare the solutions.
Toaxt o ayr
u(x,0)= f(x), 0<x<l1
u(0,y)=0, wu(l,y)=0, 0<y
*u  u
axt ay?’

0, O<x<l, 0y

0<x<l, O<y

u(x,0) = f(x) 8"(x 0)=0, 0<x<l1
i - - b —_— o =0,
dy

u©0,y)=0, u(l,y)=0, O0<y
P*u  du
—=e— O<x<l, Oy
ax*  dy
u(x.0)= f(x), 0<x<l1
u(0,y)=0, u(l,y)=0, O0<y
6. Show thatif f,, f5, -- - all satisfy the periodic boundary conditions
fl=m)= f(x), f'(=n)=f'(n),

then so does the function ¢, f; + ¢, f, + - - - . where the ¢’s are constants.

7. Longitudinal waves in a slender rod may be described by this partial differ-
ential equation
’u B au 9'u
axt o “axtar’
Show how to separate the variables.
8. Deflections of a thin plate and slow flow of a viscous fluid may both be
described by the biharmonic equation

axt T oaxiayr oyt
Assume that u(x, y) = X(x)Y(y) and show that the variables don’t sepa-

rate. Show that, under the additional assumption X"/ X = —22, a differen-
tial equation for Y results.

4.7 Comments and References

While the potential equation describes many physical phenomena, there is
one that makes the solution of the Dirichlet problem very easy to visualize.
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Suppose a piece of wire is bent into a closed curve or frame. When the frame
is held over a level surface, its projection onto the surface is a plane curve
C enclosing a region R. If one forms a soap film on the frame, the height
u(x, y) of the film above the level surface is a function that satisfies the poten-
tial equation approximately, if the effects of gravity are negligible (see Chap-
ter 5). The height of the frame above the curve C gives the boundary condi-
tion on u. For example, Fig. 2b shows the surface corresponding to the prob-
lem solved in Section 4.2. A great deal of information about soap films is in
the book The Science of Soap Films and Soap Bubbles by C. Isenberg. (See the
bibliography.)

It turns out that the potential equation (but not all elliptic equations) is
best studied through the use of complex variables. A complex variable may be
written z = x + iy, where x and y are real and i* = —1; similarly a function of
z is denoted by f(z) = u(x, y) + iv(x, y), u and v being real functions of real
variables. If f has a derivative with respect to z, then both u and v satisfy the
potential equation. Easy examples such as polynomials and exponentials lead
to familiar solutions:

Z2=(x+iy)=x2—y +i2xy
e* =™ = ¢%elY = ¢* cos(y) + ie* sin(y).

In(z) = % ln(.wc2 - yz) +1 tan"(y/x)‘

(See Section 4.1, Exercises 1, 2; Section 4.4, Exercises 17, 18; Section 4.5, Ex-
ercise 6; Miscellaneous Exercise 24 in this chapter.) Knowing these elementary
solutions often helps in simplifying a problem.

In certain idealized fluid flows (steady, irrotational, two-dimensional flow
of an inviscid, incompressible fluid) the velocity vector is given by V = —
grad ¢, where the velocity potential ¢ is a solution of the potential equation.
The streamlines along which the fluid flows are level curves of a related func-
tion ¥, called the stream function, which also is a solution of the potential
equation. The two functions ¢ and  are the real and imaginary parts of a
function of the complex variable z. The level curves ¢ = constant and ¥ =
constant form two families of orthogonal curves called a flow net. The flow
net in Fig. 5, for ¢ = x* — y? and yy = 2xy (the real and imaginary parts
of the function f(z) = z%), illustrates flow near a corner formed by two walls.
Many other flow nets are shown in the book Potential Flows: Computer Graphic
Solutions by R.H. Kirchhoff. Civil engineers sometimes sketch a flow net by eye
to get a rough graphical solution of the potential equation for hydrodynamics
problems.

Where a physical boundary is formed by an impervious wall, the velocity
vector V must be parallel to the boundary. This fact leads to two boundary
conditions. First, the wall must coincide with a streamline; thus v = constant
along a boundary. Second, the component of V that is normal to the wall must
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Figure 5 Streamlines (solid) and equipotential curves (dashed) for flow in
a corner. The streamlines are described by the equation 2xy = constant,
with a different constant for each one. Similarly, the equipotential curves are
described by the equation x*> — y* = constant.

be zero there, as no fluid passes through it; thus the normal derivative of ¢ is
zero, d¢/dn = 0, at a boundary. See Miscellaneous Exercises 38—40.

Chapter Review

See the web site for Review Questions.

Miscellaneous Exercises

1.

Solve the potential equation in the rectangle 0 < x < a,0 < y < b with
the boundary conditions

u@,y)=1, u(a,y)=0, 0<y<b
u(x,0)=0, u(x,b)=0, 0<x <a.

If a = b in Exercise 1, then u(a/2, a/2) = 1/4. Use symmetry to explain
this fact.

Solve the potential equation on the rectangle 0 < x < a,0 < y < b with
the boundary conditions

u(0, y) =1, u(a,y) =1, 0O<y<b

Ju du
—(x,0)=0, —(x,b)=0, 0<x<a.
dy dy
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4. Same as Exercise 3, but the boundary conditions are

ad
u(0, y) =1, i(a.y)zo. 0<y<b
dx

d
u(x,0) =1, —"(x.b)=0. 0<x<a.
y

5. Same as Exercise 3, but the boundary conditions are

u(0, y) =1, ula,y)=1, 0<y<b
3—u(.ac. 0)=0, ulx,b)=0, 0<x <a.
ay

6. Same as Exercise 3, but the boundary conditions are
u0,y)=1, wula,y)=0, 0<y<b

u(x,0)=1, wu(x,b)=0, 0<x <a.

7. Same as Exercise 3, but the region is a square (b = a) and the boundary
conditions are

uw(©0,y)= f(y), ula,y)=0, 0<y<a
u(x,0)= f(x), wu(x,a)=0, 0<x<a,

where f is a function whose graph is an isosceles triangle of height / and
width a.

8. The function u given below satisfies the potential equation on the square,
< x<l,0<y <l.

[=.¢]
1
u(x, y) = Z A, cos(i,x)sinh(A,y), where A, = (n - E) .

n=1

The boundary conditions are:
u
—(0,y)=0, u(l,y)=0, 0<y<l
ax
u(x,0) =0, u(x,1)=1, 0<x<1

a. Draw a picture to represent the problem as in Fig. 1.

b. Why is there no Ay?

(2]

1
. Whyis A, = (n— 5) w?

d. Find the correct expression for A,,.



10.

11.

12.

13.

14.

4.7 Comments and References 301

Every term in the series below comes from the separation of variables so-
lutions of the problem consisting of the potential equation on the square,
0 < x < 1,0 < y < 1 with these boundary conditions.

u(0,y)=0, u(l,y)=f(y), 0<y<l

b
@(x.0)=0. i(x.l):(), D<x <l
dy dy

o0
u(x, y) = Box + Z B, cos(nmy) sinh(nmx)

n=1

a. Explain the term Byx.
b. Determine formulas for the Bsif f(y) =y,0 <y < 1.

Let v(x, y) be the solution of the potential equation in the rectangle 0 <
x < a,0 < y < m with the same boundary conditions at y = 0,
y = m and x = 0 as in Exercise 10 of Section. 4 and boundary condition
v(a, y) = 0,0 < y < m. Verify and explain this statement: Ifa > 5, then
Jv(x, y)—u(x, y)| < 0.01 throughout the rectangle. Hint: See “Properties
of the solution” in Section 4.5.

Solve the potential equation in the rectangle 0 < x < a,0 < y < b, with
the boundary conditions

d
u(0.y) =0, a—Z(a.y)=0. 0<y<b

u(x,0)=0, u(x,b)=x, 0 <% <a.
Find a polynomial of second degree in x and y,
v(x,y) = A+ Bx+Cy + Dx* + Exy + Fy*,
that satisfies the potential equation and these boundary conditions:

v(0,y) =0, 0<y<b

v(x,00=0, v(x,b)=x, 0<x<a.
Find the problem (partial differential equation and boundary conditions)
satisfied by w(x, y) = v(x, y) — u(x, y), where u and v are the solutions

of the problems in Exercises 11 and 12. Solve the problem. Is this problem
easier to solve than the one in Exercise 117

Solve the potential equation in the region 0 < x < a, 0 < y with the
boundary conditions

u(x,0) =1, O<x<a

u(0,y)=0, u(a,y)=0, 0<y.
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15. Find the solution of the potential equation on the strip 0 < y < b,
—00 < x < 00, subject to the conditions that follow. Supply bound-
edness conditions as necessary.

l, —a<x<a
HE,0) [0. x| > a
u(x,b)=0, —-ooc<x<o0

16. The function u given below satisfies the potential equation on the semi-
infinite strip, 0 < x < 00,0 <y < b

cosh(A(b — y))

in(ix)da
cosh(ib) s

u(x, y) = /‘00 B())
0

and also the boundary conditions

u(0,y)=0, 0<y<l1

u(x,0) = f(x), g—;(x. b)y=0, 0<x<oo
a. Why does the cosh in the numerator have a b — y instead of y?
b. Why is cosh in the denominator?
¢. How should the coefficient function B(4) be determined?

17. Solve this problem in a horizontal strip

u + i 0 o0 o0, 0 b
R T My = < < B < <
ax  ay? = %

du B _Jet 0<x<o0
E(X.O)—O. ll(X.b)—{O — 50,0

18. Show that the function u(x, y) = tan~'(y/x) is a solution of the potential
equation in the first quadrant. What conditions does u satisfy along the
positive x- and y-axes?

19. Solve the potential problem in the upper half plane,

B, T, o0 0, 0
=0, = <X < s <
ax?  9y? &
u(x,0) = f(x), —oc0<x<o0,

taking f(x) = exp(—«|x|).

20. Apply the formula below (see Section 4.4, Exercise 26) for the solution of
the potential problem in the upper half plane if the boundary condition
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isu(x,0) = f(x), where

f(x)= 0, x<0,

1;- x> 0

x —x')?

u(x,y) = ifa’ f(x')édx'
1 TJ-x }"" +( )
21. Apply the formula in Exercise 20 to the case where f(x) = 1, —oo
< x < 0¢. The solution of the problem should be u(x. y) = 1.

22. Verify that the function given below
a. satisfies the potential equation in the upper half-plane, —00 < x <
00,0 < y;

b. takes the values u(x,0) =0forx < —1,u(x,0)=1forx > 1;

a
c. satisfies a—u(x.O) =0 =152

u(x, y) = % + %arcsin (% (\/(x +1)2+y2 — \/(x —-1)2 +y3)) x

This problem cannot be solved by separation of variables. It is a result
from the theory of complex variables.

23. Solve the potential equation in the quarter plane 0 < x, 0 < y, subject to
the boundary conditions

u(x,0)= f(x), 0<x
u,y)= f(y)., 0<y.

The function f that appears in both boundary conditions is given by the

equation
I, O0<x<a
f(x) B [0, i %

24. a. Find the separation-of-variables solution of the potential problem in
a disk of radius 1 if the boundary condition is u(1, 8) = f(8), where

—” —
f6) = [7{ -0,
b. Show that the function given in polar and Cartesian coordinates by

rsin(@)
1-r cos(G))

=2tan"( Y )
1—x

60, —-m<6<0,
0<@ <m.

u(r,0) =2tan™" (
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satisfies the potential equation (use the Cartesian coordinates) and the
boundary condition. The following identity is useful:

sin(8) (n —9)
———— =tan :
1 —cos(0) 2

c. Sketch some level curves of the solution inside the circle of radius 1.

25. Solve the potential equation in a disk of radius ¢ with boundary

conditions
1 0<f@<m

u(c,6) = {0. T <0 <0’
26. What is the value of u at the center of the disk, in Exercise 25?

27. Same as Exercise 25, but the boundary condition is
u(c,0) =|sin(@)|.

28. For the potential problem on an annular ring

19 *u 3 1 9%u o, b
- — —_—— = ), < <0,
r vy a<r

ror ar
show that product solutions have the form
Ag+ Byln(r), (Co+ Dy8)In(r),
or
r" (A, cos(nf) + B, sin(n@)) + r~" (C, cos(n@) + D,, sin(n@)) .

29. Solve the potential problem on the annular ring as stated in Exercise 28
with boundary conditions

u(@,0)=1, u(b.6)=0.

30. Find product solutions of the potential equation on a sector of a disk with
zero boundary conditions on the straight edges.

Viu =0, 0<r<c, 0<0 <«
u(r,0)=0, u(r,e)=0

31. Solve the potential problem in a slit disk:

Viu=0, 0<r<c, 0<0 <27
u(r,0) =0, u(r,27) =0
u(r,8)= f(@), 0<80 <2m.



32.

33.

34.
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Solve the problem consisting of the potential equation on a quarter disk,

0<8 < %,O < r < 1, with boundary conditions
v(r,0) =0, v(r.%):r. 0<r<l
»(1,0)=0, 0<8 < %

Solve the problem consisting of the potential equation on a half disk,
0 <6 <m,0<r < 1, with boundary conditions

v(r,0)=0, v(irm)=r(1-r), 0<r<l1
v(1,0)=0, 0<6 <nm.

Classify the following “name” equations (i) by order and number of inde-
pendent variables and (ii) as linear or nonlinear. If linear, further classify
as (iii) homogeneous or nonhomogeneous and (iv) constant coefficients
or not. For linear, second order, two-variable equations, (v) classify as
elliptic, hyperbolic or parabolic, and (vi) determine whether or not the
equation is separable in principle. (Remember that separability depends
on the region as well as the equation.) Assume that p, T are known func-
tions, Greek letters are known constants.

du du 1 ap 9%u

. o + uo— = _;ﬂ + vez [Navier-Stokes equation]
o 92
b. a—‘: = ka_xl; [Heat/diffusion equation]
" Pu 3% (W -
2 =g ave equation
ot? ax? 1
9 a*
d. a;_,‘ — —cza—xl; [Vibrating beam/elastic wave equation]
%u  d*u
e. — + — =0 [Potential or Laplace equation
ax>  3y? [ P q ]
3%u  9*u . .
f. — + — = —p(x,y) [Poisson equation]
ax?  dy?
du  8’u
g — =k— +o(u' = T*) [Heat equation with radiation]
at 0x?
d d
h =X =f—= [A wave equation]
at 0x
. 10u  d%u +yu—T) [Heat i th tion]
i Lot —am vy (u eat equation with convection
.1 9%u d%u du . )
j- = +a—  [Wave equation with transport]

2o ax? dx
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35.

36.

37.

38.
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v dv " 9%

—
dx? ax  dy?
(Flow past a plate) A fluid occupies the half plane y > 0 and flows past
(left to right, approximately) a plate located near the x-axis. [f the x and y
components of velocity are Uy + u(x, y), and v(x, y), respectively (U, =
constant free-stream velocity), under certain assumptions, the equations
of motion, continuity, and state can be reduced to

k. x?

=0 [Potential equation]

8u: av (I_Mz)é)l+8v

— — =0,
dx dx  dy

ay
valid for all x and y > 0. M is the free-stream Mach number. Define the
velocity potential ¢ by the equations u = d¢/dx and v = d¢/dy. Show
that the first equation is automatically satisfied and the second is a partial
differential equation that is elliptic if M < 1 or hyperbolicif M > 1.

(Continuation) If the plate is wavy—say its equation is y = € cos(ax)—
then the boundary condition that the vector velocity be parallel to the wall
is

v(x, € cos(ax)) = —ea sin(ax) (Up + u(x. € cos(ax))).

This equation is impossible to use, so it is replaced by
v(x, 0) = —eaUpsin(ax)

on the assumption that € is small and u is much smaller than Uj. Using
this boundary condition, and the condition that u(x, y) — 0as y —
00, set up and solve a complete boundary value problem for ¢, assuming
M<l.

(Continuation) By superposition of solutions (@ ranging from 0 to o)
find the flow past a wall whose equation is y = f(x). Hint: Use the bound-
ary condition

v(x,0) =Upf'(x) = f [A(a) cos(ax) + B(a)sin(ax)] da.
0

In hydrodynamics, the velocity vector in a fluid is V = — grad(u), where u
is a solution of the potential equation. The normal component of velocity,
du/dn, is 0 at a wall. Thus the problem

Viu=0, 0<x<l, 0<y<l,

du ou
—(0, =0, —(1, =—1, 0 1;
Bx( Y) Bx( y) ==

du ou
—(x,00=0, —(x,1)=1, O<x<]l,
ay dy



39.

40.

41.

42,

43.

44,

45.
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represents a flow around a corner: flow inward at the top, outward at the
right, with walls at left and bottom. Explain why, in a fluid flow problem,

it must be true that 8
/ M s =0 ()
c 31’1

if u is a solution of the potential equation in a region R, 9u/dn is the
outward normal derivative, C is the boundary of the region and s is arc
length.

Under the conditions stated in Exercise 38, prove the validity of (). Hint:
Use Green’s theorem.

The Neumann problem consists of the potential equation in a region R
and conditions on 8u/3# along C, the boundary of R. Show (a) that

0
f—uds=0
cBn

is a necessary condition for a solution to exist, and (b) if u is a solution of
the Neumann problem, so is # + ¢ (c is constant).

Show that u(x, y) = %(y2 — x?) is a solution of the problem in Exercise
38.

a. Show that the given function is a solution of the potential equation.

b. Find the gradient of u and plot some vectors V = — grad(u) near the
origin.
_ -1
u(x, y) = —tan (x) .

The flow field (See Exercise 38) given by this function is called an irro-
tational vortex.

Same tasks as in Exercise 42. The flow field given by this function is called
a source at the origin.

u(x,y)=—1In (\/m) .

Solve this potential problem in a half-annulus (sketch the region). At
some point, it may be useful to make the substitution s = In(r).

19 [ du 1 3%u
——r—)+==-—==0, l<r<e, O0<fO<mw
ar r2 962

r or

u(1,0) =0, u(e,0)=0, 0<fO<m

u(r,0) =0, ulr,m)=1, l<r<e
Solve the Poisson equation, V24 = — f, in polar coordinates by finding a
function that depends only on r for:
a. f(r,0)=1

b. f(r,0) :riz
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5.1 Two-Dimensional Wave Equation: Derivation

For an example of a two-dimensional wave equation, we consider a membrane
that is stretched taut over a flat frame in the xy-plane (Fig. 1). The displace-
ment of the membrane above the point (x, y) at time ¢ is u(x, y, t). We assume
that the surface tension o (dimensions F/L) is constant and independent
of position. We also suppose that the membrane is perfectly flexible; that is,
it does not resist bending. (A soap film satisfies these assumptions quite ac-
curately.) Let us imagine that a small rectangle (of dimensions Ax by Ay
aligned with the coordinate axes) is cut out of the membrane, and then apply
Newton’s law of motion to it. On each edge of the rectangle, the rest of the
membrane exerts a distributed force of magnitude ¢ (symbolized by the ar-
rows in Fig. 2a); these distributed forces can be resolved into concentrated
forces of magnitude o Ax or o Ay, according to the length of the segment in-
volved (see Fig. 2b and Fig. 3).

Looking at projections on the xu- and yu-planes (Figs. 4a, 4b), we see that
the sum of forces in the x-direction is o Ay(cos(8) — cos(x)), and the sum of
forces in the y-direction is Ax(cos(8) — cos(y)). It is desirable that both these
sums be zero or at least negligible. Therefore we shall assume that &, 8, ¥, and
8 are all small angles. Because we know that

ou du
tan(ar) = Fye tan(y) = I

and so forth, when the derivatives are evaluated at some appropriate point near
(x, ), we are assuming that the slopes du/dx and du/dy of the membrane are
very small.

(©) 2010 Elsevier, Inc. All rights reserved. 3 09
doi:10.1016/B978-0-12-374719-8.00006-2.
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o

- — Y
P
% Frame

Figure 1 Frame in the xy-plane.

v} y
T AX
A A
- — G Ay o Ay
o AX
1 AX | L 1
X X
(a) (b)

Figure2 (a) Distributed forces. (b) Concentrated forces.

u G AX
o AY
oAy -
o
o AX
/// 4 X

Figure 3 Forces on a piece of membrane.

G AX
o AY _J_ffi%
C; % YV
X Ay o Ax
X y

(a) (b)

Figure 4 Forces (a) in the xu-plane; (b) in the yu-plane.
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Adding up forces in the vertical direction, and equating the sum to the mass
times acceleration (in the vertical direction) we obtain

2

o Ay(sin(B) — sin(a)) + o Ax(sin(8) — sin(y)) = prﬁr%

where p is the surface density [m/L?]. Because the angles o, B, y, and § are
small, the sine of each is approximately equal to its tangent:

sin(e) = tan(e) = ﬂ(x.)/. t);
ax

and so forth. With these approximations used throughout, the equation above
becomes

K Stk Roceoy ) ot . 25
aay axx x.y. ax x.y.

5

+oA Bu( + Ay, t) 3“( t)—AAal
oAx 3y x,y Ys By x, ¥ = pAx yarz.

On dividing through by AxAy, we recognize two difference quotients in
the left-hand member. In the limit they become partial derivatives, yielding

the equation
(3214 = Blu) _
“\Nor T32) " Par

or 2 2 y )
Jd*u  d°u 1 d-u

+— ==,
ax*  ayr  c?or?

if > = o/ p. This is the two-dimensional wave equation.
If the membrane is fixed to the flat frame, the boundary condition would be

u(x,y,t)=0 for (x,y) onthe boundary.

Naturally, it is necessary to give initial conditions describing the displacement
and velocity of each point on the membrane at t = 0:

u(x,y,0)= f(x,y)
ﬂ

Y (x,y.0) =g(x, y).

EXERCISES

1. Suppose that the frame is rectangular, bounded by segments of the lines
x =0,x =a,y =0,y = b. Write an initial value-boundary value problem,
complete with inequalities, for a membrane stretched over this frame.
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2. Suppose that the frame is circular, and its equation is x*+ y* = a*. Write an
initial value-boundary value problem for a membrane on a circular frame.
(Use polar coordinates.)

3. What should the three-dimensional wave equation be?

5.2 Three-Dimensional Heat Equation: Vector
Derivation

To illustrate a different technique, we are going to derive the three-dimensional
heat equation using vector methods. Suppose that we are investigating the
temperature in a body that occupies a region R in space. (See Fig. 5). Let V be
a subregion of R bounded by the surface S. The law of conservation of energy,
applied to V says:

net rate of heat in + rate of generation inside = rate of accumulation.

Our next job is to quantify this statement. The heat flow rate at any point
inside R is a vector function, q, measured in joules/m?s or similar units. The
rate of heat flow through a small piece of the surface S with area AA is ap-
proximately i - QA A, (see Fig. 6), where 1 is the outward unit normal. This
quantity is positive for outward flow, so the inflow is its negative. The net in-
flow over the entire surface S is a sum of quantities like this, which becomes,
in the limit as A A shrinks, the integral

ffs—q-ﬁ dA.

The term “rate of generation inside” in the energy balance is intended to in-
clude conversion of energy from other forms (chemical, electrical, nuclear) to
thermal. We assume that it is specified as an intensity g measured in joules/m?s
or similar units. Then the rate at which heat is generated in a small region of

Figure 5 A solid body occupying a region R in space and a subregion V with
boundary §.
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AA

Figure 6 The heat flow rate through a small section of surface with area A A is
q-nAA.

volume V centered on point P is approximately g(P, #)A V. These contribu-
tions are summed over the whole subregion V, and, as AV shrinks, their total

becomes the integral
fff g(P.1)dV.
v

The rate at which heat is stored in a small region of volume AV centered on
point P is proportional to the rate at which temperature changes there. That
is, the storage rate is pc AV, (P, t). The storage rate for the whole subregion
V is the sum of such contributions, which passes to the integral

Now the heat balance equation in mathematical terms becomes

[f —q-f :1A+fff ng:[f[ pc@dV. (1)
S \% ¥ at

At this point, we call on the divergence theorem, which states that the integral
over a surface S of the outward normal component of a vector function equals
the integral over the volume bounded by S of the divergence of the function.

Thus
ffq-ﬁdA=/ffV-qu (2)
s v

and we make this replacement in Eq. (1). Next collect all terms on one side of
the equation to find

du

Because the subregion ) was arbitrary, we conclude that the integrand must
be 0 at every point:

du
ﬁv.q+g—pca—t=0 inR. 0<t. (4)
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The argument goes this way. If the integrand were not identically 0, we could
find some subregion of R throughout which it is positive (or negative). The
integral over that subregion then would be positive (or negative), contradict-
ing Eq. (3), which holds for any subregion.

The vector form of Fourier’s law of heat conduction says that the heat flow
rate in an isotropic solid (same properties in all directions) is negatively pro-
portional to the temperature gradient,

q=—-«Vu. (5)

Again, the minus sign makes the heat flow “downhill”—from hotter to colder
regions. Assuming that the conductivity « is constant, we find on substituting
Fourier’s law into Eq. (4) the three-dimensional heat equation,

S dJu .
kVu+g= pegs in R, 0<t. (6)

Of course, we must add an initial condition of the form
u(P,0)= f(P) forP inR. (7)

In addition, at every point of the surface B bounding the region R, some
boundary condition must be specified. Commonly we have conditions like
these that follow, any one of which may be given on B or some portion of

it, B'.

(1) Temperature specified, u(P, t) = hy(P,t), for P any point in 3’, where
hy is a given function.

(2) Heat flow rate specified. The outward heat flow rate through a small por-
tion of surface surrounding point P on B’ is q(P. t) - i times the area.
If this is controlled, then by Fourier’s law Vu - i is controlled. But this
dot product is just the directional derivative of # in the outward normal
direction at the point P. Thus, this type of boundary condition takes the
form

a
a—u(P.r) =hy(P.t) for P on B’ (8)
n
where h; is a given function.

(3) Convection. If a part of the surface is exposed to a fluid at temperature
T(P.t), then an accounting of energy passing through a small piece of
surface centered at P leads to the equation

q(P,t)-h=h(u(P,t)—T(P,t)) for Ponk.

Again using Fourier’s law, we obtain the boundary condition

J
Ka—u(P.I)+hll(P.t)=hT(P.t) for P on B'. 9)
n
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As an example, we set up the three-dimensional problem for a solid in the
form of a rectangular parallelepiped. In this case, Cartesian coordinates are ap-
propriate, and we may describe the region R by the three inequalities,
0 <x <a,0<y<b 0< z < c. Assumingno generation inside the
object, we have the partial differential equation

%u " u . Pu 1 du 0 " % i N
=——, O<x<a, O<y<b, 0O<z<c, O<t.
ax2 9 822 kot 4

(10)

Suppose that on the faces at x = 0 and a, the temperature is controlled, so that
the boundary condition there is

u©,y,z,t)=T, wula,yzt)=T, O0<y<b O0<z<ec O0<t.
(11)

Furthermore, assume that the top and bottom surfaces are insulated. Then the
boundary conditions at z = 0 and ¢ are

%(x 0.1)=0 %(x c,t)=0, 0<x<a, O<y<b, O0<t
az.y..—.az.y..—, p y 3 .

(12)
(The outward normal directions on the top and bottom are the positive and
negative z-directions, respectively.) Finally, assume that the faces at y = 0 and

at y = b are exposed to a fluid at temperature T3, so that they transfer heat by
convection there. The resulting boundary conditions are

il
—Kl(x. 0,z,t) + hu(x,0,z,t) = hTs,
dy
du
k—(x,b,z,t)+ hu(x,b,z,t) = hT,
dy
O<xX<a; 0<z<c, 0<T (13)
Finally, we add an initial condition,
u(x,y,z,0)= f(x,y,z), 0<x<a, O0O<y<b O0<z<c. (14)

A full, three-dimensional problem is complicated to solve, so we often look
for ways to reduce it to two or even one dimension. In the example problem
of Egs. (10)-(14), we might eliminate z by finding the temperature averaged
over the interval 0 < z < ¢,

1 r*
v(x,y.t) = —/ u(x, y.z, t)dz.
cJo
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Because differentiation with respect to x, y or t gives the same result inside or
outside the integral with respect to z, and because of the boundary condition

(12), we find that

1 f ?u  3*u d%u v 8%
- —t— 4 —ldz= — + —
cJo \9x2 9dy* 0822 ax2  0y?

and v satisfies the two-dimensional heat equation

%v 8% 18v
—+—=-—, O0<x<a, O<y<b, O0<t
ax?  9y? kot

(See the exercises for details and for boundary and initial conditions.)
If z-variation cannot be ignored, we could try to get rid of the y-variation
by introducing an average in that direction,

b
w(x, z,t) = lf u(x, y, z, t)dy.
b Jo

From the boundary condition (13) we find that
b g2 ) ]
f —ud}’: —u(xabaza t)_ _u(xaoaza t)
o 0y dy dy
= (E) [(Tz_u(X, b1 z, t))+(T2_u(x: 0’ z, t))]'
K
If b is small—the parallelpiped is more like a plate—we may accept the

approximation u(x, b, z, t) + u(x, 0, z, t) = 2w(x, z, t), which would make,
from the expression above,

1 b 32M 2h
Efg 37261}, = (E) (T — w(x,z,1).

After applying the averaging process to Egs. (10), (11), (12) and (14) we obtain
the following two-dimensional problem for w.

8%w g 8%w 3 2h ( ) 13w 5 0 0<t (15)
SO S S —w)=——, <x<a, 0<z<c¢, O0<

ax2 | 022 bk C k ot

w(0,z,1t) =Ty, wa,zt)=T, 0O<z<c, O<t (16)
Jw Jw

" (x,0,t)=0, —(x,c,t)=0, 0<x<a, 0<t (17)
0z 0z

1 (b
w(x,z,0)=gf f(x,y,z2)dy, 0O<x<a, 0<z<c. (18)
0
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EXERCISES

1. For the function u(x, y, z, t) that satisfies Eqs. (10)—(14), show that

c 82
/ —udz =0.
0 022

2. Find the initial and boundary conditions satisfied by the function

vix,y,t) = %f u(x, y, z, t)dz
0

where u satisfies Eqs. (10)—(14).

3. In Egs. (15)-(18), suppose that w(x, z,t) — W(x, z) as t — oo. State
and solve the boundary value problem for W. (This problem is much easier
than it appears, because there is no variation with z.)

4. Find the dimensions of p, ¢, k, 4, and g, and verify that the dimensions of
the right and left members of the heat equation are the same.

5. Suppose the plate lies in the rectangle 0 < x < 4,0 < y < b. State
a complete initial value-boundary value problem for temperature in the
plate if: there is no heat generation; the temperature is held at Ty along
x = a and y = 0; the edges at x = 0 and y = b are insulated.

5.3 Two-Dimensional Heat Equation: Double Series
Solution

In order to see the technique of solution for a two-dimensional problem, we
shall consider the diffusion of heat in a rectangular plate of uniform, isotropic
material. The steady-state temperature distribution is a solution of the poten-
tial equation (see Exercise 6). Suppose that the initial value-boundary value
problem for the transient temperature u(x, y, t) is

?u  *u  10u

@+3—yz—%¥, O<x<a, O<y<b O0<t (1)

u(x,0,t)=0, u(x,b,t)=0, O0<x<a, 0<t (2)
u(0,y,t)=0, wu(a,y,t)=0, 0<y<b, 0<t (3)
u(x, y,0) = f(x, y), 0O<x<a, 0<y<b. (4)

This problem contains a homogeneous partial differential equation and ho-
mogeneous boundary conditions. We may thus proceed with separation of
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variables by seeking solutions in the form
u(x, y, t) = ¢(x, y) T (t).
On substituting u in product form into Eq. (1), we find that it becomes

3% 8% 1
—+— | T=-¢T.
( ax? = 3y? ) k ¢
Separation can be achieved by dividing through by ¢ T', which leaves
32 32p\1 T
— )= .
ax2  0y2) ¢ kT

We may argue, as usual, that the common value of the members of this equa-
tion must be a constant, which we expect to be negative (—A2). The equations
that result are

T + AT =0, 0<t (5)
9% 9?
aT:gq.aTji:—Azzﬁ, 0<x<a, O<y<b. (6)

In terms of the product solutions, the boundary conditions become

¢(x,0)T(t) =0, ¢(x,b)T(t)=0
&0, )T(t) =0, ¢(a,y)T(t)=0.

In order to satisfy all four equations, either T(¢) = 0 for all £, or ¢ = 0 on the
boundary. We have seen many times that the choice of T(¢) = 0 wipes out our
solution completely. Therefore, we require that ¢ satisfy the conditions

¢(x,0)=0, &(x,b)=0, 0<x<a (7)
¢0,y)=0, ¢(a,y)=0, 0<y<b. (8)

We are not yet out of difficulty, because Egs. (6)—(8) constitute a new prob-
lem, a two-dimensional eigenvalue problem. It is evident, however, that the
partial differential equation and the boundary conditions are linear and
homogeneous; thus separation of variables may work again. Supposing that
¢ has the form

P(x,y) = X(x)Y(y)
we find that the partial differential equation (6) becomes

Xll(x) Yll(y) _
X(x) Y(y)

-2, 0<x<a, 0<y<b.
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The sum of a function of x and a function of y can be constant only if those
two functions are individually constant:

" "
— = constant, — = constant.
X Y

Before naming the constants, let us look at the boundary conditions on
¢ =XY:
Xx)Y(0)=0, X(x)Y(b)=0, O0<x<a

X0)Y(y)=0, X@Y(y)=0, 0<y<b.

If either of the functions X or Y is zero throughout the whole interval of its
variable, the conditions are certainly satisfied, but ¢ is identically zero. We
therefore require each of the functions X and Y to be zero at the endpoints of
its interval:

Y()=0, Y({®)=0 )
X(0) =0, X(a)=0. (10)
Now it is clear that each of the ratios X”/X and Y”/Y should be a negative

constant, designated by —u? and —v?, respectively. The separate equations for
X and Y are

X' +u’X=0, 0<x<a (11)
Y'+12Y =0, 0<y<hbh. (12)

Finally, the original separation constant —A? is determined by
A2 =+ 0% (13)

Now we see two independent eigenvalue problems: Egs. (9) and (12) form
one problem and Egs. (10) and (11) the other. Each is of a very familiar form;
the solutions are

. (MTX 2 mi \2
X,,,(x)zsm( ), /,Lm:(—), m=1,2,--,
a a

Yn(y):sin(n%), vﬁ:(%[)z, L=l B S

Notice that the indices # and m are independent. This means that ¢ will have
a double index. Specifically, the solutions of the two-dimensional eigenvalue
problem Egs. (6)—(8) are

¢mn(xa J/) = Xm(x)Yn(y)

2, e g 2
)\'mn_”'m_*—vn
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and the corresponding function T is
T = exp(—}uimkt).

We now begin to assemble the solution. For each pair of indices m, n
(m=1,2,3,--- ,n=1,2,3,---) there is a function

umn(X, Y, t) = ¢mn(x; }’)Tmn(t)
_ o (mEx\ . nmy .2
= sin ( . ) sin ( p ) exp(—A,,,kt)

that satisfies the partial differential equation (1) and the boundary conditions
Egs. (2) and (3). We may form linear combinations of these solutions to get
other solutions. The most general linear combination would be the double
series

U, 7, ) =D Y Amnbmn(x, ) Trn2), (14)
m=1 n=1
and any such combination should satisfy Egs. (1)—(3). There remains the ini-
tial condition Eq. (4) to be satisfied. If u has the form given in Eq. (14), then
the initial condition becomes

Zzumqﬁmn(x,y):f(x,}')a 0O<x<a, O0O<y<hbh. (15)

m=1 n=1

The idea of orthogonality is once again applicable to the problem of selecting
the coefficients a,,,. One can show by direct computation that

ifm=pand n=gq

b a @
f f Sl idudy =1 4 (16)
0 0

0, otherwise.

Thus, the appropriate formula for the coefficients a,,, is

Borai= % /Obfoa flx, ¥) sin(m:x) sin (?) dxdy. (17)

If f is a sufficiently regular function, the series in Eq. (15) will converge and
equal f(x,y) in the rectangular region 0 < x < a,0 < y < b. We may
then say that the problem is solved. It is reassuring to notice that each term in
the series of Eq. (14) contains a decaying exponential, and thus, as ¢ increases,
u(x, y, t) tends to zero, as expected.

Example.
Let us take the specific initial condition

fle,y)=xy, 0<x<a, O<y<b.
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The coefficients are easily found to be

a @cos(mn’)cos(mr) : ﬂ (=)™

amn
w2 mn w2  mn

so that the solution to this problem is

u(x y t) = @ i i (=™ sin (m”x) sin (m) exp(—)\z kt)
o ? L gl i a b MRS

(18)

This solution is shown animated on the web site. O

The double series that appear here are best handled by converting them into
single series. To do this, arrange the terms in order of increasing values of A2,,.
Then the first terms in the single series are the most significant, those that
decay least rapidly. For example, if 2 = 2b, so that

. (m? + 4n?) 72
)“mn = a? )

then the following list gives the double index (m, n) in order of increasing
values of A2, :

(1, 1,21),3,1),(1,2),(2,2),(4,1),3,2),--- .

EXERCISES

1. Write out the “first few” terms of the series of Eq. (18). By “first few,”
we mean those for which A2 is smallest. (Assume a = b in determining
relative magnitudes of the A2.)

2. Provide the details of the separation of variables by which Egs. (9)—(13)
are derived.

3. Find the frequencies of vibration of a rectangular membrane. See
Section 5.1, Exercise 1.

4. Verify that u,,,(x, y, t) satisfies Eqs. (1)—(3).
5. Show that X,,(x) = cos(mmx/a) (m =0, 1,2, .- ) if the boundary con-

ditions Eq. (3) are replaced by

0 a
—u(O,y,t)ZO, —u(u,y,t):(), 0<y<b O<t.
0x dx

What values will the A2 have, and of what form will the solution
u(x, y, t) be?
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6. Suppose that, instead of boundary conditions Egs. (2) and (3), we have

u(x,0,t) = fi(x), wulx,b,t)= fa(x), 0<x<a, 0<t (2)
u(0,y,t)=g,(y), ula,y,t)=g,(y), 0<y<b, 0<t. (3)

Show that the steady-state solution involves the potential equation, and
indicate how to solve it.

7. Solve the two-dimensional heat conduction problem in a rectangle if there
is insulation on all boundaries and the initial condition is

a. u(x,y,0)=1
b. u(x,y,0)=x+y
c. u(x,y,0)=xy.
8. Verify the orthogonality relation in Eq. (16) and the formula for a,.

