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Discrete Structures and Optimization Unit - 1

Propositional Logic

The rules of logic give precise meaning to mathematical statements.
These rules are used to distinguish between valid and invalid mathematical
arguments.

Propositions

A proposition is a declarative sentence that is either true or false, but
not both.

e Propositional logic the area of logic that deals with propositions.

e Propositional variables that represent propositions: p, g, r, s.

e TruthvaluesT,F

e Proposition is a declarative statement that is either true or false but not
both.

e Connectives are used to combine the propositions.

Types of Propositions

About Connectives in Propositional logic-

Logical Connectives-

Connectives are the operators that are used to combine one or more
propositions.

In propositional logic, there are 5 basic connectives-
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I
S
Logical Connectives —
>
N
Name of Connective Connective Word Symbol
Negation Not lor~or‘or-
Conjunction And A
Disjunction Or Y
Conditional If-then >
Bi-conditional If and only if 4

Negation-

If p is a proposition, then negation of p is a proposition which is-
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e True when p is false

» False when pis true.

Truth Table-
P ~p
F T
T F
Example-

If p : Itis raining outside.
Then, Negation of p is-

~p : It is not raining outside.
Conjunction-

If pand q are two propositions, then conjunction of p and g is a proposition which
is-

e True when both p and g are true
o False when both p and g are false

Truth Table-

p q PAQ
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F F F
F T F
T F F
T T T

Example-

If pand g are two propositions where-
e p:2+4=6
e (q:ltisraining outside.
Then, conjunction of p and q is-
pAQ:2+4=6anditisraining outside
3. Disjunction-

If p and g are two propositions, then disjunction of p and q is a proposition which
is-

o True when either one of p or q or both are true
« False when both p and g are false

Truth Table-

p q pVvVq
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F F F

F T T

T F T

T T T
Example-

If pand g are two propositions where-
e p:2+4=6
e q:ltisraining outside
Then, disjunction of p and q is-
pVq:2+4=6oritisraining outside
Conditional-
If pand g are two propositions, then-

o Proposition of the type “If p then q” is called a conditional or implication
proposition.

e Itistrue when both p and g are true or when p is false.
o Itisfalse when pis true and q is false.

Truth Table-
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p q pP—>q

F F T

F T T

T F F

T T T
Examples-

Ifa=bandb=cthena=c.

o If I will go to Australia, then | will earn more money.
Biconditional-
If pand g are two propositions, then-

o Proposition of the type “p if and only if q” is called a biconditional or bi-
implication proposition.

e Itistrue when either both p and g are true or both p and g are false.
« lItisfalsein all other cases.

Truth Table-
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F F T

F T F

T F F

T T T
Examples-

o He goes to play a match if and only if it does not rain.
o Birds fly if and only if sky is clear.

The common binary connectives are:

pAqQ Conjunction p and g

pVq Disjunction p orq

p—>q Implication if p then g
p<&>q Bi-conditional pifandonlyifq
pDq Exclusive or p X-or q

pla not or p nor q
plagorpTq not and p n-and q

In the conditional p - q, p is the antecedent and q is the consequent. The
conditional p = q is often read informally as “p implies q”.

Converse, Contra-positive and Inverse
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e The proposition g - p is called the converse of p ->q. The contra-positive
of p & q is the proposition -q = -p. The proposition -p = -q is called the
inverse of p = q.

e We will see that of these three conditional statements formed from p - q,
only the contra-positive always has the same truth value as p - q.

EXAMPLE: What are the contra-positive, the converse, and the inverse of the
conditional- statement? “The home team wins whenever it is raining?”

Solution:

“If it is raining, then the home team wins.”

The contra-positive of this conditional statement is

“If the home team does not win, then it is not raining.”

The converse is - “If the home team wins, then it is raining.”

The inverse is - “If it is not raining, then the home team does not win.”
Bi-conditionals

DEFINITION 4

Let p and g be propositions. The bi-conditional statement p <> q is the
proposition “p if and only if g.” The bi-conditional statement p <> q is true when
p and g have the same truth values, and is false otherwise. Bi-conditional
statements are also called bi-implications.

The Truth Table for the Bi-conditional p <> q

Truth Table for the Bi-conditional p <> q

P g p<>q
T T T
T F F
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F T F
F F T

The statement p <> q is true when both the conditional statements are p = ¢
and q = p are true and is false otherwise.

Example: Let p be the statement “You can take the flight,” and let q be the
statement “You buy a ticket.” Then p <> q is the statement

Answer “You can take the flight if and only if you buy a ticket.”
Precedence of Logical Operator

Operator precedenceis an ordering of logical operators designed to allow the
dropping of parenthesis in logical expression.

Precedence of Logical Operators

Operator Precedence
- 1
A 2
\" 3
> 4
<~ 5

Logic and Bit Operations

e A bit is a symbol with two possible values, 0 (zero) and 1 (one).

e A bit can be used to represent a truth value, because there are two truth
values, true and false.

e Avariable is called a Boolean variable if its value is either true or false.

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1

Truth Bit Bit Operators OR, AND, and XOR
Value X vy XVy XAy XDy
T 1 0O O 0 0 0
F 0 0o 1 1 0 1

1 0 1 0 1
DEFINITION 1 1 1 1 0

A bit string is a sequence of zero or
more bits. The length of this string is the number of bits in the string.

EXAMPLE Find the bitwise OR, bitwise AND, and bitwise XOR of the bit strings 01
1011 0110 and 11 0001 1101.

Solution: The bitwise OR, bitwise AND, and bitwise XOR are:

11 1011 1111 Bitwise OR
01 0001 0100 Bitwise AND
10 1010 1011 Bitwise XOR

Propositional Equivalences

Tautologies and contradictions

A compound proposition that is always true, regardless of the truth values of the
individual propositions involved, is called a tautology.

Example: p V -p is a tautology.

A compound proposition that is always false, regardless of the truth values of the
individual propositions involved, is called a contradiction.

Example: p A -p is a contradiction.

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1

A compound statement that is neither a tautology nor a contradiction is called a
contingency.

Logical Equivalences

e Compound propositions that have the same truth values in all possible
cases are called logically equivalent.

e The compound propositions p and q are called logically equivalent if p <> q
is a tautology. The notation p = g denotes that p and q are logically
equivalent.

Examples of Tautology & De Morgan’s Laws.
Contradiction.

p -p pV-p PA-p
~(pAQ)=-pV-q
T F T F
Logical
g. T T F
equival -(pVQqg)=-pA-q
ence

e The two algebraic expressions equal if they have the same value for each
possible value of the input variables.

e For example, for all real numbers x, the left side and the right side have the
same value. x2—1=(x+1)(x—1)

e The two compound statements p and g “equal” if they always share the
same truth value. p = ¢ means that p <> q is a tautology.

¢ Inthese equivalences, T denotes the compound proposition that is always
true and F denotes the compound proposition that is always false.

Logical Equivalences

Equivalence Name
PAT=p Identity laws
PVF=p
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PVTE=ET Domination laws
PAF=F

PVPEp Idempotent laws
PAP=P

-(-p)=p Double negation law
PVQ=qVp Commutative laws
PAQEqAp

(pVQ)Vr=pVviqVvr) Associative laws
(PAQ)Ar=pA(qAr)

PV(gATr)=(pVag)A(p Distributive laws

Vr)

PA(qVr)=(pAq)V(p

Ar)

-(pAg)=-pV-q De Morgan’s laws
~(pVag)=-pA-q

pV(pPAQ)Ep Absorption laws
pA(pPVa)=p

pVvV-p=T Negation laws
PA-p=F

Logical Equivalences involving
Conditional Statements.

P>0q=-pVq
P29=-q—>-p
pPVaz-p—>q
pAg=-(p->-q)
~(p>a)=pA-g
(P2>a)A(p>r)=p->(qAT)

(p>nA(g>r)=(pva)>r
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(P>aq)Vip>r=p>(qVvr) Logical Equivalences Involving

(p=>r)Vig>r)=(pAq)->r Bi-conditional Statements.

p<>gs=(p>aq)A(g—>p)
p&>q=-p<>-q
p&>ags(pAa)V(-pA-Qq)

~(p>q)=p > -q

Using De Morgan’s Laws

The two logical equivalences known as De Morgan’s laws are particularly

important. In
negation of a

particular, the equivalence = (p V q) = =p A =q tells us that the
disjunction is formed by taking the conjunction of the negations of

the component propositions.

Example Show that - (p V (-p A q)) and -p A -qg are logically equivalent by
developing a series of logical equivalences.

Sol-(pV(-pAQ)=-pA-(-pAq) 2nd De Morgan law

Normal Form

=-pA[-(-p) V-q] 1st De Morgan law
=-pA(pV-q) double negation law
= (-p A p) V (-p A =q) 2nd distributive law
=FV(-pA-q) because-p Ap=F
=(-pA-q) VF commutative law for disjunction

=-pA-q identity law for F
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e Suppose, A (P1, P2, ..., P ,)is a statements formula where P;, P, ..., Pg are
the atomic variables if we consider all possible assighments of the truth
value to Py, Py, ..., P and obtain the resulting truth values of the formula A
then we get the truth table for A, such a truth table contains 26 rows.

e The formula may have the truth value T for all possible assignments of the
truth values to the variables P1, P,... P . In this case, A is called identically
true or tautology.

e If Ahas the truth value T for at least one combination of truth values
assigned to P;, P2... P, then A is called Satisfiable.

isi i Product in place of Conjunction
Disjunctive Normal form uctin plac juncti

Conjunctive Normal form Sum in place of Disjunction

Types of Normal form

1) Disjunctive Normal form

A product of the variable and their negations in a formula is called an elementary
product. Similarly, a sum of the variables and their negations is called as an
elementary sum.

Some statements hold for elementary sums and product:

1. For any elementary product, the necessary condition is false is when it
contains at least one pair of a factor in which one is the negation of the
other.

2. For any elementary sum, the necessary condition is true when it contains at
least one pair of factors in which one is the negations of the other.

2) Conjunctive Normal Form

The conjunctive normal form of a given formula is the one which contains the
product of elementary sums (that formula is equivalent in the given formula).

3) Principle Disjunctive normal form
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Suppose, P and Qis two variables. We construct all possible formulas which
consist of a conjunction of P or in negation and conjunction of Q or its negation.
Now of the formulas should contain both a variable and its negation. For two
variables P and Q there is 272 such formula.

These formulas are called min-terms or Boolean conjunction of P and Q from the
truth tables of theses min-terms, it is clear that no two min-terms are equivalent.
Each min-term has the truth value T for exactly one combination of the truth
value of the variables P and Q.

For a given formula an equivalent formula consisting of a disjunction of min-
terms only is known as its principle disjunction normal form. Such a normal form
is also said to be the sum-product canonical form.

4) Principle conjunctive normal form

Given a number of variables max-term of these variables is a formula which
consists of disjunction in which each variable or its negations but not both appear
only once.

Observe that the max-term are the duals of min-terms. Therefore each of
the max-term has the truth value F for exactly one combination of the truth
values of the variables.

The principle of conjunctive normal form or the product-sum canonical form, the
equivalent formula consists of only the conjunction of the max-terms only.

Predicates and Quantifiers
Predicates

A predicate is an expression of one or more variables defined on some specific
domain. A predicate with variables can be made a proposition by either assigning
a value to the variable or by quantifying the variable.

For Example: Let P (x) denote the statement “x > 3.” What are the truth values of
P(4)and P (2)?
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Solution: We obtain the statement P (4) by setting x = 4 in the statement “x > 3.”
Hence, P (4), which is the statement “4 > 3,” is true. However, P (2), which is the
statement “2 > 3,”is false.

The following are some examples of predicates -

o Let E(x, y) denote "x =y"
e LetX(a, b, c)denote"a+b+c=0"

o Let M(x, y) denote "x is married to y"

Well Formed Formula

Well Formed Formula is a predicate holding any of the following -
« All propositional constants and propositional variables are WFF.

o Ifxisavariable and Y isa WFF, VX yand 3xY are also WFF. Truth value and
false values are WFF.

Quantifiers

The variable of predicates is quantified by quantifiers.

There are two types of quantifier in predicate logic — Universal Quantifier and
Existential Quantifier.

Denoted by Quantifiers Denoted by
symbol V / \ svmbol 3
Universal Quantifier Existential Quantifier

Universal Quantifier

Universal quantifier states that the statements within its scope are true for every
value of the specific variable. It is denoted by the symbol V.

Vx P(x) is read as for every value of x, P(x) is true.

Statement When True? When False?
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Vx P(x) P (x) is true for every x There is an x for which P (x) is
) ) false.
Ax P(x) There is an x for which P (x)
is true. P (x) is false for every x.

Example Let P (x) be the statement “x + 1 > x.” What is the truth value of the
quantification V x P (x), where the domain consists of all real numbers?

Solution: Because P (x) is true for all real numbers x, the quantification V x P (x) is
True.

Existential Quantifier

Existential quantifier states that the statements within its scope are true for
some values of the specific variable. It is denoted by the symbol 3.
Ix P(x) is read as for some values of x, P(x) is true.

Example

Let P (x) be the statement “x > 3” .What is the truth value of the quantification Ix
P (x), where the domain consists of all real numbers?

Solution: x > 3 is true, when x = 4—the existential quantification of P (x), which is
3Ax P (x), is true.

Precedence of Quantifiers

The quantifier’s ¥V and 3 have higher precedence than all logical operators from
propositional calculus.

For example, Vx P (x) V Q(x) is the disjunction of ¥x P (x) and Q(x). In other words,
it means (Vx P (x)) V Q(x) rather than Vx (P (x) V Q(x)).

Negating Quantified Expressions
Consider the negation of the statement

“Every student in your class has taken a course in calculus.”
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This statement is a universal quantification, namely,Vx P(x), where P(x) is the
statement “x has taken a course in calculus” and the domain consists of the
students in your class.

e The negation of this statement is “It is not the case that every student in
your class has taken a course in calculus.”

e This is equivalent to “There is a student in your class who has not taken a
course in calculus.”

e And this is simply the existential quantification of the negation of the
original propositional function, namely, 3x =P (x).

De Morgan’s laws for quantifiers

Negation  Equivalent When Is Negation True? When False?
Statement
-3IxP(x) Vx-P(x) For every x, P (x) is false. There is an x for

which P(x) is true.

] _ P (x) is true for every
-VxP(x) 3Ix-P(x) There is an x for which P(x)

is false.

Example What are the negations of the statements “There is an honest
politician”.

Solution: Let H (x) denote “x is honest.” Then the statement “There is an honest
politician” is represented by Ix H(x), where the domain consists of all politicians.

The negation of the statement is -3x H(x), which is equivalent to Vx- H(x). “Every
politician is dishonest.”

Nested Quantifiers

Nested quantifiers, where one quantifier is within the scope of another, such as:
Vx 3y (x + y = 0). Everything within the scope of a quantifier can be thought of as
a propositional function.
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For example, Vx 3y(x + y = 0) is the same thing as Vx Q(x), where Q(x) is 3y P (x,
y), where P (x,y)isx+y=0.

Understanding Statements Involving Nested Quantifiers

For example, assume that the domain for the variables x and y consists of all real
numbers.

e The statement Vx Vy(x + y =y + x) says that x + y =y + x for all real numbers
x and y. (Commutative law)

o Likewise, the statement Vx 3y (x + y = 0) says that for every real number x
there is a real number y such that x+ y = 0. (Additive Inverse)

e Similarly, the statement Vx Vy Vz(x+(y+ z) = (x + y) + z) (Associative law)

Example: Let Q(x, y) denote “x + y = 0.” What are the truth values of the
quantifications Iy Vx Q(x, y) and Vx 3y Q(x, y), where the domain for all
variables consists of all real numbers?

Solution: The quantification 3y Vx Q(x, y) denotes the proposition. “There is a
real number y such that for every real number x, Q(x, y).”

Quantification of two variables

Statement When True? When False?

Vx Vy P(x, | P(x,y) is true for every pair | There is a pair x, y for which P(x, y) is
y) X, Y. false.

Vy Vx P(x,
y)

Vx 3y P(x, | For every x there is a y for | There is an x such that P(x, y) is false
y) which P (x, y) is true. for everyy.

Ax Vy P(x, | There is an x for which P (x, | For every x there is a y for which P
y) y) is true for every y. (x,y) is false.

dx 3y P(x, | There is a pair x, y for | P(x,vy) is false for every pair x, y
y) which P (x, y) is true.
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Translating Mathematical Statements into Statements
Involving Nested Quantifiers

Mathematical statements expressed in English can be translated into logical
expressions.

Example

Translate the statement “The sum of two positive integers is always positive”
into a logical expression.

Solution

“For all positive integers x and y, x + y is positive.” Consequently, we can express
this statement as: Vx Vy((x > 0) A (y > 0) > (x + y > 0)), where the domain for
both variables consists of all integers.

Translating from Nested Quantifiers into English

Example Translate the statement Vx(C(x) V 3y(C(y) A F (x, y))) into English, where
C(x) is “x has a computer,” F (x, y) is “x and y are friends,” and the domain for
both x and y consists of all students in your school.

Solution Every student in your school has a computer or has a friend who has a
computer.

Every Theorem in Mathematics, or any subject for that matter, is supported by
underlying proofs. These proofs are nothing but a set of arguments that are
conclusive evidence of the validity of the theory.

The arguments are chained together using Rules of Inferences to deduce new
statements and ultimately prove that the theorem is valid.

Important Definitions :

1. Argument — A sequence of statements, premises, that end with a
conclusion.

2. Validity — A deductive argument is said to be valid if and only if it takes a
form that makes it impossible for the premises to be true and the conclusion
nevertheless to be false.

3. Fallacy — An incorrect reasoning or mistake which leads to invalid
arguments.
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Structure of an Argument :

As defined, an argument is a sequence of statements called premises which
end with a conclusion.

Premises - 11, P2, P33,y ...y Pn

Conclusion - {f

if(p1 AN pa Aps /A ... /\Pp) —> qis atautology,
then the argument is termed valid otherwise termed as invalid.
The argument is written as —

First Premise
Second Premise
Third Premise

Nth Premise

o Cloneclusion

Rules of Inference :
Simple arguments can be used as building blocks to construct more complicated

valid arguments. Certain simple arguments that have been established as valid are

very important in terms of their usage. These arguments are called Rules of
Inference.

The most commonly used Rules of Inference are tabulated below
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Rule of Inference | Tautology Name
5}
P— 4
L (pap — gl)l — g Modns Ponens
-y
p— q
- = (=g A (p — g} — —p Modus Tollens
P—+ g
0q— T
g — T {lp—=ag)nig—r)) = (p—7r) Hyvpothetical syllogism
—p
Py
- (—p A (pvagll — g Disjunctive Svllogism
P
oA N ) p=r [P ql Acddition
(gl —» v
o — (g — 1) ({pAg) — ) — (p — (g — 7)) Exportation
Py
—p W or
LG T [(pvg) A l—p W ek — g e Resclution

Similarly, we have Rules of Inference for quantified statements —

| Rule of Inference | Name |
Yo P(x)
- P(e) Universal instantiation

P(c) for an arbitrary ¢

s WaP(x) Universal generalization
3z P(x)
. P(c) for some ¢ Existential instantiation

P(c) for some ¢

- 3z P(x) Existential generalization

how Rules of Inference can be used to deduce conclusions from given arguments
or check the validity of a given argument.

Example : Show that the hypotheses

“It is not sunny this afternoon and it is colder than yesterday”,
“We will go swimming only if it is sunny”,

“If we do not go swimming, then we will take a canoe trip”, and
“If we take a canoe trip, then we will be home by sunset”

lead to the conclusion
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“We will be home by sunset”.
The first step is to identify propositions and use propositional variables to
represent them.

P— “ltis sunny this afternoon”

{J — "ltis colder than yesterday”

T — "We will go swimming”

S— "We will take a canoe trip”

f— “We will be home by sunset”

The hypotheses are —

—pANqgT — P —or — Ssands — 1.
The conclusion is —

t

To deduce the conclusion we must use Rules of Inference to construct a proof
using the given hypotheses.

Step Reason

1. -pAq | Hypothesis

2. —p Simplification

3.r—=p Hypothesis

4, =r Modus Tollens using (2) and (3)
5. =r — s || Hypothesis

6. s Modus Ponens using (4) and (5)
7. 5=t Hypothesis

8.t Modus Ponens Using (6) and (7)

Resolution Principle :
To understand the Resolution principle, first we need to know certain definitions.
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1. Literal — A variable or negation of a variable. Eg- P, —(q
2. Sum - Disjunction of literals. Eg- P V' 7@

3. Product - Conjunction of literals. Eg- P /\ ¢

4. Clause - A disjunction of literals i.e. it is a sum.

5. Resolvent - For any two clauses Cl and Cg, if thereis a
literal L1 in Cl that is complementary to a literal LQ in
Cg. then removing both and joining the remaining clauses
through a disjunction produces another clause C.Cis
called the resolvent of Cl and Cg

For example,

Ch =pwvgwVvrTr
Cos = —p WV sVt

Here, /g and 2 are complementary to each other. Removing

them and joining the remaining clauses with a disjunction gives

Ls-

g N TN s T

We could skip the removal part and simply join the clauses to get

the same resolvent.

pN —p =T and, T'"V g =g

This is also the Rule of Inference known as Resolution.

Theorem — If {_' is the resolvent of Cl and GQ, then (. is also

the logical consequence of Cl and GQ.

The Resolution Principle — Given a set ,S9 of clauses, a
(resolution) deduction of . from .S is a finite sequence

(_;'1 - 12: - Cg; of clauses such that each (; is either a
clause in S or a resolvent of clauses preceding (. and

hJ I -
Chp. = C.

We can use the resolution principle to check the validity of arguments or deduce

conclusions from them. Other Rules of Inference have the same purpose, but

Resolution is unique. It is complete by it’'s own. You would need no other Rule of

Inference to deduce the conclusion from the given argument.
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To do so, we first need to convert all the premises to clausal form. The next step is
to apply the resolution Rule of Inference to them step by step until it cannot be
applied any further.

For example, consider that we have the following premises —

p— (gVr)
5 — T
P NS

The first step is to convert them to clausal form —

Ch: . pVvVgvVvr
Co : —s NV —r
Cg:p

Cy: s

From the resclution of Cj_ and Cg, CS . TP AV o N
From the resolution of CE, and CS, Cﬁ M | W s
From the resolution of (?E and (?4, (jf Loqg

Therefore, the conclusion is (f.

Note:Implecations can also be visualised on octagon as,

vy Yy
'\:r’.a'flyb/ \A'ﬁyfl.i:'
o \ /l R
El.z'gly 3.;3.2'

It shows how implecation changes on changing order of there exists and for all
symbols.

Set and Relations
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Set

Sets are used to group objects together.
DEFINITION 1 A set is an unordered collection of objects, called elements or
members of the set. A set is said to contain its elements. We write a € A to

denote that a is an element of the set A. The notation a € A denotes that a is not
an element of the set A.

It is common for sets to be denoted using uppercase letters. Lowercase letters
are usually used to denote elements of sets.

EXAMPLE 1 The set V of all vowels in the English alphabet can be written as V =
{a, e, i, 0, u}.

EXAMPLE 2 The set O of odd positive integers less than 10 can be expressed by O
={1,3,5,7,9}

DEFINITION 2 Two sets are equal if and only if they have the same elements.
Therefore, if A and B are sets, then A and B are equal if and only if Vx(x € A <> x
€ B). We write A=B if A and B are equal sets.

EXAMPLE The sets {1, 3, 5} and {3, 5, 1} are equal, because they have the same
elements.

THE EMPTY SET

There is a special set that has no elements. This set is called the empty set, or null
set, and is denoted by @.

Venn diagrams

In Venn diagrams the universal set U, which contains all the objects under
consideration, is represented by a rectangle.

EXAMPLE 7 Draw a Venn diagram that represents V, the set of vowels in the
English alphabet.
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u

Venn diagram for the Set of Vowels

Subsets

It is common to encounter situations where the elements of one set are also the
elements of a second set.

DEFINITION 3: The set A is a subset of B if and only if every element of A is also
an element of B. We use the notation A € B to indicate that A is a subset of the
set B.

We see that A € B if and only if the quantification Vx(x € A - x € B) is true.

e Showing that A is a Subset of B To show that A € B, show that if x belongs
to A then x also belongs to B.

e Showing that A is Not a Subset of B To show that A € B, find a single x € A
such that x € B.

Venn diagram Showing that A is a Subset of B.
THEOREM 1 For every set S, (i) @ € S and (ii) S € S.

Proof: LetS be a set. To show that @ € S, we must show that Vx(x E@—> x € S) is
true. Because the empty set contains no elements, it follows that x € @ is always
false. It follows that the conditional statement x E@—> x € S is always true,
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because its hypothesis is always false and a conditional statement with a false
hypothesis is true. Therefore, Vx(x E@—> x € S) is true.

Showing Two Sets are Equal
To show that two sets A and B are equal, show that A S Band B C A.
The Size of a Set

DEFINITION 4 Let S be a set. If there are exactly n distinct elements in S where n is
a non negative integer, we say that S is a finite set and that n is the cardinality of
S. The cardinality of S is denoted by |S]|.

EXAMPLE Let A be the set of odd positive integers less than 10. Then |A| = 5.
Power Sets

DEFINITION 6 Given a set S, the power set of S is the set of all subsets of the set S.
The power set of S is denoted by P(S).

EXAMPLE What is the power set of the set {0, 1, 2}?

Solution: The power set P({0, 1, 2}) is the set of all subsets of {0, 1, 2}. Hence, P({0,
1, 2}) ={9,{0},{1},{2},{0, 1},{0, 2},{1, 2},{0, 1, 2}}.

Cartesian Products

The order of elements in a collection is often important. Because sets are
unordered, a different structure is needed to represent ordered collections. This
is provided by ordered n-tuples.

DEFINITION 7 The ordered n-tuple (a3, a2... a n) is the ordered collection that has
ai as its first element, a; as its second element... and a , as its nth element.

DEFINITION 8 Let A and B be sets. The Cartesian product of A and B, denoted by A
x B, is the set of all ordered pairs (a, b), where a € Aand b € B. Hence,

AxB={(a,b)| a€AADbEB}

EXAMPLE What is the Cartesian product of A={1, 2} and B={a, b, c}?
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Solution: The Cartesian product Ax Bis Ax B ={(1, a), (1, b), (1, ¢), (2, a), (2, b), (2,
c)}.