9. Show that the separation constant —A? must be negative by showing that
—u? and —v? must both be negative.

10. Show that the function

(%, ¥, £) = Sin(j1n) $iD(0pY) COS(Arnc?)

where (,, v, and A,,, are as in this section, is a solution of the two-
dimensional wave equation on the rectangle 0 < x < 4,0 < y < b,
with # = 0 on the boundary. The function u may be thought of as the
displacement of a rectangular membrane. (See Section 5.1.)

11. The places where u,,,(x, y, t) = 0 for all # are called nodal lines. Describe
the nodal lines for

(m,n)=(1,2), (2,3), (3,2), (3,3).

12. Determine the frequencies of vibration for the functions #,,, of Exercise
10. Are there different pairs (m, n) that have the same frequency if a = b?

5.4 Problems in Polar Coordinates

We found that the one-dimensional wave and heat problems have a great deal
in common. Namely, the steady-state or time-independent solutions and the
eigenvalue problems that arise are identical in both cases. Also, in solving prob-
lems in a rectangular region, we have seen that those same features are shared
by the heat and wave equations.

If we consider now the vibrations of a circular membrane or heat conduc-
tion in a circular plate, we shall see common features again. In what follows,
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these two problems are given side by side for the region0 < r < a,0 < t.

‘Wave Heat
5 1 8% v 19v
v —— v= ——
c? 9t2 k ot
v(a,0,t)= f(0) v(a,0,t)=f(0)
v(r,0,0)=g(r,0) v(r,0,0)=g(r,0)

Z—‘:(r, 9,0) = hr, 6)

In both problems we require that v be periodic in 6 with period 27:
v(r,0,t) =v(r,0 +2m, t)

as in Section 4.5.
Although the interpretation of the function v is different in the two cases,
we see that the solution of the problem

V=0, v(a,0)= (@)

is the rest-state or steady-state solution for both problems, and will be needed
in both problems to make the boundary condition at r = a homogeneous. Let
us suppose that the time-independent solution has been found and subtracted;
that is, we will replace f(6) by zero. Then we have

ol 1o
c2 9t? kot
v(a,0,t)=0 v(a,0,t)=0

plus the appropriate initial conditions. If we attempt to solve by separation of
variables, setting v(r, 6, t) = ¢(r, 8) T (¢), in both cases we will find that ¢(r, 6)

must satisfy
18 [ 8¢ 1%
;a(fa)ﬂ—zw—‘k i i)
$(a,0) =0, (2)
¢(r, 0 +2m) = ¢(r, ), (3)
¢ bounded as r — 0 (4)

Now we shall concentrate on the solution of this two-dimensional eigenvalue
problem. We can separate variables again by assuming that ¢(r,0) =

R(r)Q(8). After some algebra, we find that
(r RI)I + QII 3 _}\‘2

rR r2Q )
R@)=0 (6)
Q(0) = Q(6 +2m) (7)

R(r) bounded as r — 0. (8)
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The ratio Q”/Q must be constant; otherwise, A> could not be constant.
Choosing Q”/Q = —pu?, we get a familiar, singular eigenvalue problem

Q"+ up*Q=0, 9
Q0 +27) = Q(6). (10)

We found (in Chapter 4) that the solutions of this problem are

g =0, Qo(0)=1

11
pi =m?, Qn(8) =cos(mf) and sin(m8) =
wherem=1,2,3,---.
There remains a problem in R:

>

(rRY —Z“R+3}*R=0, O<r<a (12)
r

R(a)=0 (13)

R(r) bounded as r — 0. (14)

Equation (12) is called Bessel’s equation, and we shall solve it in the next
section.

EXERCISES

1. State the full initial value-boundary value problems that result from the
problems as originally given when the steady-state or time-independent
solution is subtracted from v.

2. Verify the separation of variables that leads to Egs. (1) and (2).

3. Substitution of v(r, 8, t) in the form of a product led to the problem of Egs.
(1)—(4) for the factor ¢(r, 6). What differential equation is to be satisfied
by the factor T(£)?

4. Solve Egs. (9)—(11) and check the solutions given.

5. Suppose the problems originally stated were to be solved in the half-disk
0 <r <a,0 <60 < m, with additional conditions:

v(r,0,t)=0, O<r<a, O0<t
v(ir,m,t)=0, O0<r<a, 0<t.

What eigenvalue problem arises in place of Egs. (9)—(11)? Solve it.
6. Suppose that the boundary condition

ov
3—(a,9,t)=0, —-T<O<mwm O0<t
r
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were given instead of v(a, 8, t) = f(8). Carry out the steps involved in
separation of variables. Show that the only change is in Eq. (6) and (13),
which become R'(a) = 0.

7. One of the consequences of Green’s theorem is the integral relation

(fV’g—gVif)dA= SR P
ffn fc( an an

where R is a region in the plane, C is the closed curve that bounds R, and
df/0n is the directional derivative in the direction normal to the curve C.
Use this relation to show that eigenfunctions of the problem

V2 =—22, inR

¢ =0, onC
are orthogonal if they correspond to different eigenvalues. (Hint: use f =
¢k>g = ¢m> m #k)

8. Same problem as Exercise 7, except that the boundary condition is

¢+X%:O onC.
on

5.5 Bessel’s Equation

Our objective in this section is to obtain solutions of Bessel’s equation,
u
(rRY — =R+ A*R=0 (1)
r

Before we set out let us look at the “standard form”

1 2

R'+-R+ (AZ— “’—Z)R =0
r r

and note first that there is a regular singular point at r = 0, so some special
behavior may be expected there. Second, if A = 0, this is a Cauchy-Euler equa-
tion, and consequently not new to us. Finally, when r is large, the multiplier of
R is positive, so we might suspect that the solution would be oscillatory, with
decreasing amplitude.

To obtain an explicit solution, we apply the method of Frobenius, which is
appropriate for developing a series solution near a singular point. Assume that
R(r) has the form of a power series multiplied by an unknown power of r:

R(r)=r"(co+ecrr +---+eprk+.-2), (2)
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When the differentiations in Eq. (1) are carried out and the equation is multi-
plied by r, it becomes

r2R” = a(a — D)o r* + (@ + Dacy 77 +a + 2)(a + Dear™2 + - -
+(o + k) (o +k — 1)eg % + ...

rR = aco % + (@ +1)e; 77 (o +2)cr® 4
o+ K)eg r¥F 4o

—}LZR = _PLZCOT“ _H«ZCI TDt+1 _MZCZrmz e
_u‘ch roﬁk T

)LzrzR = A.zllofn”z A einin

A Zepp retE

The expression for A?>r2R is jogged to the right to make like powers of r line
up vertically. Note that the lowest power of r present in A%r2R is r*2,

Now we add the tableau vertically. The sum of the left-hand sides is, accord-
ing to the differential equation, equal to zero. Therefore

0 = cole? — uB)r® +c; [(«+ 1)? - uz] potl
+ [52 ((a +2)2 — uz) + Azco] rot?
+oot [or ((@+ 5% — ) + A2k r*F 4+

Each term in this power series must be zero in order for the equality to hold.
Therefore, the coefficient of each term must be zero:

col@® —p?) =0
c1 ((a +1)% - p,z) =0
ek (0 + k) — p?) + A%k 2 =0, k> 2.

As a bookkeeping agreement, we take ¢y #0. Thus @ = 4. Let us study the
case ¢ = i > 0. The second equation becomes

c((w+1)*—p?) =0
and this implies ¢; = 0. Now in general the relation

AMepop ;  Ck—2
kT Tk 2 Keutk) )

says that ¢ can be found from c,_;. In particular, we find

)\42
CHhp=————¢C
T iy

A2 A4
Cy =

— Cy) = [
42u+4) 2 2.4-Qu+2)2u+4)°
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and so forth. All ¢’s with odd index are zero, since they are all multiples of c;.
The general formula for a coefficient with even index k = 2 is

Com

_ (i A\ @
Coml(p+ D +2) - (utm) (5) @

For integral values of u, cq is chosen by convention to be

G|
c=(=) -—.
0 2 !

For nonintegral values of x, the choice is

_fiNE i
CO_(E) T(w+1)

The gamma function I' that appears here is defined for all values of its argu-
ment except negative integers. Its special property is that I'( + 1) = puI'(u),
and I’'(0) = 1; therefore, for integers, I'(n + 1) = n!. This function is available
on computational software including spreadsheet programs. With these con-
ventions, the solution of Eq. (1) that we have found is called the Bessel function
of the first kind of order p:

Ar VY e (=1)™ SR
ar)= (= S B 5
Julhr) (2) ;m!r‘(,u+m+l)(2) ®)
This series serves us for evaluating the function and for obtaining its proper-

ties. (See the exercises.) However, from now on, we consider the Bessel functions
of the first kind to be as well known as sines and cosines, although less familiar.

Second Solution

There must be a second independent solution of Bessel’s equation, which can
be found by using variation of parameters. This method yields a solution in

the form i
r
oo | N

The most important feature of the second solution is its behavior near r = 0.
When r is very small, we can approximate ], (Ar) by the first term of its series

expansion:
1

AN
= = _ pk
Ju(Ar) = (2) I 1)r gl

The solution Eq. (6) then can be approximated by

In(r), ifu=0
rH, i >0.

constant x r* f = constant x {

r1+2u,



328 Chapter5  Higher Dimensions and Other Coordinates

n

1 2 3 4
2.405 5.520 8.654 11.792
3.832 7.016 10.173 13.324
5.136 8.417 11.620 14.796
6.380 9.761 13.015 16.223

w N = oy

Table 1 Zeros of Bessel functions. The values
Qi satisfy the equation [, (em,) = 0.

In either case, it is easy to see that the second solution becomes unbounded as
r approaches 0.

In order to discuss the general solution of Eq. (1) we need good notation.
First, note that we could have taken ¢ = —u. The series that results is de-
noted J_,(Ar). If  is not an integer, J,(Ar) and J_,(Ar) are independent
solutions of Eq. (1). However, if w is an integer, say i = #n, then J_,(Ar) =
(=1)"J_,(Ar), so that these solutions are not independent. In all cases, a sec-
ond solution can be defined by

(7)

(o) = tim 1207 €050T) =y (o)
pP=p sin(prm)

(If w is not an integer, the limit process is not necessary—just substitute.) The
function defined this way is called Bessel function of the second kind or Neu-
mann’s or Weber’s function, and sometimes denoted as N, (Ar). There is a vast
literature about Bessel functions.

Both kinds of Bessel functions have an infinite number of zeros. That is, for
each p there is an infinite number of values of o (and B) for which

Jula) =0, Y,(B)=0.

Also, asr — 00, both J,(Ar) and Y, (Ar) tend to zero. Figure 7 gives graphs
of several Bessel functions, and Table 1 provides values of their zeros. Further
information can be found in most books of tables or with software.

Modified Bessel Functions

The modified Bessel equation differs from the Bessel equation only in the sign
of one term. It is

1
(rR"Y — =R — A% R =0. (8)

r
Using the same method as in the preceding, an infinite series can be developed
for the solutions (see Exercise 8). The solution that is bounded at r = 0, in

standard form, is called the modified Bessel function of the first kind of order .,
designated I, (Ar), and its series is

RN 1 ar\ 2"
Lon=(5) 2 o ()

m=0
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(@ 1

0.57

14

Figure 7 Graphs of Bessel functions of the first kind. Also see the web site. (a)
Joand Jy, (b) Yp and Y;.

Summary.
The differential equation
d [ dRY w? .
;(rﬁ)—TR'f‘)\. rR=0
is called Bessel’s equation. Its general solution is
R(r) = AJ.(Ar) + BY,(Ar)

(A and B are arbitrary constants). The functions ], and Y}, are called
Bessel functions of order y of the first and second kinds, respectively.
The Bessel function of the second kind is unbounded at the origin.
J_u(Ar) may replace Y,,(Ar) if w is not an integer.
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EXERCISES

1. Find the values of the parameter A for which the following problem has a
nonzero solution:

1d d¢ o
;E(rﬂ)wtkqb—o, O<r<a

¢(a) =0, ¢(0) bounded.
2. Sketch the first few eigenfunctions found in Exercise 1.
3. Show that p
;],u(M) =AJ, (Ar)
where the prime denotes differentiation with respect to the argument.

4. Show from the series that
d
—Jo(Ar) = =AJ1(Ar).
dr

5. By using Exercise 4 and Rolle’s theorem, and knowing that J4(x) = 0 for
an infinite number of values of x, show that J;(x) = 0 has an infinite
number of solutions.

6. Using the infinite series representations for the Bessel functions, verify the
formulas

d
a (xﬁ“]“(x)) = _xiu]pﬁ-l(x)

d
= ("] u(x)) = £ T (x).

7. Use the second formula in Exercise 6 to derive the integral formula
fx"]u(x)xdx ks W 8

8. Use the method of Frobenius to obtain a solution of the modified Bessel
equation (7). Show that the coefficients of the power series are just the
same as those for the Bessel function of the first kind, except for signs.

9. Use the modified Bessel function to solve this problem for the temperature
in a circular plate, when the surface is exposed to convection.

1E (Ey u—T)=0, 0
i Tdr Yy (u =V, <r<a

u(a) =T,.

(In this case, the method of undetermined coefficients works.)
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10. Using the result of Exercise 4, solve the eigenvalue problem

g rd¢ +2% =0, O<r<a
rdr \ dr -
dé

—(a) =0, ¢(0)bounded.
dr

5.6 Temperature in a Cylinder

In Section 5.4, we observed that both the heat and the wave equations have
a great deal in common, especially the equilibrium solution and the eigen-
value problem. To reinforce that observation, we will solve a heat problem
and a wave problem with analogous conditions so that their similarities may
be seen. These examples illustrate another important point: Problems which
would be two-dimensional in one coordinate system (rectangular) may be-
come one-dimensional in another system (polar). In order to obtain this sim-
plification, we will assume that the unknown function, v(r, 0, t), is actually
independent of the angular coordinate 6. (We write v(r, ¢) then.) As a conse-
quence of this assumption, the two-dimensional Laplacian operator becomes

5 10 av
Viv=—-——1\{r—|.
r or or

Suppose that the temperature v(r, t) in a large cylinder (radius a) satisfies
the problem

10 ov 1dv
——(r—)=-—, O<r<a, 0O0<t (1)
ror ar k ot
v(a,t) =0, 0<t (2)
v(r,0) = f(r), 0<r<a. (3)

As the differential equation (1) and boundary condition (2) are homo-
geneous, we may start the separation of variables by assuming v(r,t) =
@ (r) T(¢). Using this form for v, we find that the partial differential equation
(1) becomes

1 1
~(r¢')'T = ~¢T'.
r k
After dividing through this equation by ¢ T, we arrive at the equality

(r¢'(r)) _ T'(t)

ro(r)  kT() @)
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The two members of this equation must both be constant; call their mutual
value —22. Then we have two linked ordinary differential equations,

T +A%T =0, 0<t (5)
(r¢/Y +X%rp =0, O0<r<a. (6)
The boundary condition, Eq. (2), becomes ¢(a)T(¢t) = 0,0 < ¢t. It will be

satisfied by requiring that
¢(a) = 0. (7)

We can recognize Eq. (6) as Bessel’s equation with 4 = 0. (See Summary,
Section 5.) The general solution, therefore, has the form

¢(r) = AJo(Ar) + BYy(Ar).

If B #0, ¢(r) must become infinite as r approaches zero. The physical impli-
cations of this possibility are unacceptable, so we require that B = 0. In effect
we have added the boundedness condition

|v(r,t)] bounded at r =0, (8)

which we shall employ frequently.
The function ¢(r) = Jo(Ar) is a solution of Eq. (6), and we wish to choose
A so that Eq. (7) is satisfied. Then we must have

Jo(ra) =0

or o
n

}\,n:—, n:1,2,"',
a

where o, are the zeros of the function Jy. Thus the eigenfunctions and eigen-
values of Egs. (6), (7), and (8) are

anl) = Johar), 2= (2. ©

These are shown on the web site.
Returning to Eq. (5), we determine that the time factors T, are

T,(t) = exp(—kf,kt).

We may now assemble the general solution of the partial differential equation
(1), under the boundary condition (2) and boundedness condition (8), as a
general linear combination of our product solutions:

v(r,t) = Y anJo(Aar) exp(—AJkE). (10)

n=1
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It remains to determine the coefficients a, so as to satisfy the initial condition
(3), which now takes the form

v(r, O)ZZunIO(A"r): f(r), 0<r<a. (11)
n=1

While this problem is not a routine exercise in Fourier series, nor even a
regular Sturm-Liouville problem (see Section 2.7 of Chapter 2, and especially
Exercise 6 there), it is nevertheless true that the eigenfunctions of Egs. (6) and
(7) are orthogonal, as expressed by the relation

f bl =0 )
0
or :
f JoG) JoOmr)rdr =0 (n #m).
0

More importantly, the following theorem gives us justification for Eq. (11).

Theorem. If f(r) is piecewise smooth on the interval 0 < r < a, then at every
point r on that interval,

Zﬂnlg(}\.nf) = w, 0<r<a,

n=1

where the A, are solutions of Jo(Aa) = 0, and

[ f(r) o(ur)rdr

" [e I (har)rdr (12)

O

The theorem remains true if ] is replaced everywhere by J, (¢ > 0) and/or if
the values of A,, are identified as solutions of

d
Bl u(ra) + ﬂz%(ku} =0

(B1B2 = 0). The web site shows an animation of a Bessel series converging.

Now we may proceed with the problem at hand. If the function f(r) in
the initial condition (3) is piecewise smooth, the use of Eq. (12) to chose the
coefficients a, guarantees that Eq. (11) is satisfied (as nearly as possible) and
hence the function

v(r, £) = Y anJo(Anr) exp(—A2kt) (13)

n=1

satisfies the problem expressed by Egs. (1), (2), (3), and (8).
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Example

By way of example, let us suppose that the function f(r) = T;,0 < r < a.It
is necessary to determine the coefficients a, by formula (12). The numerator
is the integral

f ToJo(Anr)rdr.
0
This integral is evaluated by means of the relation (see Exercise 6 of Section 5.5)
d
d—(xh(x)) = xJo(x). (14)
x
Hence, we find
a 1 a
/ Jo(u)rdr = =11 (hn)
0 kn 0
a a®
= r]l()\-nu) . 7]1(‘111)- (15)
n aﬂ
The denominator of Eq. (12) is known to have the value (Exercise 5)
a [12
f 120urrdr = £ 120,0)
¢ - (16)
a .
= ?]1 (an)-

Putting together the numerator and denominator from Egs. (15) and (16),
we find that the coefficients we need are

2To

ap = ——. 17
Cn ]l (an) ( )
Thus, the solution to the heat conduction problem is
= 2
v(r,t) = T; ———Jo(Au1r) ex —)Likt . 18
(r,1) Oganh(an) o(Ant) exp( ) (18)

In Table 2 are listed the first few values of the ratio 2/[e, ] (a,)]. Figure 8
shows graphs of v(r, t) as a function of r for several times. Also, see Exercise 1.
An animation is shown on the web site. O

EXERCISES

1. Use Eq. (18) to find an expression for the function v(0, t)/ Ty. Evaluate

the function for -
—=10.1,0.2,0.3.
a?

(The first two terms of the series are sufficient.)
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2
" R o, Ji ()
1 2405 +05191  +1.6020
2 5520 —03403 —1.0647
3 8654 +02715  +0.8512
4 11792 —02325 —0.7295

Table 2 Values for equation (18)

100

u(r,bt)

r

Figure 8 Graphs of the solution of the example problem. The function v(r, t)
as given in Eq. (18) is shown vs. r for times chosen so that kt/a? takes the
values 0, 0.01, 0.1 and 0.5. Ty = 100, and a = 1.

2.
3.

Write out the first three terms of the series in Eq. (18).
Solve the heat problem consisting of Eqgs. (1)—(3) if f(r) is

a
Ty, O0<r < —
2

flr)= a
0

, —<r<a.
2

Let ¢(r) = Jo(Ar), so that ¢p(r) satisfies Bessel’s equation of order 0 and
is finite at r = 0. Multiply through the differential equation by r¢’ and
conclude that

i N2 221 27 _
- [(r¢')*] + A*r dr[(p]_o.

Assuming that A is chosen so that ¢(a) = 0, integrate the equation above
over the interval 0 < r < a to find

fo s = @ @F.

. Use Exercise 5 to validate Eq. (16).
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7. Solve the general problem of determining the temperature in a cylinder
with an insulated cylindrical surface. The problem consists of Egs. (1) and
(3), boundedness at r = 0 and the boundary condition

dv
—(a,t) =0, 0<t.
ar

8. Same task as Exercise 5, but assuming that A is chosen so that ¢'(a) = 0,
show that

f Pl = “724)2([1).
0

9. Solve this nonhomogeneous heat problem in a circular disk with convec-
tion from the surface.

10 du 16u
——|r—=)-Yu-U)==—, 0<r<a, 0<t
ar k

r or dat
u(rso):()! O<r<a
u(a, t) =0, 0<t

See Exercise 9 in Section 5.5 for help with the steady state problem. To
find a closed form expression for the coefficients of the series you need
this integral:

ro(yr)Io(kr)rdr = ﬁ [y Li(yr)Jo(Ar) + ALo(yr)Ti(Ar)].

Project 5.1
In an aquifer between two impervious layers, the flow of water to a well at
r = 0 is sometimes modeled with the equation

10 ou 10u
—\|r—])=-—, O0<r<a, 0<t
ror \ or k ot

in which r is the distance to the well and u(r, t) is the “drawdown”, that is, the
distance to the water surface downward from the upper impervious layer. The
conditions are

u(r,0)=0, O0<r<a

u(a,t) =0, O0<t
3
lim,ﬁgr—u(r, t)=—H.
or

In the last equation, H is a constant that contains information about the size
and conductivity of the aquifer and the pumping rate at the well. The condi-
tion is notably different from the boundedness condition we are used to.
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a. Find the steady state solution v(r) = tlim u(r, t).
—>00
b. State the problem (partial differential equation, boundary and initial con-
ditions) satisfied by the transient solution w(r, t) = u(r, t) — v(r).

c. Find product solutions of the partial differential equation from part b. The
crucial step here is to decide the solution of Bessel’s equation that satisfies
the condition at r = 0.

d. Find formulas for the coefficients of the series solution. You will not be able
to carry out all the integrations analytically.

5.7 Vibrations of a Circular Membrane

We shall now attempt to solve the problem of describing the displacement of a
circular membrane that is fixed at its edge.

Symmetric vibrations

To begin with, we treat the simple case in which the initial conditions are
independent of 6. Thus the displacement v(r, t) satisfies the problem

18 [ v 1 8%

-——|lr—)=—=—, O0O<r<a, 0<t (1)
rar \ or c? 9¢?

v(a,t) =0, 0<t (2)
v(r,0) = f(r), O<r<a (3)
0

= 0) = g(), 0<r<a. @

We start immediately with separation of variables, assuming v(r,t)=
@ (r) T(¢). The differential equation (1) becomes

1 1
(¢ T = T
r Cc

and the variables may be separated by dividing by ¢ T. Then we find

¢’y _ T'(t)
ro(r) | T(D)

The two sides must both be equal to a constant (say —A?) yielding two linked,
ordinary differential equations

T"+A%*T =0, 0<t (5)
(r¢'Y +2%r¢p =0, 0<r <a. (6)
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The boundary condition Eq. (2) is satisfied if
¢(a) = 0. (7)

Of course, because r = 0 is a singular point of the differential equation (6), we
add the requirement

|¢(r)| bounded at r =0, (8)

which is equivalent to requiring that |v(r, ¢)| be bounded at r = 0. We recog-
nize that Eq. (6) is Bessel’s equation, of which the function ¢(r)=
Jo(Ar) is the solution bounded at r = 0. In order to satisfy the boundary
condition Eq. (7), we must have

]O(A‘u) =0,
which implies that
Oy
)\'nz_! n=1!2!"' (9)
a

where «y, are the zeros of the function Jg. Thus the eigenfunctions and eigen-
values of Egs. (6)—(8) are

Gu(r) = Jo(hur), A2 = (‘ﬁ)z.

a

The rest of our problem can now be dispatched easily. Returning to Eq. (5),
we see that

T.(t) = a, cos(A,ct) + b, sin(A,ct),
and then for eachn = 1, 2, - - - we have a solution of Egs. (1), (2), and (8)
Ua(r, 1) = @u(r) Tu(2).
The most general linear combination of the v, would be

v(r, t) = Z Jo(Anr) [ay cos(Auct) + by, sin(Ayct)]. (10)

n=1

The initial conditions Eqs. (3) and (4) are satisfied if

v(r, 0):Za,,]0()t,,r): f(r), O<r<a

n=1

ov =
a(r, 0) = ;bnkncjo(knr) =g(r), O0<r<a.
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As in the preceding section, the coefficients of these series are to be found
through the integral formulas

1 é 1 S
= fo FOTatharirdr, b= fo e

By = fo o)

With the coefficients determined by these formulas, the function given in
Eqg. (10) is the solution to the vibrating membrane problem that we started
with.

General vibrations

Having seen the simplest case of the vibrations of a circular membrane, we
return to the more general case. The full problem was

18 { du a 13% 1 8%u " — (an
—|r— —_— =, <r<a, <t.

ror \_ or r2002 2 9t2

u(a,0,t) =0, 0<t (12)
|u(0, 0, t)|bounded, 0<t (13)
u(r,0 +2m,t) =u(r,0,t), O<r<a, 0O0<t (14)
u(r,0,0) = f(r,6), O<r<a (15)
a

a—f(r, 0,0) =g(r,0), O0<r<a. (16)

Following the procedure suggested in Section 5.4, we assume that u has the
product form

u=¢(r,0)T()

and we find that Eq. (11) separates into two linked equations

T + A22T = 0, 0<t (17)
19 ( 8¢ 1 8% 5

——{r== )+ =—=S=-A%, O A 18
r or (rar) r2 062 ¢ B (48)

If we separate variables of the function ¢ by assuming ¢(r, 8) = R(r) Q(9),
Eq. (18) takes the form

1 1
~(rR)YQ+ RQ" = —A’RQ.
r r
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The variables will separate if we multiply by r? and divide by RQ. Then the
preceding equation may be put in the form

r(rR’) e
R Q
Finally we obtain two problems for R and Q.

e,

QI/ +,LL2Q — 0’ —7 < 0 <m (198.)

Q6 +27) = Q(H) (195)
2

(rRI)/_uTR'f-)»er:O, O<r<a (20)

|R(0)| bounded

R(a) = 0.

As we observed before, the problem (19) has the solutions

#=0, Q=1
,ufn =m?, Qum=cos(mf) and sin(mh), m=1,2,3, --.

Also the differential equation (20) will be recognized as Bessel’s equation, the
general solution of which is (using u = m)

R(r) = CJm(Ar) + DY, (Ar).

In order for the boundedness condition in Eq. (20) to be fulfilled, D must be
zero. Then we are left with

R(r) = Jm(Ar).

(Because any multiple of a solution is another solution, we can drop the con-
stant C.) The boundary condition of Eq. (20) becomes

R(a) = Jm(ra) =0,
implying that Aa must be a root of the equation
Im(a) =0.
(See Table 1.) For each fixed integer m,

Qmi, Um2, Qm3, * -

are the first, second, third, ..., solutions of the preceding equation. The values
of A for which J,,(Ar) solves the differential equation and satisfies the bound-
ary condition are

_ amn

Amn = , m=0,1,2,..., n=1,2,3--..
a
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Now that the functions R and Q are determined, we can construct ¢. For
m=1,2,3,---andn=1,2,3, -, both of the functions

Jinmnr) cos(m),  Jm(Amnr ) sin(mb) (21)
are solutions of the problem Eq. (18), both corresponding to the same eigen-
value Aﬁm. Form=0andn=1,2,3, .-, wehave the functions

Jo(Aoar) (22)

that correspond to the eigenvalues A2. (Compare with the simple case.) The
function T'(¢) that is a solution of Eq. (17) is any combination of cos(A,,,ct)
and sin(A,,ct).
Now the solutions of Egs. (11)—(14) have any of the forms
T (Ant) cos(mB) cos(Apnct), Jm(Amar) sin(m6) cos(Amuct)

T (Ant) cos(mB) sin(Appct), Jm(Amar) sin(mf) sin(A,,,ct) (23)

form=1,2,3,--- andn = 1,2, 3, - - -. In addition, there is the special case
m = 0, for which solutions have the form

Jo(Aonr) cos(Aouct),  Jo(Aoar) sin(Aonct). (24)

The web site shows a few of these “standing waves” animated.

The general solution of the problem Eqs. (11)—(14) will thus have the form
of a linear combination of the solutions in Egs. (23) and (24). We shall use
several series to form the combination:

u(r,6,t) = Z aonJ o(Aont) c0s(Aouct)
+ Z A ] (A mnt) cos(mB) cos(Apypuct)

+ Z Boin ] m(Amnr) sin(mB) cos(Apuct)
m,n ) (25)
F Z AonJo(Aoar ) sin(honct)

+ Z A J (At ) cos(mB) sin(A,ct)

m,n

+ Z B J (A ) sin(m@) sin(A,ct).

m,n

When ¢ = 0, the last three sums disappear, and the cosines of ¢ in the first three
sums are all equal to 1. Thus

M(r, 05 0) = Z aOnIO(}‘-Onr) + Z amn]m()\-mnr) cos(m@)
+) bl ;in(m6') (26)

mn
= f(r,0), O0<r<a, —-m<0<m.
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We expect to fulfill this equality by choosing the a’s and b’s according to
some orthogonality principle. Since each function present in the series is an
eigenfunction of the problem

Vip = —22¢, 0<r <a,

¢(a,6)=0,
o(r,0 +2m) =¢(r,0), 0<r <a,

we expect it to be orthogonal to each of the others (see Section 5.4,
Exercise 7). This is indeed true: Any function from one series is orthogonal
to all of the functions in the other series, and also to the rest of the functions
in its own series. To illustrate this orthogonality, we have

[ 1000010 costmora
R a n (27)
= f Joont ) T m (At cos(m0)dOrdr =0, m#0.
0 -

There are two other relations like this one involving functions from two differ-
ent series.

We already know that the functions within the first series are orthogonal to
each other:

f f Tohont ) To(hagr) rdrd8 =0, n #4.
- J0
Within the second series we must show that, if m # p or n #¢, then
0 :f / Jm(hmnr ) cos(mB) ] » (A pgr) cos(p) rdrdf. (28)
-1 JO

(Recall that rdrd6 = d A in polar coordinates.) Integrating with respect to 6
first, we see that the integral must be zero if m # p, by the orthogonality of
cos(m@) and cos(p@). If m = p, the preceding integral becomes

. f VO e i
0

after the integration with respect to 6. Finally, if n #4, this integral is zero; the
demonstration follows the same lines as the usual Sturm-Liouville proof. (See
Section 2.7.) Thus the functions within the second series are shown orthogonal
to each other. For the functions of the last series, the proof of orthogonality is
similar.

Equipped now with an orthogonality relation, we can determine formulas
for the a’s and b’s. For instance,

fﬂ f” f(r,0)Jo(ronr) rdrd6
—m JO

a (29)
271/ ]Oz(Agnr) rdr
0

Aon =
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Figure 9 Nodal curves: The curves in these graphs represent solutions of
@mn(r, ) = 0. Adjacent regions bulge up or down, according to the sign. Only
those ¢’s containing the factor cos(m6) have been used.

The A’s and B’s are calculated from the second initial condition.

It should now be clear that, while the computation of the solution to the
original problem is possible in theory, it will be very painful in practice. Worse
yet, the final form of the solution Eq. (25) does not give a clear idea of what u
looks like. All is not wasted, however. We can say, from an examination of the
A’s, that the tone produced is not musical—that is, u is not periodic in ¢. Also
we can sketch some of the fundamental modes of vibration of the membrane
corresponding to some low eigenvalues (Fig. 9). The curves represent points
for which displacement is zero in that mode (nodal curves).

EXERCISES

1. Verify that each of the functions in the series in Eq. (10) satisfies Eqgs. (1),
(2), and (8).
Derive the formulas for the a’s and b’s of Eq. (10).
List the five lowest frequencies of vibration of a circular membrane.
Sketch the function Jo(A,r), forn =1, 2, 3.
What boundary conditions must the function ¢ of Eq. (18) satisfy?

oL = L
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Figure 10 Nodal curves for membrane vibrating in a certain mode. See
Exercise 10.

o~

. Justify the derivation of Egs. (19) and (20) from Egs. (12)—(14) and (18).
7. Show that

a

/ ]m(}»mnf)]m(?umqr)rdr = 0, n #q
0

if

ERLa=0 =T,

8. Sketch the nodal curves of the eigenfunctions Eq. (21) corresponding to
}\.31, 1.32, and }\.33.

9. In the simple case of symmetric vibrations, we found the eigenfunctions
Pon(r, 0) = Jo(Agar), where Jo(Aopa) = 0 form = 1,2,3---. The nodal
curves of @3 are concentric circles. What are their radii (as multiples of
a)? What are the radii of the circles that are the nodal curves of ¢y, (r, 6)
for general n?

10. The nodal curves of ¢n,(r, ) are shown in Figure 10.
a. By examining the figure, determine what values m and n have.

b. What is the numerical value of the eigenvalue A, (as a multiple of a)
for this eigenfunction?

c. What is the formula for the function ¢,,,(r, @) whose nodal curves are
shown?

d. What is the frequency of vibration for the drumhead when it is vi-
brating in this mode? (“In this mode” means “so that the displace-
ment u equals a product solution in which this eigenfunction is a
factor.”)
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5.8 Some Applications of Bessel Functions

After the elementary functions, the Bessel functions are among the most useful
in engineering and physics. One reason for their usefulness is the fact that they
solve a fairly general differential equation. The general solution of

= 2500, 0
¢”+ﬂ¢l+|:(}\‘yxy—1)2_nvyzOtj|¢:0 (1)
% x
is given by
¢(x) = x* [AT,(hx¥) + BY,(Ax")].

or, if p is not an integer, by
P(x) = x* [AJ p(Ax?) + B]_p(Ax")].

To match this equation to a given one, (1) determine the appropriate value of
a; (2) find y from the exponent y — 1; (3) find A; (4) find p from the numer-
ator of the last term. (Choose p to be positive if possible.) Several problems in
which the Bessel functions play an important role follow. The details of sepa-
ration of variables, which should now be routine, are kept to a minimum.

Potential Equation in a Cylinder

The steady-state temperature distribution in a circular cylinder with insulated
surface is determined by the problem

13 [/ du 9%u

-—({r—)+-—==0, 0O<r<a, O<z<b (2)
ror \  or dz2

aj(cl,2)=0, 0<z<b (3)
or

u(r, 0) = f(r), O<r<a (4)
M(T, b) :g(r), O0<r <a. (5)

Here we are considering the boundary conditions to be independent of 9, so
that u is independent of 8 also.
Assuming that 4 = R(r)Z(z) we find that

(rRY +)*%R=0, 0<r<a (6)
R'(a)=0 (7)
|R(0)] bounded (8)

Z'—\Z=0. (9)
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Condition (8) has been added because r = 0 is a singular point. The solution
of Egs. (6)—(8) is
Ry(r) = Jo(Aur) (10)

where the eigenvalues A2 are defined by the solutions of
R'(a) = AJj(ha) = 0. (11)

Because J; = —J;, the A’s are related to the zeros of J,. The first three
eigenvalues are: 0, (3.832/a)?, and (7.016/a)?. Note that R(0) = J4(0) = 1.
The solution of the problem Egs. (2)—(5) may be put in the form

u(r, z) = ag+ boz + Z Jo(hpr) I:a,,

n=1

sinh(A,z) sinh(A,,(b — 2))
TR } {2)

The a’s and b’s are determined from Egs. (4) and (5) by using the orthogonal-
ity relation

f AT =0y
0

Spherical Waves

In spherical (p, 8, ¢) coordinates (see Section 5.9), the Laplacian operator V2
becomes

i L8 ( 2au) L1 d (sin(¢)au) n, A 0%u
p2p \" 3p) " psin(e) a¢ ap) " p?sin’(g) 362
Consider a wave problem in a sphere when the initial conditions depend only
on the radial coordinate p:

13 ( ,0u 1 3%u " — (13)
—— — ==, < <a, <

p?dp 4 ap c? 9t2 i

u(a, t) =0, 0<t (14)
u(p,0) = f(p), 0<p<a (15)
du

a(p,ﬂ):g(p), 0<p<a. (16)

Assuming u(p, t) = R(p)T(t), we separate variables and find

T+ A%c2T = 0, (17)
(p*RY +X2p’R=0, O<p<a (18)
R(a) =0, (19)

|R(0)| bounded. (20)
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Again, the condition (20) has been added because p = 0 is a singular point.
Equation (18) may be put into the form

2
R'+ZR +A*R=0
P

and comparison with Eq. (1) shows that = —1/2, ¥ = 1,and p = 1/2; thus
the general solution of Eq. (18) is

R(p) = p~"*[A](h0) + BY12(hp)] .
We know that near p = 0,

J1/2(Ap) ~ const x p1/2
Y1/2(p) ~ const x p~1/2,

Thus in order to satisfy Eq. (20), we must have B = 0. It is possible to show
that

2 sin(A, 2 A
J1j2(hp) = ;Slil/(k_;), Yi2(Ap) = —;C(:S/(}T;))-

Our solution to Egs. (18) and (20) is, therefore,

(21)

and Eq. (19) is satisfied if A2 = (n7/a)?. The solution of the problem of Egs.
(13)—(16) can be written in the form

oo}

up, )=y Sin(z”” Vi el et S (22)

n=1

The a’s and b’s are, as usual, chosen so that the initial conditions Egs. (15) and
(16) are satisfied using ordinary Fourier series.

Pressure in a Bearing

The pressure in the lubricant inside a plane-pad bearing satisfies the problem

dx
pla,y)=0, p(b,y)=0, —c<y<c (24)
plx,—c)=0, p(x,c)=0, a<x<b. (25)

9 3 32
— x3—P +x3—p=—1, a<x<b —c<y<c (23)
dx ay?

(Here a and ¢ are positive constants, and b = a + 1.) Equation (23) is ellip-
tic and nonhomogeneous. To reduce this equation to a more familiar one, let
p(x, y) = v(x) + u(x, y), where v(x) satisfies the problem
(v ==1, a<x<b (26)
v(a) =0, v(b) =0. (27)
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Then, when v is found, 4 must be the solution of the problem

3 d 32

— xs—u +x3—u:0, a<x<b, —-c<y<c (28)
ax ax ay2

u(a, y) =0, ubb,y)=0, —c<y<c (29)
u(x, £c) = —v(x), a<x<b. (30)

If we now assume that u(x, y) = X(x)Y(y), the variables can be separated:

XY +22x3X =0, a<x<b (31)
X =1 X(b) =0 (32)
Y” — A*Y =0, —c<y<ec. (33)

Equation (31) may be put in the form
" 3 / 2
X'+-X+AX=0, a<x<b
X

By comparing to Eq. (1) we find thate = —1,y = 1, and p = 1, and that the
general solution of Eq. (31) is

X(x) = % (AJ1(Ax) + BY1(Ax)).