Cartesian products A x B and B x A are not equal, unlessA=@ or B= 0 or A =B.

DEFINITION 9 The Cartesian product of the sets A;, A,,...,A ,,, denoted by A; x A,
x-:x A, is the set of ordered n-tuples (a1, ay,...,a n), where a ; belongs to Ai fori =
1, 2,..,n.

In other words, A; x A, x---x A, ={(a, az,...,an) | @i € Aifori=1, 2,...,n}.

EXAMPLE What is the Cartesian product A x B x C, where A = {0, 1}, B={1, 2}, and
cC={0,1,2}7

Solution: AxBx C={(0, 1, 0), (0, 1, 1), (0, 1, 2), (0, 2, 0), (0, 2, 1), (0, 2, 2), (1, 1, 0),
(1,1,1),(1,1,2),(1,2,0),(1,2,1),(1,2,2)}

Operations on Sets
The basic set operations are:

1. Union of Sets: Union of Sets A and B is defined to be the set of all those
elements which belong to A or B or both and is denoted by AUB.

1. AUB={x:x € Aorx € B}

Example: Let A ={1, 2, 3}, B={3, 4, 5, 6}
AUB ={1, 2, 3, 4, 5, 6}.
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2. Intersection of Sets: Intersection of two sets A and B is the set of all those
elements which belong to both A and B and is denoted by A n B.

1. AnB={x:x € Aandx € B}

Example: Let A={11, 12,13}, B=1{13, 14, 15}
A nB={13}.

3. Difference of Sets: The difference of two sets A and B is a set of all those
elements which belongs to A but do not belong to B and is denoted by A - B.

1. A-B={x: xEAandx & B}

Example: LetA={1,2,3,4}andB={3,4,5,6}thenA-B={3,4}andB-A=1{5, 6}
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U

A B A

A-B B-A

4. Complement of a Set: The Complement of a Set A is a set of all those elements
of the universal set which do not belong to A and is denoted by A°.

Ac=U-A={x:x€Uandx & A} ={x:x &€ A}

Example: Let U is the set of all natural numbers.
A={1,2, 3}
Ac = {all natural numbers except 1, 2, and 3}.

5. Symmetric Difference of Sets: The symmetric difference of two sets A and B is
the set containing all the elements that are in A or B but not in both and is
denoted by A@ B i.e.

1. A@B=(AUB)-(ANB)
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Example: Let A={a, b, ¢, d}

B={a, b, |, m}
A®B={cd,I| m}
U
A

Set Identities

Idempotent laws: AUA=A ANnA=A
Associative laws: (AUB)UC=AU (B UC) (AnB)nC=An(BNnC)
Commutative AUB=BUA ANB=BnNnA

laws:

Distributive laws:

AUBNC)=(AUB)Nn(AU

An(BUC)=(AnB)U

Q) (AnC)
Identity laws: AUQ=A ANnU=A

AnNnU=A AuU=U
Complement AUA=U ANA =0
laws: Us=0 P =U
Involution laws: (A’ =A

De Morgan’s
laws:

(AUB) =A NB

(ANB)=A"UB

EXAMPLE Use set builder notation and logical equivalences to establish the first

De Morgan law A n B =A U B.

Solution: AN B={x | x /€ A n B} definition of complement

={x | -(x € (AN B))}

definition of does not belong symbol
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={x | -(x EAAx€E€B)} definition of intersection
={x | =(x € A) V =(x € B)} first De Morgan law

={x | x/€ AV x /€ B} by definition of does not belong symbol

={x | xEAVxE B} definition of complement
={x | xEAUB} definition of union
=AUB

A membership table for the distributive property

COO0OOR R RR
OO R RPROORBR
OR OROROLBR
OR R RORRR
OCO0OO0OO0OO0OR R R
OCO0OO0OO0OO0ORR
OCO0OO0OO0OO0OROR
OCO0OO0OO0OO0ORRR

EXAMPLE Let A, B, and C be sets. Show that
AU(BNnC)=(CUuB)NnA.

Solution: AU (B n C)=A n (B n C) First De Morgan law
=A N (B U C) Second De Morgan law

= (B U C) n A Commutative law

= (C U B) n A by the commutative law for unions.

Generalized Unions and Intersections
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Unions and intersections of sets satisfy associative laws, the sets A U B U Cand A
N B n C are well defined; that is, the meaning of this notation is unambiguous

when A, B, and C are sets.

u:’fﬁf_hﬁ-__ﬁl
\T_//‘Q]/
e

s,

'-.\ //,r
f_.-‘_ __,

I

i

x\\hu . J!/_.-'

J

|
N

(a) 4 U B U Cis shaded.

(by 4 MA MCis shaded.

FIGURE The Union and Intersection of A, B, and C.

DEFINITION 6 The union of a collection of sets is the set that contains those
elements that are members of at least one set in the collection.

DEFINITION 7 The intersection of a collection of sets is the set that contains those
elements that are members of all the sets in the collection. A1 N A, Nn---N A , to
denote the intersection of the sets A1, A,... A ..

Relations

Introduction

An ordered pair of elements a and b, where a is designated as the first element
and b as the second element, is denoted by (a, b). In particular, (a, b) = (c, d) if and
onlyifa=candb=d. Thus (a, b) = (b, a) unless a=b.

Definition 1 Let A and B be sets. A binary relation or, simply, relation from A to B
is a subset of A x B.

(i) (a, b) € R; we then say “a is R-related to b”, written a R b.

(i) (a, b) /€ R; we then say “a is not R-related to b”, written aR b.
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If R is a relation from a set A to itself, that is, if R is a subset of A2 = A x A, then we
say that R is a relation on A.

EXAMPLE Set inclusion C is a relation on any collection of sets. For, given any pair
of set A and B, either A S B or A € B.

Inverse Relation

Let R be any relation from a set A to a set B. The inverse of R, denoted by R-1, is
the relation from B to A which consists of those ordered pairs which, when
reversed, belong to R; that is,

R-1={(b, a)|(a, b) € R}

For example, let A ={1, 2, 3} and B = {x, y, z}. Then the inverse of
R={(1,y),(1,2), (3, y)}is R-1={(y, 1), (z, 1), (y, 3)}

Representation of Relations

Relations can be represented in many ways. Some of which are as follows:

1. Relation as a Matrix: Let P = [a1,a3,,33,....... am] and Q = [by,by,bs......b,] are finite
sets, containing m and n number of elements respectively. R is a relation from P
to Q. The relation R can be represented by m x n matrix M = [M;j], defined as

M;=0 if (ajb;) €R

1 if (a,bj)ER

Example
1. Let P=1{1,2,63,4},Q=1a, b, c, d}
2. and R={(1,a),(1,b),(1,c),(2,b),(20c), (2 d}

The matrix of relation R is shown as fig:
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410 0 0 0

2. Relation as a Directed Graph: There is another way of picturing a relation R
when R is a relation from a finite set to itself.

Example
1. A={1,2,3,4}

2. R={(1,2)(2,2)(2,4)(3,2)(3,4) (4,1) (4,3)}

3. Relation as an Arrow Diagram: If P and Q are finite sets and R is a relation from

P to Q. Relation R can be represented as an arrow diagram as follows.

Draw two ellipses for the sets P and Q. Write down the elements of P and
elements of Q column-wise in three ellipses. Then draw an arrow from the first
ellipse to the second ellipse if ais relatedtobanda €Pand b € Q.

Example
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1. LetP =11, 2, 3, 4}
2. Q={a,b,cd}
3. R={(1,a),(2,a),(3,a),(1,b),(4,b),(4,c),(4,d

The arrow diagram of relation R is shown in fig:

4. Relation as a Table: If P and Q are finite sets and R is a relation from P to Q.
Relation R can be represented in tabular form.

Make the table which contains rows equivalent to an element of P and columns
equivalent to the element of Q. Then place a cross (X) in the boxes which
represent relations of elements on set P to set Q.

Example
1. LetP={1,2,3, 4}
2. Q=1{x,vy,2z k}
3. R={(1,x),(1,v),(272),(3,2), (4 k)

The tabular form of relation as shown in fig:
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X y z k
1l X X
2 X
3 X
4 X

Composition of Relations

Let A, B, and C be sets, and let R be a relation from A to B and let S be a relation
from B to C. That is, R is a subset of Ax B and S is a subset of Bx C. ThenR and S
give rise to a relation from A to C indicated by R°S and defined by:

1. a (Re°S)c if for some b € B we have aRb and bSc.
2. is,
3. R°S={(a, c)| there exists b € B for which (a, b) € R and (b, c) € S}

The relation ReS is known the composition of R and S; it is sometimes denoted
simply by RS.

Let R is a relation on a set A, that is, R is a relation from a set A to itself. Then R°R,
the composition of R with itself, is always represented. Also, R°R is sometimes
denoted by R?. Similarly, R3 = R%R = R°R¢R, and so on. Thus R" is defined for all
positive n.

Examplel: Let X={4,5,6},Y={a, b, c} and Z={l, m, n}. Consider the relation
R; from XtoYand R, from Y to Z.

Rl = {(41 a)l (4; b), (5, C), (61 a), (6, C)}

R2={(a, 1), (a, n), (b, 1), (b, m), (c, 1), (c, m), (c, n)}
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¥

Find the composition of relation (i) Ry o R; (ii) Ri0 Ry
Solution:
(i) The composition relation R; o R; as shown in fig:

X ¥ 7

Fig:R,0R;
RioR:={(4,1),(4,n), (4, m),(5,1),(5 m),(5n),(6,1), (6, m),(6 n)}

(ii) The composition relation Ri0 R; ! as shown in fig:

X ¥

Fig:R,0R;’

Ri0o Rt ={(4, 4), (5, 5), (5, 6), (6, 4), (6, 5), (4, 6), (6, 6)}
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Composition of Relations and Matrices

There is another way of finding ReS. Let Mg and Ms denote respectively the matrix
representations of the relations R and S. Then

Example

1. Let P ={2, 3, 4, 5}. Consider the relation R and S on P defined by

2.

w

4.

5.

R={(2,2),(2,3),(24),(2,5),(3,4),(3,5),(4,5), (5 3)}

S=1{(2,3),(2,5),(3,4),(3,5),(4, 2), (4, 3),(4,5), (5, 2), (5 5)}

Find the matrices of the above relations.

6. Use matrices to find the following composition of the relation R and S.

7.

(i)RoS  (ii)RoR  (iii)SoR

Solution: The matrices of the relation R and S are a shown in fig:

2 3 45 23 4 5
il Ty |" Ty
211 1 1 1 2101 0 1

Mq= 3]0 0 1 1 and M= 3|0 0 1 1
{ e { e
410 0 0 1 40111 0 1
50 10 0) 5{1 00 1,

(i) To obtain the composition of relation R and S. First multiply Mg with Ms to
obtain the matrix Mg x Ms as shown in fig:

The non zero entries in the matrix Mg x Ms tells the elements related in RoS. So,
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2 3 4 5
2(2 2 1 4)
MixMs= 302 1 02
| -

510 0 11

Hence the composition R 0 S of the relation R and S is

1. RoS={(2,2),(2,3),(2,4),(3,2),(3,3),(4,2),(4,5),(5,2),(5,3),(5,4), (55
)}

(ii) First, multiply the matrix Mg by itself, as shown in fig

2 3 4 5
s ™
2 1 2 23
MgX Mg = 3<:EI 1 D1>

41 0 1 00
5
Hence the composition R o R of the relation Rand S is

1. RoR={(2,2),(3,2),(3,3),(3,4),(4,2),(4,5), (5, 2), (5,3), (5, 5)}

(iii) Multiply the matrix Ms with Mg to obtain the matrix Ms x Mg as shown in fig:

McXMg= 3| 0 1 0 1

11 1 1 )

N

The non-zero entries in matrix Ms x Mg tells the elements related in S o R.
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Hence the composition S o R of the relation Sand R is

1. SoR={(2,4),(2,5),(3,3),(3,4),(3,5), (4, 2), (4, 4),(4,5), (5, 2), (5, 3), (5,
4), (5, 5)}.

Types of Relations

1. Reflexive Relation: A relation R on set A is said to be a reflexive if (a, a) € R for
everya € A.

Example: If A={1, 2, 3,4} then R={(1, 1) (2, 2), (1, 3), (2, 4), (3, 3), (3, 4), (4, 4)}. Is
a relation reflexive?

Solution: The relation is reflexive as for everya € A. (a, a) €R, i.e. (1, 1), (2, 2), (3,
3), (4, 4) ER.

2. Irreflexive Relation: A relation R on set A is said to be irreflexive if (a, a) € R for
every a € A.

Example: Let A = {1, 2, 3} and R = {(1, 2), (2, 2), (3, 1), (1, 3)}. Is the relation R
reflexive or irreflexive?

Solution: The relation R is not reflexive as for everya €A, (a, a) € R, i.e., (1, 1) and
(3, 3) € R. The relation R is not irreflexive as (a, a) € R, forsome a €A, i.e., (2, 2) €
R.

3. Symmetric Relation: A relation R on set A is said to be symmetric iff (a, b) € R
< (b, a) ER.

Example: Let A = {1, 2, 3} and R = {(1, 1), (2, 2), (1, 2), (2, 1), (2, 3), (3, 2)}. Is a
relation R symmetric or not?