Because the point x = 0 is not included in the interval a < x < b, there is no
problem with boundedness. Instead we must satisfy the boundary conditions
Eq. (32), which after some algebra have the form

AJ1(Aa) + BYi(Aa) = 0,
AJ1(Ab) + BY,(Ab) = 0.

Not both A and B may be zero, so the determinant of these simultaneous
equations must be zero:

J1(Aa)Y1(Ab) — J1(Ab)Y1(Aa) = 0.

Solutions of the equation can be found in tables or with software for various
values of b/a. For instance, if b/a = 2.5, the first three eigenvalues A2 are

2.156\? 4.223\? 6.307\?
a : a : a )

‘We now can take X, to be

)= %(Yl(xna)h(xm ) (34)



5.8 Some Applications of Bessel Functions 349

and the solution of Egs. (28)—(30) has the form

cosh(A,y)

ulx, y) = ZR”X ) g cosh(A,c)

(35)

The a’s are chosen to satisfy the boundary conditions Eq. (30), using the

orthogonality principle

b
f X, (x) X p(x)x>dx =0, n#m.

Notice that Eqgs. (31) and (32) make up a regular Sturm-Liouville problem.

EXERCISES

1.

10.

Find the general solution of the differential equation
(x"¢") + Ax"¢ =0
wheren=20,1,2,---.
Find the solution of the equation in Exercise 1 that is bounded at x = 0.

Find the solutions of Eq. (9), including the case A*> = 0, and prove that
Eq. (12) is a solution of Egs. (2)—(4).

. Show that any function of the form

u(p, 1) = }J (B(p+ct) + Yo —ct))

is a solution of Eq. (13) if ¢ and  have at least two derivatives.

Find functions ¢ and ¢, such that u(p, t) as given in Exercise 4 satisfies
Egs. (14)—(16).

Give the formula for the a’s and b’s in Eq. (12).

What is the orthogonality relation for the eigenfunctions of Egs. (18)—
(20)? Use it to find the a’s and b’s in Eq. (22).

Sketch the first few eigenfunctions of Eqgs. (18)—(20).
Find the function v(x) that is the solution of Egs. (26) and (27).

Use the technique of Example C to change the following problem into a
potential problem:
3?2 32
3_.’:; —u——f(x), 0<x<a, O0<y<b,

u = 0 on all boundaries.
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11. Will the same technique work if f(x) is replaced by f(x, y)?

12. Verify that Egs. (31) and (32) form a regular Sturm-Liouville problem.
Show the eigenfunctions’ orthogonality by using the orthogonality of the
Bessel functions.

13. Find a formula for the a, of Eq. (35).
14. Verify that Eq. (34) is a solution of Egs. (28)—(30).
15. Airy’s differential equation is

d*¢

ﬁ+u,2x¢:0, 0<x

a. Find the general solution in terms of Bessel functions by applying
Eq. (1).
b. Find the form of the solution that is bounded at x = 0.

16. This problem might describe the heating of a spherical object or diffusion
of a substance from surroundings into such an object.

19 50U 10u
) = O<p<a, O0<t

prop \" 3p) kot
u(p,0) =0, O<p<a
u(a,t)=U, 0<t

u(p, t) boundedat p =0

a. State and solve the steady-state solution v(p).
b. Set up the problem for the transient, w(p, t) = u(p, t) — v(p).

¢. Solve the problem for the transient by separation of variables.

Project 5.2

Another version of the problem of determining the drawdown in an aquifer
between two impervious layers is considered by Wen et al. (An analytical solu-
tion for non-Darcian flow in a confined aquifer using the power law function,
Advances in Water Resources 31 (2008) 44-55). For turbulent flow, the equation
used is

3°u  20u _ 13u

—+ - =-——, O<r<oo, 0O0<t
ar2 roar kot

in which 7 is the distance to the well and u(r, t) is the drawdown, the dis-
tance to the water surface downward from the upper impervious layer. The
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conditions are

u(r,0)=0, 0<r<oo

u(r,t) > 0, asr — oo
ou

limr2—(r,t) = —H.

r—0 Jr

In the last equation, H is a constant that contains information about the size
and conductivity of the aquifer, the type of flow and the pumping rate at the
well.

a. Find the steady-state solution v(r) = tlim u(r, t).
—>00

b. State the problem (partial differential equation, boundary and initial con-
ditions) satisfied by the transient solution w(r, t) = u(r, t) — v(r).

c. Find product solutions of the partial differential equation from part b. You
will need to use Eq. (1).

d. Find product solutions that satisfy the special condition at r = 0. The cru-
cial step here is to choose the solution of Bessel’s equation that satisfies the
condition.

The complete solution for w requires expressing a w(r, t) as an integral of
product solutions, and also expressing w(r, 0) = —uv(r) as an integral involv-
ing Bessel functions. In rectangular coordinates, we solved similar problems
using the Fourier Integral Theorem. For this problem such an integral is called
a Hankel transform, which is beyond the scope of this book. Look up Hankel
transforms in a library or on the internet.

Project 5.3
The problem of finding the tallest possible column of a particular material and
form has been of interest for a long time. The idea behind the solution is to set
up an eigenvalue problem similar to that of the buckling column (Section 0.3).
A.G. Greenhill (Proceedings of the Cambridge Philosophical Society, IV Part 11
(1881) 65-73) studied the question for a column in the shape of a cone (such
as a tree trunk). The problem is

d*u o 4du N K . .

—+——+—u=0, <x<

dx?  xdx x

u(0) bounded

u(L)=0.
In this equation, x is measured down from the top, u is the deviation of the
centerline of the column from the x axis, and the constant is

K = 4w
"~ 3E tan?(a)
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where w is the weight density, E is Young’s modulus, and « is the central angle
of the cone.

a. Solve the differential equation in terms of Bessel functions, using Eq. (1).

b. Determine the solution that is bounded at x = 0.

c. Find the smallest value of L for which the bounded solution u(x) satisfies
the boundary condition (L) = 0 but is not identically zero. For this value
of L, the column would buckle under its own weight. (You will need tables
or software for the eigenvalue.)

5.9 Spherical Coordinates; Legendre Polynomials

After the Cartesian and cylindrical coordinate systems, the one most frequently
encountered is the spherical system (Fig. 11), in which

x = psin(¢) cos(B)
y = psin(¢) sin(6)
z = p cos(o).

The variables are restricted by 0 < p, 0 <8 < 27,0 < ¢ <. In this coordinate
system the Laplacian operator is

5 4 { o0 1 3 (., 0u 1 3%u
Viu=—S1—(p°— )+ = —\sin(@)— )+ —5 51"
p? | ap ap sin(¢) 8¢ a¢ sin®(¢p) 362
From what we have seen in other cases, we expect solvable problems in
spherical coordinates to reduce to one of the following:

Problem 1 V2y = —A%y in R, plus homogeneous boundary conditions.
2
¢ 0.6, ¢)
Y
] 1
Py

S

6
X

Figure 11 Spherical coordinates.
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Problem 2 V24 = 0 in R, plus homogeneous boundary conditions on facing
sides (where R is a generalized rectangle in spherical coordinates).

Problem 1 would come from a heat or wave equation after separating out
the time variable. Problem 2 is a part of the potential problem.

The complete solution of either of these problems is very complicated, but
a number of special cases are simple, important and not uncommon. We have
already seen Problem 1 solved (Section 5.8) when u is a function of p only. A
second important case is Problem 2, when u is independent of the variable 6.
We shall state a complete boundary value problem and solve it by separation
of variables:

1[0 ( ,0u i o e du
E{E(” a)nm@@(m@’@)]:”’ U iee DIt
(1)
u(c,¢) = f(¢), 0<¢ <m. (2)

From the assumption u(p, ¢) = R(p)D(¢), it follows that

(P*R'(p))’ , @) @)) _
R(p) sin(¢)® ()

Both terms are constant, and the second is negative, —u?, because the bound-
ary condition at p = ¢ will have to be satisfied by a linear combination of
functions of ¢. The separated equations are

(P*RY —u*R =0, O<p<c (3)
(sin(@)®') + ulsin(¢p)® =0, 0< ¢ <. (4)

Neither equation has a boundary condition. However, p = 0is a singular point
of the first equation, and both ¢ = 0 and p = 7 are singular points of the sec-
ond equation. (At these points, the coefficient of the highest-order derivative
is zero, while some other coefficient is nonzero.) At each of the singular points,
we impose a boundedness condition:

R(0)bounded, ®(0) and &(7r)bounded.

Equation (4) can be simplified by the change of variables x = cos(¢),
®(p) = y(x). (Of course, x is not the Cartesian coordinate.) By the chain
rule, the relevant derivatives are

do o dy
2 - @

d (. i R . dy
% (sm(qﬁ)ﬂ) = sin (qb)ﬁ — 2sin(g) cos(qb)a.
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The differential equation becomes
42 d
sin2(¢)d—x}2/ — 2cos(¢)% +uly=0
or, in terms of x alone
1—x2)y" —2xy' +u’y =0, —-l<x<l. (5)

In addition, we require that y(x) be bounded at x = £1.

Solutions of the differential equation are usually found by the power series
method. Assume that y(x) = ap + ayx +--+ + arx* + ... The terms of the
differential equations are then

y'=2ay +3-2a3x +4-3ax®+- - +(k+2)(k + Daggaxt +.--

—xy = —2ayx?— ... —k(k — DagxF +- -
—2xy' = —2a1x  —2apx% — .. —2kaxt — -
pwly =ulay +plarx +plax? 4. +tapxt 4

When this tableau is added vertically, the left-hand side is zero, according to
the differential equation. The right-hand side adds up to a power series, each
of whose coefficients must be zero. We therefore obtain the following relations

2a; + ,U,Zag =0
6as+ (u? —2)a; =0
(k +2)(k + Dagsy + [u? — k(k +1)]az = 0.
The last equation actually includes the first two, apparently special, cases. We
may write the general relation as
k(k+1) — u?
Qg2 = ———————a
M2 R
valid fork =0,1,2,---.

Suppose for the moment that u? is given. A short calculation gives the first
few coefficients.

a :_—Mza a :Z—Mza

2 2 0 3 6 1
6 — u? 12 — p?

A4 = a ag = a

4 122 2 ; 5 20 . 3 ;
6—u” —u 12—pu 2—p

= - —ay, = — ' —0a.
12 2 20 6

It is clear that all the a’s with even index will be multiples of ay and those with
odd index will be multiples of a;. Thus y(x) equals a, times an even function
plus a; times an odd function, with both gy and a, arbitrary.
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Py(x)=1

Pi(x)==x

Pi(x)= (3x* — 1)/2

P3(x)= (5x° — 3x)/2

Py(x) = (35x* — 30x% +3)/8

Table 3 Legendre polynomials

Figure 12 Graphs of the first five Legendre polynomials.

It is not difficult to prove that odd and even series produced by this process
diverge at both x = =1, for general u?. However, when u? has one of the
special values

uzzuflzn(n+1), n=0,1,2,---

one of the two series turns out to have all zero coefficients after a,. For in-
stance, if 4% = 3 - 4, then a5 = 0, and all subsequent coefficients with odd
index are also zero. Hence, one of the solutions of

(1—x%)y" —2xy' +12y =0

is the polynomial a;(x — 5x3/3). The other solution is an even function
unbounded at both x = +1.

Now we see that the boundedness conditions can be satisfied only if u? is
one of the numbers 0, 2,6, --- , n(n + 1), - - -. In such a case, one solution of
the differential equation is a polynomial (naturally bounded at x = £+1). When
normalized by the condition y(1) = 1, these are called Legendre polynomials,
written P,(x). Table 3 provides the first five Legendre polynomials. Figure 12
shows their graphs.
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Since the differential equation (5) is easily put into self-adjoint form
((1 —xz)y’), +uly =0, —-l<x<l,

it is routine to show that the Legendre polynomials satisfy the orthogonality
relation

1
f P,(x)P(x)dx =0, n#m.
-1

By direct calculation, it can be shown that

L 2
[1 P (x)dx = Gt (6)

A compact way of representing the Legendre polynomials is by means of Ro-
drigues’ formula,
1 4"

Exlx)= nl2n dxn

[t — 132 (7)

Elementary algebra and calculus show that the nth derivative of (x? — 1)" is
a polynomial of degree n. Substituting this polynomial into the differential
equation (5), with u? = n(n + 1), shows that it is a solution—bounded, of
course. Therefore, it is a multiple of the Legendre polynomial P, (x). Through
Rodrigues’ formula or otherwise, it is possible to prove the following two for-
mulas, which relate three consecutive Legendre polynomials:

(2n +1)P,(x) = P,,,(x) — P,_,(x) (8)

n

(n+1P(x)+nP,_1(x) = 2n+ 1)xP,(x). (9)

In order to use Legendre polynomials in boundary value problems, we need
to be able to express a given function f(x) in the form of a Legendre
series,

(o0}
fx) =) bpPu(x), —-l<x<l.
n=0
From the orthogonality relation and the integral, Eq. (6), it follows that the

coefficient in the series must be

_2n+1 (!
== .,

by £(x) Py(x)dx. (10)

The convergence theorem for Legendre series is analogous to the one for
Fourier series in Chapter 1.
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Theorem. If f(x) is piecewise smooth on the interval —1 < x < 1, then at every
point of that interval the Legendre series of f is convergent, and

anpn(x) = M O

n=0 2

From equation (10) for the coefficient of a Legendre series, and from the fact
that the Legendre polynomials are odd or even, we see that an odd function
will have only odd-indexed coefficients that are nonzero, and an even function
will have only even-indexed coefficients that are nonzero. Furthermore, if a
function f is given on the interval 0 < x < 1, then its odd and even exten-
sions have odd and even Legendre series, and f is represented by either in that
interval:

f@)= ) buPlx), 0<x<l,

n even i (11)
b,=02n+ 1)/ f(x)Py(x)dx (n even)
0

fx) = Z boPy(x), O0<x<1,
n odd 1 (12)
b,=(02n+ l)f f(x)P,(x)dx (n odd).
0

Because the P,(x) are polynomials, the integral Eq. (10) for any specific co-
efficient can be done in closed form for a variety of functions f(x). However,
getting b, as a function of # is not so easy. Fortunately, some elementary inte-
grals can be done using the differential equation

(1 —x)P)) +n(n+1)P, =0.
(1) First, separate the two terms of the differential equation and integrate:
n(n+1) / Pu(x)dx = / —((1—x*P;) dx
= —(1 — x) P)(x).

This equation may be solved for the integral if n # 0.

(2) Now multiply through the differential equation by x, separate terms and
integrate:

n(n+1) f xP,(x)dx = f —x ((1- xz)P,;)’dx
=—x(1—x%)P, +f(1 —x*)Pldx

=—x(1—x)P,+ (1 —x*)P, — f(—Zx)P,,dx.
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Next, move the last term to the left-hand member of the equation to find
n+2)(n—1) / xP,(x)dx = (1 — x?) (Pn(x) - xPn’(x)) ;

This equation can be solved for the integral on the left, provided that n#1.
(For n = 1, the integration is done directly.)

Summary
_ _(1 - xz) /
f Pn(x)dx = mpn(x) (13)
_ (1—x%) /
[xPn(x)dx = m (Pn(x) — xPn(x)) (14)

These integration formulas are useful if we can evaluate P,(x) and P,(x)
easily for any x. The relations in Eqgs. (8) and (9) are useful for this purpose.
We illustrate by finding P, (0). First, note that P,(0) = 0 for odd values of 1,
because the Legendre polynomials with odd index are odd functions of x. For
odd n, Eq. (9) gives

(n+ 1)Pp.1(0) + nPy_1(0) = 0,

or
n
P,1(0) = ———P,_,(0).
#1(0) = ———P,1(0)

Because Py(0) = 1, we find successively that

-1 1-3 —1.3%5
Py(0) = —, Py(0)= —, Ps(0)= ———,
20 = o= Pa(0) = 3, Pe(0) = S——
or in general
LB — )

S0 (U 1 i i =
Py(0) = (-1) A, T4 (15)
P,(0) =0, n=1,3,5---.

Similarly, but not as easily, Eq. (8) can be used to find the values of P, (0). It
is simpler to use the relation

P,(0) =nP,1(0), (16)

which can be derived from Egs. (8) and (9).
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JA\ '

\/ \YJ

S9(x) S6(x)

(@) (b)

Figure 13 Graphs of a function and a partial sum of its Legendre series: (a)
through Py(x) for the function f(x) in the example; (b) through Ps(x) for
f(x) = |x], =1 < x < 1. Compare with the partial sums of the Fourier series,
Figures 9 and 10 of Chapter 1.

Example.
1, -1<x<0

Letf(x)z{ 1, 0<x<l1
indexed polynomials, and their coefficients are

. The Legendre series will contain only odd-

1
b,=0C2n+ 1)/ P,(x)dx (nodd)
0

2n+1

v [(1 =) Pi(x)];
2n+l s 2041
= n(n—+1)P"(0) = —n+1 P, 1(0)
WAL D L ke ol RS S

2iliGnsi—1 Bl

Specifically we find b; = 3/2 (by a separate calculation), b3 = —7/8, bs =
11/16, - - - . Because f(x) is indeed piecewise smooth,

flx) = %PI(X) = gpg(x)+ %PS(x) LR

See Fig. 13 for graphs of the partial sums of this series.
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Figure 14 The nodal curves of the zonal harmonics are the parallels (¢ = con-
stant) on a sphere where P,(cos(¢)) = 0. The nodal curves are shown in pro-
jection for n = 1, 2, 3, 4. See the web site for color versions.

Summary

The solution of the eigenvalue problem
((1 — xz)y’)' +uly=0, —-l<x<1
y(x) bounded at x = —1 and at x =1,
is y(x) = Pp(x), u2 =n(n+1),n=0,1,2,---.
The solution of the eigenvalue problem
(sin(q))tb’)’ + 2 sin(¢)® =0,
®(¢) bounded at ¢ = 0and at ¢ = 7,

is ®(¢) = P,(cos(¢)), ,uf, =nn+1),n=0,1,2,---.

The Legendre polynomials P,(cos(¢)) are often called zonal harmonics be-
cause their nodal lines (loci of solutions of P,(cos(¢)) = 0) divide a sphere
into zones, as shown in Fig. 14.

EXERCISES

1. Equation (4) may be solved by assuming
1 o
P(p) = an + Zl:ak cos(ko).

Find the relations among the coefficients a; by computing the terms of
the equation in the form of series. Use the identities

sin(¢) sin(k¢) = % [cos((k — 1)¢) — cos((k + 1)¢)] .

sin(¢) cos(k¢) = —% [sin((k — 1)¢) + sin((k + 1)¢)] .

Show that the coefficients are all zero after a, if u? = n(n + 1).



10.

11.
12.
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Derive the formula for the coefficients by, as shown in Eq. (10).

Find Ps(x), first from the formulas for the a’s and second by using Eq. (9)
withn = 4.

Verify Egs. (6) and (7) forn = 0, 1, 2, and Eq. (9) for n = 2, 3.

One of the solutions of (1 — x2)y” — 2xy’ = 0is y(x) = 1(u? = 0). Find
another independent solution of this differential equation.

Show that the orthogonality relation for the eigenfunctions ®,(¢) =
P,(cos(¢)) is

/0 () P(@) sin(@)dp =0, n £m.

Obtain the relation
P, (x) = (1 + 1) Py(x) + xP;(x)

by differentiating Eq. (9) and eliminating P,_, between that and Eq. (8).
Note that Eq. (16) follows from this relation.

Let F = (x® — 1)". Show that F satisfies the differential equation
(x> — 1)F’ = 2nxF.

Differentiate both sides of the preceding equation #+ 1 times to show that
the nth derivative of F satisfies Legendre’s equation (5). Use Leibniz’s rule
for derivatives of a product.

Obtain Eq. (6) by these manipulations:

a. Multiply through Eq. (9) by Py, integrate from —1 to 1, and use the
orthogonality of P,4; with P,_;.

b. Replace (2# + 1) P, by means of Eq. (8).

c. P, is orthogonal to xP,_,, which is a polynomial of degree .
d. Solve what remains for the desired integral.

Find the Legendre series for the function f(x) = |x|, -1 < x < 1.

Find the Legendre series for the function below. Note that f(x) — 1/2 is
an odd function.

0, —-l1<x<0
1, 0<x<l1

flx) = {
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5.10 Some Applications of Legendre Polynomials

In this section we follow through the details involved in solving some problems
in which Legendre polynomials are used. First, we complete the problem stated
in the previous section.

Potential in a Sphere

We consider the axially symmetric potential equation —that is, with no varia-
tion in the longitudinal- or 8-direction. The unknown function » might rep-
resent an electrostatic potential, steady-state temperature, etc.

LGS s o)
o2 1ap \" 3p) " sin(@yap \"" ag )| T

O<p<ec, O<op<m (1)
ulc,d) = f(¢), 0<¢ <. (2)

Of course, the function u is to be bounded at the singular points ¢ = 0, ¢ = 7,
and p = 0. The assumption that u has the product form, u(p, ¢) = ®(@)R(p)
allows us to transform the partial differential equation into
(P’R(r))" |, (in(@)¥'(@)) _
R(r) sin(¢) ®(¢) '

From here we obtain equations for R and @ individually,

(R — u*R =0, O<p<c (3)
(sin(@)®') + plsin(@)d =0, 0<¢ <. (4)

In Section 5.9 we found the eigenfunctions of Eq. (4), subject to the bound-
edness conditions at ¢ = 0 and &, to be ®,(¢) = P,(cos(¢)), corresponding
to the eigenvalues ui = n(n + 1). We must still solve Eq. (3) for R. After the
differentiation has been carried out, the problem for R becomes

Pp*R!+2pR, —n(n+1)R, =0, O0<p<c

R, bounded at p = 0.
The equation is of the Cauchy-Euler type, solved by assuming R = p* and
determining «. Two solutions, p" and p~ "1 are found, of which the second

is unbounded at p = 0. Hence R, = p", and our product solutions of the
potential equation have the form

un(p, #) = Ru(p)®n(@) = p" Pu(cos(e)).
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The general solution of the partial differential equation that is bounded in the
region0 < p < ¢,0 < ¢ < 7 is thus the linear combination

ulp, ¢) = Z: by p” Py(cos(eh)). (5)

n=0

At p = ¢, the boundary condition becomes

ule,$) = Y buc"Polcos(e)) = f($), 0<o < (6)

=i

The coefficients b, are then found to be

B :% f £() Py (cos()) sin(@)dg. @)
(1]

Heat Equation on a Spherical Shell

The temperature on a spherical shell satisfies the three-dimensional heat equa-
tion. If initially there is no dependence on 8, then there will never be such de-
pendence. Furthermore, if the shell is thin (thickness much less than average
radius B) we may also assume that temperature does not vary in the radial
direction. The heat equation then becomes one-dimensional,

: ﬂ('tma" . A o<t (8)
sin(@) g \ w)_km' < Sl b

ulg. 0) = fig), 0<¢ <m (9)
Naturally, we require boundedness of wat ¢ = O and ¢ = 7.
The assumption of a product form for the solution, u(g¢, 1) = ®($)T(r),
leads to the conclusion that
(sin(@)®(@))  R*T'(t) _ _
sin(®(¢) k)

Thus, we have the eigenvalue problem
(sin{¢) D) + plsin(¢)P =0, D<=
®(0) and ®(7) bounded.

The solution of this problem was found in Section 5.9 to be u* = nin + 1)
and

¢'lr[¢} = .F,!{CDS{I#}:I, n=0,12,---,
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Obviously, the other factor in a product solution must be
Tu(t) = exp(—n(n + Dkt/R?).

Now a series of constant multiples of product solutions is the most general
solution of our problem:

(@, t) =Y byPy(cos(g))e " IR/E, (10)
n=0

The initial condition, Eq. (9), now takes the form of a Legendre series

D baPy(cos()) = f(¢), 0<¢ <. (11)

n=0

From the information in Section 5.9, we know that the coefficients b,, must be
chosen to be

_2n+1
2

by f P,(cos(6)) £ (¢) sin(¢)de.
0

Then if f(¢) is piecewise smooth for 0 < ¢ < 7, the series of Eq. (11) actually
equals f(¢), and thus the function u(¢, t) in Eq. (10) satisfies the problem
originally posed.

For instance, if f(¢) = Tp in the northern hemisphere (0 < ¢ < 7/2) and
f(¢) = —T; in the southern (7/2 < ¢ < ), then the coefficients are

o= f £(6) Pa(cos(9)) sin(¢)dep
0
1
_ 2”2“ [ f(cos’l(x))Pn(x)dx]
-1
- TO%PH(O),

as found in the previous section. Figure 15 shows graphs of u(¢, ¢) as a func-
tion of ¢ in the interval 0 < ¢ < = for various times. The web site shows an
animated version of the solution.

Spherical Waves

In Section 5.8 of this chapter, we solved the wave equation in spherical co-
ordinates for the case where the initial conditions depend only on the radial
variable p. Now we consider the case where the variable ¢ is also present.
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100

=100 -

Figure 15 Graphs of the solution of the example problem, with u(¢, 0) posi-
tive in the north and negative in the south. The function u(¢, t) is shown as
a function of ¢ in the range 0 to 7 for times chosen so that the dimensionless
time kt/R? takes the values 0, 0.01, 0.1 and 1; for convenience, Ty = 100.

A full statement of the problem is

19 [ ,0u 1 o (.  ou 1 9%u
P op (” %) " pEsin(g) 90 (sm(‘”%) "o

0O<p<a, O0<gp<m, 0<t (12)
u(a,¢,t) =0, 0O<¢p<m, O0<t

u(p7¢10):f(p7¢)1 0<p<£l, 0<¢<”

ou
E(P,‘ﬁ,o):g(l),‘ﬁ)s 0<p<a’ 0<¢<7l'

As usual, we require in addition that u be bounded as p — 0 andas¢ — 0
and ¢ — .

First, we seek solutions in the product form u(p, ¢,t) = R(p)D(¢)T(2).
Inserting u in this form into the partial differential equation (12) and manip-
ulating, we find

2 s . 1AYA "
i((p R’) (sm(d>)<1>))_ T (13)

+ = i
p? R sin(¢h) ® 2T

Both sides of this equation must have the same and constant value, say —A2.
Thus, we must have

(p?R')  (sin(@)®)  , ,
R sin(p)® P
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Again we see that the ratio containing ® must be constant, say —u?. Hence,
we have two separate problems for the functions ® and R.

(sin(@)®') + u?sin(p)® =0, O0<p <m

®(¢) bounded at ¢ =0, .

(P*R"Y — u’R+A2p’R=0, O<p<a
R(a) =0,

R(p) bounded at 0.

The first of these problems is now quite familiar, and we know its solution
to be
'u’zl :n(n+1): ¢n(¢) = Pn(cos(¢)): 7’1:0, 112:"' -

The second problem is less familiar. In standard form, the differential equa-
tion is
2 2
R'+ 2R -ER+ar=0.
o o
Comparison with the four-parameter form of Bessel’s equation (Eq. (1) of Sec-
tion 5.8) shows @ = —1/2, ¥ = 1 and p? = u? + o2 Since u = n(n + 1),

p?=n’+n+ % andthen p = n+ 1. Thus, the general solution of the differ-
ential equation is

Ra(p) = p~ 2 [ AT,1100) + BY,4330)

The fact that the Bessel functions of the second kind, Y,(Ap), are
unbounded at p = 0 allows us to discard them from the solution, leaving

R.(p) =p*%1n+g(kp)

as the bounded solution. These functions occur frequently in problems in
spherical coordinates. Sometimes the functions

T
D)= [Z Ty 2

called spherical Bessel functions of the first kind of order n are introduced. As
noted in Section 5.8, there is a relation to sines and cosines:

jo(z) = sin(z)/z
ji(2) = (sin(z) — zcos(z))/z*
j2(2) = (3 — 2%)sin(z) — 3z cos(2)) /2’
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We have yet to satisfy the boundary condition R,(a) = 0. This cannot be
done by formula, except for n = 0. In this case, Ro(a) = 0 comes down to
sin(Aa)/Aa = 0,so that A,, = mm/aform =1, 2, - .. . For other #’s, solutions
of Jut172(Aa) = 0 must be found numerically. For instance, for n = 1 the
equation is

sin(Aa) — Aa cos(ra) = 0,

with solutions Aa = 4.493, 7.725, 10.904, - - - . (See Handbook of Mathematical
Functions by Abramowitz and Stegun listed in the bibliography.)

Finally we can put together some product solutions. Clearly the factor func-
tion T'(t) will be a sine or cosine of Act. Thus our product solutions have the
form

p71/2]n+1/2 ()»nmP)Pn(COS(fﬁ)) Sin()\-nmCt):
2 T ni1/2(Mnmp) Pa(c08(9)) cos(Anmet).

The solution u(p, ¢, t) will be an infinite series of constant multiples of these
functions. We will not write it out.

Let us summarize some of the information we have obtained. First, the fre-
quencies of vibration of a sphere are A,,,c (radians per unit time) where A,
is the mth positive solution of

]n+1/2(}"a) =0.

Second, the nodal surfaces (loci of points where a product solution is 0 for all
time) are the values of p and ¢ for which

]n+1/2()\-mnp)Pn(Cos(¢)) =0.

One or the other factor must be 0, so these surfaces are either concentric
spheres, p = const., determined by J,11/2(Amnp) = 0, or else cones ¢ = const.,
determined by P,(cos(¢)) = 0.

Finally, let us observe that, because Py(cos(¢p)) = 1, the product solutions
with n = 0 are precisely what we found as product solutions of the problem in
Section 5.8, part B.

EXERCISES

1. Solve the potential equation in the sphere 0 < p < 1,0 < ¢ < 7 with the
boundary condition

1, 0<¢p<m/2

u(1,¢)={0’ T2<¢p<m

together with appropriate boundedness conditions.
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2. Solve the potential equation in a hemisphere, 0 < p < 1,0 < ¢ < 7/2,
subject to boundedness conditions at p = 0 and ¢ = 0, and the boundary
conditions

(1,g)=1, 0<¢<mn/2,
ulp,7/2)=0, 0<p<l.
Hint: use odd-order Legendre polynomials.
3. Solve this heat problem with convection on a spherical shell of radius R.

_1 9
R2sin(¢) 8¢

10u

a
(sin(¢>£) — Y =T) = Lo

O<¢p<m O0<it,
u(¢,0 =0, 0<¢p<m
Think carefully about the physical situation before attempting a solution.
4. Solve this heat problem on a hemispherical shell of radius R.

1 0 . ou 10u
m@ (Sln(¢)£)zgﬁ, 0<¢<]l'/2, 0<t,
a—M(n'/Z, t) =0, 0<t
a9

u(¢, 0) = cos(¢), 0<¢p<m/2

5. Solve the eigenvalue problem

L2 (), 12 (™).
o2 oo \" 3p) sin(@)op ' ag)] T "

O<p<a, O0<¢<m/2
u(a, ) =0, 0O<o¢p<m/2
u(r,m/2)=0, O0<r<a

subject to boundedness conditions at p = 0 and at ¢ = 0.

6. In Part C of this section we mention nodal surfaces (i.e., surfaces where the
function is 0). Find the nodal surfaces of the function

p71/2]3/z()\/0) Py (cos(9))

if A is the second positive solution of J3,,(A) = 0.

7. Describe in words the nodal surfaces for

072 ]5/2(Ap) P2 (cos(¢))

if A is the second positive solution of J5/,,(A) = 0.
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8. Solve the potential problem in the exterior of a sphere.

L8 (aan), L8 (L auy]
P [ap (” ap) " sin(@) 39 (sm ‘b)aqb)} B

R<p, O<o¢p<m
u(R,¢)=f(¢), O0<¢<m

Project 5.4

L.M. Chiappetta and D.R. Sobel (Temperature distribution within a hemi-
sphere exposed to a hot gas stream, SIAM Review 26 (1984), pp. 575-577)
analyze the steady-state temperature in the rounded tip of a combustion-gas
sampling probe. The tip is approximately hemispherical in shape. Its outer sur-
face is exposed to hot gases at temperature T, and its base is cooled by water
at temperature Ty circulating inside the probe. If T(p, ¢) is the temperature
inside the tip, it should satisfy the conditions

13 (,9T\, 1 2 _()BT 0
ﬁ[&(" %) mm(mw)]—’

0<p <R, 0<¢<g
T(p, ®/2) = Tw, 0<p<R

kZ—Tm, $)=hiTs— T(R,$)], O<p=<Z
0 2

together with boundedness conditions at p = 0 and at ¢ = 0.

a. The authors then change the variables to simplify the problem. Let r =
o/R, u(r,¢) = T(p, ¢) — Ty, and show that the problem for u# becomes

d [ ,0u 1 8 (. du
r'— ) + sm(qb)% =0, O0<r<l1, O0<¢<mu/2,

or or sin(qﬁ)@
u(r,m/2) =0, O0<r<l
ou
K§(1s¢)+u(1s¢)=D! 0<¢<n/2s

where K =k/hR and D = T5 — Ty.

b. Solve the problem in part a. Hint: use odd-indexed Legendre polynomials
to satisfy the boundary condition at ¢ = 7 /2.

5.11 Comments and References

We have seen just a few problems in two or three dimensions, but they are
sufficient to illustrate the complications that may arise. A serious drawback
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to the solution by separation of variables is that double and triple series tend
to converge slowly, if at all. Thus, if a numerical solution to a two- or three-
dimensional problem is needed, it may be advisable to sidestep the analytical
solution by using an approximate numerical technique from the beginning.

One advantage of using special coordinate systems is that some problems
that are two-dimensional in Cartesian coordinates may be one-dimensional in
another system. This is the case, for instance, when distance from a point (r
in polar or p in spherical coordinates) is the only significant space variable.
Of course, nonrectangular systems may arise naturally from the geometry of a
problem.

As Sections 5.3 and 5.4 point out, solving the two-dimensional heat or wave
equation in a region R of the plane depends on being able to solve the eigen-
value problem, V2¢=-22¢ in R with ¢=0 on the boundary. The
solution of this problem in a region bounded by coordinate curves (that is,
in a generalized rectangle) is known for many coordinate systems. We have dis-
cussed the most common cases; others can be found in Methods of
Theoretical Physics by Morse and Feshbach. Information about the special
functions involved is available from the Handbook of Mathematical Functions
by Abramowitz and Stegun, and also from Special Functions of Mathematics
for Engineers by L.C. Andrews. Eigenfunctions and eigenvalues are known for
a few regions that are not generalized rectangles. (See Miscellaneous Exercises
20 and 21.)

Eigenvalues of the Laplacian in a region can be estimated by a Rayleigh quo-
tient much as in Section 5.3. Furthermore, we have theorems of the following
type. Let AZ be the lowest eigenvalue of V¢p = —A%¢ in R with ¢ = 0 on the
boundary. Let 42 have the same meaning for another region R. If R fits inside
R, then A2 > 2. (The smaller the region, the larger the first eigenvalue.) For
further information, see Methods of Mathematical Physics, Vol. 1, by Courant
and Hilbert. In the famous article “Can one hear the shape of a drum?”, Amer-
ican Mathematical Monthly, 73 (1966, pp. 1-23), Mark Kac shows that one can
find the area, perimeter, and connectivity of a region from the eigenvalues of
the Laplacian for that region. However, Kac’s title question has been answered
negatively. In the Bulletin of the American Mathematical Society 27 (1992), pp.
134-138, authors C. Gordon, D.L. Webb and S. Wolpert display two plane re-
gions, or “drums,” of different shapes, on which the Laplacian has exactly the
same eigenvalues.

The nodal curves of a membrane shown in Fig. 9 can be realized physically.
Photographs of such curves, along with an explanation of the physics of the
vibrating membrane, will be found in The Physics of Musical Instruments, by
Fletcher and Rossing. (Also, see the cover of this book.)

Chapter Review

See the web site for review questions and special exercises.
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Miscellaneous Exercises

1. Solve the heat problem

B = 7 0 0 b, 0<t
H= = =< Xx<d, < y =8, <
k at Y
a a
_ul:[}:-_}rlt):{]p —u{ﬂ,y.ﬂ=[}, ﬂ{}'{b, 0=t
ix ix
w(x,0,8)=0, ulx,b,#=0, D<x<a, O0<t
Tx
ulx, y, 0) = —, O<x<a, O<y<bh
a

2. Same as Exercise 1, but the initial condition is
T
u{x,y,[})=Ty. 0D<x<a, O0=<y<bh
3. Let u(x, y, #) be the solution of the heat equation in a rectangle as stated
here. Find an expression for wu{a/2, b/2,t). Write out the first three
nonzero terms for the casea = b,
Vi = i ] ] b, 0=t
W= e < X < a, =y=bh, <
u=10 on all boundaries
ux, »,00=T, O<x=<a, O=y<bh
4. Find the nodal lines of the square membrane. These are loci of points
satisfying .. (x, ¥] = 0 where b, satisfies V3¢ = —A%d in the square
and ¢¢ = 0 on the boundary.

5. Find the solution of the boundary value problem

1d { du
FE(rE)——l. O=r=<a

u(0) bounded, ula)=10
both directly and by assuming that both u(r) and the constant function 1

have Bessel series on the interval 0 < r = a:

t(r) = ZCEIU{;‘.HTL D=r=a

ni=1

b &
1=Z|:,,ju{.i._..r]. 0=r<a.

(Hint: ld’i (rd“{lr]) = —lzfu':l"}-)

rdr dr
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6.

7.

10.

1L
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Suppose that w(x, t) and v(y, t) are solutions of the partial differential
equations
Fu_tow 01w
dx?  kar’ ayr  kat
Show that u(x, y. t) = w(x. t)v(y, t) satisfies the two-dimensional heat
equation
atu Au 1 du

— 4 =-—.
dx?  dy* kot
Use the idea of Exercise 6 to solve the problem stated in Exercise 1,

Let w(x, y) and v(z. t) satisfy the equations
axz Ayt dzz e’
Show that the product u(x, y. z. 1) = wix, y)v(z, 1) satisfies the three-
dimensional wave equation
u Fu u 1 8*u
ax? oy ez car

Find the product solutions of the equation

ii(%)—lE D<r, O<ti
rar\Uar) kot '

that are bounded as r — 04 and as r — .