Solution: The relation is symmetric as for every (a, b) € R, we have (b, a) ER, i.e.,
(1, 2),(2,1),(2, 3), (3, 2) € R but not reflexive because (3, 3) € R.

Example of Symmetric Relation:

1. Relation Lris symmetric since alineais Lrtob,thenbis Lrto a.
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2. Also, Parallel is symmetric, since if aline ais || to b then b is also || to a.

Antisymmetric Relation: A relation R on a set A is antisymmetric iff (a, b) € R and
(b, a) ERthena=h.

Examplel: Let A={1, 2,3} and R ={(1, 1), (2, 2)}. Is the relation R antisymmetric?

Solution: The relation R is antisymmetric as a = b when (a, b) and (b, a) both
belong to R.

Example2: Let A= {4, 5, 6} and R = {(4, 4), (4, 5), (5, 4), (5, 6), (4, 6)}. Is the relation
R antisymmetric?

Solution: The relation R is not antisymmetric as 4 # 5 but (4, 5) and (5, 4) both
belong to R.

5. Asymmetric Relation: A relation R on a set A is called an Asymmetric Relation if
for every (a, b) € R implies that (b, a) does not belong to R.

6. Transitive Relations: A Relation R on set A is said to be transitive iff (a, b) € R
and (b,c) ER < (a, c) ER.

Examplel: Let A = {1, 2, 3} and R = {(1, 2), (2, 1), (1, 1), (2, 2)}. Is the relation
transitive?

Solution: The relation R is transitive as for every (a, b) (b, c) belong to R, we have
(a,c)ERi.e (1,2)(2,1) €ER=>(1,1) ER.

Notel: The Relation <, € and / are transitive, i.e., a < b, b < c then a < ¢
(ii) Let a c b, b c C then a c C
(iii) Let a/b, b/c then a/c.

Note2: Lr is not transitive since a Lr b, b Lr c then it is not true that a Lr c. Since
no line is || to itself, we can have a || b, b || a but a } a.
Thus || is not transitive, but it will be transitive in the plane.

7. ldentity Relation: Identity relation | on set A is reflexive, transitive and
symmetric. So identity relation | is an Equivalence Relation.
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Example: A={1, 2, 3} ={(1, 1), (2, 2), (3, 3)}

8. Void Relation: It is given by R: A 5B such that R = @ (S A x B) is a null relation.
Void Relation R = @ is symmetric and transitive but not reflexive.

9. Universal Relation: A relation R: A -B such that R = A x B (€ A x B) is a
universal relation. Universal Relation from A —B is reflexive, symmetric and
transitive. So this is an equivalence relation.

CLOSURE PROPERTIES

A relation with property P will be called a P-relation. The P-closure of an arbitrary
relation R on A, written P (R), is a P-relation such that

R € P (R) € S for every P-relation S containing R, For the reflexive, symmetric,
and transitive closures of R.

Reflexive and Symmetric Closures

Suppose P is a property such that there is at least one P-relation containing R
and that the intersection of any P-relations is again a P-relation.

P(R) =n(S | Sis a P-relation and R € S) P (R) from the “top-down,” that is, as the
intersection of relations. A = {(a, a)| a € A} is the diagonal or equality relation on
A.

Theorem: Let R be a relation on a set A. Then:
(i) R U A is the reflexive closure of R.
(ii) R U R-1 is the symmetric closure of R.

In other words, reflexive(R) is obtained by simply adding to R those elements (a,
a) in the diagonal which do not already belong to R, and symmetric(R) is obtained
by adding to R all pairs (b, a) whenever (a, b) belongs to R.

Transitive Closure Let R be a relation onaset A. R, =ReRand R, =R ,-1°R.

The following theorem applies:
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Theorem: Rx is the transitive closure of R.
Theorem: Let R be a relation on a set A with n elements. Then
Transitive(R)=RURM2 U ...URnN

EXAMPLE Consider the relation R = {(1, 2), (2, 3), (3, 3)} on A={1, 2, 3}. Then: R"2
=ReR={(1, 3), (2, 3), (3, 3)} and R*3 = R"2°R = {(1, 3), (2, 3), (3, 3)}

Transitive (R) ={(1, 2), (2, 3), (3, 3), (1, 3)}
EQUIVALENCE RELATIONS

Consider a nonempty set S. A relation R on S is an equivalence relation if R is
reflexive, symmetric, and transitive. That is, R is an equivalence relation on S if it
has the following three properties:

1) Foreverya €S, aR..
2) IfaRp, thenbRa.
3) faRy,andbR thenaR..

S is an equivalence relation; that is:

(1) a=a, foreverya€S.
(2) Ifa=b,thenb=a.
(3) fa=b,b=c,thena=c.

Equivalence Relations and Partitions

This subsection explores the relationship between equivalence relations and
partitions on a non-empty set S.

Partition P of S is a collection {Ai} of nonempty subsets of S with the following two
properties:

(1) Each a € S belongs to some Ai.
(2)If Ai=AjthenAin Aj= 0.

Theorem: Let R be an equivalence relation on a set S. Then S/R is a partition of S.
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(i) For each ain S, we have a € [a].
(ii) [a]=[b] if and only if (a, b) € R.
(iii) If [a] = [b], then [a] and [b] are disjoint.

Conversely, given a partition {Ai} of the set S, there is an equivalence relation R on
S such that the sets Ai are the equivalence classes.

EXAMPLE
Consider the relation R={(1, 1), (1, 2), (2, 1), (2, 2), (3, 3)}on S =11, 2, 3}.

One can show that R is reflexive, symmetric, and transitive, that is, that R is an
equivalence relation. Also: [1]={1, 2}, [2]={1, 2}, [3]={3}

Observe that [1] = [2] and that S/R = {[1], [3]} is a partition of S.
Partial Order Relations

A relation R on a set A is called a partial order relation if it satisfies the following
three properties:

1. Relation R is Reflexive, i.e. aRa V a€A.
2. Relation R is Antisymmetric, i.e., aRb and bRa = a=b.
3. Relation R is transitive, i.e., aRb and bRc = aRc.

Examplel: Show whether the relation (x, y) € R, if, x 2 y defined on the set of +ve
integers is a partial order relation.

Solution: Consider the set A={1, 2, 3, 4} containing four +ve integers. Find the
relation for this set such as R={(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3), (1, 1), (2, 2),
(3,3), (4, 4)}.

Reflexive: The relation is reflexive as for everya € A. (3, a) ER, i.e. (1, 1), (2, 2), (3,
3), (4, 4) ER.
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Antisymmetric: The relation is antisymmetric as whenever (a, b) and (b, a) ER,
we have a = b.

Transitive: The relation is transitive as whenever (a, b) and (b, c) € R, we have (a,
c) ER.

Example: (4, 2) e Rand (2, 1) €ER, implies (4, 1) €R.

As the relation is reflexive, antisymmetric and transitive. Hence, it is a partial
order relation.

Example2: Show that the relation 'Divides' defined on N is a partial order relation.
Solution:
Reflexive: We have a divides a, V a€N. Therefore, relation 'Divides' is reflexive.

Antisymmetric: Let a, b, c EN, such that a divides b. It implies b divides a iff a = b.
So, the relation is antisymmetric.

Transitive: Let a, b, c EN, such that a divides b and b divides c.

Then a divides c. Hence the relation is transitive. Thus, the relation being
reflexive, antisymmetric and transitive, the relation 'divides' is a partial order
relation.

Example3: (a) The relation € of a set of inclusion is a partial ordering or any
collection of sets since set inclusion has three desired properties:

1. ACS AforanysetA.
2. fACSBandB S AthenB=A.
3. fACBandB<c CthenACc C

(b) The relation < on the set R of real no that is Reflexive, Antisymmetric and
transitive.

(c) Relation <is a Partial Order Relation.
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n-Ary Relations

By an n-ary relation, we mean a set of ordered n-tuples. For any set S, a subset of
the product set S" is called an n-ary relation on S. In particular, a subset of S3 is
called a ternary relation on S.

Partial Order Set (POSET):

The set A together with a partial order relation R on the set A and is denoted by
(A, R) is called a partial orders set or POSET.

Total Order Relation

Consider the relation R on the set A. If it is also called the case that for all, a, b €
A, we have either (a, b) ER or (b, a) € R or a = b, then the relation R is known total
order relation on set A.

Example: Show that the relation '<' (less than) defined on N, the set of +ve
integers is neither an equivalence relation nor partially ordered relation but is a
total order relation.

Solution:

Reflexive: Leta € N, thena<a
= '<'is not reflexive.

As, the relation '<' (less than) is not reflexive, it is neither an equivalence relation
nor the partial order relation.

But,as V a, b € N, we have eithera<borb<aora=b.So, the relation is a total
order relation.

Equivalence Class

Consider, an equivalence relation R on a set A. The equivalence class of an
element a € A, is the set of elements of A to which element a is related. It is
denoted by [a].
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Example: Let R be an equivalence relations on the set A ={4, 5, 6, 7} defined by
R=1{(4,4),(5,5),(6,6),(7,7), (4,6),(6,4)}

Determine its equivalence classes.

Solution: The equivalence classes are as follows:
{4} ={6}={4, 6}
{5} = {5}
{7}=1{7}.

Circular Relation

Consider a binary relation R on a set A. Relation R is called circular if (a, b) € R and
(b, c) € Rimplies (c, a) ER.

Example: Consider R is an equivalence relation. Show that R is reflexive and
circular.

Solution: Reflexive: As, the relation, R is an equivalence relation. So, reflexivity is
the property of an equivalence relation. Hence, R is reflexive.

Circular: Let (a, b) ERand (b, c) ER
= (a,c) ER  (~ Ristransitive)
= (c,a) ER  (~ Ris symmetric)

Thus, R is Circular.
Compatible Relation

A binary relation R on a set A that is Reflexive and symmetric is called Compatible
Relation.

Every Equivalence Relation is compatible, but every compatible relation need not
be an equivalence.

Example: Set of a friend is compatible but may not be an equivalence relation.

Friend Friend
a—>b, b->c butpossible thataand care not friends.
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Counting

Counting problems arise throughout mathematics and computer science. For
example, we must count the successful outcomes of experiments and all the
possible outcomes of these experiments to determine probabilities of discrete
events.

Basic Counting Principles

Basic Counting
Principles

THE PRODUCT RULE

If the events occur one after the other, then all the events can occur in the order
indicated in: n; - n2 - n3 - ...ways.

EXAMPLE

How many different license plates can be made if each plate contains a sequence
of three uppercase English letters followed by three digits?

Solution: By the product rule there are a total of 26-26-26:10-10-10 = 17,576,000
possible license plates.

THE SUM RULE

Suppose some event E can occur in m ways and a second event F can occur in n
ways, and suppose both events cannot occur simultaneously. Then E or F can
occur in m + n ways.

EXAMPLE Suppose a college has 3 different history courses, 4 different literature
courses, and 2 different sociology courses.

Solution: (a) The number m of ways a student can choose one of each kind of
courses is: m=3(4)(2) = 24
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(b) The number n of ways a student can choose just one of the coursesis:n=3 +
4+2=9

(1) Sum Rule Principle: Suppose A and B are disjoint sets. Then
n (A U B)=n(A) +n(B)

(2) Product Rule Principle: Let A x B be the Cartesian product of sets A and B.
Thenn(AxB)=n(A) -n(B)

MATHEMATICAL FUNCTIONS
Two important mathematical functions frequently used are:
Factorial Function

The product of the positive integers from 1 to n inclusive is denoted by n!, read “n

I”
.

factorial.” Namely:
nl=1-2-3-...-(n-2)(n-1)n=n(n-1)(n-2)-...-3-2-1
Accordingly, 1! =1and n!=n(n-1) !. It is also convenient to define 0! = 1.

EXAMPLE: 3! =3-2.1=6,4!=4-3-2:1=24,5=5-41 =5(24) = 120.

Binomial Coefficients: The symbol (nr), read “n Cr” or “n Choose r,” where r and
n are positive integers with r < n, is defined as follows:

=n(n-1)-+(n-r+1/r(r-1)...3:2-20r =n!/r!(n-r)!
Binomial Coefficients and Pascal’s Triangle

The numbers (n r) are called binomial coefficients, since they appear as the
coefficients in the expansion of (a + b) ~n.

The Subtraction Rule (Inclusion—Exclusion for Two Sets)

If a task can be done in either n1 ways or n2 ways, then the number of ways to do
the task is n1 + n2 minus the number of ways to do the task that are common to
the two different ways.
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The subtraction rule is also known as the principle of inclusion exclusion,
especially when it is used to count the number of elements in the union of two
sets.

Formula: |A1 U Az|=|A1]+]|Az|-| A1 N A;].
THE DIVISION RULE

There are n/d ways to do a task if it can be done using a procedure that can be
carried out in n ways, and for every way w, exactly d of the n ways correspond to
way w.

Division rule in terms of sets: “If the finite set A is the union of n pair wise disjoint
subsets each with d elements, then n = |A|/d.”

The Pigeonhole Principle

Pigeonhole principle, which states that if there are more pigeons than
pigeonholes, then there must be at least one pigeonhole with at least two
pigeons in it.

THEOREM 1 THE PIGEONHOLE PRINCIPLE If k is a positive integer and k + 1 or
more objects are placed into k boxes, then there is at least one box containing
two or more of the objects.