Show that the boundary value problem
((1—x)¢) =—flx), -l<x<1
¢@(x) bounded at x = %1

has as its solution
x 1 1
dix) =f If flz)dzdy
i} l—}’ ¥

provided that the function f satisfies

1
f flz)dz = 0.
-1

Suppose that the functions f(x) and ¢(x) in the preceding exercise have
expansions in terms of Legendre polynomials

flx) = E-‘Jtﬂ-{x]. -l<x<l
k=0

Plx) = ZBJ.':FHIJ. —lex<l.

k=0

What is the relation between B and by.?
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By applying separation of variables to the problem
Viu=0, O<p<a, O0<¢p<m

with u bounded at ¢ = 0, 7, and u periodic (27r) in 8, derive the following
equation for the factor function ®(¢):

sin(¢) (sin(@)®’)’ — m*® + u? sin®(¢)® =0,

wherem =0, 1, 2, - - - comes from the factor @(8).

Using the change of variables x = cos(¢), (¢) = y(x) on the equation
of Exercise 12, derive a differential equation for y(x).

Solve the heat conduction problem

10 du 10u
—_——r—]==—, O<r<a, O<t
ror \ or k ot

Ju
—(a, t) =0, 0<t
or

r'\2
u(r,0)='Ib—A(—) , 0<r <a.
a

Solve the following potential problem in a cylinder:

19 [ du 3%u
~—r—)+—=0, 0<r<a, O0O<z<b
ror \ or 972

u(a,z) =0, 0<z<b
u(r,0)=0,u(r,b)=U,, 0<r <a.

Find the solution of the heat conduction problem

10 du 10u
= O<r<a, O0<t

rar\Uor) kor’
u(a, z) = Ty, 0<t
u(r,0) =1y, 0<r <a.

Find some frequencies of vibration of a cylinder by finding product solu-
tions of the problem
19 ( ou\ 0% 1 0%
-—flr—)t+—=——, O<r<a, 0<z<b, O0<t
rar \ or 922 c? ar?
u(r,0,t)=0, u(r,b,t)=0, O<r<a, a<t
u(a,z,t) =0, O0<z<b, 0<t.
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18. Derive the given formula for the solution of the following potential equa-
tion in a spherical shell:

Viu=0, a<p<b, O<p<m
ula,¢) = f(cos(¢)), ulb,¢)=0, 0<¢<mn

e bZnHl — plnt+l n+l
u(p.$)=3_ A (%) P,(cos(¢)).

2n+l _ 2n+1
b a
n=0

2n+1

1
[ f(x)P,(x)dx.
2 Ja

19. Show that the function ¢(x, y) = sin(wx)sin(27y) — sin(27x) sin(7y)
is an eigenfunction for the triangle 7 bounded by the lines y = 0, y = x,
x = 1. That is,

A, =

Vip=-22¢pinT
¢ = 0 on the boundary of 7.
What is the eigenvalue A associated with ¢?

20. Observe that the function ¢ in Exercise 19 is the difference of two different
eigenfunctions of the 1 x 1 square (see Section 3) corresponding to the
same eigenvalue. Use this idea to construct other eigenfunctions for the
triangle 7 of Exercise 19.

21. Let 7 be the equilateral triangle in the xy-plane whose base is the interval
0 < x < 1 of the x-axis and whose sides are segments of the lines y =
V3x and y= V3(1 — x). Show that for n = 1, 2, 3, - - -, the function

¢u(x, y) = sin (4mry/~/3) 4 sin(2mr(x—y/\/§)) —sin(2m‘r(x+y/\/3))

is a solution of the eigenvalue problem: V3¢ = —i*¢ in 7, ¢ = 0 on
the boundary of 7. What are the eigenvalues A2 corresponding to the
function ¢, that is given? (See “The eigenvalues of an equilateral triangle,”
SIAM Journal of Mathematical Analysis, 11 (1980), pp. 819-827, by Mark
A. Pinsky.)

22. In Comments and References, Section 5.11, a theorem is quoted that re-
lates the least eigenvalue of a region to that of a smaller region. Confirm
the theorem by comparing the solution of Exercise 19 with the smallest
eigenvalue of one-eighth of a circular disk of radius 1:

li ,a_¢ +l32¢- P, 0<0 i 0.<r<il
ror \ or r2 902 . SES 2

$(r,0) =0, ¢(r.%)=0, 0<r<]l

#(1,0) =0, 0<0<%.



23,

24,

25.

26.

27.

28.

29.
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Same task as Exercise 22, but use the triangle of Exercise 21 and the small-
est eigenvalue of one-sixth of a circular disk of radius 1.
Show that u(p, t) = t~/2¢=7"/% is a solution of the three-dimensional

: du . : .
heat equation V?u = 70 spherical coordinates.

—rfat

For what exponent b is u(r, t)=tbe a solution of the two-

; : : du 8
dimensional heat equation VZu = a_t? (Use polar coordinates.)
Suppose that an estuary extends from x = 0 to x = a, where it meets the

open sea. If the floor of the estuary is level but its width is proportional to
x, then the water depth u(x, t) satisfies

19 ( du 1 *u
— ] = — , O<x<a, O0<t,
xdx \ 9x gU oa?

where g is the acceleration of gravity and U is mean depth. The tidal mo-
tion of the sea is represented by the boundary condition

u(a, t) = U + hcos(wt).

Find a bounded solution of the partial differential equation that satisfies
the boundary condition by setting

u(x,t) = U + y(x) cos(wt).

(See Lamb, Hydrodynamics, pp. 275-276.)

Is there any combination of parameters for which the solution of Exercise
26 does not exist in the form suggested?

If the estuary of Exercise 26 has uniform width but variable depth h =
Ux/a, then the equation for u is

3 du a du
—_— ] =— , 0D<x<a, 0O0<t
0x ax

subject to the same boundary condition as in Exercise 26. Find a bounded
solution in the form suggested. (See Eq. (1) of Section 5.8.)

The equation for radially symmetric waves in n-dimensional space is

1 4 w1 U 1 9%u
PRGN () b i) O
el g ar ¢t or?
where r is distance to the origin. Find product solutions of this equation
that are bounded at the origin.
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30. Show that the equation of Exercise 29 has solutions of the form
u(r,t) =a(r)¢(r —ct)

forn = 1 and n = 3. (See “A simple proof that the world is three-
dimensional ” by Tom Morley, SIAM Review 27 (1985) pp. 69-71.)

Project 5.4

A certain kind of chemical reactor contains particles of a solid catalyst and a
liquid that reacts with a gas bubbled through it. M. Chidambaran (Catalyst
mixing in bubble column slurry reactors, Canadian Journal of Chemical Engi-
neering, 67 (1989), 503-506) uses the following problem to model the catalyst
concentration C in a cylindrical reactor:

10 aC 92C aC
y=—r—)+D,—+U—=0, 0<r<R, 0<z<lL
ror ar az2 z

aC

—(R,2)=0;, 0<z<L.

ar

Here, D, and D, are the diffusion constants in the radial and axial direc-
tions. The term containing dC /dz represents physical movement of particles
atspeed U.

a. Show that the change of variables p = r/R, ¢ = z/L, u(p, ) = C(r,2)
leads to the equivalent equations

bl ] ( 314) 5 92u +P3u - I 0<f <1
—— | p— - — =0, <p<l, < E'<1;
pap \" dp/ 9L* 9L

u
—(1,¢)=0, 0<Z <1
ap

and identify the parameters b and p.
b. When a boundedness condition at p = 0 is added, product solutions of the
foregoing equation are found to have the form u(p. ¢) = R(p)Z({):

e~P¢

Ro(p) = 1. Zo(¢) = ‘ )

m§
Rn(p) L ]O(Anp)' Z"(;) = I::I":C

where n; < 0 < m, are the roots of the equation m? + pm — A2b = 0 and
.y 1s chosen to satisfy J(2,) = 0.

(i) Check the details of the solution.
(ii) Show that the A’s satisfy also J(A,) = 0.
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c. The solution of the problem has the form

oo
u(p.2) = age P +bo+ Y (ane™C + bue™") Jo(Aup).
n=1
The coefficients would normally be found by applying boundary condi-
tions
u(p.0)= f(p), ulp,1)=g(p), 0<p<l.
In this case, however, information is scarce. The author suggests discarding
the solutions that do not approach 0 as { — oco. The justification is that
g(p) is approximately 0. The solution then becomes

oo
"(P. C) = “()e-”( i Z “nc"“(]()(;‘np)-

n=1

and the coefficients should be determined by

' o F(o)o(Anp)pdp
a =2f f(p)pdp, ay==> :
0 0 fc,l ]g'(lnp)PdP

The function f is known only roughly through experiment. Use the num-
bers in the table below to find a; and a, by the trapezoidal rule of numerical
integration.

P 0 0.1 0.2 0.3 0.4

f(p) 88 89 92 9.8 10.3
Jolkp) 10 0964 0858 0.696 0.493

p 05 06 07 0.8 0.9 1.0

flp) 11.2 120 13.1 14.1 14.8 15
Jo(Ap) 0.273 0.056 —0.135 —0.281 —0.373 —0.403

Project 5.5

In the article “Asymptotic analysis of intraparticle diffusion in GAC batch
reactors” (D.A. Lyn, J. of Environmental Eng. 122 (1996) 1013-1022), the
author analyzes chemical diffusing into a spherical particle, with a view to
determining some parameter. The concentration g is modeled in dimension-

less variables by
29 L) B feepad, Bl
r2or ar ot

q(r.t) bounded as r — 0

aq aq
—(1,t)==-D—(1,1t
Bt( ) Br( )
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a.

b.

Separate the variables and find the eigenvalue problem, assuming that
q(r,t) = R(r)T(t).

The eigenvalue problem that comes from part a. has a peculiar boundary
condition that prevents the eigenfunctions from being orthogonal. How-
ever, the author needs only the first terms of a series solution. Find an equa-
tion for the eigenvalues. Confirm that A = 0 is a solution. Find the next one
numerically for D =0, 1, 10.



Laplace Transform
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6.1 Definition and Elementary Properties

The Laplace transform serves as a device for simplifying or mechanizing the
solution of ordinary and partial differential equations. It associates a function
f(t) with a function of another variable F (s ) from which the original function
can be recovered.

Let f(t) be piecewise continuous in every interval 0 < t < T. The Laplace
transform of f, written L( f) or F (s), is defined by the integral

E(f)=F(s)=f e f(t) dt. (1)
0

We use the convention that a function of t is represented by a lowercase letter
and its transform by the corresponding capital letter. The variable s may be
real or complex, but in the computation of transforms by the definition, s is
usually assumed to be real. Two simple examples are

L(1) =/ et dti= =
0

s

—e—(s—alk oo 1

oo
E(e(ll) o f e—sterl'd: - —
0

s—a |, s-—a

Not every piecewise continuous function of ¢ has a Laplace transform, for
the defining integral may fail to converge. For instance, exp(t®) has no trans-
form. However, there is a simple sufficient condition, as expressed in the fol-
lowing theorem.

(©) 2010 Elsevier, Inc. All rights reserved. 379
doiz10.1016/B978-0-12-374719-8.00007-4.
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Theorem. Let f(t) be piecewise continuous in every finite interval 0 < t < T.
If, for some constant k, it is true that

. —kt i
;'-'»n;c e f(t) =0,
then the Laplace transform of f exists for Re(s) > k. O
A function that satisfies the limit condition in the hypotheses of the theorem
is said to be of exponential order.

The Laplace transform inherits two important properties, called linearity
properties, from the integral used in its definition:

L(cf(t))=cL(f(t)), ¢ constant (2)
L(f&)+g()=L(f(t)+L(g(1). (3)

By exploiting these properties, we easily determine that
1
L(cosh(at)) = L [5 (e + e—m)]
1 ( 1 1 ) :
- - + =
2\s—a s+a 22—ia2

1

iG]

2i

L(sin(wt)) = L [

1 1 1 w

2i\s —iw s+iw) s?+w?
Notice that the linearity properties work with complex constants and
functions.

Because of the factor e=*' in the definition of the Laplace transform, expo-
nential multipliers are easily handled by the “shifting theorem”:

L(e"f(1) = fxc_"eb'f(t)dr
1]

= fx eGP f(t) dt=F(s — b)

0
where F(s) = L(f(t)). For instance, since L(sin(wt)) = w/(s* + »?),
) ®

L bt . = = &
(" sinn) = T T T e T

The real virtue of the Laplace transform is seen in its effect on derivatives.
Suppose f(t) is continuous and has a piecewise continuous derivative f’(t).
Then by definition

o0
L(f() = f =5t f/(1)dt.

0
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Integrating by parts, we get

L(f®)= e"'f(t)]:o —j (—s)e™" f(t)dt.
0

If f(t) is of exponential order, e *' f () must tend to 0 as t tends to infinity
(for large enough s) so that the foregoing equation becomes

L(f)= —f(0)+s‘[)DC e f(t)dt
=—f(0)+sL(f(1).

(If f(t) hasajumpatt =0, f(0) is to be interpreted as f(0+).)
Similarly, if f and f” are continuous, f” is piecewise continuous, and if all
three functions are of exponential order, then

L(f"®) ==fO) +sL(f ()
= —f(0) = sf(0) + 2L (f(1)).
An easy generalization extends this formula to the nth derivative,

LIFD(@0)] = — f=D©0) —sf"D(©0) —--- —s" f(O) +s"L(f(1)) (4)

on the assumption that f and its first n — 1 derivatives are continuous, f" is
piecewise continuous, and all are of exponential order.
We may apply Eq. (4) to the function f(t) = t*, k being a nonnegative
integer. Here we have
fO)= f ) =---= f&D@) =0, RO =k, F*Vr)=0.
Thus, Eq. (4) with n = k + 1 yields
0= —kl+s*1L(t"),

or

L) = k!

sk+1’

A different application of the derivative rule is used to transform integrals. If
f(t) is piecewise continuous, then f; f(t')dt’ is a continuous function, equal
to zero at t = 0, and has derivative f(t). Hence

L(f(t))=sL [[ f(t')dt':'
0

or

' 1
L U f(t')dt’] = ;E(f(t)). (5)
0
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C(f)=F(s)=f e~ f(1)dt

0
Lcf(t))=cL(f(1)
L(f(0)+g(0)=L(f(1)+L(g(r))
L(f'(1) = —f(0)+sF(s)
L(f"(0) =—f'(0)—sf(0) +s*F(s)
L") ==f""0) =sf"2(0) =--- =s""" f(0) +5"F(s)
L(e"f(1) =F(s—b)

t:(f f(r’)d:’) = le(s) 7o (%f(r)) =[ F(s')ds'

dF
L(tf(1) =~ o

Table 1 Properties of Laplace transform

Differentiation and integration with respect to s may produce transforma-
tions of previously inaccessible functions. We need the two formulas

de*! 00% 1
- =ite"; / e idsh= ?e_"
[ ]

to derive the results

c(rf(r))=-d‘2§”. C(%f(t)) =/ F(s')ds’. (6)

(Note that, unless f(0) = 0, the transform of f(r)/t will not exist.) Examples
of the use of these formulas are

. _ d ) AL
Litsin(wn) =~ ( ) =

52 + w? 52+ w?)?

£ (sint(t)) :[ s’fi 1 % —tan™!(s) = tan™! (Sl) : @

Significant properties of the Laplace transform are summarized in Table 1.
When a problem is solved by use of Laplace transforms, a prime difficulty is
computation of the corresponding function of t. Methods for computing the
“inverse transform” f(t) = L7'(F(s)) include integration in the complex
plane, convolution, partial fractions (discussed in Section 6.2), and tables of
transforms. The last method, which involves the least work, is the most popu-
lar. The transforms in Table 2 were all calculated from the definition or by use
of formulas in this section.
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f(t) F(s) f(1) F(s)
P k!
0 0 4 SkT
1 s—b
1 - e cos(wt T
5 ) s2—=2bs + b* + ?
1 [0]
at bt :
‘ ——————————————————————
. s—a e wnlox) 52 —=2bs + b* + ?
s 5BUE k!
COSh(ﬂl) e et m
a 1
sinh(ar) — e —1 :
st —q? s(s —a)
(wt) > bl
cos(@ sy cos(w T ol
2
sin(wt) - = . t sin(ewt) —_— sa), -
s2 4+ w? (s + w?)?
1
! 52

Table 2 Laplace transforms

EXERCISES

1. By using linearity and the transform of e“’, compute the transform of each
of the following functions:

a. sinh(at) b. cos(wt) e. cos’(wt)
d. sin(wt —¢) e X'V f. sin’(wt).
2. Use differentiation with respect to ¢ to find the transform of
a. te" from L(e")
b. sin(wt) from L(cos(wt))
c. cosh(at) from L(sinh(at)).
3. Compute the transform of each of the following directly from the defini-

tion:

a f(0)= {‘l’

O<t<a
a<1

0, 0<t<a
b. f(1)=41, a<t<b
0, b<t

O<t<a

& f(f)=[:;. a <t
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4. The Heaviside step function is defined by the formula

t>a
t<a.

Hy(1) = {(1,

Assuming a > 0, show that the Laplace transform of H, is

—as

L(H,(t)) =

5. Use completion of square in the denominator and the shifting theorem to
find the inverse transform of

1 s+1 1
a. ; c. :
s24+2s s24+2s+2 s2 + 2as + b?

6. Find the Laplace transform of the square-wave function

O<x<a
a<x<2a’

f(t)=l(l): f(x +2a) = f(x).

Hint: Break up the integral as shown in the following, evaluate the inte-
grals, and add up a geometric series

o0 2(n+1l)a
F(s) = Z[ f(t)e™*" dt.

n=0 ¥ 2na

7. Use any method to find the inverse transform of the following.

NS S . N
Y Goais-b - (F-a?
s? 4 1 . (1—¢~%)
(s? +w?)? " (s —a)? ’ s

8. Use any theorem or formula to find the transform of the following.

1 — cos(wt) 2 /' Sin(f”')dt,
0

t t
c. tle ™ d. tcos(wt) e. sinh(at)sin(wt)
9. Find the inverse transform of these functions of s by any method.
1 s
(s + w?)? T (s2+w?)?
2 g7
(s + w?)? T (st )
1 1

S — f. e —————
s(s2+ w?) s3(s2 + w?)
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10. Suppose that a function of time also contains a parameter a. Call the func-
tion f(t;a) and its transform F (s;a).
a. Use the definition of Laplace transform to explain why it should be
aF d
that — = L oF
da da
and check with the tables.
b. L(te®) [f(t;a)=e"]

c. L(tsin(wt)) [f(t;w) = — cos(wt)].

). Use this idea to find the following transforms,

6.2 Partial Fractions and Convolutions

Because of the formula for the transform of derivatives, the Laplace trans-
form finds important application to linear differential equations with con-
stant coefficients, subject to initial conditions. In order to solve the simple
problem

u't+au=0, u(0)=1

we transform the entire equation, obtaining
L) +al(u)=0

or
sU—-1+4+aU=0

where U = L(u). The derivative has been “transformed out,” and U is deter-
mined by simple algebra to be

1
U(s) = —.
s+a

—at

By consulting the table we find that u(t) = e
Equations of higher order can be solved in the same way. When transformed,
the problem
W+ etu=0, u(0)=1, u'(0)=0

becomes
s2U—-5-1-0+0*U =0.

Note how both initial conditions have been incorporated into this one equa-
tion. Now we solve the transformed equation algebraically to find

the transform of cos(wt) = u(t).
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In general we may outline our procedure as follows:

Original Solution of
Problem original problem
L Lt
Transformed Solution of
Problem ————— transformed
problem

In the step marked £~!, we must compute the function of ¢ to which the solu-
tion of the transformed problem corresponds. This is the difficult part of the
process. The key property of the inverse transform is its linearity, as expressed
by

L7 (e1Fi(s) + e2Fa(s)) = a1 L7 (Fi(s)) + c2L7 (Fa(s)) .
This property allows us to break down a complicated transform into a sum of
simple ones.

A simple mass—spring—damper system leads to the initial value problem
W +au +*u=0, u(0)=uy u'(0)=u
whose transform is
s2U —sup — uy + a(sU — up) + 0*U = 0.
Determination of U gives it as the ratio of two polynomials

stg + (uy +augp)
U(s) = —————
s?+as +w?
Although this expression is not in our table, it can be worked around to a

function of s + a/2 whose inverse transform is available. The shift theorem
then gives u(t). There is, however, a better way.

Partial Fractions

The inversion of a rational function of s (that is, the ratio of two polynomials)
can be accomplished by the technique of “partial fractions.” Suppose we wish
to compute the inverse transform of

cs+d

@
s) s2+as+b
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The denominator has two roots r; and r;, which we assume for the moment
to be distinct. Thus

s2tas+b=(—n)s—r)

cs+d
U(s) P —
(s =r)(s —r2)
The algebraic rules for adding two fractions suggest that U can be written as a

sum,
cs+d A, A,
(1)

] +

(s=7ri)(s =13) s —=r .s—1;
for some choice of A} and A;. Indeed, by finding the common denominator
form for the right-hand side and matching powers of s in the numerator, we
obtain

cs +d _Ails =)+ Ax(s —1y)
(s =r)s —r) (s =r)(s —r2)
C=A|+AZ‘ dz—Alfz—Azr].

When A, and A, are determined, the inverse transform of the right-hand side
of Eq. (1) is easily found:

L (L + Az ) = A, exp(rt) + A exp(rat).

s—n Ss—nr;

Example.

Suppose that
s+4

U = —_—
) s2+3s+2

The roots of the denominator are r; = —1 and r» = —2. Thus
s+4 _ Ay " A, _ (A) + Ax)s +(2A, + Ay)
s24+3s+2 s+1 s+2 (s+1)(s +2) ’
We find A; = 3, A, = —2. Hence

+4 3 2
£ e = Yoyl - =3¢~ —2¢7%. O
s24+3s +2 s+1  s+2

A little calculus takes us much further. Suppose that U has the form

p(s)

where p and q are polynomials, and the degree of g is less than the degree of
p. Assume that p has distinct roots ry, - - -, rg

Ul(s)

pis)=(—r)(s —r2) - (s —r).
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We try to write U in the fraction form

P s i 8 HIE),
Ss—=r, Ss$—r; s—ry  p(s)

The algebraic determination of the A’s is very tedious, but notice that

1. L) SRS et P ol 1 §
p(s) $—r; s —rk
If s is set equal to ry, the right-hand side is just A;. The left-hand side becomes
0/0, but CHopital’s rule gives
lim $ =46 _ = r)gs) +q(s) _ q(n)
s=n_ p(s) s=>n p'(s) p'(r1)

Therefore A; and all the other A’s are given by

q(ri)
A,’ = .
p'(ri)
Consequently, our rational function takes the form
q(s) _ g(n) 1 — q(ry) 1 :
pis)  p'lr)s—n p'(ry)s =1y

From this point we can easily obtain the inverse transform, as expressed in the
conclusion of the following theorem.

Theorem 1. Let p and q be polynomials, q of lower degree than p, and let p have
only simple roots, ry, r, - - -, ry. Then

s fa6)y _ aln) At
L (p(s)) = () exp(rit) + -+ P (re) exp(rit). (2)
(Equation (2) is known as Heaviside’s formula.) 0
Example.

Let us apply the theorem to the previous example in which g(s) = s + 4,
p(s) =s*+3s+2, p'(s) =25 + 3. Then

s+4 —-1+4 —2+4
ﬁ'l = —l+ -2 =3 —t ) —Zr‘ D
(53+3s +2) =—D%3  A-D+a s

Convolution

In nonhomogeneous differential equations also, the Laplace transform is a use-
ful tool. To solve the problem

' +au= f(t), u0)=u
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we again transform the entire equation, obtaining

sU—=ug+alU = F(s)
U(S)= Uy

1
+ ——F(s).
s+a s+a

The first term in this expression is recognized as the transform of uge ™', If
F (s) is a rational function, partial fractions may be used to invert the second
term. However, we can identify that term by solving the problem another way.
For example,

eul(ul +au) = eﬂlf(t)

(uent)' = eurf(t)
ue = f e‘"'f(t’)dt' +c

0
‘ ’
u(t) = [ e~ £ ydt + ce™ ™.
0

The initial condition requires that ¢ = u,. On comparing the two results, we

see that
{
L [ f o ) f(t')dt'] = 2 _pey.
0 s+a

Thus the transform of the combination of e ™" and f(t) on the left is the prod-
uct of the transforms of e ™" and f(t). This simple result can be generalized
in the following way.

Theorem 2. If g(t) and f(t) have Laplace transforms G(s) and F (s), respec-
tively, then

]
[.I:/ g(r—t')f(r')dt’:l = G(s)F(s). (3)
0
(This is known as the convolution theorem.) O

The integral on the left is called the convolution of g and f, written

t
gty f(t) = f gt —=1)f(t)dr'.
1]
It can be shown that the convolution follows these rules

gxf=frg ()
fr(gxh)=(fxg)xh (4b)
f(g+h)=f*xg+ f=h (4¢)
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The convolution theorem provides an important device for inverting
Laplace transforms, which we shall apply to find the general solution of the
nonhomogeneous problem

W' —au=f(t), u)=uy uw'(0)=u.
The transformed equation is readily solved, yielding

Sug+u 1
Uls)=—5——+
s

—a s?—a

F(s).

Because 1/(s> — a) is the transform of sinh(y/at)//a, we easily determine
that u is

f’ sinh(a(t —t’
0

u(t) = ug cosh(v/at) + %sinh(ﬁt)«f Ta ))f(t’)dt’. (5)

Ja

Example.
Consider a spring-mass system in which the mass is pushed while the system
is in motion. The mathematical model of the system might be

Wt wru=f(t), u0)=uy. u(0)=u

where f(t) = Fyforty < t < t; and f(t) = 0 for other values. The transform

of uis g
Stg + Uy
U(s) = +
sthw? st

The inverse transform of U(s) is then
. § = ¢
u(t) = ug cos(wt) + u, O +[ i i) f(thdt'.
® o w

The convolution in this case is easy to calculate:

=F(s). (6)
g

0. t<ty
. ; 1 — cos(w(t —1))
/' Sn@E—2) p gy | B—— fo<t<t
)
? cos(w(t — 1)) — cos(w(t — 1))
0 ~ v <t
e
O
EXERCISES
1. Solve the initial value problems using the Laplace transform.
a ' —2u=0, u(0) =1
b. u'+2u=0, u(0) =1

c. u' +4u +3u=0, u(0)=1, u'(0)=0
d " +9%u=0, u(0) =0, u'(0)=1.



6.2 Partial Fractions and Convolutions 391

. Solve the initial value problem with the Laplace transform
w +2au +u=0, u0)=uy, u(0)=u

in the three cases: 0 <a < 1,a=1,a > 1.

. Solve these nonhomogeneous problems with zero initial conditions. Use
tables for inversion.

a v +au=1 b. v +u=t

c. u”+4u =sin(t) d.  u” + 4u = sin(2t)

e. uW+2=1—e" f W —u=1

. Complete the square in the denominator and use the shift theorem
[F(s —a) = L(e* f(#))] to invert

_sup+ (uy + 2aug)

U(s
) s2+2as + w?

There are three cases corresponding to
wz—a2>0, =0, <0.

. Use partial fractions to invert the following transforms:

1 1
* EL T 5244
(s +3) 4
s(s2+42) T os(s+ 1)

. Prove properties (4a) and (4c) of the convolution.
. Compute the convolution f * g for

a. f(t)=1,g(t) =sin(#)

b. f(r) =¢’, g(t) = cos(wt)

c. f(t) =t g(t) =sin(z).

. Demonstrate the following properties of convolution either directly or by
using Laplace transform:

a. 1x f'(t) = f(¢) — £(0)
b. (tx* f(1)" = f(¢)
e (fxg)=/fxg=f=g,if f(0)=g(0)=0.

. Solve the last example problem by expressing f(¢) in terms of Heaviside
step functions. (See Exercise 4, Section 6.1.)
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6.3 Partial Differential Equations

In applying the Laplace transform to partial differential equations, we treat

variables other than t as parameters. Thus, the transform of a function u(x, t)
is defined by

L(u(x.t)) = f e *u(x, t)dt = U(x, s).
0

For instance, we easily find the transforms

L(e " sin(rx)) = : sin(x)
s+a
L(sin(x + 1)) = M
st +1

The transform U naturally is a function not only of s but also of the “untrans-
formed” variable x. We assume that derivatives or integrals with respect to the
untransformed variable pass through the transform

du 20 QUCAEY
— )= ———e dt
£ (Bx) l ax i

o0

d a
— u(x, t)e*'dt = —(U(x,s)).
0x 0 dx

]

If we wish to focus on the role of x as a variable and keep s in the background
as a parameter, we might use the symbol for the ordinary derivative

du dU
L —= |i=—=
(ax ) dx
The rule for transforming a derivative with respect to t can be found, as
before, with integration by parts

ou

L (—) =sL(u(x,t)) — u(x,0).
at

If the Laplace transform is applied to a boundary value-initial value prob-
lem in x and t, all time derivatives disappear, leaving an ordinary differential
equation in x. We shall illustrate this technique with some trivial examples.
Incidentally, we assume from here on that problems have been prepared (for
example, by dimensional analysis) so as to eliminate as many parameters as
possible.
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Example 1.
3%u  du
—_—= O<xi<l,; 0=<&
ax2 ot
u(0,t)=1, wu(l,t)=1, 0<t
u(x,0) =1+ sin(wrx), 0<x <l

The partial differential equation and the boundary conditions (that is, every-
thing that is valid for ¢+ > 0) are transformed, while the initial condition is
incorporated by the transform
d*u
dx?
1 1
U0,s)=—-, U(,s)=-.
s s

=sU —(1+sin(wx)), 0<x<1

This boundary value problem is solved to obtain

sin(7r x)

Ul(x,s) 1+
x,s)=— )
s s+m?

We direct our attention now to U as a function of s. Because sin(rx) is a
constant with respect to s, tables may be used to find

u(x,t) =1+sin(wx) exp(—zrzt). O
Example 2.
3%u  du
— =, 0<x<l, O0<t
axz ot
u(0,1)=0, u(l,t)=0, 0<t
u(x, 0) = sin(mwx), D<x<1
a
a—l:(x,o) = —sin(mrx), 0<x<l.
Under transformation the problem becomes
a*u
Z — =s%U — ssin(mx) +sin(mrx), 0<x<1
dx?

U,s)=0, U(l,s)=0.
The function U is found to be
-1
Ulx,s) = SZ+4”2 sin(7r x)
from which we find the solution,

u(x, t) = (cos(nt) — %sin(nt)) sin(rx). O
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Example 3.

Now we consider a problem that we know to have a more complicated

solution:
*u  du
axr  at’
u0,8)=1, u(fl,r)=1, 0<t
u(x,00=0, 0<x<l.

D<x<l, O0<it

The transformed problem is

d*U

~=s5U, 0O0<x<l
4t 1 1
Uu@,s)=-, U(l,s)=-.

s s

The general solution of the differential equation is well known to be a combi-
nation of sinh(y/sx) and cosh(\/sx). Application of the boundary conditions
yields

1 — cosh(y/s)) sinh(/5x)
s sinh(y/s)

B sinh(y/5x) + sinh(/5(1 = x))
- s sinh(\/5) ’

This function rarely appears in a table of transforms. However, by extending
the Heaviside formula, we can compute an inverse transform.

When U is the ratio of two transcendental functions (not polynomials) of
s, we wish to write

U(x,s) = lcosh(\/s_x) + (
s

1
S—f'"'

Ulx,s) =) Anlx)

In this formula, the numbers r,, are values of s for which the “denominator” of
U is zero or, rather, for which |U(x, s )| becomes infinite; the A, are functions
of x but not s. From this form we expect to determine

u(x.t) = E A, (x)exp(ryt).

This solution should be checked for convergence.

The hyperbolic sine (also the cosh, cos, sin, and exponential functions) is
not infinite for any finite value of its argument. Thus U(x, s) becomes infi-
nite only where s or sinh(./s) is zero. Because sinh(,/s) = 0 has no real root
besides zero, we seek complex roots by setting /s = & + in (£ and 7 real).

The addition rules for hyperbolic and trigonometric functions remain valid
for complex arguments. (See the Appendix.) Furthermore, we know that

cosh(iA) = cos(A), sinh(iA) =isin(A).



6.3 Partial Differential Equations 395

By combining the addition rule and these identities we find
sinh(& + in) = sinh(&) cos(n) + i cosh(&) sin(n).

This function is zero only if both the real and imaginary parts are zero. Thus &
and n must be chosen to satisfy simultaneously

sinh(&) cos(n) =0, cosh(&)sin(y) = 0.

Of the four possible combinations, only sinh(§) = 0 and sin(n) = 0 produce
solutions. Therefore £ = 0and n = £nx(n =0, 1, 2, -- - ); whence

q ) 2
s =+inm, s=-—-n’n’.

Recall that only the value of s, not the value of /5, is significant.

Finally then, we have located ry = 0, and r,, = —n’7%(n = 1,2,---). We
proceed to find the A, (x) by the same method used in Section 6.2. The com-
putations are done piecemeal and then the solution is assembled.

Parta. (ro = 0).In order to find A; we multiply both sides of our proposed
partial fractions development

1

§—ry,

Ulx,s) = ) Aulx)

n=0

by s — rg = s and take the limit as s approaches ry = 0. The right-hand side
goes to Ap. On the left-hand side we have
inh +sinh 1-
limsSln (v5x) 'sm (5 x)) =x+(1=x)=1= Ap(x).
50 s sinh(/5)
Thus the part of u(x, t) corresponding tos = 0is 1 - ¢” = 1, which is easily
recognized as the steady-state solution.

Partb. (r,=—n*m% n=1,2,---). For these cases, we find

_ q(ry)
Topr)

where g and p are the obvious choices. We take \/r,, = +inx in all calculations

p'(s) =sinh(v/s) +s # cosh(+/5)

p'(ry) = %inn cosh(inm) = %inn cos(nm)
q(ry) = sinh(inmx) + sinh(inmw (1 — x))

=i[sin(nmx) + sin(nm (1 — x))].
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Hence the portion of u(x, t) that arises from each r,, is

sin(nax) + sin(nx (1 — x))
niw cos(nm)

Ay(x)exp(r,t) =2 exp(—nznzr).

Partc. On assembling the various pieces of the solution, we get

exp(—nznzt).

B 3 = sin(nmx) + sin(nw (1 — x))
e el 1% T $ ncos(nm)

The same solution would be found by separation of variables but in a slightly

different form. O
Example 4.
Now consider the wave problem
3Fu  u
===, 0<x<l, 0<t
dx*  or?
du(l,t
u(0,t) =0, i )=0 0<t
ax
du(x,0
u(x,0) =0, u(axr )=x. O<x<l

The transformed problem is

d?U
dx?
U,s)=0, U'(l,s)=0

=s?U—-x, O0<x<l

and its solution (by undetermined coefficients or otherwise) gives

_ sxcosh(s) — sinh(sx)
Uiergd= s3 cosh(s)

The numerator of this function is never infinite. The denominator is zero at
s=0ands = +i(2n—1)x/2 (n=1,2,---). We shall again use the Heaviside
formula to determine the inverse transform of U.

Parta. (ro = 0). The limit as s approaches zero of s U(x, s) may be found by
L'Hopital’s rule or by using the Taylor series for sinh and cosh. From
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the latter,

sU(x,s)

Thus, in spite of the formidable appearance of s* in the denominator, s = 0 is
not really a significant value and contributes nothing to u(x, t).

Partb. It is convenient to take the remaining roots in pairs. We label
+i(2n — 1)n /2 = +ip,.
The derivative of the denominator is

p'(s) = 3s* cosh(s) + s sinh(s)
p'(Fip,) = £i’p; sinh(£ip,)
= p}sin(p,)

since sinh(ip) = i sin(p), and (+i)* = 1. The contribution of these two roots
together may be calculated using the exponential definition of sine

q(ipu) q(—ipy)
i) PPt o

=~ sinh(ip,x) exp(ip,t) + sinh(ip,x) exp(—ip,t)
Py sin(py)

EXP(—ipnf)

_ sin(p,x) . o ) .
= p—;’,’ sin(p,,)t( exp(ip,t) + exp(—ip,t))

_ 2sin(p,x) sin(p,t)
plsin(p,)

Part c. The final form of u(x, t), found by adding up all the contributions
from Part b, is the same as would be found by separation of variables

sin(p,x) sm(p,,t)
u(x,t)=2 0
Zl: p3 sin(py)
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EXERCISES

1. Find all values of s, real and complex, for which the following functions are

Zero:;

a. cosh(y/s)

c. sinh(s)

b. cosh(s)
d. cosh(s) — s sinh(s)

e. cosh(s) + s sinh(s).

2. Find the inverse transforms of the following functions in terms of an infi-

nite series:

a. L] tanh(s)
s

sinh(sx)

. s cosh(s)’

3. Find the transform U(x,s) of the solution of each of the following

problems.
a%u _ du

“ ==
u(0,1) =0,
u(x,0) =0,
%u _du

. B_xz o 8—1.
u(0.1) =0,

u(x,0) =1,

0O=x =<1, 0O<xt
u(l,t)=t, 0<t
0<x<l
0 <x<l, 0<t
u(l; )=e~t; 0<t
0 <x<l]

4. Solve each of the problems in Exercise 3, inverting the transform by means
of the extended Heaviside formula.

5. Solve each of the following problems by Laplace transform methods. Com-
pare to the solution by separation of variables.

*u _ du
= ax: ot
u(0,t) =0,
u(x,0) =0,
%u  du
b — =—,
dx? at
u(0,t) =0,

u(x,

0) =1,

0<ix <1, O<t
u(l,t)=1, 0<t
0 < <l

0<x<l, O0<«<t
1#(l;£)=0; 0'<t

0<x<l
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6.4 Some Nontrivial Examples

The technique of separation of variables, once mastered, seems more straight-
forward than the Laplace transform. However, when time-dependent bound-
ary conditions or inhomogeneities are present, the Laplace transform offers
a distinct advantage. Following are some examples that display the power of
transform methods.

Example 1.

A uniform insulated rod is attached at one end to an insulated container of
fluid. The fluid is circulated so well that its temperature is uniform and equal
to that at the end of the rod. The other end of the rod is maintained at a con-
stant temperature. A dimensionless initial value-boundary value problem that
describes the temperature in the rod is

u  du

_— 0<x<l1l, O0<t
ax: ot

du(0, t du(0, t

f )=y ( ). u(l,t)=1, 0<t
ax at
u(x,0) =0, < <)

The transformed problem and its solution are

d*U
—=sU, 0<x<l1

dx?

dU 1
—(0,s) =syU(0,s), U(l,s)=-
dx s

Ulx.s) = cosh(y/5x) + /sy sinh(y/5x) _ q(s)
Bl s(cosh(y/5) + /sy sinh(/5))  p(s)’

Aside from s = 0, the denominator has no real zeros. Thus we again search
for complex zeros by employing /s = & + in. The real and imaginary parts of
the denominator are to be computed by using the addition formulas for cosh

and sinh. The requirement that both real and imaginary parts be zero leads to
the equation

(cosh(&) + £y sinh(&)) cos(n) — ny cosh(&) sin(n) = 0 (1)
ny sinh(§) cos(n) + (sinh(&) + &y cosh(&)) sin(n) = 0. (2)

We may think of these as simultaneous equations in sin(#) and cos(n). Because
sin’(n) + cos?(n) = 1, the system has a solution only when its determinant is
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zero. Thus after some algebra, we arrive at the condition
(1+ &%y + n*y?)sinh(£) cosh(§) + £y (sinh? () + cosh’(£)) = 0.