(a) (b)

Figure there are more Pigeons than Pigeonholes
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Proof: We prove the pigeonhole principle using a proof by contraposition.
Suppose that none of the k boxes contains more than one object. Then the total
number of objects would be at most k. This is a contradiction, because there is at
least k + 1 objects. The pigeonhole principle is also called the Dirichlet drawer
principle.

COROLLARY 1 A function f from a set with k + 1 or more elements to a set with k
elements is hot one-to-one.

EXAMPLE Among any group of 367 people, there must be at least two with the
same birthday, because there are only 366 possible birthdays.

The Generalized Pigeonhole Principle

THEOREM 2 If N objects are placed into k boxes, then there is at least one box
containing at least N/k objects.

Proof: Suppose that none of the boxes contains more than N/k — 1 objects. Then,
the total number of objects is at most

K([N/k]-1)<k((N/k+1)-1) =N, where the inequality N/k < (N/k) + 1 has
been used.

EXAMPLE

What is the minimum number of students required in a discrete mathematics
class to be sure that at least six will receive the same grade, if there are five
possible grades, A, B, C, D, and F?

Solution: The smallest integer N such that N/5 = 6. The smallest such integer is N =
5:-5+1=26.

Permutations and Combinations

Permutations
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A permutation of a set of distinct objects is an ordered arrangement of these
objects. An ordered arrangement of r elements of a set is called an r-
permutation.

EXAMPLE Let S = {1, 2, 3}. The ordered arrangement 3, 1, 2 is a permutation of S.
The ordered arrangement 3, 2 is a 2-permutation of S.

The number of r-permutations of a set with n elements is denoted by P (n, r). P
(n, r) using the product rule.

THEOREM 1 If n is a positive integer and r is an integer with 1 < r < n, then there
areP(n,r)=n(n-1)(n-2)-(n - r+ 1) r-permutations of a set with n distinct
elements.

n-(r-1)=n-r+1ways to choose the r ™ element. By the product rule, there
aren(n-1)(n-2)-(n-r+1) r-permutations of the set.

COROLLARY If nand r are integers with 0 < r < n, then
P(n,r)=n!/(n-r)!

Proof: When n and r are integers with 1 <r < n, by Theorem 1 we have
P(n,r)=n(n-1)(n-2)(n-r+1)=n!/(n-r)!

n!'/(n-0)!=n!/n! =1 whenever n is a nonnegative integer

EXAMPLE How many ways are there to select a first-prize winner, a second-prize
winner, and a third-prize winner from 100 different people who have entered a
contest?

Solution: Number of 3-permutations of a set of 100 elements.
P (100, 3) =100 - 99 - 98 = 970,200.
Combinations

An r-combination of elements of a set is an unordered selection of r elements
from the set. Thus, an r-combination is simply a subset of the set with r elements.
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EXAMPLE Let S be the set {1, 2, 3, 4}. Then {1, 3, 4} is a 3-combination from S.

The number of r-combinations of a set with n distinct elements is denoted by C (n,

r).

THEOREM 2 The number of r-combinations of a set with n elements, where n is a
nonnegative integer and r is an integer with 0 <r<n, equals C(n,r)=n!/r! (n -
r)!

EXAMPLE How many poker hands of five cards can be dealt from a standard deck
of 52 cards? Also, how many ways are there to select 47 cards from a standard
deck of 52 cards?

Solution: C (52, 5) = 52! /(5! 47!)
First divide the numerator and denominator by 47! to obtain
C(52,5)=(52-51-50-49-48)/(5-4-3-2-1)=2,598,960.

COROLLARY 2: Let n and r be non-negative integers with r < n. Then C(n, r) = C(n,
n-r).

DEFINITION 1 A combinatorial proof of an identity is a proof that uses counting
arguments to prove that both sides of the identity count the same objects but in
different ways or a proof that is based on showing that there is a bi-ejection
between the sets of objects counted by the two sides of the identity.

EXAMPLE How many ways are there to select five players from a 10-member
tennis team to make a trip to a match at another school?

Sol: Number of such combinations is C (10, 5) = 10! /5! 5! = 252,

Combinations and Permutations with and without Repetition.

Type Repetition Allowed? Formula
r-permutations No n!'/(n-r)!
r-permutations No nl/rl(n-r)!
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r-permutations Yes nr

r-combinations Yes (n+r-1)!/rl(n-1)!

Mathematical Induction

The process to establish the validity of an ordinary result involving natural
numbers is the principle of mathematical induction.

Working Rule

Let ng be a fixed integer. Suppose P (n) is a statement involving the natural
number n and we wish to prove that P (n) is true for all n 2n,.

1. Basic of Induction: P (ng) is true i.e. P (n) is true for n = no.

2. Induction Step: Assume that the P (k) is true for n = k.
Then P (K+1) must also be true.
Then P (n) is true for all n 2ng.

Example 1:

Prove the follo2wing by Mathematical Induction:
143+5+...+2n-1=n2

Solution: let us assume that.
P(N)=1+3+5+....+2n-1=n2%

Forn=1, P(1)=1=1%=1

Itistrue forn=1................ (i)

Induction Step: Forn=r,

P(r)=1+3+5+..... +2r-1 =r2is tru€....c.cceovvrrrvrrennee. (ii)
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Adding 2r + 1 in both sides
P(r+1)=1+3+5+.....42r-1+2r+1
=r2+(2r+1)=r2+2r+1=(r+1) %, (iii)
As P(r) is true. Hence P (r+1) is also true.
From (i), (ii) and (iii) we conclude that.
1+3+5+.....+2n-1=n%istrueforn=1, 2, 3, 4,5 ....Hence Proved.

Example 2:
nn+1)(2n+ 1)

Solution: Forn=1,

11+ +1y) 6
P(1)=12= 6 6=1
It is true forn = 1.
Induction Step: Forn=r,.....ccc........... (i)
r(r+1)(2r+1)
P(r)=12+22+3%+........ +r2= 6 is true........... (ii)

Adding (r+1)? on both sides, we get
rir+1)(2r+ 1)

P(r+1)=12+22+32+...... +r2+ (r+1)? = 6 +(r+1)?2
_ r(r+1)(2r+1)+6(r+1)2 = (r+1) [r{21'+1]+6[r+1j|

6 6
SO o )t e+ 1)] = T [2r? + 71+ 6]

_ (r+1)(r+2)(2r+3)
.

e ()
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As P (r) is true, hence P (r+1) is true.
From (i), (ii) and (iii) we conclude that

nn+1)(2n+1)
12+22+32+.....+n%= 6 istrueforn=1,2,3,4,5..... Hence Proved.

Example3: Show that for any integer n
112 + 122" js divisible by 133.

Solution:
Let P (n) = 11m+24122n+1

Forn=1,

P (1) =113+123=3059=133 x 23
So, 133 divide P (1)..ccceveeunnennn. (i)
Induction Step: Forn=r,
P(r)=11"24+122"*1=133 x s............ (ii)
Now, forn=r+1,
P (r+1) = 11m2*1412200+3=211[133s-122*1] + 144. 122+1

=11 x133s + 122%1,133=133[11s+122*1]=133 x t........... (iii)

As (i), (ii), and (iii) all are true, hence P (n) is divisible by 133.

PROVING RESULTS ABOUT SETS

Mathematical induction can be used to prove many results about sets.

/
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\

FIGURE:
Generating subsets of a set with k+1elements.Here T=S U {a}.
Strong Induction and Well-Ordering

Strong induction, which can often be used when we cannot easily prove a result
using mathematical induction.

To prove that P (n) is true for all positive integers n, where P (n) is a propositional
function, we complete two steps:

BASIS STEP: We verify that the proposition P (1) is true.
INDUCTIVE STEP: Conditional statement [P (1) AP (2) A--:A
P (k)] = P (k + 1) is true for all positive integers k.

Using Strong Induction in Computational Geometry A polygon is called convex if
every line segment connecting two points in the interior of the polygon lies
entirely inside the polygon. (A polygon that is not convex is said to be non-
convex.)

a d

b C

FIGURE Convex and Non-convex Polygons.
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THEOREM 1 A simple polygon with n sides, where n is an integer with n > 3, can
be triangulated into n - 2 triangles.

LEMMA 1 Every simple polygon with at least four sides has an interior diagonal.

Proof (of Theorem 1): We will prove this result using strong induction. Let T (n) be
the statement that every simple polygon with n sides can be triangulated into n -
2 triangles.

BASIS STEP: T (3) is true because a simple polygon with three sides is a triangle.
Consequently, every simple polygon with n = 3 has can be triangulated inton -2 =
3 - 2 = 1triangle.

INDUCTIVE STEP: For the inductive hypothesis,T(j ) is true for all integers j with 3 <
j £ k. That is, we assume that we can triangulate a simple polygon with j sides into
j — 2 triangles whenever 3 < j < k. To complete the inductive step, we must show
that when we assume the inductive hypothesis, P (k + 1) is true, that is, that every
simple polygon with k + 1 sides can be triangulated into (k + 1) - 2 =k -1
triangles.

Proofs Using the Well-Ordering Property

The validity of both the principle of mathematical induction, strong induction
follows from a fundamental axiom of the set of integers, the well-ordering
property.

EXAMPLE Use the well-ordering property to prove the division algorithm. Recall
that the division algorithm states that if a is an integer and d is a positive integer,
then there are unique integers gand rwithO<r<danda=dqg+r.

Solution: Let S be the set of nonnegative integers of the form a — d g, where q is
an integer. This set is nonempty because —d q can be made as large as desired
(taking g to be a negative integer with large absolute value).

By the well-ordering property, S has a least element r = a - dqO.

The integer r is nonnegative. It is also the case that r<d.
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Recursively Defined Functions
BASIS STEP: Specify the value of the function at zero.

RECURSIVE STEP: Give a rule for finding its value at an integer from its values at
smaller integers.

Such a definition is called a recursive or inductive definition.
EXAMPLE Suppose that f is defined recursively by f (0) = 3,
f(n+1)=2f(n)+3.Find f (1), f(2), and f (4).

Solution: f(1)=2f(0)+3=2-3+3 =9,
f(2)=2f(1)+3=2-9+3=21f(4)=2f(3)+3=2-45+3=93.
Probability

The word 'Probability' means the chance of occurring of a particular event. It is
generally possible to predict the future of an event quantitatively with a
certain probability of being correct. The probability is used in such cases where
the outcome of the trial is uncertain.

Probability Definition:

The probability of happening of an event A, denoted by P(A), is defined as

~ number of cases favourable to A

number of possible outcomes

Thus, if an event can happen in m ways and fails to occur in n ways and m+n
ways is equally likely to occur then the probability of happening of the event A
is given by

m

P(A) =

m+n

And the probability of non-happening of A is
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m+n

Note:
1. The probability of an event which is certain to occur is one.
2. The probability of an event which is impossible to zero.

3. If the probability of happening of an event P(A) and that of not
happening is P(A), then
P(A)+ P(A)=1,0<P(A) <£1,0<P(A)<1.

Important Terms related to Probability:

1. Trial and Event: The performance of an experiment is called a trial, and the
set of its outcomes is termed an event.

Example: Tossing a coin and getting head is a trial. Then the event is {HT, TH,
HH}

2. Random Experiment: It is an experiment in which all the possible outcomes
of the experiment are known in advance. But the exact outcomes of any
specific performance are not known in advance.

Example:
1. Tossing a Coin
2. Rolling a die
3. Drawing a card from a pack of 52 cards.
4. Drawing a ball from a bag.
3. Outcome: The result of a random experiment is called an Outcome.

Example: 1. Tossing a coin is an experiment and getting head is called an
outcome.

2. Rolling a die and getting 6 is an outcome.
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4. Sample Space: The set of all possible outcomes of an experiment is called
sample space and is denoted by S.

Example: When a die is thrown, sample spaceisS={1, 2, 3, 4, 5, 6}
It consists of six outcomes 1, 2,3,4,5,6

Notel: If a die is rolled n times the total number of outcomes will be 6".
Note2: If 1 die rolled n times then n die rolled 1 time.

5. Complement of Event: The set of all outcomes which are in sample space
but not an event is called the complement of an event.

6. Impossible Events: An event which will never be happened.

Examplel: Tossing double-headed coins and getting tails in an impossible
event.

Example2: Rolling a die and getting number > 10 in an impossible outcome.
P (impossible outcome) =0

7. Sure Outcome/Certain Outcome: An Outcome which will definitely be
happen

Examplel: Tossing double-headed coins and getting heads only.

Example2: Rolling a die and getting number < 6
P (sure outcome) =1
{1, 2, 3, 4, 5 6} is called sure event
P (sure outcome) =1

8. Possible Outcome: An outcome which is possible to occur is called Possible
Outcome.

Examplel: Tossing a fair coin and getting a head on it.

Example2: Rolling a die and getting an odd number.
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9. Equally Likely Events: Events are said to be equally likely if one of them
cannot be expected to occur in preference to others. In other words, it means
each outcome is as likely to occur as any other outcome.

Example: When a die is thrown, all the six faces, i.e., 1, 2, 3,4, 5and 6 are
equally likely to occur.

10. Mutually Exclusive or Disjoint Events: Events are called mutually exclusive
if they cannot occur simultaneously.

Example: Suppose a card is drawn from a pack of cards, then the events
getting a jack and getting a king are mutually exclusive because they cannot
occur simultaneously.

11. Exhaustive Events: The total number of all possible outcomes of an
experiment is called exhaustive events.

Example: In the tossing of a coin, either head or tail may turn up. Therefore,
there are two possible outcomes. Hence, there are two exhaustive events in
tossing a coin.

12. Independent Events: Events A and B are said to be independent if the
occurrence of any one event does not affect the occurrence of any other
event.

P(AnB)=P(A)P(B).

Example: A coin is tossed thrice, and all 8 outcomes are equally likely
A: "The first throw results in heads."
B: "The last throw results in Tails."

Prove that event A and B are independent.

Solution:
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Sample Space: [HHH, HHT, HTH, THH, TTT, TTH, THT, HTT]
A: [HHH, HHT, HTH, HTT]
B: [HHT, TTT, THT, HTT]

ANB: [HHT, HTT]

_&_1 _:_1

PAI=5=73 PBI=5=3
P (ANB) = X ==

13. Dependent Event: Events are said to be dependent if occurrence of one
affect the occurrence of other events.

Addition Theorem

Theorem1: If A and B are two mutually exclusive events, then
P(A UB)=P(A)+P(B)

Proof: Let the n=total number of exhaustive cases
ni= number of cases favorable to A.
n,= number of cases favorable to B.

Now, we have A and B two mutually exclusive events. Therefore, ni1+n; is the
number of cases favorable to A or B.

favorable cases n, +n; ny; ns
P(AUB) = - = 142
Total number of exhaustive cases n n n
. o, g
But we have, PiA) = — and P(B) = —
Hence, P(AuUB)=P(A) + P(B).

Example: Two dice are tossed once. Find the probability of getting an even
number on first dice or a total of 8.
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Solution: An even number can be got on a die in 3 ways because any one of 2,

4, 6, can come. The other die can have any number. This can happen in 6 ways.
3x6 18 1

~ P (an even number on Ist die) = 36 36 2
A total of 8 can be obtained in the following cases:

{(2,6),(3,5),(4,4),(5,3),(6,2)}
5

P (a total of 8) = 36
1 5§ 23

——=—
Total Probability =2 36 36

Theorem2: If A and B are two events that are not mutually exclusive, then
P(A UB)=P(A)+P(B)- P (ANB).

Proof: Let n = total number of exhaustive cases
ni=number of cases favorable to A
n,= number of cases favorable to B
ns3= number of cases favorable to both A and B

But A and B are not mutually exclusive. Therefore, A and B can occur
simultaneously. So,n;+n;-n3 is the number of cases favorable to A or B.

n; +n,—n; n; np Iz

Therefore, P(A UB)= n " n n
ny Nz N3z

But we have, P(A)= F, P(B)= nand P (AnB)= n
Hence, P(A UB)=P(A)+P(B)- P (ANB).

Examplel: Two dice are tossed once. Find the probability of getting an even
number on first dice or a total of 8.

Solution: P(even number on Ist die or a total of 8) = P (even number on Ist

die)+P (total of 8)= P(even number on Ist die and a total of 8)
18 1

Now, P(even number on Ist die)= 36 2
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Ordered Pairs showing a total of 8 = {(6, 2), (5, 3), (4, 4),(3,5),(2,6)} =5

Probability; P(total of 8) =

P(even number on Ist die and total of 8) =

18 5
—
Required Probability = 3¢ 36

320

iz 3

5
G
Example2: Two dice are thrown. The events A, B, C, D, E, F

A = getting even number on first die.

B= getting an odd number on the first die.

C = getting a sum of the number on dice <5

D = getting a sum of the number on dice > 5 but less than 10.
E = getting sum of the number on dice > 10.

F = getting odd number on one of the dice.

Show the following:

1. A, B are a mutually exclusive event and Exhaustive Event.

2. A, C are not mutually exclusive.

3. C, D are a mutually exclusive event but not Exhaustive Event.
4. C, D, E are a mutually exclusive and exhaustive event.

5. A'nB' are a mutually exclusive and exhaustive event.

6. A, B, F are not a mutually exclusive event.

Solution:
[(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2), (2,3)(2,4),(2,5),(2,6)
_1631),(3.2),(3.3), (3.4),(3.5), (3.6)
Sample Space = | ;13 (4.2), (4,3), (4.4), (4,5), (4.6)
(5,1),(5,2),(5,3), (54).(5,5), {5‘5}
L(6,1),(6,2),(6,3),(6,4),(6,5),(6,6
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A: (2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)

B: (1,1), (1,2),(1,3),(1,4),(1,5),(1,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)
(5,1),(5,2),(5,3),(5,4),(5,5),(5,6)

C:(1,1),(1,2),(1,3),(1,4),(2,1),(2,2),(2,3),(3,1),(3,2),(4,2)

D: (1,5),(1,6),(2,4),(2,5
(3,3),(3,4),(3,5),(3,6

), /(2,6)

),
(4,2),(4,3),(4,4),(4,5

),

),

(5,1),(5,2),(5,3),(5,4
(6,1),(6,2),(6,3)

E: (4,6),(5,5),(5,6),(6,5),(6,6),(6,4)

F:(1,2),(1,4),(1,6)
(2,1),(2,3),(2,5)
(3,2),(3,4),(3,6)
(4,1),(4,3),(4,5)
(5,2),(5,4),(5,6)
(6,1),(6,3),(6,5)

~— N e S
—~ A~~~

1. (AnB) =@ and (AUB)=S
A, B are a mutually exclusive and exhaustive event.

2. (ANnC) are not mutually exclusive
(ZI]')I(2I3)I(4-I:I')¢ @

3. CnD are a mutually exclusive but not exhaustive event.
CnD=0 CU D=#S

4. CnD=@,DNE=@, CNE=0 are mutually exclusive and exhaustive event.

5. A'nB' =(AUB)' are a mutually exclusive and exhaustive event.
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6. (ANB) =@ are a mutually exclusive

A, B, F are not mutually exclusive events.

Multiplication Theorem

Theorem: If A and B are two independent events, then the probability that
both will occur is equal to the product of their individual probabilities.

P(AnB)=P(A)xP(B)

Proof: Let event

So,

A can happen is nyways of which p are successful

B can happen is noways of which q are successful

Now, combine the successful event of A with successful event of B.
Thus, the total number of successful cases = p x g

We have, total number of cases = ny x n,.

Therefore, from definition of probability

Pxa _ P _q
P (A and B) =P(ANB)= MmXnz 1 ng
P q

We have P(A) = I,P(B)= ny

P(AnB)=P(A)xP(B)
If, there are three independent events A, B and C, then
P(ANBNC)=P((ANnB)NC)= P(ANB)xP(C)
=P(A) x P(B) x P(C).
In general, if there are n independent events, then

P(NL, A;) = ITL, P(A;).

Example: A bag contains 5 green and 7 red balls. Two balls are drawn. Find the
probability that one is green and the other is red.

Solution: P(A) =P(a green ball

1

) =5
1

P(B) =P(a red ball) =7
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By Multiplication Theorem
1
ET

X

| =
-~

L

P(A) and P(B) = P(A) x P(B) =
CONDITIONAL PROBABILITY

Suppose E is an event in a sample space S with P (E) > 0. The probability that an
event A occurs once E has occurred or, specifically, the conditional probability of
A given E. written P (A|E), is defined as follows: P (A|E)=P (AN E) /P (E)

Theorem: Suppose S is an equi-probable space and A and E are events. Then

P (A|E) = number of elements in A n E / number of elementsinE=n (AN E)/n

(E)

Example: A couple has two children; the sample spaceis S={bb, b g, gb, g g} with
probability 1/4 for each point. Find the probability p that both children are boys if
it is known that: (i) at least one of the children is a boy; (ii) the older child is a boy.

Solution: Here the reduced space consists of three elements, {bb, b g, g b}; hence
p=1/3

Here the reduced space consists of only two elements {b b, b g}; hence p=%
Multiplication Theorem for Conditional Probability
Theorem: P (AN B)=P(A)P(B|A)

The multiplication theorem gives us a formula for the probability that events A
and B both occur. It can easily be extended to three or more events Aj, A,...Am;
that is,

P(A1n A2 Nn--- Am) =P (Al) - P (A2|Al):- P (Am|Al n A2 N:-:N Am-1)
INDEPENDENT EVENTS

Definition 7.2: Events A and B are independent if P(A n B) = P(A)P(B); otherwise
they are dependent.

P(AnB)=P(A)P(B)implies both P (B|A)=P (B)and P (A|B) =P (A)
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EXAMPLE A fair coin is tossed three times yielding the equi-probable space.

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

Solution Consider the events: A = {first toss is heads} = {HHH, HHT, HTH, HTT}
B = {second toss is heads) = {HHH, HHT, THH, THT}

C = {exactly two heads in a row} = {HHT, THH}
P(A)=4/8=1/2,P(B)=4/8=1/2,P(C)=2/8=1/4

P(ANB)=P({HHH,HHT})=1/4,P(ANC)=P ({HHT}) =1/8,P (B n C) =P ({HHT,
THH}) =1/4

INDEPENDENT REPEATED TRIALS, BINOMIAL DISTRIBUTION

Definition: Let S be a finite probability space. By the space of n independent
repeated trials, we mean the probability space S n consisting of ordered n-tuples
of elements of S, with the probability of an n-tuples defined to be the product of
the probabilities of its components:

P((S1,S2,...,Sn))=P(S1)P(S2)...P(Sn)
RANDOM VARIABLES

Definition: A random variable X is a rule that assigns a numerical value to each
outcome in a sample space S.

EXAMPLE A pair of fair dice is tossed. The sample space S consists of the 36
ordered pairs (a, b) where a and b can be any of the integers from 1 to 6.

Solution: Let x assign to each pointin S the sum of the numbers; then x is a
random variable with range space

Rx=1{2,3,4,5,6,7,8,9,10, 11, 12}

Let y assign to each point the maximum of the two numbers; theny is a random
variable with range space
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Ry={1,2,3,4,5, 6}
Probability Distribution of a Random Variable

Theorem: Let S be an equiv.-probable space, and let f be the distribution of a
random variable X on S with the range space Rx = {x1, x2,...,x t}.

Pi=f(xi)=No. of points in S whose image is x i /No. of points in S

EXAMPLE Let X be the random variable in Example 7.13 which assigns the sum to
the toss of a pair of dice. Note n(S) =36, and Rx = {2, 3,..., 12}.

Solution: Using Theorem, we obtain the distribution f of X as follows:
f (2) = 1/36, since there is one outcome (1, 1) whose sum is 2.
f (3) = 2/36, since there are two outcomes, (1, 2) and (2,1), whose sum is 3.

f (4) = 3/36, since there are three outcomes, (1, 3), (2, 2) and (3, 1), whose sum is
4.

Similarly, f (5) =4/36, f (6) = 5/36... f (12) = 1/36. Thus the distribution of X
follows:

X 2 3 4 5 6 7 8 9 10

F(x) 1/36 2/36 3/36 4/36 5/36 6/36 7/36 8/36 7/36

Binomial Distribution

Theorem: Consider the binomial distribution B (n, p). Then:
(i) Expected value E(X) = pu=np.

(ii) VarianceVar(X)=02=npg.

(iii) Standard deviationo =Vvnpq.

EXAMPLE
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The probability that a man hits a target is p = 1/5. He fires 100 times. Find the
expected number p of times

Solution: Man will hit the target and the standard deviation o.
Here p =1/5 and so g = 4/5. Hence
H=np=100*1/5=20ando=Vvnpqg=Vv 100 *1/5*4/5=4
Bayes' theorem in Artificial intelligence

Bayes' theorem:

Bayes' theorem is also known as Bayes' rule, Bayes' law, or Bayesian reasoning,
which determines the probability of an event with uncertain knowledge.

In probability theory, it relates the conditional probability and marginal
probabilities of two random events.

Bayes' theorem was named after the British mathematician Thomas Bayes.
The Bayesian inference is an application of Bayes' theorem, which is fundamental
to Bayesian statistics.

It is a way to calculate the value of P(B|A) with the knowledge of P(A|B).

Bayes' theorem allows updating the probability prediction of an event by
observing new information of the real world.

Example: If cancer corresponds to one's age then by using Bayes' theorem, we
can determine the probability of cancer more accurately with the help of age.

Bayes' theorem can be derived using product rule and conditional probability of
event A with known event B:

As from product rule we can write:
1. P(A AB)=P(A|B) P(B) or

Similarly, the probability of event B with known event A:
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1. P(AAB)=P(B|A) P(A)
Equating right hand side of both the equations, we will get:

P(B|A) P(4)
P(A|B) =% (a)

The above equation (a) is called as Bayes' rule or Bayes' theorem. This equation is
basic of most modern Al systems for probabilistic inference.

It shows the simple relationship between joint and conditional probabilities. Here,

P(A|B) is known as posterior, which we need to calculate, and it will be read as
Probability of hypothesis A when we have occurred an evidence B.

P(B|A) is called the likelihood, in which we consider that hypothesis is true, then
we calculate the probability of evidence.