The only solution occurs when & = 0, for otherwise both terms of this equation
have the same sign.

After setting £ = 0, we find that Eq. (2) becomes 0 = 0 and Eq. (1) reduces
to

1
tan(p) = —
ny

for which there are an infinite number of solutions. We shall number the

positive solutions 1y, 12, - - -. Now we have found that the roots of p(s) are
ro=0and ry = (ig)? = —nf. The computation of the inverse transform
follows.

Part a. (ro = 0) The limit of sU(x, s) as s tends to zero is easily found to be
1. Thus this root contributes 1 - e = 1 to u(x, t).

Partb. (ry = —rf,f) To invert using the Heaviside expansion, we first compute

p'(s) = cosh(y/s) + /sy sinh(y/5) + %\/s_(l +y)sinh(/s) + %ys cosh(4/5).

Using the fact that cosh(/r) + /rxy sinh(,/ry) = 0, we may reduce the fore-
going to

» -1 2 2
p'(re) = == (1 + y + ngy~) cos(nk).
2y
Hence the contribution to u(x, t) of ry is

q(rx) cos(nrx) — nry sin(nix) 5
e t)=-2 5 ¢ —n2p).
' (re) xp(rit) T v ) cotlne) xp(—nit)

Part c. The construction of the final solution is left to the reader. We note
that an attempt to solve this problem by separation of variables would find
difficulties, for the eigenfunctions are not orthogonal. O

Example 2.

Sometimes one is interested not in the complete solution of a problem, but
only in part of it. For example, in the problem of heat conduction in a semi-
infinite solid with time-varying boundary conditions, we may seek that part of
the solution that persists after a long time. (This may or may not be a steady-
state solution.) Any initial condition that is bounded in x gives rise only to
transient temperatures; these being of no interest, we assume a zero initial
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condition. Thus, the problem to be studied is

u  du

e s 0<x<o00, 0<t
ax2 ot

u(0,t)= f(tr), 0<t

u(x,0) =0, 0< x.< 00.

The transformed equation and its general solution are

d*U
E:sU. 0<x, U(,s)=F(s)

U(x,s)=A exp(—\/s_x) E Bexp(ﬁx).
We make two further assumptions about the solution: first, that u(x, t) is
bounded as x tends to infinity and second, that /s means the square root

of s that has a nonnegative real part. Under these two assumptions, we must
choose B = 0and A = F(s), making

U(x,s) = F(s) exp(—+/5x).

In order to find the persistent part of u(x, t), we apply the Heaviside inver-
sion formula to those values of s having nonnegative real parts, because a value
of s with negative real part corresponds to a function containing a decaying
exponential—a transient. To understand this fact, consider the pair

f(t)=1—e? +asin(wt)
1 aw
s+B sTtw?

p(s)=l_
s

Now we return to the original problem with this choice for f(t). The values
of s for which U(x,s) = F(s)exp(—+/sx) becomes infinite are 0, +ie, —p.
The last value is discarded, as it is negative. Thus, the persistent part of the
solution is given by

Auem + A[ei‘"' + Aze_iw!

and the coefficients are found from

Ap = lim [s F(s) exp(—v/5x)] = 1

A = lim [(s — iw)F(s)exp(—\/;x)] = %exp(—«/izx)
Ay= lim [(s +iw)F(s)exp(—v/5x)] = —%exp(—d—iwx).

We also need to know that the roots of £i with positive real part are

ﬁ:%(ln). \/—_i=%(l—i)-



402 Chapter 6 Laplace Transform

Thus the function we seek is

1+ = exp |limt— (20 +i)x| = Z axp| it = _[2(1=i)x
5 | 2 Y M 2
=l+aexp(— ‘—ox)sin (wr— 2)c). a
V2 V2

Example 3.
If a steel wire is exposed to a sinusoidal magnetic field, a boundary value-initial
value problem that describes its displacement is

3u ’u .
— = — —sin(wt), 0<x<l, O<t
dx  ot?
u(0,t) =0, u(l, t) =0, 0<t
0
u(x,0) =0, 3—':(x.0)=0. 0 <ixil,

The nonhomogeneity in the partial differential equation represents the effect
of the force due to the field. The transformed equation and its solution are

#U_ Ly w
dx? s2+w?’
U,s)=0, U(l,s)=0,

® cosh (%5) — cosh (s (% —x))
s3(s? + w?) cosh(%s)

(i<l

U(x,s) =

Several methods are available for the inverse transformation of U. An obvi-
ous one would be to compute

v(x, 1) = £ (cosh (35) —cosh (s (3 — x)))

52 cosh (3s)

and write u(x, t) as a convolution
1]
u(x,t) = [ sin(w(t — t'))v(x, t')dt'.
0

The details of this development are left as an exercise.

We could also use the Heaviside formula. The application is now routine,
except in the interesting case where cosh(i®/2) = 0: that is, where @ = (2n —
1), one of the natural frequencies of the wire.

Let us suppose @ = 7, so that

m  cosh(3s) — cosh (s (5 — x))
s2(s2+m?) cosh (3s)

U(x,s) =



6.4 Some Nontrivial Examples 403

At the points s = 0,s = +im,s = +(2n — 1)ir, n = 2,3,---, U(x,s)
becomes undefined. The computation of the parts of the inverse transform
corresponding to the points other than +ix is easily carried out. However, at
these two troublesome points, our usual procedure will not work. Instead of
expecting a partial-fraction decomposition containing

Ay Ay
s+imr  s—im

and other terms of the same sort, we must seek terms like

A_l(s +i7T)+B_1 A,(s—in’)+ B,
(s +im)? (s —im)?

whose contribution to the inverse transform of U would be
A_le_i”' + B-.te_i"' + A|£’i”’ + B|f€””.
One can compute A, and Bj, for example, by noting that

B, = lim [(s — in)*U(x,s)]

S=—m

A i I(s —in) [U(x,s) _ L]l

s—im (5 = 1-71’)2

and similarly for A_; and B_;. The limit for B; is not too difficult. For
example,

. T cosh(%s) — cosh (s (% - x))
By —’1_15‘17 [sz(s +in)  (cosh(is)) /(s —im)

T cosh (3im) — cosh (i (5 — x))

T Tx%(2in) Lsinh (Lir)

_—lcos (71 (l —x)) _— sin(mx)
w? 2 " ’

The limit for A, is rather more complicated but may be computed by
I’Hépital’s rule. Nevertheless, as B_; = B, we already see that u(x, t) con-
tains the term

: : 2t .
Byte'™ + B_jte™"™" = —— sin(wx) cos(mt)
2

whose amplitude increases with time. This, of course, is the expected reso-
nance phenomenon. O
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EXERCISES

1. Find the persistent part of the solution of the heat problem

*u  du

= —_— 0:ici 1 0<t
axz ot
du

Wit hE A=A, B
—(0,0=0, —(,)=1, 0<
dx dx

u(x,0)=0, < xi<l.

2. Verify that the persistent part of the solution to Example 2 actually satisfies
the heat equation. What boundary condition does it satisfy?

3. Find the function v(x, t) whose transform is

cosh (1s) — cosh (s (3 — x))
s cosh (1) )

What boundary value—initial value problem does v(x, t) satisfy?

4. Solve
%u  Au
—mem— 0], 0<t
dx*  ot?
u(,t) =0, wu(l, t)=0, 0.<it
du
u(x,0) =0, a—t(x.O) =1 0<x<l,

5. a. Solve forw #n

?u  *u . () sin(w), 0 ; B
= — —sin(7rx) sin : <x<l, <
axz o %
u(0,1) =0, u(l,t) =0, 0<t
u
u(x,0) =0, E(x.0)=0. 0z,

b. Examine the special case w = 7.

6. Obtain the complete solution of Example 1 and verify that it satisfies the
boundary conditions and the heat equation.
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7. a. Solve X
a*u  du o I it
— — <x =1, =
ax:  at

u(0,t) =0, w(l,t)=1=¢"", D<t
u(x,0)=0, 0<x<1.

b. Examine the special case where a = n’x* for some integer n.

Project 6.1

M. Mangan (Random walks and analysis of diffusion, Honors Thesis, Clarkson
University, April 2008) derives a problem to describe the diffusion ofadyeina
bundle of nanotubes immersed in a fluid. After changing variables to eliminate
parameters, she obtains the problem

v d

—_—=— —=lax<] 0«
dx: ot

vix,0)=1, —-l=x<l

1
ut—l.r]=tr{1.r}=_&(l—f u{x.r}d.r). 0=t

( The variables here have been modified slightly for algebraic convenience later. )
The variable x measures position in the nanotubes, v measures concentration
of the dye, # relates volume of the nanotubes to that of the surrounding fluid,
and vy is a constant. The unusual conditions at x = %1 arise from conserva-
tion of mass of the dye. This condition would interfere with any attempt to
solve by separation of variables.

a. Explain why the solution must be an even function of x in the interval
—lex =<l

b. Because of the evenness of v(x, t), the problem above can be replaced by
v _ 100
ax? kot

vix,0)=w, O0=<x=<l

O<x<l, O<t

ﬂn
OO =0. =z
dx

1
v[l,r,‘l=ﬁ(l—2f u[x,r}dx), 0=t
(1]

Determine the ordinary differential equation and boundary conditions sat-
isfied by V{x) = L(v(x, 1)).

¢. Solve the boundary value problem for V(x).



406 Chapter 6 Laplace Transform

d. Use the Heaviside formula to invert the transform.

e. Check your results as follows. (1) Find the steady-state solution of the
problem in part b and compare to the solution of part d in the limit as
t becomes infinite. (2) Solve the problem in part b for 8 = 0 by separation
of variables and compare to the solution found in part d with 8 set equal
to 0.

For further information about the physics of this problem, see Y.Y. Kievsky
et al., Dynamics of molecular diffusion of rhodamine 6G in silica nanochan-
nels, Journal of Chemical Physics 128 (2008) 151102.

6.5 Comments and References

The real development of the Laplace transform began in the late nineteenth
century, when engineer Oliver Heaviside invented a powerful, but unjustified,
symbolic method for studying the ordinary and partial differential equations
of mathematical physics. By the 1920s, Heaviside’s method had been legitima-
tized and recast as the Laplace transform that we now use. Later generalizations
are Schwartz’s theory of distributions (1940s) and Mikusinski’s operational
calculus (1950s). The former seems to be the more general. Both theories give
an interpretation of F(s) = 1, which is not the Laplace transform of any func-
tion, in the sense we use.

There are a number of other transforms, under the names of Fourier, Mellin,
Hiinkel, and others, similar in intent to the Laplace transform, in which some
other function replaces e *' in the defining integral. Operational Mathemat-
ics, by Churchill, has more information about the applications of transforms.
Two more useful texts are the books by Jerri and Debnath. Extensive tables of
transforms will be found in Tables of Integral Transforms by Erdelyi et al. (see

the bibliography).

Miscellaneous Exercises

1. Solve the heat conduction problem

9%u 2 T) du o i B <
-y (u—-T)=—, <x<l, <

dx? Y at

d d

Zo.n=o, L,0=0, 0<t

0x ax

u(x,0) =Ty, 0<x<l.
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7.
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Find the “persistent part” of the solution of

u du o B 0
—_— =, <x =1, <
dx? At

du

—(0,8)=0, w(l.t)=t, D<=t
x

uix, 0)=10, 0=x =<l
Find the complete solution of the problem in Exercise 2.

A solid object and a surrounding fluid exchange heat by convection. The
temperatures u; and w; are governed by the equations below. Solve them
by means of Laplace transforms.

du
d_:t = =fi(uy — uz)
duis
d_f- = =faluy — uy)

w0 =1, u(0) =0

Solve the following nonhomogeneous problem with transforms:

Pu du L o I Lt
—_— ==, =x =<1, <
dxt e

w0, 1)=0, wl, =0, 0<t
uix,0)=0, 0<x =<l

Find the transform of the solution of the problem

H:I.‘_HH

ﬁ—ﬁi l<x<l O<t
u(0,)=0, w(l,t)=1, O0<t
u(x,0)=0, 0=<x<l.

Find the solution of the problem in Exercise 6 by using the extended Heav-
iside formula.

Solve the heat problem
#*u  du
_—=— 0<x, 0<t
dxt  dr
w(0, t) =0, 0=<t

w(x,0) =sin(x), 0 < x.
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9.

10.

11.

12.

13.

14.

15.

16.

Chapter 6 Laplace Transform

Find the transform of the solution of

Pu  du

—=—, 0<x, 0<t
axz ot

u(0,t)=0, O0<t
u(x,00=1, O0<x

u(x, t) bounded as x — oc.

At the end of Section 2.12 the problem in Exercise 9 was solved by other
means. Use this fact to identify

)l

Sle-ﬁ* =L [1 - erf(%)] .

(The latter function is called the complementary error function, defined by
erfc(q) = 1—erf(q).)

and

Find the function of  whose Laplace transform is
P(5) me 248,

Using the definition of sinh in terms of exponentials and a geometric se-
ries, show that

Sinh(‘/;x) _ = —J5(2n+1-x) —/5(2n+1+x)
sinh(/5s) —Z(e 8 )

Use the series in Exercise 12 to find a solution of the problem in Exercise
6 in terms of complementary error functions.

n=0

Show the following relation by using Exercise 11 and differentiating with

respect to s:
1 =\1_ 1 s
ﬁ[m‘”‘"(‘u )]‘Js“’ :

Find the Laplace transform of the odd periodic extension of the function
f@=n—-t, O<t<nm
by transforming its Fourier series term-by-term.

Suppose that the function f(t) is periodic with period 2a. Show that the
Laplace transform of f is given by the formula

_ G(s)
Fis) = — 00



17.

18.

19.

20.

21,

22,
23.

24,

where

2a

G(s) = f(t)e™" dt.
0

(Hint: See Section 6.1, Exercise 6.)
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Apply the extended Heaviside method to the inversion of a transform with

the form

F(s):l

G(s)

— g~ 2as

where G (s) does not become infinite for any value of s.

Show that for a periodic function f(t) the quantities

1
c.rl:Z

o()

(G(s) is defined in Exercise 16) are the complex Fourier coefficients.

How is it possible to determine that a Laplace transform F (s) corresponds
to a periodic f(t)?

Is this function the transform of a periodic function?

F(s) =

1
52 +a?

Use the method of Exercise 16 to find the transform of the periodic exten-

sion of

L,

fo=1_,

O<t<nm

grocit <2

Same as Exercise 21, but use the function of Exercise 15.

Use the method of Exercise 16 to find the transform of

Find the transform of the solution of the problem

flo)y=|

’u B 3’u
ax2 e’

u(0,t)=h(t), 0<

0 <

u(x,0)=0,

u(x, t) bounded as x

sin(t)].

x; 0.<¥

t

— 0Q.

o =0, 0
8[ X, =V, < X

Use the solution of the same problem as found in Section 3.6, to verify the

rule

L7 (e**H(s)) = i

h(t — x).
0,

I>x

I <Xx.
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25. Solve this wave problem with time-varying boundary condition, assum-
ingw #nmw,n=1,2,---.

*u  9*u

~=—=—, O=<xi<], 0<t
ax?  at?
w(0,t) =0, wu(l,t)=sin(wt), 0<t
du
u(x,0)=0, —(x,0)=0, O<x<l.
at

26. Solve the problem in Exercise 25 in the special case @ = 7.

27. Certain techniques for growing a crystal from a solution or a melt may
cause striations—variations in the concentration of impurities. Authors
R.T. Gray, M.E. Larrousse and W.R. Wilcox (Diffusional decay of stria-
tions, Journal of Crystal Growth 92 (1988) 530-542) use a material balance
on a slice of a cylindrical ingot to derive this boundary-value problem for
the impurity concentration, C.

a aC aC aC
- (x)a— -V = D<x< 0<t
X

dx T
. [ 2wt
C(O.r)zC,.+Asm(—). 0<t
tc
C(x.0) =C,, 0 < x.

Here, V is the crystal growth rate, f is the striation period, C, is the aver-
age concentration in the solid, and D(x) is the diffusivity of the impurity
at distance x from the growth face (which is located at x = 0). Of course,
C(x, t) is bounded as x — o0.

Next, the equations are made dimensionless by introducing new variables

- _C-C, Ve . Vi
(::—r xi= . = —

A D(0) D(0)

The new problem is

3 (D(:‘c)aC) ac acC s .
— — )|-—=—, 0<% O0<f?
ax d

dx \ D(0) 9% t
C(0, f) = sin(wi), 0<t
C(x,0) =0, 0<x

where w = 2 D(0)/ Vt¢.
Because D(x) depends in a complicated way on X, a numerical solution
was used. To check the numerical solution, the authors wished to find an



28.

29.

30.
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analytical solution of the problem corresponding to constant diffusivity,
D(x) = D(0). Let u be the solution of

u  du g du . o
= — 4 —, <%
a%* 9% | of B S

u(0,t) =sin(wf), 0<t

u(x,0) =0, 0<x

1 bounded as x — oc.

Find the Laplace transform of the solution of this problem.

The authors of the paper mentioned in Exercise 27 were particularly inter-
ested in the persistent part of the solution. Use the methods of Section 6.4
to show that the persistent part of the solution is

° = Zl—i(f(iw) = fl=iw))

where f(iw) = exp ((% — ‘/% + iw) X+ iwf).

Find the square root required in the foregoing expression by setting

1
-+iw=a+if,
\f4 B

so that 1
o’ — B+ 2iaf = 4—+iw.
or ;
N
o B 2
208 = w.

(To solve these equations: (i) solve the second for f; (ii) substitute the
expression found into the first; (iii) solve the resulting biquadratic for a.)

Noting that the persistent part is #;, = I'm(f(iw)) (see Exercise 28), de-
termine s
(%, 1) = ¢"27 sin(wf — BX)

where @ and B are as in Exercise 29.
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7.1 Boundary Value Problems

More often than not, significant practical problems in partial—and even
ordinary—differential equations cannot be solved by analytical methods.
Difficulties may arise from variable coefficients, irregular regions, unsuitable
boundary conditions, interfaces, or just overwhelming detail. Now that
machine computation is cheap and easily accessible, numerical methods pro-
vide reliable answers to formerly difficult problems. In this chapter we exam-
ine a few methods that are simple and equally adaptable to machine or manual
computation.

If we cannot find a simple analytic formula for the solution of a boundary
value problem, we may be satisfied with a table of (approximate) values of the
solution. For instance, the solution of the problem

d?u
— —12xu=-1, 0<x<l, (1)
dx?
u(0) =1, u(l) = -1 (2)

may be written out in terms of Airy functions, but the values of # shown in
Table 1 are more informative for most of us. One way to obtain such a table
is to replace the original analytical problem by an arithmetical problem as de-
scribed in what follows.

First, the values of x for the table will be uniformly spaced across the interval
0 < x < 1, which we assume to be the interval of the boundary value problem:

1
x;=iAx, Ax=-.
n
(© 2010 Elsevier, Inc. All rights reserved. 413
doiz10.1016/B978-0-12-374719-8.00008-6.
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xe 0.0 0.2 0.4 0.6 0.8 1.0
u(x): 1.0 0.643 0.302 —-0.026 —0406 —1.0

Table 1 Approximate solution of equations (1) and (2)

Differential equation Boundary condition
u(x) — u; u(0) = uy
‘ﬂ,‘-(x)—* Ui —Zza,j-tc;_l d_u_(o)_, Uy —t_y
dx? (Ax)? dx 2Ax
d el — Wi
d—:(x)—’ —HHZA: . u(l) = u,

du Uit = Uy
flx) = f(xi) n'x(l)—, TR

Table 2 Constructing replacement equations

These are called meshpoints. The numbers approximating the values of u
are

u =ulx;), i=0,1,---,n.

These numbers are required to satisfy a set of equations obtained from the
boundary value problem by making the replacements shown in Table 2. The
entry f(x) refers to any coefficient or inhomogeneity in the differential
equation.

Example.
The boundary-value problem in Egs. (1) and (2) would be replaced by the
algebraic equations

Uis1 — 20; + Uiy

— 12xu; =1, i=1,2,--- ,n—1 3
(Bx)? iU (3)

wo=1, wu,=-L (4)
Equation (3) holds fori = 1,--- ,n — 1 so that the unknowns u,, - - - , 1,y

would be determined by this set of equations. The equations become specific
when we choose n. Let us take n = 5 so that Ax = 1/5, and the four (i =
1, 2, 3, 4) versions of Eq. (3) are

12
25(“2 - 2u1 + U()) p— ?ul = -1,

I
—

24
25(u3 — 2up + uy) — ?uz
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36
25(ug — 2u3 + uy) — ?u; =-1,

48
25(us — 2uq + us) — ?m =—1. (5)

When we use the boundary conditions
=1 us=-=1, (6)
and collect coefficients, the foregoing equations become

—52.4u; + 25u; = =26
25u, — 54.8u, + 25u, =-1
25u; — 57.2u3 +  25u4 = —1
25u3 — 59.6u, = 24.

(7)

This system of four simultaneous equations can be solved manually by elimi-
nation or by software. The result will be a set of numbers giving the approxi-

mate values of u at the points x; = 0.2, - -- , x4 = 0.8. The numbers in Table 1
were obtained by a similar process, but using n = 100 instead of n = 5. O
Example.
To see how to handle derivative boundary conditions, we solve the problem
o= F@, 0 1 (8)
_— = ; <X <
T u x x
du
u(0)=1, —(1)=-1, (9)
dx
0, 0<x< ;—-
flx)=41-50, x=1
-100, f<x<l.

2
The replacement equations for this problem are easily obtained by using
Table 2. They are

U — 2u; + u;_,

- 10u; = f(x; 10
e i = flx) (10)
Uy — Up—)
=1 —m—=-1. 11
0 S x (11)
We need to know g, 4y, - - - , u,. The derivative boundary condition at x = 1
forces us to include wu,,, among the unknowns, so we will need to use
Eq. (10) for i = 1,2,---,n in order to have enough equations to find all

the unknowns. Since we have no use for u,,,, the usual practice is to solve the
boundary-condition replacement for u,,,,

Un+) = Up—) — 24X, (12)
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X 0 025 0.5 0.75 1
uln = 4) 1 2174 4707  7.057  7.567
uln = 100] 1 2155 4729 725 7.629

Table 3 Approximate solution of equations (8) and (9)

and then use this expression in the version of Eq. (10) that corresponds to
i = n. Thus, the equation

Uppr — 2urr + U,

= 10u, = n
ax)? u f(xn)
is combined with Eq. (12) to get
2uy_y — 2Ax — 2u,
(Bx)? —10u, = f(x,). (13)
Then Eq. (10) fori =1, - - - , n—1and Eq. (13) give n equations that determine

unknowns uy, ty, - -+, ty.
To be specific, let us take n = 4, so that Ax = 1/4. The three (i = 1,2, 3)
versions of Eq. (10) are

16(uy — 21y + 1g) — 10u; =0 (1=1)
16(u; — 2uy + uy) — 10u; = =50 (i = 2)
16(1y — 2u3 + uy) — 10u; = —100 (i = 3)

and Eq. (13) adapted to n = 4 is
1
16 (2:13 — 5 - 2!44) — 10uy = —100.

When these equations are cleaned up and the boundary condition 1y = 1 is
applied, the result is the following system of four equations:

—42u; + 16u; = —16
161, —42u,> + 16u; = —50
16u; —42us + 161y = —100

32u3 —42uy = —92.

(14)

In Table 3 are shown the values of u; obtained by solving Eq. (14) and also
more exact values found by using n = 100. O

Elimination is not the only way to get the solution of a system like Eq. (7)
or (14). An alternative is an iterative method, which generates a sequence
of approximate solutions. For one such method, we solve algebraically the
ith equation for the ith unknown. In the resulting set of equations there are
“circular references”: the equation for u;, refers to u; and us, while the equa-
tions for these refer to u», etc. We may start with some guessed values for the
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u’s, feed them through the equations to get improved values for the u’s, and
repeat the process until the values settle down. This method requires a lot of
arithmetic but no strategy, while elimination is just the reverse. It may also
work with nonlinear equations, where elimination cannot.

So far, we have given no justification for the procedure of constructing
replacement equations. The explanation is not difficult; it depends on the fact
that certain difference quotients approximate derivatives. If u(x) is a function
with several derivatives then

xin) —uxia) _ oy (A G o
— =u'(x;) + = (%) (14)
u(xin) = 2ulx) +ulxi ) M (%
(Ax)? = (@)t e )

where %; and X; are points near x;.
Now suppose that u(x) is the solution of the boundary value problem

% 4 k(x)% +p(x)ulx) = f(x), 0<x<1 (16)
au(0) —a'u'(0) = a, Bu(l)+ g'u'(1) = b. (17)

If u(x) has enough derivatives, then at any point x; = iAx it satisfies the
differential equation (17) and thus also satisfies the equation

u(xjp) — 2u(x;) + u(x;_y) u(x;y) —ulx;_,)

(Bx)? + k(x;) T + plxi)u(x;)
= f(x;) +9; (18)
where
- (Ax)? @z : (Ax)? Gl =,
8 = T u (%) + k(x;) - ®(x;).

Because §; is proportional to (Ax)?, it is very small when Ax is small.
The replacement equation for Eq. (17) is, according to Table 2,

Uiv) — 20 + W) +k( )um - Ui
x:
(Ax)? % 28

+ p(xi)u; = f(xi). (20)

Thus, the values of u at xy, x1, -+ , x,,, which satisfy Eq. (19) exactly, will
nearly satisfy Eq. (20); vice versa, the numbers ug, u,, - - - , u,, which satisfy
the replacement equations (20), nearly satisfy Eq. (19). It can be proved that
the calculated numbers wqg. ;. --- , 1, do indeed approach the appropriate
values of u(x;) as Ax approaches 0 (under continuity and other conditions on

k(x), p(x), f(x)).
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EXERCISES

1. Set up and solve replacement equations with n = 4 for the problem

d*u
dx?
u(0) =0, u(l) =.

-1, 0<x<l1

2. Solve the problem of Exercise 1 analytically. On the basis of Eqgs. (15) and
(16), explain why the numerical solution agrees exactly with the analytical
solution.

3. Set up and solve replacement equations with 1 = 4 for the problem

— =g ==2x 0<x<l
u(0) =0, u(l)=1.
4. Solve the problem in Exercise 3 analytically and compare the numerical
results with the true solution.
5. Set up and solve replacement equations with n = 4 for the problem
d*u
dx?
d
o) — 220 =1, u(1)=0.
dx

=x, U<l

6. Solve the problem in Exercise 5 analytically and compare the numerical
results with the true solution.

7. Set up and solve replacement equations for the problem

d*u

dx?
u(0)=0, u(l) = —1.

+10u=0, 0<x<l1

Use n = 3 and n = 4. Sketch the results and explain why they vary so
much.

In Exercises 8 to 11, set up and solve replacement equations for the problem
stated and the given value of n. If appropriate software is available, also solve
for n twice as large and compare results.
d’u
8. — —32xu=0, 0<x<l
dx?
u(0)=0, u(l)=1 (n=4)
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9 a 25 25, 0 1

. - = =25, <X <

dx? " *
u(0)=2, u()+u'(1)=1 (n=5)
d? 1 d

10. “+ u——l, 0<x <1

dx?  l+xdx
u(0)=0, u(l)=0 (n=3)

d*u P du
dx?  dx

11.

d—u(0)=0, u(l)=1 (n=3)
dx

12. Use the Taylor series expansion
2 3

(x+h) = u(x) + hu'( )+h— 2 )+h— 3)( )+E W (x) +
ux 1) = ulx 1 (X 2“ X 6u X 24“ X

with x = x; and h = £Ax, (x; + Ax = x;,,, X; — Ax = x;_,) to obtain
representations similar to Egs. (15) and (16).

7.2 Heat Problems

In heat problems, we have two independent variables x and t, assumed to be
intherange 0 < x < 1,0 < t. A table for a function u(x, t) should give values
at equally spaced points and times

Xx; =iAx, t,=mAt,

fori =0,1,--- ,nandm =0, 1, ---. Here, Ax = 1/n as before. We will use a
subscript to denote position and a number in parentheses to denote the time
level for the approximation to the solution of a problem. That is,

ui(m) = u(x;, ty).

The spatial derivatives in a heat problem will be replaced by difference quo-
tients as before

9%u A i (m) = 2u;(m) + u;_,(m)

axl (x" 'l”) g (Ax)z (l)
du ui1(m) — ui—y(m)

a(xi- tm) — 2Ax . (2)

For the time derivative, there are several possible replacements. We limit our-
selves to the forward difference
l(x;. B uim+1) — u,-(m)‘
at At
which will yield explicit formulas for computing.

(3)
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Now, to solve numerically the simple heat problem

3’u B du 0 1 Bl )
) < < 1, <

u(0,t) =0, u(l,t)=0, 0<t (5)
u(x,0)= f(x), 0<x<l (6)

we set up replacement equations according to Egs. (1) to (3). Those equations
are
ui_y(m) = 2u;(m) + i (m)  uj(m+1) — u;(m)

(Ax)? B At @)

supposed valid fori =1,2,--- ,n—landm=0,1,2,---.
The point of using a forward difference for the time derivative is that these
equations may be solved for u;(m + 1)

wuim+1) =ruj_y(m)+ (1 = 2r)u;(m) + ruj. (m) (8)

where r = At/(Ax)? Thus each u;(m + 1) is calculated from u’s at the pre-
ceding time level. Because the initial condition gives each u;(0), the values of
the u’s at time level 1 can be calculated by setting m = 0 in Eq. (8):

#; (1) = ru;i—1(0) + (1 — 2r)u; (0) + ru; 4 (0).

Then the values of the u’s at time level 2 can be found from these, and so on
into the future. Of course, r has to be given a numerical value first, by choosing
Ax and At.

It is convenient to display the numerical values of u;(m) in a table, making
columns correspond to different meshpoints x. x;. - - - , x,, and making rows
correspond to the different time levels ty, t;. - - - . See Table 4.

Example.
Solve Eqs. (4)-(6) with Ax = 1/4 and r = 1/2, making At = 1/32. The
equations giving the u’s at time level m + 1 are

wuy(m+1) = % (uo(m) + uz(m))
w(m+1) = % (uy(m) + us(m)) 9
us(m+1) = % (uz(m) + ug(m)).

Recall that the boundary conditions of this problem specify u(m) = 0 and
wy(m) = 0form = 1,2, 3,---. Thus we fill in the columns of the table that
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i

m 0 1 2 3 4
0 0 0.25 0.5 0.75 1
1 0 0.25 0.5 0.75 0
2 0 0.25 0.5 0.25 0
3 0 0.25 0.25 0.25 0
4 0 0.125 0.25 0.125 0
5 0 0.125 0.125 0.125 0

Table 4 Numerical solution of equations (4) to (6)

correspond to points x and x; with 0’s (shown in italics in Table 4). Also the
initial condition specifies #;(0) = f(x;), so the top row of the table can be
filled. In this example we take f(x) = x, and the corresponding values appear
in italics in the top row of Table 4.

The initial condition, u(x, 0) = x,0 < x < 1, suggests that u(1, 0) should
be 1, while the boundary condition suggests that it should be 0. In fact, nei-
ther condition specifies u(1, 0), nor is there a hard and fast rule telling what
to do in case of conflict. Fortunately, it does not matter much, either. (See
Exercise 1.) O

Stability

The choice we made of r = 1/2 in the example seems natural, perhaps, because
itsimplifies the computation. It might also seem desirable to take a larger value
of r (signifying a larger time step) to get into the future more rapidly. For
example, with r = 1 (Ar = 1/16) the replacement equations take the form

ui(m+1) = u;_y(m) — w;(m) + u; (m).

In Table 5 are values of u;(m) computed from this formula. No one can believe
that these wildly fluctuating values approximate the solution to the heat prob-
lem in any sense. Indeed, they suffer from numerical instability due to using a
time step too long relative to the mesh size. The analysis of instability requires
familiarity with matrix theory, but there are some simple rules of thumb that
guarantee stability.

First, write out the equations for each u;(m + 1)

w;(m+1) =a;u;—y(m) + bju; (m) + ciuj(m).
The coefficients must satisfy two conditions:

1. no coefficient may be negative; and

2. the sum of the coefficients is not greater than 1.



422 Chapter 7 Numerical Methods

1
0.25
0.25
0.25
0.25

—=0.75
2.25

LS LI S VR S =]
S oo C o Qe

2
0.50
0.50
0.50

—0.50

1.50

—3.50

3
0.75
0.75

-0.25
0.75
-1.25
2.75

S ST O O~

Table 5 Unstable solution

In the example, the replacement equations were

wy(m+1) =rug(m) + (1 — 2r)uy(m) + ruz(m)
uy(m+1) =ruy(m) + (1 = 2r)ux(m) + rus(m)
us(m+1) =ru(m) + (1 — 2r)us(m) + rug(m).

The second requirement is satisfied automatically, because r + (1 —2r)+r = 1.
But the first condition is satisfied only for r < 1/2. Thus the first choice of

r = 1/2 corresponded to the longest stable time step.

Example.

Different problems give different maximum values for r. For the heat conduc-

tion problem
u _ du

—_—=— O<x<l,
ax ot

du

w@0,t)=1, —((,t)+yu(l,t)=0, 0<t
ax

u(x,00=0, 0<x<l

the replacement equations are found to be (for n = 4)

u(m+ 1) =rug(m) + (1 — 2r)u,(m) + ruz(m)
wr(m+ 1) =ruy(m)+ (1 — 2r)us(m) + rus(m)
us(m+ 1) = rus(m) + (1 = 2r)us(m) + rug(m)
ug(m+ 1) =2rus(m) + (1 = 2r — %ry)u.;(m).

0<t

(10)

(11)
(12)

(13)

(Remember that u(1, t), corresponding to 4, is an unknown. The boundary
condition has been incorporated into the equation for u,(m + 1).) Again, the
second stability requirement is satisfied automatically; but the first rule re-

quires that

1
l—2r—5ry20 or

I S

2:F

(14)

O
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EXERCISES

1. Solve Egs. (4) to (6) numerically with f(x) = x, as in the text (Ax = 1/4,

r = 1/2), but take u4(0) = 0. Compare your results with Table 4.

2. Solve Egs. (4) to (6) numerically with f(x) = x, Ax = 1/4, u4(0) = 1 as
in the text, but use r = 1/4. Compare your results with Table 4. Be sure to

compare results at corresponding times.

3. For the problem in Egs. (10) to (12), find the longest stable time step when
¥ = 1, and compute the numerical solution with the corresponding value

ofr.

4. Solve the problem in Egs. (10) to (12) with Ax = 1/4,r = 1/2and y =0,

for m up to 5.

For each problem in Exercises 5-9, set up the replacement equations for n = 4,
compute the longest stable time step, and calculate the numerical solution for

a few values of m.

Pu  du
5. o2 — T u(0,t) =u(l,t)=t, u(x,0)=0
9*u du
6. ro i u= E u(0,t)=u(l,t)=1, u(x,0)=0
u du
Ts >=—=1, u(0,t)=u(l,t)=0, u(x,0)=0
dax* ot
. 0.0=0, 2a.+ul.)=1, ulx,0)=0
e ap u(0,t) =0, FpLtH u(l,t) =1, u(x,0)=
Pu  du ou
9. 6—x2 = E. E(O.f) =0, u(l,t) =1, u(x,0)=x

7.3 Wave Equation

The simple vibrating string problem that we studied in Chapter 3,

*u  9’u

— 0=l 0<t

axt  at?

u(0,t) =0, u(l,2) =0, 0<t
du

u(x, 0) = f(x), (x,0)=g(x), 0<x<]l,

ot

(1)
(2)
(3)

rarely needs treatment by numerical methods, because the d’Alembert solu-
tion provides a simple and direct means of calculating the solution u(x, t) for
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arbitrary x and t. However, if the partial differential equation contains u or
an inhomogeneity, or if the boundary conditions are more complex, a series
solution or a solution of the d’Alembert type may not be practical. In many
such cases, simple numerical techniques are quite rewarding.

In order to convert the wave equation (1) into a suitable difference equa-
tion, we first designate points x; = i Ax(Ax = 1/n) and times t,, = mAt for
which the approximation to u will be found: u(x;, t,,) = u;(m). Then the par-
tial derivatives with respect to both x and t are replaced by central differences

%u it (m) = 2u;(m) + w;—y(m)
—_—

ax? (Ax)?

u ui(m+1) = 2uj(m) + u;(m — 1)
—p

ar (A1)

The wave equation (1) becomes this partial difference equation

wigr(m) — 2u;(m) + uj_y(m)  uj(m+1) = 2u;(m) + u;(m—1)

(Ax)? - (At)?
or,with p = At/Ax,

uj(m+1) = 2ui(m)+ u;(m—1) = pz(u,-,.l(m) — 2ui(m) 4+ u;_(m)).

The replacement equations may be solved for the unknowns u; (m+1), yield-
ing the equation

ui(m+ 1) = pPui_y(m) + 2(1 = p*u;(m) + p*uipi(m) — ui(m —1)  (4)

valid fori = 1,2, --- , n— 1. Naturally, the boundary conditions, Eq. (2), carry
over as uo(m) = 0, u,(m) = 0. It is obvious that Eq. (4) requires us to know
the approximate solution at time levels m and m — 1 in order to find it at time
level m+1. In other words, to get u; (1) we need u;_;(0), u; (0), 1t;4,(0)—which
are available from the initial condition—and also u;(—1)! Of course, we have
not yet applied the second initial condition,

du

at

If we replace the time derivative by a central difference approximation, this
equation translates into

(x,0)=g(x), 0<x<l.

wi(l) —ui(=1) _
— = g(x;) (5)

fori =1,2,---,n—1.Equation (5), together with a slightly modified version
of Eq. (4) (with m = 0 and «;(0) = f(x;)), yields the system

ui(1) + u;(—=1) = p* f(xi—1) + 2(1 — p*) f(x;) + p* f(xi41)

(6)
ui(1) — ui(—1) = 2Atg(x;),
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m 0 1 2 3 4
0 0 0.5 1 0.5 0
1 0 0.5 0.5 0.5 0
2 0 0 0 0 0
3 0 -0.5 -0.5 -0.5 0
4 0 -0.5 -1 —0.5 0
5 0 —-0.5 —0.5 0.5 0
6 0 0 0 0 0

Table 6 Numerical solution of equations (1) to (3)

which we can easily solve for the u’s at the first time level

l 1 i 4 1 2
ui(1) = Ep“f(n_:) +(1=p7) fx) + Ep'f(xju) +Atg(x).  (7)

Thus, in order to solve the problem in Egs. (1) to (3) numerically, we use the
initial condition #;(0) = f(x;) to fill the first line of our table, use the starting
equation (7) to fill the next line, and continue with the running equation (4) to
fill subsequent lines.