P(A) is called the prior probability, probability of hypothesis before considering
the evidence

P(B) is called marginal probability, pure probability of an evidence.
In the equation (a), in general, we can write P (B) = P(A)*P(B|Ai), hence the Bayes'

rule can be written as:

P(Aj)=P(B|Aj)
Zrzipiﬁi}*PEBlﬁi}

P(Ai|B) =

Where Ay, Ay, As,........ , An is a set of mutually exclusive and exhaustive events.
Applying Bayes' rule:

Bayes' rule allows us to compute the single term P(B|A) in terms of P(A|B), P(B),
and P(A). This is very useful in cases where we have a good probability of these
three terms and want to determine the fourth one. Suppose we want to perceive
the effect of some unknown cause, and want to compute that cause, then the
Bayes' rule becomes:
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P{effect|cause) P(cause)
Pleffect)

P(cause|effect) =

Example-1:

Question: what is the probability that a patient has diseases meningitis with a
stiff neck?

Given Data:

A doctor is aware that disease meningitis causes a patient to have a stiff neck, and
it occurs 80% of the time. He is also aware of some more facts, which are given as
follows:

o The Known probability that a patient has meningitis disease is 1/30,000.
o The Known probability that a patient has a stiff neck is 2%.

Let a be the proposition that patient has stiff neck and b be the proposition that
patient has meningitis. , so we can calculate the following as:

P(alb)=0.8
P(b) = 1/30000

P(a)=.02

i
p(bla) < 2ARP®) _°%Gass) _ 5 101333333
P(a) 0.02 ' ’

Hence, we can assume that 1 patient out of 750 patients has meningitis disease
with a stiff neck.

Example-2:

Question: From a standard deck of playing cards, a single card is drawn. The
probability that the card is king is 4/52, then calculate posterior probability
P(King| Face), which means the drawn face card is a king card.
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Solution:

p(Face|king)«p(King)
P(Face)

P(king|face) =

P(king): probability that the card is King=4/52=1/13
P(face): probability that a card is a face card=3/13
P(Face|King): probability of face card when we assume it is a king =1
Putting all values in equation (i) we will get:
1+(;3)

P(king|face) = 313 = 1/3, it is a probability that a face card is a king card.

13

Application of Bayes' theorem in Artificial intelligence:
Following are some applications of Bayes' theorem:

o Itis used to calculate the next step of the robot when the already executed
step is given.

o Bayes' theorem is helpful in weather forecasting.
o It can solve the Monty Hall problem.

Group Theory

Group

Let G be a non-void set with a binary operation * that assigns to each ordered pair
(a, b) of elements of G an element of G denoted by a * b. We say that G is a group
under the binary operation * if the following three properties are satisfied:

1) Associativity: The binary operation * is associative i.e. a*(b*c)=(a*b)*c, V a,b,c
EG
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2) Identity: There is an element e, called the identity, in G, such that a*e=e*a=a,
VaegG

3) Inverse: For each element a in G, there is an element b in G, called an inverse
of a such that a*b=b*a=e,V a,b€eG

Note: If a group has the property that a*b=b*a i.e., commutative law holds then
the group is called an abelian.

Properties of Groups:
The following theorems can understand the elementary features of Groups:
Theorem1:-

1. Statement: - In a Group G, there is only one identity element (uniqueness of
identity) Proof: - let e and e' are two identitiesinGand leta € G

- ae =a —fi)
~ ae' =a —ii)

R.H.S of (i) and (ii) are equal =ae =ae'
Thus by the left cancellation law, we obtain e= e’

There is only one identity element in G for any a € G. Hence the theoremis
proved.

2. Statement: - For each element a in a group G, there is a unique element b in G
such that ab= ba=e (uniqueness if inverses)

Proof: - let b and c are both inverses of a a€ G

Thenab=eandac=e

w ¢ = ce {existence of identity element}
= c=c(ab){~ab=¢}

=c=(ca)b

= c=(ac)b{~ac=ca}
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=c=eb

=c=b{~b=eb}

Hence inverse of a G is unique.

Theorem 2:-

1. Statement: - In a Group G,(a’!)!=a,V a€ G
Proof: We have a al=a! a=e

Where e is the identity element of G

Thus a is inverse of al€ G

i.e., (al)1=a,V a€ G

2. Statement: In a Group G,(a b'')=b'a'VabeG
Proof: - By associatively we have

(bt aVab=b? (ala)b
=(b?*a?l)ab=b? (e)b {-ala=e}
=(btal)ab=btb {reb=b}
=(b?! al)ab=e, {b*! b=e}

Similarly

(ab) (bt at)=a(b b?)a?

=(ab) (b*a?l)=a (e) a?

=(ab) (b*al)=aa?

=(ab) (b al)=e {-aal=e}
Thus (bt at)ab=(ab)(b'a?)=e
~ blalisthe inverse of ab
i.,e.,blal=ab?

Hence the theorem is proved.

Theorem3:-
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In a group G, the left and right cancellation laws hold i.e.

(i) ab = ac implies b=c
(ii) ba=ca implies b=c
Proof

(i) Let ab=ac

Premultiplying a* on both sides we get
a!(ab)=a™ (ac)
= (aa) b=(ata)c
=eb=ec
=b=c

Hence Proved.

(ii) Let ba=ca
Post-multiplying a* on both sides
=(ba) a'=(ca) a*
=b(aa? )=c(aa?)
=be=ce
=b=c

Hence the theorem is proved.

Finite and Infinite Group:

A group (G, *) is called a finite group if G is a finite set.

A group (G, *) is called a infinite group if G is an infinite set.

Examplel: The group (I, +) is an infinite group as the set | of integers is an infinite
set.

Example2: The group G ={1, 2, 3, 4, 5, 6, 7} under multiplication modulo 8 is a
finite group as the set G is a finite set.

Order of Group:
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The order of the group G is the number of elements in the group G. It is denoted
by |G|. A group of order 1 has only the identity element, i.e., ({e} *).

A group of order 2 has two elements, i.e., one identity element and one some
other element.

Examplel: Let ({e, x}, *) be a group of order 2. The table of operation is shown in

fig:

* e X
e e X
X X e

The group of order 3 has three elements i.e., one identity element and two other
elements.

Symmetric Group S ,,

A one-to-one mapping o of the set {1, 2...n} onto itself is called a permutation. o =
1 2 3 n

ju J2 Ja___Jn

The set of all such permutations is denoted by S n, and therearen!=n(n-1) - ...
2 -1 of them.

Subgroup

If a non-void subset H of a group G is itself a group under the operation of G, we
say H is a subgroup of G.

Theorem: - A subset H of a group G is a subgroup of G if:
o the identity element a€ H.

o His closed under the operation of Gi.e. if a, b€ H, then a, b€ H and
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o His closed under inverses, that is if a€ H then a€ H.
Cyclic Subgroup:-

A Subgroup K of a group G is said to be cyclic subgroup if there exists an element
XE G such that every element of K can be written in the form x" for some n €Z.

The element x is called generator of K and we write K= <x>
Cyclic Group:-

In the case when G=, we say G is cyclic and x is a generator of G. That is, a group G
is said to be cyclic if there is an element x€ G such that every element of G can be
written in the form x" for the some n€ Z.

Example: The group G={1, -1, i,-i} under usual multiplication is a finite cyclic
group with i as generator, since i'=i,i?>=-1,i3=-i and i*=1

Abelian Group:

Let us consider an algebraic system (G,*), where * is a binary operation on G.
Then the system (G,*) is said to be an abelian group if it satisfies all the properties
of the group plus a additional following property:

(1) The operation * is commutative i.e.,
a*b=b*aVabeG

Example: Consider an algebraic system (G, *), where G is the set of all non-zero
real numbers and * is a binary operation defined by

a*h=——.
4

Show that (G, *) is an abelian group.

Solution:

ab
Closure Property: The set G is closed under the operation *, sincea *b= 2 isa

real number. Hence, it belongs to G.
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Associative Property: The operation * is associative. Let a,b,cEG, then we have

{a*bj* cC= (ﬂ) * O — I:Elb.:lc — E
& 16 16
oo . b b b
Similarly, a*(b*c)=a" (_'“") =ﬂf-__'f}=5‘__'f
B! 16 14

Identity: To find the identity element, let us assume that e is a +ve real number

Then e * a =a, where a €G.

Ea
—=a or e=4
4

Similarly, a*e—a
Ae
— = a or e =4
4

Thus, the identity elementin G is 4.

Inverse: let us assume that a €G. If a1€Q, is an inverse of a, then a * a1**

aa”? 16
Therefore, =4 ogral=—
+ a
Similarly, alva=4
a~ta 16
Therefore, =4 ora‘t=—
4 a
16

Thus, the inverse of elementain Gis 2
Commutative: The operation * on G is commutative.

. ] ab
Since, a*b= - = b=*a

Thus, the algebraic system (G, *) is closed, associative, identity element, inverse

and commutative. Hence, the system (G, *) is an abelian group.

Product of Groups:
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Theorem: Prove that if (G1,*1)and (G, *,) are groups, then G = Gy x Gy i.e,, (G, *) is
a group with operation defined by (a1,b1)*( a2,b2 )=(a1,*1,a2, b1 *2 by).

Proof: To prove that G; x G; is a group, we have to show that G; x G; has the
associativity operator, has an identity and also exists inverse of every element.

Associativity. Let a, b, ¢ € G1 x G,,then

So, a* (b *c)=(as,az2)*((b1,b2)*(c1,c2))
= (ag,a2 )*(b1 *1 c1,ba *2 ¢3)
= (a1 *1 (b1 *1¢1),82 *2 (b2 *2 C2)
= ((a1 *1 b1) *1¢c1,( a2 *2 b2) *2 ¢2)
= (a1 *1 by,a2 *2 by)*( c1,2)
= ((a1,32)*( by,b2))*( c1,¢2)
=(a™*b)*c.

Identity: Let e; and e; are identities for G; and G, respectively. Then, the identity
for G1 x G, is e=(ey,e; ).Assume same a € G; X G,

Then, a*e=(aya:)*(eel)
= (a1 *1e1,32 2 €))
= (a11a2)=a

Similarly, we have e * a = a.

Inverse: To determine the inverse of an element in G; x G,, we will determine it
component wise i.e.,

al=(agaz)*=(artar?)
Now to verify that this is the exact inverse, we will compute a * a* and a'*a.

Now, a*a'=(asa; )*(artax?)

= (a1 *1a1ha2 %2 a2 Y)=( eye2)=e
Similarly, we have a'*a=e.

Thus, (G1 x G2,*) is a group.
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In general, if G1,G,,....G, are groups, then G = G x G, X.....x Gy is also a group.
Cosets:

Let H be a subgroup of a group G. A left coset of H in G is a subset of G whose
elements may be expressed as xH={ xh | h € H } for any x€ G. The element x is
called a representation of the coset. Similarly, a right coset of H in G is a subset
that may be expressed as Hx={hx | h €H }, for any x€G. Thus complexes xH and
Hx are called respectively a left coset and a right coset.

If the group operation is additive (+) then a left coset is denoted as x + H={x+h | h
€H} and a right coset is denoted by H + x = {h+x | h € H}

Normal SubGroup

Let G be a group. A subgroup H of G is said to be a normal subgroup of G if for all
he Hand x€ G, x hx'eH

If x Hx?!={xhx?'| h €H}thenHis normalin Gifand only if xH x'CH, V x€ G
Statement: If G is an abelian group, then every subgroup H of G is normal in G.

Proof: Let any h€ H, x€ G, then
x h x1=x (hx?)

xhx'=(xx?1)h

xhxt=eh

xhxt=heH

Hence H is normal subgroup of G.
Group Homomorphism:

A homomorphism is a mapping f: G=> G' such that f (xy) =f(x) f(y), V x, y € G. The
mapping f preserves the group operation although the binary operations of the
group G and G' are different. Above condition is called the homomorphism
condition.
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Kernel of Homomorphism: - The Kernel of a homomorphism f from a group G to a
group G' with identity e' is the set {x€ G | f(x) =e'}

The kernel of fis denoted by Ker f.

If f: G=>G' is a homomorphism of G intoG', then the image set of f is the range,
denoted by f (G), of the map f. Thus

Im (f) = f (G) = {f(x)€ G'| x EG}

If f (G) =G', then G' is called a homomorphic image of G.
Note: - A group homomorphism

Isomorphism:

Let (G1,*) and (G,,0) be two algebraic system, where * and 0 both are binary
operations. The systems (G3,*) and (G,,0) are said to be isomorphic if there exists
an isomorphic mapping f: G1=>G;

When two algebraic systems are isomorphic, the systems are structurally
equivalent and one can be obtained from another by simply remaining the
elements and operation.

Example: Let (A1,*) and (A,,[-]) be the two algebraic systems as shown in fig.
Determine whether the two algebraic systems are isomorphic.

X a b C
a a b C
b b C a
C C a b
] 1 W w*
1 1 W w*
W W w* 1
w* w 1 W

Solution: The two algebraic system (A1,*) and (A,,[-]1) are isomorphic and (A,,[-]) is
an isomorphic image of A;, such that

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1

f(a)=1
f (b)=w
f(c)=w?

Automorphism:

Let (G1,*) and (G,,0) be two algebraic system, where * and 0 both are binary
operations on G; and G, respectively. Then an isomorphism from (G,*) to (G,,0) is
called an automorphism if G;= G,

Rings:

An algebraic system (R, +,) where R is a set with two arbitrary binary operations +
and ., is called aring if it satisfies the following conditions

1. (R, +) is an abelian group.
2. (R,") is a semigroup.