Example.
Let us now attempt to solve a simple problem. Suppose that g(x) = 0 for
0 < x < 1and that f(x) is given by

2x, 0<x<

fx)= (8)

2(1 —x), %<x<

=

—

Also, we shall choose n = 4 and p = 1 for convenience. (That is, At = Ax =
1/4.) Our rule for calculation, Eq. (4), is then

wi(m+1) = uj_y(m) + ujp (m) — uj(m—1). (9)

In Table 6 are the calculated values of u;(m). Entries in italics are given data.
It is easy to check that this numerical solution is identical with the d’Alembert
solution of this particular problem. (See Exercise 6.) However, if the initial
velocity were not identically zero, the numerical solution would in general be
only an approximation to the true solution. O

Stability

In our study of the heat equation, Section 7.2, we saw that the choice of Ax and
At was not free. The same is true for the wave equation. Suppose we attempt
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m 0 1 2 3 4
0 0 0.5 1 0.5 0
1 0 0.5 0 0.5 0
2 0 -1.5 1 -1.5 0
3 0 4.5 -8 4.5 0
4 0 —-23.5 33 —235 0

Table 7 Unstable numerical solution

to solve the same problem as above, but with p* = (At/Ax)? chosen to be 2.
Then Eq. (4) becomes

ui(m+1) = 2(ui—1(m) — u;(m) + tj(m)) — u;(m—1)

and the “solution” corresponding to this rule of calculation is shown
in Table 7 (again, entries in italics are given data). Of course, the results
bear no resemblance to the solution of the wave equation. They suffer
from the same sort of instability as that observed in Section 7.2. There is a
rule of thumb, similar to the one to be found there, applicable to the wave
equation.

First, write out the equations for each u;(m + 1) in terms of the u’s at time
levels m and m — 1:

ui(m+ 1) = ajui_y(m) + bju;(m) + c;ujy(m) — u;(m — 1).
The coefficients must satisfy two conditions:

1. none of the coefficients a;, b;, c; may be negative; and

2. the sum of the coefficients is not greater than 2:
a;+b;+¢c; <2.

Of course, u;(m — 1) appears with a coefficient of —1; nothing can be done
about that, nor does it enter into the aforementioned rules.

In Eq. (4) we see that both conditions are met when p = At/Ax is less than
or equal to 1; in other words, the time step must not exceed the
space step. However, using p?>=1 when acceptable often provides the best
accuracy.

Example.
We conclude with one more example, illustrating how numerical results can
be obtained easily in some cases that might be puzzling analytically. Suppose
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that we are to solve the problem

P B2 ocitiih 0 I, O0<t (10)

et 1 P— COS B <X < 1, <

ax?  oat?

u(0,t) =0, u(l,t) =0, 0<t (11)
du

u(x,0) =0, E(x.0)=0. 0<x<l. (12)

We replace the partial derivatives as before, obtaining

wjp(m) — 2u;(m) + w;_y(m)
(Ax)?
u;(m+1) = 2u;(m) + u;(m—1)

= (A2 — 16 cos(mt,,).

When this is solved for u; (m + 1), we find

ui(m+ 1) = (2 = 2p")ui(m) + p*ui(m) + p*ui_y (m)
—u;(m— 1) + 16(At)* cos(mmAt). (13)

Let us take Ax = Ar = 1/4 again, so p = 1 and Eq. (13) simplifies to
w;(m+1) = ujy(m) + wj—y(m) — u;(m — 1) + cos (%) (14)

This is our running equation. The starting equation comes from combining
Egs. (14) form = 0,
u;(1)=—u;(-1)+1

(note u; (0) = 0), with the replacement initial condition

ui(1) — u;i(=1) 10
2At

.

or {
ui(1) = ui(=1) = 3

fori = 1,2, 3. Now we have the top two lines of Table 8, and the rest are filled
using Eqgs. (14) (with cos(/4) =~ 0.71, and so forth). Entries in italics are
given data.

The complete analytical solution of this problem is

32
u(x, t) = —tsin(xwt) sin(mx)
)

Tt 1 — cos(nm)

3 Zp
. nin 1)

(cos(mt) — cos(nmt)) sin(nmx).
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i

m 0 1 2 3 4
0 0 0 0 0 0
1 0 0.5 0.5 0.5 0
2 0 1.21 1:71 1.21 0
3 0 1.21 1.91 1.21 0
4 0 0.00 0.00 0.00 0
5 0 =2.21 —-2.91 -2.21 0
6 0 —3.62 -5.12 -3.62 0
7 0 -2.91 —4.33 -2.91 0

Table 8 Numerical solution of equations (10) to (12)

At x = 1/2, the sum of the infinite series is 0, so

1 32 .
u (—. t) = —tsin(wt).
2 b

Comparison of the values of this function at times t,, with the middle column
of Table 8 shows the numerical solution off by a few percent. Note that the
growth in u(x, t) is due to resonance in the physical system, not to numerical
instability. O

EXERCISES
1. Obtain an approximate solution of Egs. (1), (2), and (3) with f(x) =0
and g(x) = 1. Take Ax = 1/4,p = 1.
2. Compare the results of Exercise 1 with the d’Alembert solution.

3. Obtain an approximate solution of Egs. (1), (2), and (3) with f(x) = 0
and g(x) = sin(wx). Take Ax = 1/4, p = L.

4. Compare the results of Exercise 3 with the exact solution u(x, t) = (1/7)
sin(x) sin(mt).

5. Obtain an approximate solution of Egs. (1), (2) and (3) with g(x) = 0
and f(x) asin Eq. (8). Use Ax = 1/4 and p* = 1/2.

6. Compare the entries of Table 6 with the d’Alembert solution.
7. Obtain an approximate solution of this problem with a time-varying
boundary condition, using Ax = At = 1/4.
axz o’
w(0,t)=0, u(l,t)=h(t), 0<t

0 <=, 0<t
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P
u(x, 0) =0, 5%&N=& 0<x<l

0<t<l

1,
KO=921, 1 cpes

and h(t + 2) = h(t), h(0) = h(1) = 0.
8. Same task as Exercise 7 but h(t) = sin(xt). Use sin(xr/4) = 0.7 instead of

V2/2.

9. Find starting and running equations for the following problem. Using
Ax = 1/4, find the longest stable time step and compute values of the
approximate solution for m up to 8.

2u  9u
=—+16u, 0<x<l, 0<t
ax2  at?
u(0,t) =0, u(l,t) =0, 0<t
du
u(x,0) = f(x), E(X'O) =0, 0<x<l

where f(x) is given in Eq. (8).

10. Using Ax = 1/4 and p? = 1/2, compare the numerical solution of the
problem in Exercise 9 with and without the 16 term in the partial differ-
ential equation.

7.4 Potential Equation

In this section, we will be concerned with approximate solutions of the
potential equation and related equations in a region R of the xy-plane. For
the sake of simplicity, we will limit ourselves to regions whose boundaries can
be made to coincide with the lines on a sheet of graph paper with square divi-
sions. Thus, we admit such shapes as rectangles, LU’s and T’s, but not circles or
triangles. The graph paper provides us with a ready-made mesh of points in
the region R and on its boundary, at which we wish to know the solution of
our problem. These points are to be numbered in some fashion—usually left
to right and bottom to top.

On such a mesh, the replacement for the Laplacian operator is the
following:

?2u u uw —2ui +ug  un —2u; + us
—+t—= + (1)
axr  dy? (Ax)? (Ay)?
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. A

Figure 1 Pointi on a square mesh and its four neighbors.

where the subscripts E, W stand for the indices of the mesh points to the left
and right of point i, and N, § stand for those above and below (see Fig. 1).
The result is sometimes called the five-point approximation to the Laplacian.
Because we are assuming that Ax = Ay, we obtain a further simplification in
the replacement:

Pu  u Uy + s+ up + uw — 4u;

+ 2
ax?  ay? (Ax)? 2)
Example.
Solve this problem numerically (see Ch. 4 for the analytical solution):
32 2
l: 81,‘:0. 0<xi< 1; 0<y<l (3)
ax*  dy*
u(0, y) =0, u(l, y) =0, <y <1 (4)
u(x,0)= f(x), wu(x,1)=f(x), 0<x<l (5)
60 2, 0. <%k -
i 2(1-x), ;<x<L

Let us take Ax = Ay = 1/4 and number the mesh points inside the 1 x 1
square as shown in Fig. 2.
At each of the nine mesh points, we will have the replacement equation

Uy +us+upg +uw—4u; =0, (7)

Together, these make up a system of nine equations in the nine unknowns
1, W2, - -, ttg. Referring to Fig. 2, where the values of u at boundary points
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y
1 Y2
o 7 8 9 0
4 5
0 8 0
0 1 2 3 0
“ 1 % x

Figure 2 Numbering for mesh points, and values on boundary.

o 516 82 1516 |,

0 1/4 ([3/8 l1/4

0 5/16 12 15/16

Ve 1 ¥% X

Figure 3 Numerical solution of Egs. (3) to (6).

are shown, we can write down the equations to be solved:

ug+u4+%—4ul=0
wytus+us+1—4u, =0
uz+u6+%—4u3=0

uy+us+u; —4uy3 =0
uy + ug + ug + ug — 4us =0 (8)
Uz + us + g — dug =0
llq+us+%—4ll7=0
Us+ U7 +ug+ 1 —4ug =0
Ug+ g+ 1 —4ug=0.

2

This is simply a system of simultaneous equations. It can be solved by elim-
ination to obtain the results shown in Fig. 3. In this particular case, there are
numerous symmetries in the problem, so that u; = w3 = u; = ug, u; = ug and
uy = . Thus, only uy, us, uy, and us need to be found. The system can be
reduced to four equations in these four unknowns, which can even be solved
manually. O
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Example.
Set up the replacement equations for the problem
Pu  u
~+—=16(u—-1), 0<x<l, O0<y<]l (9)
dx*>  ay?
u(x,0) =0, ux,1)=0, 0<x<l1 (10)
u(0,y) =0, u(l, y)=0, 0<y<l. (11)

We may use the same numbering as in the first example (Fig. 2). At each mesh
point, the replacement is

uUn+us +ug + uw — 4u;
(Ax)?

= 16(u; — 1). (12)

Because Ax = 1/4, then (1/Ax)* = 16, and the typical replacement equation
becomes
un+ug+ug +uyw —4u; = u; — 1

or
un +us +ug +uw — 5u; = —1. (13)

Finally, we may write out the equations to be solved. The first four of the nine
equations, corresponding to Eq. (13) with7 = 1,2, 3, 4 are

Uy + 1y — 5u; = —1
uy + Uz + us — S5u; = —1
1+ us +us (14)
U + g — Suz = —1
Uy + us + Uz — Suy = —1.
The solution of this problem is left as an exercise. a

On more complicated regions, the replacement for the Laplacian operator
has exactly the same form, since we still use the “graph-paper mesh.” The
system of equations to be solved will be rather less regular than that for a
rectangle.

Example.
Consider the problem
?u  9?
te—=—16in R (15)
ax? 9y’
1 =0 on the boundary of R (16)

where R is an L-shaped region formed from a 1 x 1 square by removinga 1/4 x
1/4 square from the upper right corner. The general replacement equation is

UN +us +ug +uw —4u; = —1. (17)
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X

Figure 4 Mesh numbering for L-shaped region.

With the numbering shown in Fig. 4, the eight equations to be solved are

uy + uy — 4u,

wy+us+us —4dur =

U + g — 413

uy + us +u; —4uy =

Uy + g + ug + ug — 4us
us + us — 4ug

Uy + ug — 4us

us + u; — 4dug =

-1
—1
-1
-1
-1
-1
-1
=1

(18)

The results, rounded to three digits, are shown in Eq. (19). Note the equalities,
which arise from symmetries in the problem:

u, = 0.656

ur = uy =0.813

us = u; = 0.616

us = 0.981

ug = ug = 0.649. O

(19)

Iterative Methods

Systems of up to 10 equations, such as those in the foregoing examples, can
readily be solved by elimination. It is easy to see, however, that we might well
want a finer mesh to get better accuracy, and that a finer mesh will increase the
number of equations dramatically. For example, if we use Ax = Ay = 1/10
in a numerical solution of Egs. (3) to (5), the system to be solved contains 81
unknowns (or 25 if we use symmetry). Problems involving many thousands of
unknowns are quite common. These large systems of simultaneous equations
are almost always solved by iterative methods, which generate a sequence of
approximate solutions.
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Consider again the potential problem in Egs. (3) to (6). Let us take a mesh
with Ax = Ay = 1/N and number the points of the mesh with a double index
so that

u(x,~. }’)) = U - (20)

Then the replacement equations for the potential equation are

Wipl,j — 2055+ Ui j Wi e — 205 5+ U

=0,
(Ax)? (Ay)?
or, using Ax = Ay and some algebra,
1
“ii= 4 (s, j + Wiz, 500 F UG j1) (21)

valid for i and j ranging from 1 to N — 1. (This is the same as Eq. (7).) The
boundary conditions, Eqgs. (4) and (5), determine

uo,j=0. uN_,~=0. j=0."'.N (22)
uio= f(x;), wuin=f(x), i=0,---,N. (23)

The simplest iterative method, called the Gauss-Seidel method, works this way.
We sweep through the array of u’s, replacing each u; ; by the combination of
u’s given on the right-hand side of Eq. (21). After several sweeps through the
array, the numbers no longer change much. When the new and old values of
u; j at each point agree closely enough, we stop.

The result is a set of numbers that satisfy Eq. (21) approximately. Since the
exact solution of the replacement equations is still just an approximation to
the solution of the original problem in Egs. (3) to (6), it is not urgent to get
that exact solution of the replacement equations.

EXERCISES

Set up and solve replacement equations for each of the following problems.
Use symmetry to reduce the number of unknowns.

1. V2u=~-1,0<x <1,0 <y < 1, u = 0on the boundary.
Ax =Ay =1/4.
2. Same as Exercise 1 with Ax = Ay = 1/8. Compare the solutions.

3. VZu=0,0<x < 1,0 <y < 1Lu(0,y) =0, u(x0) =0,u(ly) =y,
ulx,1) =x. Ax=Ay=1/4.

4. Same as Exercise 3 with Ax = Ay = 1/8.

5. The region R is a square of side 1 from the center of which a similar square

of side 1/7 has been removed; V2u = 0in R, u = 0 on the outside bound-
ary, and u = 1 on the inside boundary; Ax = Ay = 1/7. See Fig. 5.
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27 |28 |29 30 |3 |3k " 12
21 22 |23 24 |25 |26 7 8 9 10
w7
17 |18 19 |20 3 4 5 6
#5, #6
13 |14 - 15 | 16 1 |2
7 |8 fo |10 |11 |2
1 2 3 4 S 6
1 [s |5 |7 |9 3 |4 |s |s
8
2 |4 |6 |8 |10 2 7
#9
1 8
Figure 5 Regions and mesh numbering for Exercises 5 through 9.
6. Same as Exercise 5, but the partial differential equation is V>u = —1, and

the boundary condition is # = 0 on all boundaries. See Fig. 5.

7. The region R has the shape of a T, made by removing strips from the cor-
ners of a 1 x 1 square. The partial differential equation is Vu = —25in R,
and u = 0 on the boundary. Take Ax = Ay = 1/5. See Fig. 5 for numbering
of mesh points.

8. The region is a rectangle, 2 units wide and 1 unit high. The potential equa-
tion holds in the interior; u = 1 on the upper half of the boundary (the top
and the upper halves of the vertical sides), and u = 0 on the lower half.
Take Ax = Ay = 1/3. See Fig. 5.

9. The region, as seen in Fig. 5, is shaped like an upside down U and is formed
by removing a small (1 x 2) rectangle from the bottom of a larger (5 x 4)
one. In the interior of the region, V?u = 0. The boundary conditions are:
u = 1 on the left and right sides and the top of the rectangle; u = 0 on the
bottom and on the boundary formed by the removal of the small rectangle.
Use Ax =Ay=1.

7.5 Comments and References

Our objective in this chapter has been to survey some elementary numerical
methods for problems like those we attacked analytically in earlier chapters.
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We have only had enough space to touch on the central topics: obtaining
replacement equations, solving linear systems of equations by direct and it-
erative methods, numerical stability, and order of error.

The methods we have introduced are satisfactory for a first introduction and
for learning something about partial differential equations, but they are not
adequate for any serious problem solving. New techniques for these problems
are superior in speed, accuracy and stability but are also more complicated. Of
the many texts available, two excellent ones are Numerical Analysis by Burden
and Faires, for general methods, and Numerical Solution of Partial Differential
Equations by Smith. (See the bibliography.)

Almost all numerical methods for linear partial differential equations rely
on the symbolism and theory of matrices. Two outstanding texts on matrix
theory are Applied Linear Algebra, third edition, by Noble and Daniel, and Ma-
trices by Barnett.

Miscellaneous Exercises

1. Set up and solve replacement equations for this boundary value problem.
Use Ax = 1/3.

d*u

ﬁ_ 2xu=0, O0<x<l1
X

du
E(O) =1, u(l)=1.

2. Use the change of variables x = (r —a)/(b—a) and v(r) = u(x) to convert
the equation

rlj_r (rj—:) —q(ryv=f(r), a<r<b
to an equation in u on the interval 0 < x < 1.
3. By means of the transformation mentioned in Exercise 2, a heat problem
on an annular ring is converted to
d*u 1 du
E+maz—(l+x), 0<x<1
u(0)=1, wu(l)=0.
Set up and solve replacement equations for this problem using Ax = 1/4.

4. The boundary value problem

1d [ dv 5

;E(r;)—y v=0, a<r<b
v@)=1 wvb)=0
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can be transformed into the problem

d2u+ L du_ a2, 0 1
—_—t —— - u=0, <x<
dx? oa+xdx i

u(0)=1, u(l)=0
where L = b —a and o = a/L. Set up and solve replacement equations
using Ax=1/4,a=1,yL = 1.

. Set up replacement equations for the heat problem in the following and
solve for t up to 1/4, using Ax = 1/4, At = 1/32.

9%y  du

—_— = —, 0O<x<l1l, O<t
ax2 ot

w(0,8) =u(l,t)=1—e"*, O0<t

M(X,O)ZO, D<x<l1

. Same as Exercise 5, but use u(0, 1) = u(1,t) = 1 — e 3202t 5o that
u(0, t,,) =1 —(0.5)™.

. Compare the numerical solution of the problem
d*u _ du
3x2 ot
u(0,t)=0, u(l,t)=0, 0<t

, O0<x<l, 0O0<t

u(x,0)=1, 0<x<1

with the solution of the problem consisting of the equation

3%u du
——1l6u=—, O0<x<l1, O<t
9x2 ot

with the same initial and boundary conditions. Use Ax = 1/4, At = 1/48
in both cases.

. In Exercise 7, what is the longest stable time step for each of the two
problems?

. Solve for several time levels using Ax = 1/5 and r = 1/2. What is A#?
%u  du

—_— = —, O<x<l1, O<t

oxz ot

u(0,t) =25t, u(l,t)=0, O0<t

u(x,0)=0, O<x<l1
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10. Same as Exercise 9, except that the second boundary condition is
du
—( l. t) = 0.
ax

11. The problem below describes the displacement of a string whose end is
jerked.

u  u

=—, 0 <x<l, 0<t
ax:  ar?
u(0,t)=0, u(l,t)=1, 0<t

d
u(x,0) =0, a—l:(x.o):o. 0<x<l

Solve numerically through one period (until t = 2) with Ax = Ar = 1/4.
12. Same problems as Exercise 11, except that the right-hand boundary con-
dition is u(1, t) = h(t), 0 < t, where

I, 0<t<1

h(r)=|0' 12 <0

and h(t + 2) = h(t). Solve numerically with Ax = At = 1/4 for enough
values of t so that resonance becomes noticeable.

13. Using Ax = Ay = 1/4, find a numerical solution of the problem

*u N 9%u % i i i l
_— =0, zgl, <y<
axz | ay? 4
g il
u(x,0)=0, u(x,1) = —tan -1, O0<x<l
b 4 X
2 =]
u(0,y)=1, u(l, y) = —tan™ (y), O<y<l
4

14. The analytical solution of the problem in Exercise 13 is u(x.y)=
(2/m)tan"'(y/x). Compare your numerical results with the exact
solution.

Project 7.1
A problem similar to the following was developed by N. Mangan (Random
walks and analysis of diffusion, Honors Thesis, Clarkson University, April
2008) to describe the diffusion of a dye in a bundle of nanotubes immersed
in a fluid.
9%u _ du
ax> ot
u(x,0)=0, 0<x<1

0<x<l, O<t
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1
u(0,t) =u(l,1) =1 —/ u(x, t)dx, 0 <t
0

a. Find a steady-state solution of this problem analytically.

b. Set up the replacement equations, following the procedure in Section 7.2.
To replace the integral, use the trapezoidal rule on values of u at the pre-
ceding time level.

c. Generate the solution for 20 time levels using # = 5 and r = 0.5. Is the
correct steady state showing up?

d. Explain why separation of variables does not work for these boundary
conditions.

Project 7.2
Professor J. Skufca at Clarkson University performs this experiment in class
to illustrate heat conduction. (See Project 2.12.) A 90 cm steel rod is kept in
a heated classroom so that its temperature is uniform at Tj. In class, insula-
tion in the form of a cylinder of plastic foam is slipped over the rod, leav-
ing 3 cm exposed. At the beginning of the experiment, the exposed end is
submerged in ice water. During class the temperature on the surface of the
rod is recorded from thermocouples located at 10, 20, 30 and 40 cm from
the end of the insulation (that is, 13, 23, 33 and 43 cm from the end of the
rod). Visit the web site for photographs of the apparatus and a write-up of the
experiment.

A standard way to model the temperature u(x, t) at distance x from the end
of the insulation is with the problem

%u  10u
axr kot
u(0,t)=0, w(l,t)=T,
ulx,00=Ty, 0<x<L

O<x<L, O0<t

a. Set up replacement equations for the problem. Use parameters L = 90
cm, k = 0.155 cm?/s, Ty = 21.4 C, and numerical solution parame-
ters Ax = 10 cm, At = 50 s. Note that the variables are not dimen-
sionless, so that there will be some differences with what is presented in
Chapter 7.

b. Use software (a spreadsheet program such as Excel is adequate) to find the
approximate values for the temperature and compare your results to this



440 Chapter 7 Numerical Methods

short excerpt from the recorded data values.

t:\x: 10 20 30

40

0214 214 21.4
500 15.6 19.9 21.2
1000 13.1 17.9 20.3
1500 11.9 16.5 19.4
2000 11.2 15.7 18.7
2500 10.8 15.2 18.2
3000 10.6 14.8 17.8
3500 10.4 14.6 17.6
4000 10.3 14.4 17.4

Estimate the size and sign of differences between computed values and

data.

c. Prof. Skufca believes that a major failing of the model lies with the foam
insulation. (See Project 2.12.) A new model that allows for heat loss

through the insulation is

u 10u
B =)= =
oz VW)=
u(0,1) =0, u(lL,t)=T,
ux,00=T, O0<x<lL

Set up replacement equations for this model with the same parameters as

in parta, and y = 0.0425.

d. Use software to find the approximate values for the temperature and com-
pare your results to this short excerpt from the recorded data values. Dis-
cuss the changes from the results of the original model. Make suggestions

for further improvement in the model.

21.4
214
21.1
20.7
20.2
19.8
19.5
19.3
19.1

0<x <L,
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Appendix: FrEc %
Mathematical g
References

L\ =%
i )Y
N

Trigonometric Functions

sin(A 4 B) = sin(A) cos(B) =+ cos(A) sin(B)
cos(A = B) = cos(A) cos(B) F sin(A) sin(B)

)=(*37)
Jsn(%37)
) A;B
)= (*3)

cos ( )
sin(A)sin(B) = % (cos(A — B) — cos(A + B))

A+ B

sin(A) +sin(B) = 2sin (

sin(A) — sin(B) = 2 cos (

2
A+ B
2

A+ B
cos(A) + cos(B) = 2cos( 5
B

cos(A) — cos(B) = 2sin (A b

sin(A) cos(B) = % (sin(A — B) +sin(A + B))

cos(A) cos(B) = % (cos(A — B) + cos(A + B))

| [ . ) R :
cos(A) = — (e'A + e“’A) , sin(A) = — (e’A - e"‘A)
2 21
cos?(A) +sin?(A) = 1, 1+ tan?( A) = sec?(A)
(©) 2010 Elsevier, Inc. All rights reserved. 443

d0i:10.1016/B978-0-12-374719-8.00015-3.
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Hyperbolic Functions

cosh(A) = % (e* +e™4), sinh(A) = % (e* —e ™)
d cosh(u) = sinh(u)du, dsinh(u) = cosh(u)du
sinh(A & B) = sinh(A) cosh(B) = cosh(A) sinh(B)
cosh(A & B) = cosh(A) cosh(B) = sinh(A) sinh(B)

sinh(A) + sinh(B) = 2 sinh (A Z B) cosh (A ; B)
sinh(A) — sinh(B) = 2 cosh (A ; B ) sinh (A ; B)
cosh(A) + cosh(B) = 2 cosh (A ; L ) cosh (A ; B)

cosh(A) — cosh(B) = 2 sinh (A ;L B) sinh (A ; B)

sinh(A) sinh(B) = % (cosh(A + B) — cosh(A — B))

sinh(A) cosh(B) = % (sinh(A + B) +sinh(A — B))

cosh(A) cosh(B) = % (sinh(A + B) + cosh(A — B))

coshz(A) — sinh?(A) =1, 1-— tanhz(A) = sechz(A)

Calculus
1. Derivative of a product
(uv) = u'v+uw’

(wv)” = u’v +2u'v' + wv”

(uv)® = ™My + (JI) u Dy oy (n f 1) w4 4™

In this formula, (Z) is a binomial coefficient.

n!
"~ (n—Kk)k!

2. Rules of integration

b b b
a. f (c1 fi(x) + e fo(x)) dx =clf filx)dx +czf fa(x)dx
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b. faaf(x)dxz()
c. fabf(x)dx:—fbaf(x)dx

d. fab f(x)dx =f,: f(x)dx+fcb f(x)dx

3. Derivatives of integrals

b b
a. %fa f(x,t)dx:fﬂ Z—]:(x, t)dx

t
b. % f f(x)dx = f(¢) (Fundamental theorem of calculus;
’ a is constant)
v(t)

d
¢ = “ f(x,t)dx = f(v(e), V' (£) — f(ut), )u'(¢)

v(t) af

+ f —(x,t)dx (Leibniz’s rule)
u(t) dat

4. Integration by parts

a. f uv'dx = uv — f vu'dx
b. f wv’dx = v'u — v’ +/ vu'dx
5. Functions defined by integrals

a. Natural logarithm
*dz

1 2

In(x) =
b. Sine-integral function
Si(x) = f S o

0 z

c. Normal probability distribution function

1 X 2
d(x) = »—/ e %4z
) \/271' —00

d. Error function

erf(x) = % Lxe’lzdz.
Note: erf(x) = 2@(+/2x) — 1
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e. Integrated Bessel function

Tl f Jo(2)dz
0

Table of Integrals
Any letter except x represents a constant. The integration constants have been
left off.

1. Rational functions
dx

1
1.1 — =—_Inh+kx
h+kx k | !
f dx 1 (X
12 | == =-tan (—)
x2+a% a a
xdx 1 e 5
1.3 fm=iln(x +a)
dx 1
1.4 ——=—1In
x2—a2 2a x+a
xdx 1
1.5 = Zln|x? — a?
fxz—u2 2 | |

2. Radicals

X —a

dx x
IR S—— 2 2 LI B i
2.1 fm In({x++vx +a)0rsmh (a)
2.2 fixdx =a/x2 +q?
) Vx2+qg?
dx
2.3 ————=In 2 _ g2
fm x+Vx u) (x > a)

%2 a2

- f xdx
: /x2 — g2

QR

dx .
2.5 fﬁzsm ( ) x| < a

xdx
2.6 —————=—y/al—x? |x| <a
f va?— x?

3. Exponentials and hyperbolic functions

k
3.1 fekxdx = ﬂ
k
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kx — 1
3.2 /xekxdx = x—ekx

k2
h(k
3.3 f sinh(kx)dx = == (kx)
inh(k
3.4 fcosh(kx)dx — Smk( x)
h(k inh(k
3.5 /xsinh(kx)dx — xCosk( x) _ smk(2 x)
inh(k h(k
3.6 fxcosh(kx)dx = xsmk( x) Coskg x)
4. Sines and cosines
4.1 /sin()ux)dx = M
sin(Ax)

4.2 /cos(lx)dx =

sin(Ax) B x cos(Ax)

4.3 /xsin()tx)dx =

A2 A
4.4 /xcos(kx)dx = cosi) + *sin(d:x)
A2 A
. . sl
i fxz sin(uc)dx = 2x s;ilz(}ux) " 2-x xxz cos(Ax)
2,2 _ 9) o
4.6 /xz cos(Ax)dx = 2 ciz(kx) + G fs) sin{is)
. : _sin(ue —A)x  sin(u +A)x
4.7 /sm(Ax) sin(ux)dx = =) — TEEY (A #w)
. _cos(u —A)x  cos(u + A)x
4.8 /31n(Ax) cos(ux)dx = 2 — ) — 2t h) (A #p)
_osin(u —A)x  sin(p + A)x
4.9 fcos(kx) cos(ux)dx = YY) 2t h) (A #1)

in(2A
4.10 fsinz(Ax)dx = ;—C - GGl

4
v
A
4.11 fsin(Ax) cos(Ax)dx = i)
2A
in(2A
4.12 fcosz(lx)dx = + s
2 4
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e**(k sin(Ax) — A cos(rAx))
k2 + 22
e**(k cos(Ax) + A sin(Ax))
k2 + A2
k cosh(kx) sin(Ax) — A sinh(kx) cos(Ax)
k2 + A2
k cosh(kx) cos(Ax) + A sinh(kx) sin(Ax)
k2422
k sinh(kx) sin(Ax) — A cosh(kx) cos(rx)
k2 +2a2
k sinh(kx) cos(Ax) + A cosh(kx) sin(Ax)
k2 +22

4.13 fekx sin(Ax)dx =

4.14 fek" cos(Ax)dx =

415 /sinh(kx) sin(Ax)dx =

4.16 fsinh(kx)cos()nx)dx =

4.17 /cosh(kx)sin(kx)dx =

4.18 fcosh(kx) cos(Ax)dx =
5. Bessel functions

5.1 fx]o(kx)dx = M

A

2J1(x)  xJo(rx) 1 .
x =5 —A—sn(xx)

Jo(Ax)
A

5.2 f 2 Jo(Ax)dx =

5.3 f}l(kx)dx =—

X" Jus1 ()
A

= ]nfl(}‘x)

;\’xnfl

5.4 fx"“],,(kx)dx =

5.5 f],[()m)—d—x1 -
Xt
2

2
5.6 f JH(hx)xdx = % [72(x) + T 200)]
X

57 [ 120x)xdx = 2 [1206) = 1ra G o (0]

2
LI =
=5 [fn()ux)]z + (7 - ﬁ) [Jn(rx)]?
6. Legendre Polynomials
o —(=xh)
6.1 an(x)dx = —an(x)
(11— i

6.2 /xPn(x)dx = ml—) (P,,(x) — xPn(x)) &

*See Functions defined by integrals, item 5e under Calculus section of the Appendix.



Answers to
Odd-Numbered
Exercises

N\ (e

Chapter 0

Section 0.1

1.

9.
11.
13.

15.

17.
19.

¢(x) = ¢ cos(Ax) + ¢, sin(Ax)

3. The equation has constant coefficients k = 0, p = 0; u(t) = c; + c,t.
5.
7

w(r) =cir* +cpr ™

. Integrate, solve for dv/dx, and integrate again;

v(x)=c;+coIn|h + kx|.
u(x) = c1 +cp/x*
u(r) =c1 +cyIn(r)

Characteristic polynomial m* — A* = 0; roots m = %A, +iA. General
solution u(x) = ¢ cos(Ax) + ¢, sin(Ax) +c3 cosh(Ax) + c4 sinh(Ax).

Characteristic polynomial (m? + A%)? = 0; roots m = %iA (double). Gen-
eral solution u(x) = (c1 + c2x) cos(Ax) + (c3 + c4x) sin(Ax).

v(t) = In(¢) and u,(¢) = ¢ In(z)
u” + 22u = 0; R(p) = (a cos(Ap) + bsin(Ap))/p

Section 0.2

1.
3.

u(t) =T +ce ™™

u(t) =te " +ce

(©) 2010 Elsevier, Inc. All rights reserved. 449
doi:10.1016/B978-0-12-374719-8.00016-5.
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1
5. u(t) = Et sin(t) + ¢y cos(t) + ¢, sin(t)

2t

1 _ _ o
7. u(t) = et+ite e+ e

1
12
1 2 €1
9. u(p)=——p°+—+c;
6 p
11. h(t) = =320t + c1 + c2e ", ¢y = ho + 3200, ¢, = —3200
13. v(t) =t, u,(t) =te ™

15. vy(x) = sin(x) — In | sec(x) + tan(x)|, v, = — cos(x);
up(x) = — cos(x) In | sec(x) + tan(x)|

17. vi(t) = £2/2, va(t) = —t;up(t) = —12/2
19. vi(t) = —=1/2t, va(t) = —t/2, up(t) = —1.

Section 0.3
1. a. u(x) = ¢ sin(x), ¢, arbitrary
b. u(x) =1 — cos(x) — %E)ls)(l) sin(x) (unique)

c. No solution exists.

4
3. a. andb. A=+@2n—-1)—,n=1,2,---
2a
nmw
c. A==2—,n=0,1,2,--
a

1
5. ¢ =—a/2,c' = h — — cosh (M—a)
7 2)

{hC
7. u(x) =T + ¢ cosh(y x) + ¢z sinh(yx), where y = = and
kY sinh(ya) + h cosh(ya)

=Ty—T,c; = -
S % ky cosh(ya) -i-[hsmh(ya)c1

1 — cosh(ya) sinh(yx))

9. u(x)=T+ H|{1—cosh(yx) — —;
sinh(ya)
I’R hC
where H = Eand;f =4 =%
11. u(y) = y(L — y)g/2p
13. P=EI(nn/L)},n=1,2,---

wo (x*  ax®  a’x?
15 ux)=—{(———+—
EI \24 6 2
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Section 0.4
" 1 '
1. aa w'+—-u —u=0,r=0
r

2x
x2

b. u”—l W =0x==%l

c. ' +cot(p)y' —u=0,¢=0,=%m, 27, -

2
d " +ZW+2%u=0,p=0
p

H H
3. u(0) bounded; u(p) = —(c* — p?) + =T
6k 3h

1 .
5. u(p) = ;(Cl cos(up) + ¢y sin(up)).
T
u(p) = 0 unless ua = m, 2m, - - - . The critical radius isa = —.
"
7. u(r) = 325+ 10%(0.25 — r2) /4; u(0) = 950

Chapter 0 Miscellaneous Exercises

sinh(y x)

1. u(x) = Tocosh(yx) + (T — Tp cosh(ya))

sinh(ya)
ux) =T

u(r) = p(a®> —r2)/4

u(p) = H(@* — p*)/6+ Ty

u(x) = T+ (T, — T) cosh(yx)/ cosh(ya)

11. u(x) =Ty + (T — Ty)e™r*

o N S

13. h(x)= \Jex(a — x) + b3 + (W% — h2)(x/a)
15. u(x) = w(l — e "*cos(yx))EI/k where y = (k/4E I)'/*

Ty + Ax, 0<x <aa
Ti1—Bla—x), aa<x<a

17. u(x) = {

K Ty — T
o= 2 1 0, B:ﬂ
ki(l—a)+ie  a Ky

e*x

1_
1—e®

19. u(x) = %(1 —e ) — %(1 —e %)
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21. a. u(x) = sinh(px)/sinh(pa)

B i) — e 2 i) Rt St
sinh(pa)

c. u(x) = cosh(px)/ cosh(pa)

d. u(x) = cosh(p(a — x))/ cosh(pa)

e. u(x) = —cosh(p(a — x))/p sinh(pa)
f. u(x) = cosh(px)/p sinh(pa)

1+x
1—x

X

23, u(x) = Eln -1

25. Multiply by &’ and integrate: %(u’)2 = éyzusﬁ—cl. Since u(x) — Oasx —
00, also u'(x) — 0; thus ¢; = 0. Now o’ = —/2y2/5u°/% or u=>*u' =
—4/2y2/5 (the negative root makes u decrease) can be integrated to result
in (—2/3)u3? = —/2y2/5x + c,. The condition at x = 0 gives c; =
(=3/2)U372,

Finally u(x) = (U2 + (3/2)/2y2/5x) 3.

27. 459.77 rad/sec

29. u(x) = Coe™™

Chapter 1

Section 1.1
1. ‘2. 2 (sin(x) — %sin(Zx) + %sin(?)x) —+-- )

b. % — 3 (cos(x) + écos(?)x) + %cos(Sx) + .- )

1 2 1 1
c. —+ — [sin(x) + - sin(3x) + - sin(5x) + - - -
2 m 3 5

2 4 /1 1 1
d. o (5 cos(2x) + Ecos(tlx) + & cos(6x) + - )
3. f(x+ p)=1= f(x)for any p and all x.

5. If c is a multiple of p, the graph of f(x) between c and ¢ + p is the same as
between 0 and p. Otherwise, let k be the integer such that kp lies between
candc + p:

f;ﬂ] f(x)dx = fckp f(x)dx+fk;+p fx)dx = /CP f(x)dx+/oﬁ f(x)dx

where c* = ¢ — (k — 1) p.
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7. a. cost(x) = L + lcos(Zx)
S 2" 2
i w TN . i g
b. sin (x - g) = cos (g) sin(x) — sin (E) cos(x)

1 1
c. sin(x) cos(2x) = =3 sin(x) + 5 sin(3x)

Section 1.2

1 4 1 1
1. a. —— — |:cos(7rx) + 5 cos(3mx) + e cos(5mx) + - - ]

2w
4 [ . /7mx 1 . 3mx 1 . S5mtx
b. — sm(—)+—sm )4 =sin[ =) +---
T 2 3 2 5 2
L _ L cos(zmx) — - cos(dms) + + cos(6x) — +
¢ — — — |cos(2mx) — = cos(dmx) + — cos(6mwx) — +--- |.
12 m? 4 9

3. f(x)= f(x —2na), 2na <x <2(n+1)a

f(x) ~ao+ Z a, cos(nwx/a) +b,sin(nmwx/a)
1

1 2a 1 2a

ao= — f(x)dx, a,=— f(x) cos(nmx/a)dx
2a Jo alty
1 2a

b, = " f(x)sin(nwx/a)dx
0
5. Odd: (a), (d), (e); even: (b), (¢); neither: (f).
2 1
7. a. — (sin(nx) — —sin(2wx) + — - - )
T 2
b. This function is its own Fourier series.
® (sin(rx) — = sin(3mx) + — sin(5mx) — +
c. — sin(w x 5 sin(3mx 5 sin(5m x v

9. If f(—x) = —f(x) and f(x) = f(a — x) for 0 < x < a, sine coefficients
with even indices are zero. Example: square wave.

1. a f(x)=1= i;l—“’wsin(m)

n a

a
2 w2 n?

1
= ( =
——Z cos(nimw (m;'x)

i Fie 2a 1 — cos(nrm) - (@)
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& i) = zl:(—l)”“sin(l)(mj;fr_l sin(nrx), O0<x<1

Z ((—1)"cos(1) — 1) (nn%—l cos(nrx), 0<x <]l1.
1

T n?

d. f(x) E |:1 — Z Lj(;m) cos(nx):| = sin(x) .
1

13. Even, yes. Odd, yes only if f(0) = f(a) = 0.

Section 1.3

1. a. piecewise smooth. b,c,d,e are not.

b. vertical tangent at 0; c: vertical asymptote at +7/2; d,e: vertical asymp-
tote at 7 /2.

w

. To f(x) everywhere.

w

. b. Graph consists of straight line segments. c. x = 1, sum = 1/2; x = 2,
sum =0; x = 9.6, sum = —0.6; x = —3.8, sum = 0.2. Use periodicity.

7. B=0, A=-m%/12, C=1/4.
9. a. /1 —x%, b. ag=m/4, c. No, d. Nothing.

Section 1.4
1. (c), (d), (), (g) have uniformly convergent Fourier series.

3. All of the cosine series converge uniformly. The sine series converges uni-
formly only in case (b).

5. (a), (c), (d) converge uniformly; (b) does not.

Section 1.5

LI 2
L D st
n=1

3. f'(x) =1,0 < x < m. The sine series cannot be differentiated, because the
odd periodic extension of f is not continuous. But the cosine series can be
differentiated.



5.

Chapter 1

For the sine series: f(0+) = 0 and f(a—) = 0. For the cosine series no

additional condition is necessary.

No. The function In |2 cos( §)| is not even piecewise continuous.

Since f is odd, periodic, and piecewise smooth, (c) follows, and also b,, —
0asn — oo. Then Zzil nkbne*”zt| converges for all integers k (¢ > 0) by

the comparison test and ratio test:

<) _a
|nkb,,e "t < MnFe ™" for some M

and

M(n + 1)ke— (1)t (n +1

k
— e—(2n+l)t >0
Mpnke—n*t

n

as n — o0. Then by Theorem 7, (a) is valid. Property (b) follows by direc-

tion substitution.

Section 1.6

1.

L npes G -3 -

a. Coefficients tend to zero.

1
b. Coefficients tend to zero, although f |x|~'dx is infinite.
-1

[ee]

The integral must be infinite, because Z aﬁ + bi = o0.

n=1

Section 1.7
1. The equality to be proved is

2sin (Ly) (% + ZN:cos(ny)) i ((m %) y) .

n=1
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1

phi(y) 0.5 -

Figure 1 Graph for Exercise 3, Section 1.7.

The left-hand side is transformed as follows

N
2sin (%y) (% + Zcos(ny))
n=1

N
=sin (3y) + Z 2sin (3y) cos(ny)
n=1

=sin(1y)+ Z:: (sin ((n +3) ) —sin ((n — 3) ¥))
=sin(3y) + ism (n+3)y) - Nzlsm((n +1) )

because all other terms cancel.
3. ¢(0+) =1, ¢(0—) = —1. See Fig. 1.

5. 2 fix)= %x’l/‘l for0 < x < & (and f’ is an odd function).
Thus, f has a vertical tangent at x = 0, although it is continuous
there.

[
B Bhd= 2sin(3y)
is a product of continuous functions and is therefore continuous, except
perhaps where the denominator is 0. At y = 0, cos( %y) = 1,2sin( %y) =y,
so ¢(y) = |y|*/y = £|y| V4 neary = 0.

cos(3y)—m <y<m

c. Now, f #*(y)dy is finite, so the Fourier coefficients of ¢ approach

Zero.
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Section 1.8
1. 46 = —0.00701, ag = —0.00569
3. &y = 1.367

a4, =—0.844 b, = —0.043

4, = 0.208 by = —0.115

43 = 0.050 by = —0.050

44 = 0.042 by =0.00

4s = —0.0064 bs = 0.043

4g = 0.0167

Section 1.9

1. Each function has the representations (for x > 0)

flx) = j(; A(A) cos(Ax)dr = ./o B(A) sin(Ax)d .
a. A(A =2/m(1+A2), B(A) = 2A/(1+A?)
b. A(A) =2sin(A)/mA, B(A) = 2(1 — cos(A))/mA
c. A(A) =2(1 — cos(Am)) /A%, B(A) = 2(zwA — sin(Awr))/mA?

3. e Hl—xz = fo e cos(Ax)dA

N sinix) - /Ooo A(M) cos(Ax)dA where A(A) = {(1) ? z i <!
5. a. AA)=0, B(\) = %

b. A(X) = IT:UL_S()'}Z;) B(A) = ,:ET(—T;)Z)

¢ AQ) = W B =10

7. Change variable from x to A with x = Az.
9. Yes, the results are as expected.

Section 1.10

S g 2Sinh](rcm) (% i ; %(a cos(nx) — nsin(nx)))
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3. f(x) :foo C(h)e**dx

1+ e itm

G0 S Wm0

Cl)

d

— . b.
2r(1+1i))

1
1 —reix

o
)

[o.¢] [o.0]
L1+ Zr”cos(nx) =Re Z(rei”‘)” =Re
n=1 0

e

=Im exp(eix)

o inx
!

sin(nx) 2 e
Z n! =Imzl: n
e

n=1

_ 2sin(x)

=
®

2
. fx) b f(x)= ——.

Section 1.11

1. u(t)=Ag+ Z A, cos(nt/2) + B, sin(nt/2)
n=1

1 ~ 0.4/7
208" 7" (1.04 — n2)2 + (0.4n)2°
~ 1.04 — n?

nr (1.04 — n2)2 + (0.4n)>

o0

Ag =

8K sin(nm/2)

3. u(x) :ZB,, sin(nrx/L), B,
n=1

K =w/EI, y*=T/EI

- ((nm/L)? + y?)nim?

Chapter 1 Miscellaneous Exercises

L. f(x) =) bysin(nx)

n=1
0, n even
b, = { 4sin(na
5 7(2), n odd
Ton

3. Yes. Asa — 0, sin(no)/no — 1.

5 flx)= Zb,, sin(nmx/a)
n=1
- 2h sin(nwa) (1 " 1 )

i —

2  n? ¢ l—«



9.

11.

13.

15.

17.

19.

21.

Chapter 1
a. b,=0,a,=0,ay=1

b. Y busin(nmx/a), by = 2(1 — cos(nm))

ni
n=1

c. and d. same as a.

e. sameasb.
o0}
f. ag+ Zan cos(nmx/a) + b, sin(nwx/a)
n=1
1 1 — cos(nm
R P W . L
2 ni

f(x)=ao+ Zun cos(nmx/a) + by, sin(nwx/a)

1
1 2a(1 — cos(nm)) b
ag= -4, =—————— " b, =
e n2m? < nmw
x=—a, —af2, 0, a, 2a

2a cos(nm)

sum =a, 0, 0, a, 0

f(x)=ao+ Z“” cos(nx)
n=1

_ sin(nw/2)

f(x) = Z b, sin(nmwx), b, = 2(1 + cos(nmw))/nmw
n=1

flx) = bysin(nx)
n=1

1 _ 4sin(nm/2)
b, = 2,other b= A1)

i

iNx eix/Z = ei(ZNfl)x/Z

N N % _ g
Zcos(nx) = ReZe’”x = Re = Re

1 — eix e—ix/2 _ pix/2

1 1
The denominator is now —2i sin(x/2).

2a sin(na + )
2a? — 72

flx) = /000 (sil;(:;a) cos(Ax) + % sin()Lx)) di

flx) = Z b, sin(nx), b, =
n=1

459
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23. f(x)= foo M sin(Ax)dL (x > 0)
0

(1l —A2)

% sin(At
29. Usef g )dkzz
0 A 2

31. These answers are not unique.

oo
a. Z b,sin(nmwx), b, = 2/nw

n=1

[oe]
1
b. ag+ Zu” cos(nmx), ag = 5 an = 2(1 — cos(nm))/n*m?

n=1

G; /00 B(A)sin(Ax)dX, B(A) = 2(A — sin(A)) /(7w A?)
0

d. /00 A(L) cos(rx)dh, A(L) = 2(1 — cos(r))/(wA?)
0

The integrals of parts c. and d. converge to 0 for x > 1.
33. Uses = 6in Eq. (7) of Sect. 1.8.
do = 0.78424 ds = —0.00924
4, = 022846 @5 = 0.00744
d, = —0.02153 4 = —0.00347
a; = 0.01410

35 a 2a 2nmw (mr)
L ag=—,a, = cos| — ) —cos|{ —
076" g2 3 3

37 5 2 (3 (mr) ) ( ))
. g= —, a4, = cos| — ) —2 — cos(nm
07 8T g2 2

1 2
39. ap = i,an = W(l — cos(nm))
2 2
a —2a
41. ap= —,a, = ——(1 + cos(nmw
0=y = — (1 + cos(n)
1 —-1_ . /nmw
43, a9 = —,a, = —2sin (—)
2 nmw 2
niw
1 + cos (—) — 2 cos(nm)
45. b, = 2

nw
(2 sin(nr/2) cos(mr))
b,=a —

nlm? nmw

47.



49.
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b, = i (cos (%) — cos (%T”))

(1 — e*@ cos(nm))

51. b, =2nmw @20+ )
2
53. A(A) =
*) (1+A2)
2 sin(Ab
85 i = 2D
TA
2(1 — A
57. A = 2L osd)
A2
2\
59. B(A) =
*) a(l+A2)
2(1 — Ab
61. B(A) = 2(1 — cos(2b))
%4
2(A — sin(A
63. B(x) = 22— sin®)
A
65. The term a, cos(nx) + b, sin(nx) appears in Sy, Sps1, - -+ , Sy and thus
N+ 1—ntimesinoy.
67. Use Eq. (13) of Section 7 and the identity in Exercise 66.
69. a. Usex=0; b. x=1/2; c. x=0.
Chapter 2

Section 2.1

1.

3L

One possibility: u(x, t) is the temperature in a rod of length a whose lat-
eral surface is insulated. The temperature at the left end is held constant at
Tp. The right end is exposed to a medium at temperature T. Initially the
temperature is f(x).

AAxg = hCAx(U — u(x, t)), where h is a constant of proportionality and
C is the circumference. Eq. (4) becomes
8u
dx?

+hC(U )_lau
A o

If g—’;(o, t) is positive, then heat is flowing to the left, so u(0, t) is greater
than T'(t).



462 Answers to 0dd-Numbered Exercises

7. The second factor is approximately constant if T is much larger than u, or
if T and u are approximately equal.
9.
u  103u
—=-———H, 0<x<a, 0<t
ax? kot
ou
u(0,t) =T, —(a,t)=0, 0<t
ax
u(x,0) =U, D<x<a
The constant H = I?r/k A, where I is current, r is resistance per unit
length, A is cross-piecewise area, and k is thermal conductivity.
Section 2.2
. v/ —p2(v—-U)=0,0<x<a
v(0) = Ty, v(a) =T
v(x) = U + Acosh(yx) + B sinh(yx),
Ty —U)— (To — U) cosh
Aot U, g (= U) = (= U)coshya)
sinh(ya)
One interpretation: u as the temperature in a rod, with convective heat
transfer from the cylindrical surface to a medium at temperature U.
3. v(x) = T. Heat is being generated at a rate proportionaltou — T. If y =
7 /a, the steady-state problem does not have a unique solution.
5. v(x) = Aln(ky + Bx) + B, A = (T} — Ty)/ In(1 + aB/«y),
B = Tg = Aln(l{o)
7. v(x) =Ty +r(2a — x)x/2
9. Du" — Su' =0,0 < x < a;u(0)=U,u(a)=0.
u(x) = U(eSx/D o eSu/D)/(l . eSu/D)
Section 2.3
%) Rz 2 w2kt
L. w(x,t)=——(Ty+ T1) sin (—) exp| ——
T a a
2 (To—T\ . (2nx 47kt
—— | ———)sin{ — Jexp| —
T 2 a a?
3. The partial differential equation is

9%U QU D<E<l, 0
— =, <& <1, <t
92 drt



oo
2
5. w(x, t) = Z b, sin (m;ix) exp(—nznzkt/az), b,=Th
n=1

9,

Chapter 2 463

(1 — cos(n))

b1 47)
2 1
7. w(x, t) as in 5. Above, with b,, = ﬂ -
T n
a. v(x)=C

ow %w
b —=D——, O0O<x<a, 0<t

at 9x2

w(0,t)=0, w(a,t)=0, 0<t
w(x,0)=Cy— C;

(c) Clx,t)=Cy + Z b, sin (@) exp(—nzrrzkt/az),
a

3?11 — cos(nm))
n

bn = (C(J - Cl)

S ()
Dr2 40

(d t=—==In

(e) t= 6444 sec= 107.4 min

Section 2.4

1.
3.

11.

ag = Ti/2, a, = 2Ty (cos(nm) — 1)/(nw)?
u(x, t) as given in Eq. (9), with A, = nrw/a, ap = To/2 and a, = 4T
(2 cos(nm/2) — 1 — cos(nm))/n’m?.

(a) The general solution of the steady-state equation is v(x) = c¢; + cpx.
The boundary conditions are c; = So, c; = S;; thus there is a solution
if So = S;. If heat flux is different at the ends, the temperature cannot
approach a steady state. If Sy = Sy, then v(x) = ¢, + Sox, ¢; undefined.

3
(c) A= (S; — So)/a, B = Sp. Tf So #5,, then a—‘: — kAforallt.

" +19p=0,0<x <a,

#(0)=0,¢(a) =0
Solution: ¢, = sin(A,x), A, = nw/a(n=1,2,.-.).

[o0]
The series Z | A, (t)| converges.

n=1

du
No. u(0, t) is constant ifa(o, t) =0.
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Section 2.5

1.

3.

11.

13.

v(ix, 1) =T

(o]
ulx,t) =Ty + an sin(knx)exp(—kikt), An=(2n— 1)1 /2a,

n=1

b= 8T(=1)"™' 4T
U r2n—12 mw@2n—1)

. The steady-state solution is v(x) = Ty — Tx(x — 2a)/2a”. The transient

satisfies Egs. (5)—(8) with

Tx(x — 2a)

gx)=Th—v(x)= a7

(o]
Culx, t) =Ty + ch cos(A,x) exp(—kflkt),

n=1

_ 4B — T

M=02n—-1 2a, "
(2n )m/2a, ¢ 2o —1)

u(x, t) = Ty cos(wx/2a) exp(—(%)zkt).

The graph of G in the interval 0 < x < 24 is made by reflecting the graph
of g in theline x = a. (Like an even extension.)

(@) u(x, ) = Ty + Y _ by sin(A,x) exp(—A2kt), Ay = (21 — 1)1 /2a,

n=1

1 [ N x
b, =~ in(—)d

. /0 g(x)sm( o ) x
In the integral for by, break the interval of integration at a; in the second
integral, make the change of variable ¥ = 2a — x. The two integrals cancel
if n is even, and the coefficient is the same as Eq. (18) if n is odd.
(b) In the solution of Eqgs. (1)—(4), the eigenfunction ¢(x) = sin((2n —
1)mx/2a) has the property ¢ (2a — x) = ¢(x), so the sum of the series has
the same property. This implies 0 derivative at x = a.

Section 2.6

1.

The graph of v(x) is a straight line from T at x = 0 to T* at x = a, where

T*:T0+ (Tl_ Tg)

B,
k+ ha

In all cases, T* is between Ty and T;.
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3. Negative solutions provide no new eigenfunctions.
2(1 — cos(Anma))
7. b=
Amla + (/) cos?(Anma)]
_ —2(k +ah)cos(Ana)
© Amah + k cost(Aa))

9. bm

Section 2.7
1. Ay =mnm/In2, ¢, = sin(A,In(x))
3. a. sin(Aux), A, = 2n — 1) /2a
b. cos(A,x), A, =(2n — 1)/2a
c. sin(A,x), A, a solution of tan(Aa) = —A
d. A, cos(A,x) + sin(A,x), A, a solution of cot(Aa) = A
€. Apc0s(hyx) +sin(Anx), A, a solution of tan(Aa) = 24 /(A% — 1)

5. The weight functions in the orthogonality relations, and limits of integra-
tion are:

1
a. 1+x,0toa; b. e*,0toa; c. ;,1‘[02; d. e*,0toa.

7. The negative value of u does not contradict Theorem 2 because the coef-
ficient «; is not positive.

9, a. fa Om(r)p,(rirdr =0 (n#m)
0

/2
b. f Ga(0)bm(0)sin(0)dO =0 (n #m)
0

11. Because A appears in a boundary condition.

Section 2.8
1 — b cos(n)

(o .¢]
1. x:chcﬁﬂ,l <x<b;C":2ﬂﬂm
n=1

1 — e*/2 cos(nm)

oo
3. 1=ch¢n,0<x < da;Cy =21’l7Tn2”2—+az/4

n=1
(Hint: find the sine series of e*/.)

5. b, = fl F)Palx) p(x)dx

7. 1and v/2cos(nmx),n=1,2, -
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Section 2.9

1. a. v(x) =constant; b. v(x)= AI(x)+ B

3. If du/dx = 0 at both ends, then the steady-state problem is indeterminate,
but Egs. (1)—(3) are homogeneous, so separation of variables applies di-
rectly. Note that 4y = 0 and ¢y = 1. The constant term in the series for
u(x, t)is

] p(x) f(x)dx

i vds

ap

Section 2.10
1. The solution is as in Eq. (9), with B(A) = 2T (cos(ra) — cos(Ab))/Axw
2Ty

3. u(x, t) is given by Eq. (6) with B(X) = m.

5. u(x,t) = /00 A(D) cos(kx)exp(—)nzkt)d)x;
0
AL = E(sin(}yb) — sin(Aa))
TA
7. u(x, ) = T+ f ™ B(3) sin(Ax) exp(—A%k)dhs
0

B(A) = %fow(f(x) — Tp) sin(Ax)dx

Section 2.11
1. Break the interval of integration at x’ = 0.
2T0a

5. The function u(x, t), as a function of x, is the famous “bell-shaped” curve.
The smaller ¢ is, the more sharply peaked the curve at x = 0.

7. InEq. (3) replace both f(x') and u(x, t) by 1.
9. Using the integral given, obtain

z2 <1, —A%kt
u(x,t) = — —sin(Ax)e dh.
T Jo A

Note, however, that B(A) = 2/Ax is not found using the usual formulas for
Fourier coefficient functions.
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Section 2.12

5. Ast — 0+, x/v 4wkt — {+OO £ sl

—o0if x<0

S0 erf(x/«/ﬁhrkt) — {+1 it

—1if x<0
7. Make the substitution x = y2. Then I(x) = /7 erf(/x) + c.
9. Let z be defined by erf(z) = —Uy,/(U; — Up). Then x(t) = z+/4kt.
11. b. Table entries:

line 1. -1, -1, -1, 1
line2. -1, 1, 1,1
line3. -1, 0, 0,1
line 4. -1, -1, 1,1
line5. 0,—1, 1,0

)

c. Line 5 shows that the initial value is an odd function.

13 ( _IT ¢ x+a ¢ xX—a
L ux,t)—z O(er (m)—er (\/m))

b. u(0,0.01) = 100 erf (5) = 100
(0, 1) = 100 erf 0.5) = 52.0
(0, 10) = 100 erf (0.158) = 17.7

c. u(2,0.1) =50(erf(15)— erf(5)) = 0

u(2, 1) = 50(erf(1.5)—erf(0.5)) = 22.3
u(2, 10) = 50(erf(0.475)—erf(0.158) = 16.15

Chapter 2 Miscellaneous Exercises

1. SSiv(x)=T,,0<x<a

EVP: ¢” + A2¢p = 0, ¢(0) = 0, ¢(a) = 0, A,
n= 1,2,...

oo
u(x,t) =Ty + Z b, sin(A,x)e Akt
1
2 a
B —f (T, — Ty) sin (@) dx
a Jo a

.
3. SS:v(x)=T0+5x(x—a),()<x<u

EVP: ¢” + 1%¢ = 0, ¢(0) = 0, ¢(a) = 0, A,
n=12,---

nw/a, ¢, = sin(Anx),

nw/a, ¢p = sin(Ayx),
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o0
_ r . 2
u(x,t) =Ty — Ex(x —a)+ ; ba sin(A,x) exp(—A;kt)

bn:gfoa[ﬂ—ﬂﬁ—%x(x—a)]sin(ni:—x)dx

5. SS: not needed
Hint: put —y2u on the other side of the equation. Separation of variables
gives ¢"/¢p = y2 + T'/kT = —A>%.
EVP: ¢" + 1% = 0, ¢'(0) = 0,¢'(a) = 0,1 = 0, ¢ = 1; Ay = n7/a,
On = COS()L,,X), n=12,--
u(x,t) =e vk ([I(] + Zan cos(A,x) exp(—kflkt))
ag=Ty/2, a, = —2T,(1 — cos(nm))/n’*n?
7. u(x,t) =T,

(o]
9. ul(x,t) =Ty + ch sin(A,x) exp(—Aikt),

n=1
@n—1)m (h—T) -4
)"n =T == N e ate
2a 2n—1m
e —2M1T;
. . a2 = 0
11. u(x,t) =Ty +f0 B(A) sin(Ax) exp(—A“kt)dA, B(A) 7{7(012 ey
2Ty sin(Aa)

13. u(x,t) = foo A()L) cos(Ax) exp(—kzkt)dk, A(D) = =
0

15. u(x,t) = /GO(A(k)cos(kx) + B(A) sin()nx))exp(—}uzkt)d)u,
0

A =

or

Ty sin(ka)’ B() = To(1 — cos(Aa))
TA TA

Ib /a ( (xl_x)z) I
u(x,t) = —— | e - = ldx
5.0 Varkt Jo =P 4kt

) i)

17. Interpretation: u is the temperature in a rod with insulation on the cylin-
drical surface and on the left end. At the right end, heat is being forced
into the rod at a constant rate (because g (a, t) = —Kg—ﬁ(a, t) = —«S, so
heat is flowing to the left, into the rod). The accumulation of heat energy
accounts for the steady increase of temperature.

19. (1/6ka)us — (a/6k)u, satisfies the boundary conditions.



21.

23.

25.

27.

29.

31,

33.

35,
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2 du

w(x,t) = ——— where u(x,t) = ay + Zu” COS(n”x)EXP(—ﬂzﬂzt)
uox 12
1 —e /“cos(nm
where ag = 2(1 — e ") and a,, = 1 )
< =l

_gm BY _ _ BV
g T°(1 3 +ﬂz)
where V =1 — exp(—(8, + B2)t) and B; = h/c;

1 o0
(o, 1) = =Y by sinhnp) exp(—A2kE),
= P

n=1
2 a
o= nfa b, =~ [ pTosinGio)dp
aJo
inh(A
i T e S
y cosh(ya)

If & = 0, the differential equation is ¢” = 0 with general solution ¢(x) =
¢ + cyx. The boundary conditions require ¢, = 0 but allow ¢; #0. Thus,
this value of A permits the existence of a nonzero solution, and therefore
A = 01is an eigenvalue.
Choose B(w) = %fooo f(t) sin(wt)dt. If f has a Fourier integral repre-
sentation, then this choice of B will make (0, ¢) = f(¢),0 < ¢.
(@) v(x) = —Ix/aK +c1 +ca(1 — e 2K*/T)
[ hl, cy = (hz — h] + IL/LIK)/(I — eiaKL/T)
92w . dw 10w
ax2  Max kar’
w(0,t)=0, w(L,t)=0, 0 <t
w(x,0) =hy(x) —v(x), 0<x <L
where u =aK/T,k = T/S.
©) wix, t) = ¥ capu(x)e ™ T, ¢,(x) = e™#*/2sin(nmx/L),
2 2
)“;21 — (E) + ’u;
L 4

(d) A2 =(7.30n%+.0133) x 10~*m!
T(y,t) = 300 — 150y/c + 3 by sin A, (y + ¢) exp(—A2kt), A, = n7/2c,
b, = (400 cos(nx) + 1000)/nzx. c. Just before time ¢ = 0, the three terms

add to 0. Just after time ¢ = 0, the integrated terms do not change sensibly,
but in the first term, near y = ¢, T(y, t) changes suddenly.

(b)

O<cx<lL, O<t
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Chapter 3
Section 3.1
1. [ul]=L,[c]=L/t
(x* —ax)g
35 = —
v(x) 502
Section 3.2
o0
t 1-— 2
3. u(x,t)= Zan cos (mrc ) sin (@) s Gl 2UOM
= a a nw
[¢,9)
. /nmwxN . [nmct 2a(1 — cos(nm))
5. ute )= bpsin (22%) , e ]
u(x,t) ; sin = sm( ; ) p—y
. /NTX X 2n—1nx
7. a. sin (—) b. sm( —)
a 2 a
9. Product solutions are ¢, (x) T, (¢) where
Sullh= dillinds el e 4 )
n ni /s n p COS(,LLnt)
nmw 1
Ap= ) = A2c2 — —k2ct
a & n 4 ¢
11. Convergence is uniform because ) |b,| converges.
[¢,9)
13. u(x,t) = Z(an cos(int) + by(sin w,t)) sin(A,x): A, = nm/a,
n=1
Un = /A2 +y2¢,a, = 2k(1 — cos(nm))/nm, by, =0, n=1,2,---.
1 2
15. In 12: — /2 (”—”) _ R
2w a
1 n \ 2
In13: —c¢ (—) +p2
2 a
17. Product solutions are ¢, (x) T, (¢) where
¢n(x) = sin (ﬂ)
a
. n2mict
T,(t) =sin or cos > ;
a
Frequencies n’m?c/a’.
19. The general solution of the differential equation is ¢(x) = Acos(Ax) +

B sin(Ax) + C cosh(Ax) + D sinh(Ax). Boundary conditions at x = 0
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—t——+—+— x

| I O.Aa o.llfSa a

Figure 2 Solution of 3.3 Exercise 7.

require A = —C, B = —D; thoseat x = a lead to C/D = —(cosh(Aa) +
cos(Aa))/(sinh(ra)— sin(Aa)) and 1 + cos(Aa) cosh(Aa) = 0. The first
eigenvalues are A; = 1.875/a, A, = 4.693/a, and the eigenfunctions are
similar to the functions shown in the figure.

Section 3.3
1. Table shows u(x, t)/ h.
t
0 02a/c 04a/c 0.8a/c 1l4da/c
x=0.25a 0.5 0.5 0.2 —0.5 —0.2
x =0.5a 1.0 0.6 0.2 —0.6 —-0.2

3. Atall the values of x and ¢ specified, u is 0.

5. u(0,0.5a/c) = 0; u(0.2a,0.6a/c) = 0.2ca; u(0.5a, 1.2a/c) = —0.2aa.
(Hint: G(x) =ax,0 < x < a.)

0, 0<x <0.4a
7. G(x)=135(x—0.4a), 0.4a <x < 0.6a
a, 0.6a <x<a

Notice that G is a continuous function whose graph is composed of line
segments. See Fig. 2.

9. The solution of a differential equation has to be continuous. From the
Fundamental Theorem of Calculus, G(x) is as given by Eq. (8), plus a
constant. The condition G(0) = 0 makes the constant 0.

11. By the chain rule we calculate

B _viw oz _dv v

— = +——=—+
0x dwdx dzdx OJw 0z
9%u 9 (ov dv\dow 9 [Ov ov) oz
— ==t =)=t ==+ =)=
9x2 dw \dw 9dz/) dx 9z \dw 9z /) 0x
% %v 8%

ow? dwdz 07>
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and similarly

P?u (3% v %
— = —=—2—+—).
ot? ow? 0z0w  09z2

(We have assumed that the two mixed partials 9%v/3z0w and 9%v/0wdz
are equal.) If u(x, t) satisfies the wave equation, then

Pu 1 0%u
ax2 242"

In terms of the function v and the new independent variables this equa-

tion becomes
a%v v 3%v 3%v 8%
N +—=— = R
ow? 9zow 0z2 ow? 0z0w 072
or, simply,
v
9z0w

13. u(x,t) = —c?cos(t) + p(x — ct) + ¥(x + ct)

Section 3.4

1. If f and g are piecewise smooth, and f continuous.
3. The frequency is cA, rads/sec, and the period is 27 /cA, sec.
5. Separation of variables leads to the following in place of Egs. (11) and (12):

T+ yT + A%*T =0 (11')
(s(x)¢)" — q(x)¢ + A p(x)9 = 0. (12)
The solutions of Eq. (11') all approach 0 as t — oo, if ¥ > 0.

7. The period of T,(t) = a, cos(A,ct) + b, sin(A,ct) is 27 /Ayc. All T,’s have
a common period p if and only if for each # there is an integer m such that
M2 [Anc) = p, or m = (pc/27 )\, is an integer. For A, as shown and
B = q/r where q and r are integers, this means

m= (pc/2m)a(n+q/r)

or
[4

m= (5—7[) %(rn +q).

Given ¢, p can be adjusted so that m is an integer whenever # is an integer.



Chapter 3 473

4
t=0 A

t=0.1

VAVAN

y
t=0.3

t=0.4

/N
AN

V

Figure 3 Solution of 3.3 Exercise 3.

Section 3.5

1. If g > 0, the numerator in Eq. (3) must also be greater than or equal to 0,
since ¢ (x) cannot be identically 0.

3. 2m?/3 is one estimate from y = sin(mx).

2 1 Zy?_ 25

"2 — i = — .

5. fl(y)dx—3,[ x4dx - 6In2;
N(»)/D(y) = 42.83; A < 6.54.

_ 1 1 1 .

7. Wlthy—x(l—x),N(y)—@+5,D(y)—%.wuhy—sm(mc),
Np) =2+ Dy = L
WS T g =g

Section 3.6

1. u(x,t)= %[fg(x +ct)+Golx+ct)] + %[fe(x —ct) — Go(x —ct)], where
fe is the even extension of f and G, the odd extension of G.
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u
Bt —
i | t=1/2¢
1 2 3 4 5 x
u
— —
: i H t=1/c
X
u —
E i t=2/c
! X
I
u
it=3/c
i i X
; |

Figure4 Solution of 3.6 Exercise 3.
3. SeeFig. 4.
7. SeeFig. 5.

1
9. Ifh(t) = 7 fo(—ct), the solutions are the same when ct > 2.

x+ct

11. u(x,t):%[f(x+ct)+f(x—ct)]+if g(y)dy

X—cC

Chapter 3 Miscellaneous Exercises

1. u(x,t) = an sin(A,x) cos(A,ct), b, = 2(1—cos(nm))/nw, Ay, = nm/a.
1

3. See Fig. 6.
5. See Fig. 7.
7. See Fig. 8.
9. See Fig. 9.
11. See Fig. 10.
13. See Fig. 11.

3 74
15. Withy = (x — 1)(2 —x), N = 7’ D = Pt With y = sin(w (x — 1)),

372 3
N= R D= i True value A% = 9.7533... .
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u(x,t)
t=0
X
A
-\:mz
nc/2 b ¢
t=n
nC X

/\I:SNJZ

/ 3rnc/2 X
t /\t=2n
v 2ne X
| \/ o

Figure 5 Solution of 3.6 Exercise 7.

2alc

alcH

Figure 6 Solution of Miscellaneous Exercise 3.
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=0

T
y
y
.
Al
.t \
.
S
.
t=al2c
y
< J >
Vs 5 @

Figure 7 Solution of Miscellaneous Exercise 5.

% X
P
Y ’,"
A
¥
o
y
y
/t=5al6c
P
paill -
v
\ X
\ /
e
9 >,
\
\v’/
t=alc
; L
X

hu
t=0
- | & X
A u
E t=e/c
I X
AU
m g t=2¢/c
hu
— — t=3e/C
X

Figure 8 Solution of Miscellaneous Exercise 7.



Chapter 3

t=0
a X
u /\
/ \ t=aléc
/ \
% x
P v A\
7N
V4 \ t=al2c
d x
7/
. /S
\Vq

A
\ \ A t=5a/6c

x

/
/
o/
u A
\
‘ \t=7al6c
\/ ¥
Y
NA

Figure 9 Solution of Miscellaneous Exercise 9.

/\| o(q)

-ra

q
Figure 10 Solution of Miscellaneous Exercise 11.

¢(q)

q

),

Figure 11 Solution of Miscellaneous Exercise 13.
17. f(q) = 12a*sech®(aq), ¢ = 4a?

21, v(x,t)= Z(a,, cos(Ayct) + b, sin(A,ct)) sin(A,x)
n=1

An=02n—-1)z/2a

B sauo(_l)rH]

n=————— b,=0
o4 72(2n —1)2 "

477
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23.

25.

27

29.
31.

33.

37.

YII 2 V /
T % The function ¢(x — V't) cancels from both sides.

Gu(—Vt) = Tyexp(A2kt/2)b,, t >0
Bn(x) = Ty exp(A2kx/2V)b,, x>0

o0
whereZb,, sin(A,¥)=1,0<y <b
n=1
o(x —ct) = gff(xfft)/k = e(‘ztim)/k. The given c satisfies ¢> = iwk, so
O (x — ct) = '@ ~1H)px = o=px,il0t=px) Now form J@(x —ct) +Pp(x —
ct)) = e P* cos(wt — px) and so forth.
Differentiate and substitute.
¢? —ep™ +22p =0
#(0)=0, ¢@)=0
#"(0)=0, ¢"(a)=0
ni nw\2 nmw
Ap= — 1+e(—) = —
a a a

The eigenvalues satisfy tan(Aa/2) = Aa/2. The first positive solutions are
Aa = 8.987,15.451, 21.808.

Chapter 4

Section 4.1

1.
3.
2:

f+d=0

Y(y) = Asinh(rry), A = 1/ sinh(r)
v(r)=aln(r)+b

B_u 3 3_1) dv sin(@)

cos(f) — —
dx  Or 6 r

ou  Jv . dv cos(0)
— = —sin(@) + —
dy  or a6 r

%u  u
a2 a2
u(0,y)=0, u(a,y)=0, 0<y<b

u(x,0) = f(x), u(x,b)=f(x), 0<x<a

=0, 0<x<a, O<y<bd

Membrane is attached to a frame that is flat on the left and right but has
the shape of the graph of f(x) at top and bottom.
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u  d%u
b. —+—=0, 0<x<a, O0<y<b

ax2  3y?

du

B—(O,y):(), u(a,y)=0, O0<y<b

x

u(x,0)=0, wu(x,b)=100, O0<x<a

The bar is insulated on the left; the temperature is fixed at 100 on the top,
at 0 on the other two sides.

3?u  d%u

—+—=0, 0<x<a, O<y<b

3x%  9y?

u(0,7)=0, wua,y)=100, O0<y<b

C.

a a
—u(x,O):(), —”(x,b):o, O<x<a
ay ay

The sheet is electrically insulated at top and bottom. The voltage is fixed at
0 on the left and 100 on the right.

o 9?

d.i+—¢=0, O<x<a, O0<y<b
ax2  3y?
%(0,}'):0, @(a,y):—a, 0O<y<b
dx dx

3 d
—('b(x,()):O, —¢(x,b):b, 0O<x<a
ay ay

The velocities, given by V= —V¢, are V; = a, V,, = 0 on the right, V; = 0,

V, = —b on the top; and walls on the other two sides make velocities 0
there.
Section 4.2

1.

Each of the four is a linear combination of ¢** and e™*. Any two continu-
ous functions are independent if they are not proportional.

In the case b = a, use two terms of the series: u(a/2, a/2) = 0.32.

u(x,y)zfzb,,sin(@)M b, = il sin(n—n)
1

a /sinh(nwb/a) " n2x? 2
a. SeeEq.(11).a, =0, c, =200(1 — cos(nw))/nx.

b. u(x, y) = ui1(x, y) + uz2(x, y), ui(x, y) is the solution to part a.,
above.

_ S sinh(pgx)
ua(x, y) = chm sin(uny),
n=1

Un =nm/b, ¢, =200(1 — cos(nw))/nm.
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c. u(x,y) =ui(x, y) +us(x, y)

00 g n
ui(x, y) _Z Llhik ;3 sin(A,x)

i sinh(pqx) .

ux(x, y) = nm sin(itny),

n=1
In both series, ¢, = 2ab(—1)"*! /nx. Also note u(x, y) = xy.
sinh(A,y) + sinh(X,(b — y))

9. a. u(x,y)= Z b, sin(A,x)

— sinh(\,b)
8 2
An =HT/a, by,= TO%IZ/) Tp is the height of the isosceles tri-
nim
angle.
h(A.,
b. u(x,y) = Z:cn cos()Lnx)SlnhE)t z;
( 1) T 200 sin(A,a)
An=|n—=)—, ¢=—-——"
2/ a Ana
c. u(x,y) =100x/a.
Section 4.3
1. a. u(x,y) = 1, but the form found by applying the methods of this
section is
it sinh(A, ) + sinh(A, (b — ¥))
, = n A An
u(x, y) ;a Sinh(,b) cos(A,x)
cosh(y.nx)
+
Z cosh(una) sin(4ny)
where
@2n—1n 4sin ((zn?)ﬂ)
)\.n = , Oy = ]
2a m(2n —1)
nw 2(1 — cos(nm))
Mn = —/ bn B
b nmw

b. u(x, y) = y/b, and this is found by the methods of this section. In this
case, 0 is an eigenvalue.
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4 X (—1)"™ cos(hyy) sinh(Ay(a — x)) _f2a—1im
“ ;ZI: 2n—1) Sinh(Aya) ”‘( 2 b)

2Vo(cos(nm) — 1)
n2m?
5. Check zero boundary conditions by substituting. At x = g, find

3. bob = Vy/2, b, sinh(A,b) =

b
A, cosh(u,a) = %f Sy cos(ny)dy

0

oo
7. wx,y)= Zan cosh(X,y) cos(A,x). From the condition at y = b,

n=1

a, cosh(A,b) = z/ S—b(x —a) cos(Ayx)dx
a Jo a

. ¢, sinh(A ¥) + a, sinh(A,(b — y))
9. wix,y)=) - nL . sin(h,x)
”:i ) sinh(A,,b) 1 -
an=6z= ——f Hx(a — x)sin(A,x)dx = —2Ha2#
alto nr

11. a. 12A42C =—-K, 12E+2C =—-K, B+D=0. Therearemany
solutions.

Section 4.4
2. fe . /NTX
1. a,= ;/0 f(x)sin (T) dx

3. A(n) = 2 [ g2(y) sin(uy)dy
5. a. u(x,y) =Y c,co8(A,x)exp(—Any), An = (2n — 1)r/2a
¢ =4(—=1)""Ym(2n —1)
2A
(A2 + 1) cosh(ra)
2 sin(Ab)
7 A sinh(Aa)

b. u(x,y) = foo B()) cosh(Ax) sin(Ay)dA, B(A) =
0

c Wz )= fom A(A) cos(Ay) sinh(Ax)dA, A(A) =

u(x, y) = Z b, sin(A,x) exp(—A,y)
il

e sinh(ux) sinh(u(a — x))\ .
¥ fo (A(M)sinh(,uu) + B(u)W)smcuyw
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Ay =nm/a, b, = 2(1 — cos(nr))/nm, A() = B(p) = 2u/m (i +1)
Also see Exercise 8.

9. This solution is unbounded as x tends to infinity and cannot be found by
the method of this section.

2 f 1 — cos(Aa) o )smh(Ay)
0

11. a. u(x,y)= = S sinh(Ab)

dx

By sinh(A(b — y))
b u(x, y) = = L TS Ty

= 2 sinh(Ax)
13. u(x,y)= fo 2(1+22) sinh(ha) cos(Ay)da.

.. = . cosh(y)
15. u(x, y);j; :A(A)COS(AxHB()‘)S‘"(“))cosh(ab)
A= D=1
17. e ™ sin(Ax), A > 0.
20 " 2 1
a -y ==
19. u(x,y) L A(d) cos(Ax)e™7dAr,  AR) = — 3

21. e ™ sin(Ax), e ™ cos(Ax), A > 0.

23. Same as 19. Why?

25. u(x,y) = fw(A(A)cos(Ax) + B(X)sin(Ax)) E~"dA

’ 1 A
B() =~

1
AW=T 71+ A2

a1+

27. u(x,y) = zir [% + tan“(x/y)]

Section 4.5
1. wv(r, @) is given by Eq. (10) with b, = 0, ag = /2,
a, = =2 (1 — cos(nm))/mn’c".

3. The solution is as in Eq. (10) with b, = 0, a9 = 1/7, a; = 1/2, and

i 2sin((n — 1)x/2) ST,

a(n?—-1)
5: :1..f2:2.0:3.1/m;4.0

7. Convergence is uniform in 6.

9. See discussion just before Eq. (9). If r must be bounded for r > ¢, then
we take the negative exponent.
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2 - 7,

1. —Z 1= c08(87) 2n in(208) = v(r, 8)
", e nc="

2(1 — cos(nm))
anci

13. u(r.e)=Zb,,r1"sin(zne). b, =

n=1

15. Following the example, find
nh(46)
inh(2m)

w(x.9)=[ B(x)si (A) da.
0

The boundary conditions at x = 0 (r = ¢) and 6 = 0 are satisfied. At
x = 7 we need

f‘ ‘B()L)sin(lx)d).= 1, 0<x
0

2
which requires B(4) = = (The usual integral for B does not converge.)
T

Section 4.6
1. Hyperbolic (a) and (e); elliptic (b) and (c); parabolic (d).

3. Only (e).

o0
5. a. u(x,y) = Za,, sin(nmwx)e "™
1
o0
b. u(x, y) = Za,, sin(nmwx) cos(nmy)
1

o0
c. ulx,y)= Za,, sin(mrx)exp(—nlrrzy)
1

1
5= 2/ f(x)sin(nmx)dx
0

7. X"/ X ==X T"/T==2/(1+6€)?)

Chapter 4 Miscellaneous Exercises

sinh(X,(a — x)) .
L ulx,y) = Zb., G Snay)

=nn/b, b,, =2(1 — cos(nm))/nn
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3. u(x, y) = 1. Note that 0 is an eigenvalue.

>, a,sinh(A,x) + by, sinh(A,(a — x))
5. u(x,y) = ; ST cos(A,y)

An=(0@n—1Dm/2b,a, = b, =4(—=1)" /7 (2n—1)
7. u(x,y) =w(x, y) + w(y, x), where

>, sinh(An(a — y))
=) by—————sin(A,
w(x, ¥) ; sinh(ha) sin(A,x)
8h . /nm
An=nm/a, b, = s sin (T)

9. Since A = 0 is an eigenvalue for Y” + A?Y = 0, Y’(0) = 0, Y'(1) = 0, the
solution of X” — A2X = 0for A = 0is X = Ay + Byx; Ay = 0 from the
boundary condition at x = 0.

11. u(x,y) = ch sinh(A,y) sin(Ayx), Ay = (2n — 1)1 /2a,
Gai=2 sin(knu)/(a)xi sinh(A,,b))
13. w satisfies the potential equation in the rectangle with boundary condi-
tions
w(0, y) =0, wyla, y) =ay/b,0 <y < b,
w(x,0) =0, w(x,b)=0,0 < x < a.

[o.¢]
w(x, y) = an sin(A,y) cosh(A,x), A, = n /b,

n=1
b, = 2a(—1)"*'/n’7? cosh(r,a)

0 sinh(A(b — y))

15. u(x,y):jol A(L) sinh(1b)
A(A) = 2sin(Aa)/Am

cos(Ax)dA

20 h(A
17. u(x,y) :f (A(A) cos(Ax) + B(X) sin(Ax)) cosh(dy)
0 cosh(Ab)
A, B are determined from the conditionaty = b A = ———, B =
Bl w(1+A2)

19. u(x,y)= [00 A(X) cos(Ax)e Mdr, AQ) = 2/ (a? + A2)
0

o= S (S5) =5 l5-5)

0

23. u(x, y) = v(x, y) + v(y, x), where v solves the problem with v(0, y) = 0,
and v(x, 0) = f(x):
1 — cos(Aa)

v(x,y) = foo B(A)sin(Ax)e™™dr, B(A) = % .
0



25.

27

29.

31

33.

35.

3%

39.

41.
43.

Chapter 4 485

u(r,0) =ag+ Z (E)n (a, cos(nf) + b, sin(nh))

1 =
G e . e o R
2 niw
Same form as Exercise 15, but ag = 2/,
a, = 2(1 + cos(nm))/(1 — n?), b, = 0 (and a; = 0).

u(r, ) = (In(r) — In(b))/(In(a) — In(b))
= r\ /2 1 [
,0)=Y b, (-) sin(nd/2),b, = — 0) sin(n0/2)do
u(r,0) ZI: (c) sin(n6/2) =3 | f(0)sin(nb/2)

Transform the problem by setting r = e7*, v(r,8) = w(x,8). Then
Viw =00 < x,0 <0 < m; w0,0) =0, wk,0) =0, wx,7) =

e —e 2,
S sinh(A8)
0)= B(A Ax
w(e0) = [ BG)sinn S
A 21
B2 |:1+A7~ _4+AZ:|
The equations become
¢ 8% i )32¢ ¥ _
dydx  9xdy’ ax2 | ay?

o0
o(x,y) = f (A(e) cos(aex) + B(a)sin(ax))e P’da + ¢ where 8 =
0

a@+/'1 — M?, ¢ is an arbitrary constant, and

Ale) cos(ax)

B(a)] / f(x) {sm(ax)
If (x(s), y(s)) is the parametric representation for the boundary curve C,
then the vector y'i — x'j is normal to C, and

d b )
f_u s:/—udy——udx.
c on c 0x ay

Now by Green’s theorem,

ey Gae= [ [ (G 57) a4

which is 0 since u satisfies the potential equation in R.

Substitute directly.
—Vu = —(xi+ yj)/(x* + y)
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2
r
45, a. u= =5 +cln(r) + ¢,

b. u= —(ln(zr))z +c1ln(r) +c;

Chapter 5

Section 5.1

*u  9%u 1 d%u
a2 9y o’
u(x,0,t) =0, u(x,b,t)=0, 0<x<a, 0<t

u0,y,t) =0, u(a,y,t)=0, O<y<b, 0<t

1. 0<x<a, O0O<y<b O0<t

0
u(x, y,0) = f(x,y), B—L:(x,y, 0)=g(x,y), 0<x<a, 0<y<
b
3%u  3%*u 9*u 1 3%u

3 —t—+t—=—=—
ax2  3y?  3z2 29t

Section 5.2
¢ 3%u dul
——dz= —| =0bykEgq. (12).
o 022 z 3z |, FEg )

3. W+Qh/be)(L-—W)=0, O0<x<a, W0 =T, W@a=T
W(x) = T, + A cosh(ux) + B sinh(ux), where u? = 2h/bk,
A=Ty—T,, B=(T1—T,— Acosh(ua))/sinh(ua)

10u
5 Vyu=-—,
“ k ot

]
a—u(O,y,t)zo, u(a,y,t) =T, O0<y<b, O0<t
X

O<x<a, O<y<b O0<t

ou
u(x,0,t) = Ty, a—(x,b,t):O, 0O<x<a, O0<t

ulx,y,0)= f(x,y), 0<x<a, O0<y<b,

Section 5.3
1. Ifa = b, the lowest eigenvalues are those with indices (m, #) in this order:
(1,1)(1,2) = (2,1);(2,2); (3,1) = (1,3):(3,2) = (2,3); (1,4) = (4, 1);
(3, 3).
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Frequencies are Apyc /2w (Hz) where A2, are the eigenvalues found in the
text.

Afm = (mn/a)2+(mr/b)2,form=0, 1,2,---,n=1,2,3,---.

a. u(x,y,1)=1
For b. and c. the solution has the form:

u(x, y,t) = Zam,, cos (m;rx) cos (%) exp(—}uf,mkt)

where Afnn = (m;'r/a)2 + (mr/b)z, and m and 7 run from 0 to oo.

(a+b) 2b(1 — cos(mm))
b. ag = s Amp = T
2a(1 — cos(nm)) s
an=—""—""7—> "+ Om=0 otherwise
nm
_ab _ab(1 — cos(mm)) _ab(1l —cos(nm))
C. aOO_T: amO__T> aOn__T
_ 4ab(1 — cos(nm))(1 — cos(mm))

amn
m2nmt

if m and n are greater than zero.

The choice of a positive constant for either X”/X or Y”/Y, under the
boundary conditions in Egs. (9) and (10), will lead to the trivial solution.

The nodal lines form a grid: #,,(x, y,t) =0atx = 0,a/m,2a/m,--- ,a
andaty =0,b/n,2b/n, -+, b.

Section 5.4

1.

The partial differential equations are the same, the boundary conditions
become homogeneous, and in the initial conditions g(r, 8) is replaced by

g(r,0) —v(r,0).
In the heat problem, T + A2k T = 0. In the wave problem, T” + A2c?T = 0.
The boundary conditions Eqgs. (10) and (11) would be replaced by

Q) =0, Q(r)=0

Solutions are Q(0) = sin(nf),n=1,2,---.
Taking the hint, and using the fact that V2¢ = —A2¢, the left-hand side

becomes
(32— 22) ff G
r

while the right-hand side is zero, because of the boundary condition.
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Section 5.5

1.

An = 0y/a, where a,, is the nth zero of the Bessel function Jg. The solutions
are ¢, (r) = Jo(Apnr), or any constant multiple thereof.

This is just the chain rule.

Rolle’s theorem says that if a differentiable function is zero in two places,
its derivative is zero somewhere between. From Exercise 4 it is clear
that J; must be zero between consecutive zeros of J,. Check Fig. 7 and
Table 1.

Use the second formula of Exercise 6, after replacing u by u + 1 on both
sides.

u(r) =T+ (T — T)Ip(yr)/Io(ya).

Section 5.6

1.

3.

v(0,1)/ Ty = 1.602 exp(—5.787) — 1.065 exp(—30.57) where T = kt/a?

o0
v(r,t) = Zanlg()\nr) exp (—Aikt), An = ay/a. Use Eq. (13) and others
n=1

to find a, = ToJ1(n/2) /0tn] 2(atn).
Integration leads to the equality

fu(rqﬁ'z)'dr + A2 /a #2(pYdr= 0.
0 0

The first integral is evaluated directly. The second must be integrated by
parts.

A =00 = LA, = an/a’ where ]l(an) = 0, and ¢n(r) = ]0(}\.,17').
(o]
v(r,t) =ap+ Zanqbn(r)e*’\ikt. and a,, is as given in Eq. (12).

n=1

Steady state solution v(r) = U(1 — Ip(yr)/Io(ya)). Transient

w(r, 1) = u(r, t) —v(r) = Y anJo(har)e PO,

n=1

_ —2Uy?
Aa]1(na)(y? +22)

an
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Section 5.7
1. Use jiud P
SRl D = — 2
. (r a ]o()tr)) A2Jo(0r).
3. The frequencies of vibration are Ayu¢ = amuc/a. The five lowest values of

> 10 order, have subscripts (0,1), (1,1), (2,1), (0,2), and (3,1). See Table
1 in Section 6.

5. ¢(a,0) =0and ¢(r,0) = ¢(r,0 +2m)

7. Set Ji(Amnr) = ¢ Then (r@),) = —Amnr ¢, and (rq);)’ = —Amgt Pq are
the equations satisfied by the functions in the integran d. Follow the proof
in Chapter 2, Section 7.

9. Generally, radii for ¢y, are r = Aoy /Ao, form =1,2,... ,n. Forn = 2,
r = 2.405/5.520 = 0.436 and 1.

Section 5.8
L. ¢(x) = x*[AJp(Ax) + BY,(Ax)], where @ = (1 — n)/2, p = |et|.
3. ForA2=0,Z= A+ Bz.
5. ¢(p+ct) = Fo(p+ct) + Gelp +ct)
Y(p —ct)=Fy(p—ct) — G.(p —ct)
where F,(x) is the odd periodic extension with period 2a of x f(x)/2, and
G.(x) is the even periodic extension with period 2a of f (x/2c)g(x)dx.

7. The weight function is p? and the interval is 0 to a.
9. v(x)=(b—x)(x—a)/(a+b)x?

11. No. The idea is to find a solution of the partial differential equation that
depends on only one variable. That is impossible if f depends on both
x and y.

b
f v(x) X, (x)x3dx

13. a,=— 5

f Xox)x dx

15. ¢ is as given after Eq. (1) with @ = 1/2,y = 3/2, A = 2u/3, p = 1/3.
Bounded if B = 0.

Section 5.9
1. [k(k+1) — p?lage — [k(k — 1) — pPlax—

0,validfork=1,2,---.

1
3, Ps= g(63x5 — 70x% + 15%)
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5 Al 1+x
. y=Aln
7 1—x

7. Differentiate Eq. (9) and add to it # times Eq. (8).

9. Leibniz’s rule states that

k
(w)® =3 (f ) W)y,
r=0

(A superscript k in parentheses means kth derivative.) The right-hand side
looks like the binomial theorem. In the case at hand, at most two terms
are not zero.

—(-D)"?*2n+1)1-3-5---(n—1)

11. b, =0 (nodd), = T 2.4-6---1

(neven)

Section 5.10

1. The solution is as given in Eq. (5) with coefficients as shown in Eq. (7). The
integration yields (see Section 5.9):

1
by = = b, = 0 for n even; b, = 3/4 and

_(=D@21.3.5...(n—2) 2n+1
2" 2:4-6---(n—1) n+1’

by n=3,57,---.

3. u(p,t) =T = b,P,(cos(d)) exp(—(u? + n(n + 1))kt / R?), where u? =
¥2R?, nis odd, and b,, is as at the end of Part B, with Ty = T.

5. The eigenfunctions are as in Part C, except that # must be odd in order to
satisfy the boundary condition.

7. The nodal surfaces are: a sphere at p = 0.634 and two nappes of a cone
given by ¢ = 0.304 and p = 0.6967.

Chapter 5 Miscellaneous Exercises

(o]
1. u(x,y,t) = Zum sin(emy) exp(—,w;)‘nkt)

m=1

[o.9]
+ Z An COS(Anx) SIN(ny) exp(—(ufn + )Lf,)kt)
n=1
WUm =muab, A, =nm/a
1 — cos(mm)

Am
mim
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13.

15.

17.
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B g (cos(nm) — 1)(1 — cos(mmr))

umn -

3 nm
ks nmw mi
_ " pld . ald (42 2
u(a/2,b/2,t) = ; bi sm( 5 ) sm( 5 ) exp(—(A, + w,)kt)
where A, = nm/a, i, = mn/b, and

b il (1 — cos(mm))(1 — cos(nm))

2 mn
The first three nonzero terms are, for a = b, those with (m, n) = (1,1),
(1,3) =(3,1), (3,3). All terms with an even index are 0.

e—lSt)

u(r) = (@* —r?)/2and u(r) = Y CaJo(Anr), with C, =
1

16T 2
u(a/2,a/2,t) = e (6_2’ — Zem10r 4
T 3

\O | =

where t = ktw?/a’.
2a?

a:]l(an)

w(x,t) =ag+ Z a, cos(Ayx) exp(—)xikt)
n=1

vy, 1) = ) b sin(imy) exp(—ulkt)

where @, = mn /b, A, = nx /a, and initial conditions are

v(y,00=1, O0<y<b wkx0)=Tx/a, 0<x<a.
Jo(Ar) exp(—A2kt)

By =by/k(k+1)fork=1,2,---; by mustbe 0, and By is arbitrary.
2

A 1
(L= = Ty + 7y =0

1
_ = sinh(\,,z)
u(r, z) = ;uns—inhwb) Jo(Aur)
22U,
an]l(an)

u(r, z, t) = sin(uz)Jo(Ar)sin(vct) is a product solution if . = mmu /b,
A = ay/a,and v = y/p? + A2, The frequencies of vibration are therefore

ve or
() + (2

where A, = @,/a and a, =
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19. Each of the two terms satisfies V¢ = —(572)¢.Ony = Oand x = 1,
both terms are 0; on ¥ = x they are obviously equal in value, opposite in
sign.

21. Each term satisfies V2¢p = —(1672/3)¢.

Ony =0, ¢ =sin(2nwx) — sin(2nwx);
on y = /3%, ¢ = sin(4nmwx) + 0 — sin(2nw - 2x);
ony = V3(1 = x), ¢ =sin(4nmx) + sin(2nw (1 — 2x)) — sin 2n7w.

23. For a sextant, ¢, = J3,(Ar)sin(3n0) and J3,(1) = 0. Thus A; = 6.380,

which is less than /1672 /3 = 7.255.

25. b=—1.

27. Since y(x) = hJo(kx)/Jo(ka), where k = w/+/gU, the solution cannot
have this form if Jo(ka) = 0.

29. u(r,t) = R()T(t); R(r) = r "], (Ar), where m = (n — 2)/2; T(t) =
a cos(Act) + bsin(Act).

Chapter 6
Section 6.1
L 52+ 202 w cos(@) — s sin(¢)
s(s?2 4+ 40?) 524+ w?
o2 ¢ 2w?
s —2 T os(s?2+4w?)
—as —as __ ,—bs _ ,—as
3. a = b. : ¢ G L ‘;
s s s
in(v/b? — a’t
5. a. e ‘sinh(t) b. e~'cos(t) «c e‘“’u
T2 _ g2
at __ bt 2 at
R el i RUNTE NN
a—>b 2a
e. f())=1,0<t<1;=0,1<¢
9. a. [sin(wt) — wt cos(wt)]/2w?
b. See Table 2.
c. See7c.
d. [cos(wt) — wtsin(wt)]/2.

e. (1 —cos(wt))/w?

(wt — sin(wt))/w?.

)



Chapter 6
Section 6.2
1. a. e b. e . %_eiﬂ d. sin(3t)/3
3. a 1_:*at b. t —sin(t) «c. (sin(t) - %sin(Zt)) /3

3 1 1
d. (sin(2t) — 2t cos(2t))/16 e. ~5 + zt +e - Ze’zr

f. cosh(t) — 1

493

2% _ -
5. a. % b. lsin(:Zt‘)
c. g Mf exp( i2t) — \/74 3€XP(1'\/§1‘) d. 41 —e™")

— cos(wt) + w sin(wt)

c. t—sin(t
or+1 (#)

7. a. 1 — cos(t) b.

Fy

9. Write f(#) = Fo(H,,(t) — Hy, (£)). Then F (s) = m (e—sta

Section 6.3
op— il %%
1. a. s =— ) st =15 250
2
2n—1
b.S::l:i ]‘[,n:l’z,...

c. $s==inm,n=0,1,2,.--

—1
d. s =in,wheretann = —
n

! 1
e. s =in,wheretann = —
n

sinh(y/sx) b 1 cosh(\/.?(% —x))
" s2sinh(/5) s s(s+1) cosh(/s/2)

2 sin(nmx)

5. a. u(x,t)=x+ Z xp(—nzn'zt)

nm cos(nm)

b. u(x, t) is 1 minus the solution of Example 3.

Section 6.4
xZ

1. t+—
2

=gy
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cos((2n — 1)(§ — x)) sin((2n — 1))

3. v(x,t)= 22 PR
(2n—1)251n( 5 ;rr)

w

5 (l sin(rt) — 2 sin(wt)) sin(rx)
T 1)

R

b. ! ——(sin(wrt) — mt cos(mt)) sin(mwx)

27 2
7 i) = s1n(fx) - 2_a i sin(nmrx) exp(—nzﬂrzt)
sm(f) n(a — n?m?) cos(nm)
b. Theterm —M exp(—nzzrzt) arises.
cos(nm)

Chapter 6 Miscellaneous Exercises

T y’T
+
y2+s  s(y?+s)
ulx,t) =Ty exp(—yzt) +T(1— exp(—yzt))

1. U(s) =

_ cosh(y/sx)
3. U(S) = m
— x2 0
s e 1 2x +Z 2 cos(pnx) .

— p; sin(p,)
where p, = 2n — 1)7[/2

4 cos(pu(x — 1))
_ Z 2

5. u(x, 1) = pn $in(p/2)

exp(—p2t)

n=1
where p, = 2n — )m

7. ul(x,t) =x+ Z j;:i:z;;)) p(—nznzt)

9. U(x,s) = l(1 — exp(—\/s_x))

)

®

11. f(¢) = exp(—x2/4t)

3

N
;
-~

[o¢}

2n+1—x 2n+1+x
13, u(x,t) = ; |:erfc (T) — erfc( 7 )]
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N |
F(s)=2252+nz

15.
=1
N | inm

17. t) = _G bl inxtfa

f) Z 2a ( a )e

—00

19. F(s) must be of the form F(s) = G(s)/H(s) where G(s) is never infinite.

The solutions of H(s) = 0 must form an arithmetic sequence of purely

imaginary numbers, and H'(s) #0if H(s) = 0.

(l —e T )Z 1—e 7
21. F(s)= =
) s(l=e=2m)  s(1+e-7%)
l1+e™
23. F(s) = ———
) (s2+1)(1 —e™™)
sin(wx) sin(wt) = (=1)" 2w )

25. u(x,t)= -+ sin(nmx)sin(nmt

HeE sin(w) "Z=1: w? — ntr? () snin)
27. U(x,s) = = fwze"”‘,m =1-/i+s
29. =3 (% + /(32 + wz). Since o must be real, take the + sign.
Chapter 7
Section 7.1

L 16(uisy — 2u;5 + ui—y) = —1, 1 = 1,23, up = 0, uy = 1. Solution:
uy = 11/32, uy = 5/8, us = 27/32.

3. 16(ujs1 — 2u; + ujy) — u; = —%i,i =1,2,3, up = 0, uy = 1. Solution:
uy = 0.285, uy = 0.556, uz = 0.800.

5. 16(ujs) — 2u; + uj_y) = %i,i =0,1,2,3, u0—2(uy —u_y) =1, us = 0.
Solution: gy = 0.422, u, = 0.277, u> = 0.148, u3 = 0.051.

7. n=3:u; =476, u; = 424;n = 4: u; = 6.65, uy = 9.14, u; = 5.92.
The actual solution, u(x) = — sin(mx)/ sin(+/10), has a maximum of
about 50. The boundary value problem is nearly singular.

9. 25(uj41 — 2u; + wj—y) — 25u; = —=25,i=1,2,3,4,5 up = 2, us + (ug —
14)/(2/5) = 1. When the equation for i = 5 and the boundary condition
are combined, they become 2u; — 3.4u; = —1.4. Solution: u; = 1.382,
u; = 1.146, u3 = 1.057, uy = 1.023, us = 1.014.

11, 9(uiv — 2u; + wi—y) + (3/2) Uiy — wi—y) — u; = —(1/3)i,i = 0,1,2;

us = 1, (uy — u_y)/(2/3) = 0. When u_, is eliminated and coefficients
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collected, the equations to solve are

—19uy + 181, =0
7%140 — 19u, + 10%1r2= —%
73ur — 19u; =—11}.

Solution: ug = 0.795, u; = 0.839, u; = 0.919.

Section 7.2

1. Line m of the solution should be exactly the same as line m + 1 of Table 4.
3. r=2/5 At = 1/40

m 0 1 2 3 4

0 0 0 0 0 0

1 1 0. 0. 0. 0.

2 1 0.4 0. 0. 0.

3 1 0.48 0.16 0. 0.

4 1 0.56 0.224 0.064 0.

5 1 0.6016 0.2944 0.1024 0.0512

5. At = 1/32. Remember that uy(m) = ug(m) = mAt. All numbers in the
table should be multiplied by At.

-,

m 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 1
2 2 1/2 0 1/2 2
3 3 1 1/2 1 3
4 4 7/4 1 7/4 4
5 5 5/2 7/4 5/2 5
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7. At = 1/32. All numbers in this table should be multiplied by At.

m 0 1 2 3 4
0 0 0 0 0 0
1 0 1 1 1 0
2 0 32 2 320
3 0 2 5/2 2 0
4 0 9/4 3 9/4 0
o0 0 3 4 3 0
9. At = ﬁ Remember u_; = u,. All entries in this table should be multi-
plied by Ax = 1.
i
m 0 1 2 3 4
0 0 1 2 3 4
| | 1 P 3 4
2 1 3/2 2 3 4
3 3/2 3/2 9/4 3 4
4 3/2 15/8 9/4 25/8 4
5 15/8 15/8 5/2 25/8 4
Section 7.3
1.
i
m 0 1 2 3 4
0 0 0 0 0 0
10 1/4 1/4 1/4 0
2 0 1/4 1/2 1/4 0
30 1/4 1/4 1/4 0
4 0 0 0 0 0
5 0 -—1/4 —1/4 -1/4 0
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3. In this table, @ = 1//2.

m 0 1 2 3 4
0 0 0 0 0 0
1 0 a/4 1/4 «f/4 0
2 0 1/4 af2 1/4 0
3 0 /4 1/4 /4 0
4 0 0 0 0 0
5 0 —o /4 —1/4 —o/4 0
LT
;
t m 0 1 2 3 -+
0 0 0 1/2 1 1/2 0
0.177 1 0 1/2 3/4 1/2 0
0.354 2 0 3/8 1/4 3/8 0
0.530 3 0 0 —-1/8 0 0
0.707 4 0 —-7/16 —-3/8 -7/16 0
0.884 5 0 -5/8 —11/16 —-5/8 0
7.
m 0 1 2 3 4
0 0 0 0 0 0
1 0 0 0 0 7
2 0 0 0 1 1
3 0 0 1 1 1
4 0 1 1 1 0
5 0 1 1 0 -1
6 0 0 0 -1 -1
7 0 -1 -2 -1 -1
8 0 -2 -2 -2 0
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Run: uj(m+1) = (2 = 2p* — 16At ) uj(m) + p*ui_ (m) +
puia(m) — ui(m — 1), Start: u; (1) = 1((2 — 2p? — 16A%)u;(0) +
p*u;_1(0) + p*u;,1(0)). Longest stable time step: At = 1/+/24

(p* =2/3).

m 0 1 2 3 4
0 0 0.50 1.00 0.50 0
1 0 0.33 0.33 0.33 0
2 0 -0.28 —0.56 —0.28 0
3 0 -0.70 —0.70 —0.70 0
4 0 -0.19 —0.38 -0.19 0
5 0 0.45 0.45 0.45 0
6 0 0.49 0.98 0.49 0
7 0 0.21 0.21 0.21 0
8§ 0 —-0.35 —0.71 —0.35 0

Section 7.4

1.
3

At (174, 1/4), 11/256; at (1/2, 1/4), 14/256; at (1/2, 1/2), 18/256.
In both 3. and 4. the exact solution is u(x. y) = xy, and the numerical

solutions are exact.

Coordinates and values of the corresponding u; are: (1/7,1/7), 5e;
(2/7,1/7), 10a; (3/7, 1/7), 145 (1/7, 2/7), 215 (2/7, 2/7), 32a. Here ¢ =
19/1159.

u; = .670, u; = .721, us = 961, uy = 1.212, us = .954, us = .651. The
remaining values are found by symmetry.

. uy = .386, u; = .542, u3 = .784, uy = .595. The remaining values are found

by symmetry.

Chapter 7 Miscellaneous Exercises

Uiyl — 2U; — Uj_
(Ax)?
Uy — U~
2Ax
—18uy + 18u; =6

9y — 20.83u, +%u, =0

- V24x;u; =0,i=0,1, 2,

=lLu=1
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Qu, — 22u; = -9

ug = —0.248, u; = 0.08, u; = 0.44

Ui — 205 + Ui 1 tjyy — Uiy
(Ax)? 1+x 2Ax

i=1,2,3u=1u;=0.

—32u, + 17.60u, = —15.65

14.67u; — 32u> + 17.33u3 = —1.5

14.86u; — 32u; = —1.75

uy; = 0.822, u, = 0.606, u3 = 0.335

5. uilm+1) = (w1 (m)+uiw1(m))/2. Note that uz(m) = uy(m) and us(m) =

ug(m).

=—(1+x),

m 0 1 2
0 0 0
0.03 0 0
0.06 0.015 0

0.09 0.03 0.15
0.12 0.053 0.03
0.14 0.075 0.053
0.17 0.1 0.075
0.20 0.122 0.10
0.22 0.15 0.122

W0 N DUV WD —O

7. First problem: u; (m+1) = (141 (m)+u;(m)+u;_,(m))/3; second problem
ui(m+ 1) = (w1 (m) + uj—1(m)) /3

First Problem Second Problem
i i
m 0 1 2 3 4 0 1 2 3 4
0 0 1 1 1 0 0 1 1 1 0
1 0 2/3 1 23 0 0 1/3 2/3 13 0
2.0 59 7/9 59 0 0 2/9 2/9 2/9 0
3 0 14/27 17/27 14727 0 0 2727 4/27 2/27 0
4 0 31/81 45/81 31/81 0 0 4/81 4/81 4/81 0
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9. wi(m+1) = (ujp(m) + uj_y(m))/2

m 0 1 2 3 4 5
0 0 0 0 0 0 0
1 172 0 0 0 0 0
7 | 1/4 0 0 0 0
3. .3f2 1/2 1/8 0 0 0
4 2 13/16 1/4 1/16 0 0
5 5/2 9/8 7/16 1/8 1/32 0
6 3 87/32 5/8 15/64 1/16 0
11.
;

m 0 1 2 3 4

0 0 0 0 0 0

1 0 0 0 0 1

2 0 0 0 1 1

3 0 0 1 1 1

4 0 1 1 1 1

5 0 1 1 1 1

6 0 0 1 1 1

7 0 0 0 1 1

8 0 0 0 0 1

13. Letu;j = u(x;, yj). Then uyy = uzp = usz3 = 0.5, uyp = 0.698, uy3 = 0.792,
Uy = 0.302, uys = 0.624, uy, = 0.209, us> = 0.376.
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Index

A

acoustic vibrations, 238
antenna, 227
approximate derivatives, 417
approximation

by Fourier series, 85

B

band limited, 114

beam, 35, 226

bearing, 347

Bessel equation, 324
modified, 328

Bessel function
applications, 345
first kind, 327
integrals, 448
modified, 328
orthogonality, 333
spherical, 366
zeros, 328

Bessel inequality, 86

boundary condition, 130
mixed, 131

boundary value problem, 25
integro-differential, 46

numerical methods, 413
singular, 38
boundedness, 40
Boussinesq equation, 210
buckling, 32
Burgers’ equation, 208

C
cable, 25
cantilevered beam, 227
catenary, 35
Cauchy-Euler equation, 6, 289
characteristic equation, 3
characteristics, 251
classification of partial differential
equations, 294

complex variable, 298
continuity behavior, 67
convection, 131, 164
convergence, 65

Bessel series, 333

Legendre series, 357

mean, 84

proof, 88

uniform, 72
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convolution, 385
critical radius, 42

D’Alembert solution, 229, 423

diffusion, 48

dimension, 128

Dirac’s delta function, 106
Dirichlet problem, 262, 264
Dirichlet condition, 131

eigenfunction, 151
normalized, 178
series, 176

eigenvalue, 151
estimation, 239
of triangle, 374

cigenvalue problem, 151
singular, 184

elliptic, 295

equilibrium solution, 236

error function, 196
complementary, 198, 408

estuary, 375

exponential growth, 2

exponential order, 380

extension
even, 61
even periodic, 61
odd, 60
odd periodic, 61

F

fast Fourier transform, 117

Fick’s law, 48, 133

Fisher’s equation, 256

Fitzhugh-Nagumo, 251

flow past a plate, 306

fluid flows, 298

Fokker-Planck equation, 204

Forced Vibrations, 17

Fourier coefficients, 54
complex, 106

numerical determination, 94

Fourier cosine series, 62

Fourier integral, 99, 185, 190
cosine, 102
sine, 102
Fourier integral coefficient functions, 101
Fourier inlegral representation, 101
Fourier series, 54
operations, 78
truncated, 85
Fourier sine series, 62
Fourier transform, 108
Fourier’s law, 30
Fourier’s method, 143
Fourier’s single integral, 106
freezing lake, 201
frequency of vibration, 225
Frobenius’ method, 325
function
hyperbolic, 4, 394
periodic, 51

G

Gauss-Seidel method, 434
Gaussian probability, 201
general solution, 3
generalized rectangle, 295
Gibbs’ phenomenon, 73
Green's function, 23
Green's theorem, 325
groundwater, 45

H

half-range expansions, 56, 62

hanging cable, 25

harmonic function, 261

heat balance, 29

heat conduction, 29

heat equation
in a cylinder, 331
numerical solution, 419
on a spherical shell, 363
polar coordinates, 322
qualitative features, 129
three-dimensional, 312

heat polynomials, 208

Heaviside step function, 384

Heaviside's formula, 388



homogeneous, 1
hyperbolic, 295
hyperbolic functions, 444

infinite rod, 189
initial condition, 130

initial value-boundary value problem,

132
insulated bar, 150
iterative method, 416, 433

jump discontinuity, 66

K

Korteweg-deVries equation, 254
kryptonite, 42

L

Laplace transform, 379
inverse, 382
properties, 382
table, 383

Laplace’s equation, 261

Laplacian operator, 261
five-point approximation, 430
spherical coordinates, 352

left-hand limit, 66

Legendre polynomial, 352
applications, 362
integrals, 448
orthogonality, 356

Leibniz’s rule, 445

level curves, 267

linear density, 216

linear differential equation, 1

linear partial differential equations, 295

linearly independent, 3

M

Mass-spring-damper system, 5
Massena NY, 125

maximum principle, 261
mean value, 53

mean value property, 290

Index

membrane, 261, 337
meshpoints, 414

Neumann condition, 131
Neumann problem, 307
Neumann's problem, 262
Newton’s law of cooling, 30, 131
nodal curves, 343

nodal lines, 360

nonhomogencous linear equations, 14

normal probability, 201
numerical instability, 421, 426

0

organ pipe, 225

orthogonality, 52
Bessel function, 333
eigenfunctions, 173

P

parabolic, 295

parachutist, 23

Parseval’s inequality, 86

partial differential equations
linear, 205

partial fractions, 386

penetration of heat into the earth, 187

periodic extension, 57
periodic function, 51
persistent part, 401
piecewise continuous, 66
piecewise smooth, 68
Poiseuille flow, 36
polar coordinates, 262, 287
potential equation, 261

in a cylinder, 345

in a disk, 287

in a rectangle, 264

in a sphere, 362

in unbounded regions, 278

numerical solution, 429

polynomial solution, 263
product method, 143

limitations, 294

summary, 161
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R

radiation, 134
Rayleigh quotient, 242
reduction of order, 8

regular Sturm-Liouville problem, 173

removable discontinuity, 66
replacement equations, 414
resonance, 403

Revision Rule, 17
right-hand limit, 66

Robin condition, 131
Rodrigues’ formula, 356
running equation, 425

)

sampling theorem, 114
second independent solution, 8
semi-infinite interval, 40
semi-infinite rod, 183
separation of variables, 143
shifting theorem, 380
singular point, 7

regular, 7, 38
slug calorimeter, 156
snow, 188
soap film, 298
soliton, 254
solution

general, 15

particular, 15

trivial, 143
spherical coordinates, 352
square wave, 67
standing waves, 224
starting equation, 425
steady-state, 135, 261
Stefan-Boltzmann law of radiation,

134

Stokes derivative, 255
stream function, 298
striations, 410
string, vibrating, 215

Sturm-Liouville problem, 170, 173
superposition, 3

T

thermal conductivity, 129
thermal diffusivity, 129

time derivative, 419
transient, 138

triangle, eigenvalues, 374
trigonometric functions, 443
trivial solution, 143

undetermined coefficients, 16

v

variation of parameters, 19
velocity potential, 263, 298
vibrating string, 215
vibration

antenna, 227

beam, 226

circular membrane, 337

string, 215

W

water hammer, 255

wave equation, 217
in a sphere, 346
in spherical coordinates, 364
numerical solution, 423
polar coordinates, 322
two-dimensional, 309, 311

web site
www.elsevierdirect.com/9780123747198

weight function, 173

whirling, 48

Wronskian, 3

z

zeros of Bessel functions, 328
zonal harmonics, 360
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