3. The multiplication operation, is distributive over the addition operation
+i.e.,
a (b+c)=ab +ac and (b+c)a=ba + caforalla, b, c €R.
. . o
Examplel: Consider M be the set of all matrices of the type 0 0l over integers
under matrix addition and matrix multiplication. Thus M form a ring.

Example2: The set Zo={0, 1, 2, 3, 4, 5, 6, 7, 8} under the operation addition and
multiplication modulo 9 forms a ring.

Types of Rings:

1. Commutative Rings: A ring (R, +,) is called a commutative ring if it holds the
commutative law under the operation of multiplicationi.e., a. b=b. a, for every a,
beER

Examplel: Consider a set E of all even integers under the operation of addition
and multiplication. The set E forms a commutative ring.
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2. Ring with Unity: A ring (R, +,) is called a ring with unity, if it has a multiplicative
identity i.e,

Example: Consider a set M of all 2 x 2 matrices over integers under matrix
1 0
multiplication and matrix addition. The set M forms a ring with unity [ﬂ 1].

3. Ring with Zero Divisions: If a.b=0, where a and b are any two non-zero
elements of R in the ring (R, +) then a and b are called divisions of zero and the
ring (R, +) is called ring with zero division.

4. Rings without Zero Division: An algebraic system (R, +) where R is a set with
two arbitrary binary operation + and is called a ring without divisors of zero if for
every a, b €ER, we have a.b#0 =a#0and b #0

SubRings:

A subset A of aring (R, +) is called a subring of R, if it satisfies following conditions:
(A, +) is a subgroup of the group (R,+)

A is closed under the multiplication operationi.e., a.b €A,for every a,b EA.
Example: The ring (I, +) of integers is a subring of ring (R, +) of real numbers.

Note:

1. If Ris any ring then {0} and R are subrings of R.
2. Sum of two subrings may not be a subring.

3. Intersection of subring is a subring.

SemiGroup

Let us consider, an algebraic system (A, *), where * is a binary operation on A.
Then, the system (A, *) is said to be semi-group if it satisfies the following
properties:

1. The operation * is a closed operation on set A.

2. The operation * is an associative operation.
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Example: Consider an algebraic system (A, *), where A=1{1, 3, 5, 7, 9....}, the set
of positive odd integers and * is a binary operation means multiplication.
Determine whether (A, *) is a semi-group.

Solution: Closure Property: The operation * is a closed operation because
multiplication of two +ve odd integers is a +ve odd number.

Associative Property: The operation * is an associative operation on set A. Since
every a, b, c €A, we have

(@*b)*c=a*(b*c)
Hence, the algebraic system (A, *), is a semigroup.
Subsemigroup:

Consider a semigroup (A, *) and let B € A. Then the system (B, *) is called a
subsemigroup if the set B is closed under the operation *.

Example: Consider a semigroup (N, +), where N is the set of all natural numbers
and + is an addition operation. The algebraic system (E, +) is a subsemigroup of
(N, +), where E is a set of +ve even integers.

Free Semigroup:
Consider a non empty set A = {a,ay,.....an}.

Now, A* is the set of all finite sequences of elements of A, i.e., A* consist of all
words that can be formed from the alphabet of A.

If a,,and,y are any elements of A*, then o,(B. v)=( a.B).y.

Here ° is a concatenation operation, which is an associative operation as shown
above.

Thus (A*,°) is a semigroup. This semigroup (A*,°) is called the free semigroup
generated by set A.

Product of Semigroup:
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Theorem: If (Sy,*)and (S,,*) are semigroups, then (S1 x S2*) is a semigroup, where
* defined by (s1',52')*( s1",52"")=(s1"*s1",52"*s5" ).

Proof: The semigroup S; x S; is closed under the operation *.
Associativity of *.Leta, b,c €S1 xS,

So, a*(b*c)=(agaz)*((b1,b2)*(c1,c2))
= (ag,a2 )*(b1 *1 c1,ba *2 ¢3)
= (a1 *1 (b1 *1¢1),82 *2 (b2 *2 C2)
= ((a1 *1 b1) *1*1,( @2 *2 b2) *2 ¢2)
= (a1 *1 by,a2 *2 ba)*( c1,2)
= ((a1,32)*( by,b2))*( c1,¢2)
=(a*b)*c.

Since * is closed and associative. Hence, S1 x S, is a semigroup.
Monoid:

Let us consider an algebraic system (A, 0), where o is a binary operation on A.
Then the system (A, o) is said to be a monoid if it satisfies the following
properties:

1. The operation o is a closed operation on set A.
2. The operation o is an associative operation.
3. There exists an identity element, i.e., the operation o.

Example: Consider an algebraic system (N, +), where the set N={0, 1, 2, 3,
4...}.The set of natural numbers and + is an addition operation. Determine
whether (N, +) is a monoid.

Solution: (a) Closure Property: The operation + is closed since the sum of two
natural numbers.

(b)Associative Property: The operation + is an associative property since we have
(a+b)+c=a+(b+c) Va, b, c €EN.
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(c)ldentity: There exists an identity element in set N the operation +. The element
O is an identity element, i.e., the operation +. Since the operation + is a closed,
associative and there exists an identity. Hence, the algebraic system (N, +) is a
monoid.

SubMonoid:

Let us consider a monoid (M, o), also let S €M. Then (S, o) is called a submonoid
of (M, o), if and only if it satisfies the following properties:

1. Sis closed under the operation o.
2. There exists an identity elemente € T.

Example: Let us consider, a monoid (M, *), where * s a binary operation and M is
a set of all integers. Then (M, *) is a submonoid of (M, *) where M is defined as
Mi={a'|i is from O to n,a positive integer,and aEM}.

Homomorphism

A mapping f from a group G into G is called a homomorphism if, foreverya, b €
G, f(ab) = f(a) (b)

If f is one to one and onto, then f is called an isomorphism; and G and G™ are said
to be isomorphic, G ~G'.

Theorem: Suppose f: G - G is a homomorphism with kernel K. Then K is a
normal subgroup of G, and the quotient group G/K is isomorphic to f (G).

Example: Let G be the group of real numbers under addition, and let G be the
group of positive real numbers under multiplication. The mapping f: G > G’
defined by f (a) = 2*a is a homomorphism

f(a+b)=2"a+b =2"a2"b =f(a) f(b)
fis one to one and onto; hence G and G™ are isomorphic.

Rings, Integral Domains, and Fields
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Let R be a non-empty set with two binary operations, an operation of addition
(denoted by +) and an operation of multiplication (denoted by juxtaposition).
Then R is called a ring if the following axioms are satisfied:

[R1] Foranya,b,c €R,we have(a+b)+c=a+(b+c).

[R2] There exists an element 0 € R, called the zero element, such that for every a
€ER,a+0=0+a=a.

[R3] For each a € R there exists an element - a €ER.
[R4]Foranya, b €R.

[R5] Foranya, b, c €R.

[R6] Foranya,b,c€R.a+(b+c)=ab+ac,(b+c)a=ba+ca.
Special Kinds of Rings: Integral Domain and fields

Definition: A commutative ring R is an integral domain if R has no zero divisors,
thatis,ifab=0impliesa=0o0rb=0.

Definition: A commutative ring R with an identity element 1 (not equal to 0) is a
field if every non-zero a € R is a unit, that is, has a multiplicative inverse. A field is
necessarily an integral domain; for if

ab=0anda=0.

Example: The rational numbers Q and the real numbers R each form a field with
respect to the usual operations of addition and multiplication.

Ideals

A subset J of aring R is called an ideal in R if the following three properties hold:
()0 €el.

(ii) Forany a, b €J, we havea-b €J.

(iii) ForanyreRanda €J,we havera,ar €.
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Theorem: Let J be an ideal in a ring R. Then the cosets {a +J | a € R} form a ring
under the cosets operations

(@a+))+(b+J)=a+b+Jand(a+))(b+J))=ab+])
This ring is denoted by R/J and is called the quotient ring.

Example: Let R be any ring. Then {0} and R are ideals. In particular, if R is a field,
then {0} and R are the only ideals.

Ring Homeomorphisms

A mapping f from a ring R into a ring R is called a ring homomorphism or, simply,
homomorphism if, for every a, b €R,

f(a+b)="f(a)+f(b), f(ab)="f(a)f (b) Inaddition, if f is one-to-one and onto, then
fis called an isomorphism; and R and R are said to be isomorphic, written R ~=R

Theorem: Let f: R = R be a ring homomorphism with kernel K.
Then K is an ideal in R, and the quotient ring R/K is isomorphic to f (R).
Divisibility in Integral Domains

An element u €D is called a unit if u divides 1, if u has a multiplicative inverse. An
element b € D is called an associate of

a€EDifb=uaforsomeunitu€D.

An integral domain D is called a unique factorization domain (UFD), if every non-
unita € D.

Example

The ring Z of integers is the classical example of a unique factorization domain.
The units of Zare 1 and -1.

The only associates of n € Z are n and -n. The irreducible elements of Z are the
prime numbers.
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POLYNOMIALS OVER A FIELD

This section investigates polynomials whose coefficients come from some integral
domain or field K.

Theorem: Let K be an integral domain. Then K[t] under the operations of addition
and multiplication of polynomials is a commutative ring with an identity element
1.

Proposition: Let K be an integral domain and let f and g be polynomials over K.
(i) K[t] is an integral domain.

(ii) The units of K[t] are the units in K.

(iii) If g divides f, then deg(g) < deg(f ) orf= 0.

(iv) If g divides f and f divides g, then f (t) = k g(t) where k is a unit in K.

(v) If d and d are monic polynomials such that d divides d and d divides d, then d =
d

Graph Theory

Graph:

Graph G consists of two things:

1. A set V=V(G) whose elements are called vertices, points or nodes of G.
2. A set E = E(G) of an unordered pair of distinct vertices called edges of G.

3. We denote such a graph by G(V, E) vertices u and v are said to be adjacent if
there is an edge e ={u, v}.
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u Vv

4. In such a case u and v are called the endpoint of e={u, v} and e are said to

connect u and v.
Degree of a Vertex:

The degree of a vertex is the number of edges incident on a vertex v. The self-loop
is counted twice. The degree of a vertex is denoted by d(v).

Examplel: Consider the graph G shown in fig. Determine the degree of each
vertex.

d

Solution: The degree of each vertex is as follows:

d(a)=3; d(b)=5; d(c)=2; d(d)=2.
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Example2: Verify that the sum of the degrees of all the vertices is even for the
graph shown in fig:

Vie 22 Vs

Solution: The sum of the degrees of all the vertices is:

=d (v1)+d(v2 )+d(vs )+d(va )+d(vs )+d(ve )+d(v7 )+d(vs)
= 2+3+3+3+3+4+2+2=22, which is even.

Example3: Verify that there are even numbers of vertices of odd degrees in the
graph shown in fig:

b C

g h

Solution: The number of vertices of degree odd is 8, and each has a degree three
in the above graph. Hence, we have even number of vertices of odd degrees.
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Path:

A path of length n is a sequence of n+1 vertices of a graph in which each pair of

vertices is an edge of the graph.

1.

4.

A Simple Path: The path is called simple one if no edge is repeated in the
path, i.e., all the vertices are distinct except that first vertex equal to the
last vertex.

. An Elementary Path: The path is called elementary one if no vertex is

repeated in the path, i.e., all the vertices are distinct.

. Circuit or Closed Path: The circuit or closed path is a path in which starts

and ends at the same vertex, i.e., Vo=v.

Simple Circuit Path: The simple circuit is a simple path which is a circuit.

Example: Consider the graph shown in fig: Give an example of the following:

1.

2.

3.

A simple path fromV; to Vs.
An elementary path from Vi to Vs.
A simple path which is not elementary from V; to Ve.

A path which is not simple and starting fromV,.

. A simple circuit starting from V;

A circuit which is not simple and starting from V..
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V1

Vz Vs

Va4 Vs

Vs

Solution:

1. Asimple path fromV; to Ve.
V1V2 V3 V4 Vs Ve.

2. An elementary path from V; to V.
V1V2 V3 Vs Vg Ve.

3. Asimple path which is not elementary from V; to Ve.
V1 V2 V3 VsV, Vg V.

4. A path which is not simple and starting fromV.,.
V2 V3 V4 Vs V3 Vg V.

5. Asimple circuit starting fromV;.
V1,V2 V4 Ve Vs V3 Vy

6. A circuit which is not simple and starting from V..
V2 V3 Vi Vo Vs Va Vo

Pendant Vertex: A vertex with degree one is called a Pendant Vertex.

Pendant Edge: The only edge which is an incident with a pendant vertex is called
the Pendant Edge.
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Odd Vertex: A vertex having degree odd is called an odd vertex.

Even Vertex: A vertex having a degree even is called an even vertex.

Incident Edge: An edge is called incident with the vertices is connects.

Adjacent Vertices: Two vertices are called adjacent if an edge links them. If there

is an edge (u, v), then we can say vertex u is adjacent to vertex v, and vertex v is

adjacent to vertex u.

Example: Consider the graph as shown in fig:

Determine the following:
1.

2.

5.

6.

V1 e1 V2
[
Vs
e2 es
es
L 4
Vs €4 V4

Pendant Vertices

Pendant Edges

. Odd vertices

Even Vertices
Incident Edges

Adjacent Vertices

Solution:
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1. The vertex Vsis the pendant vertex.

2. The edge (V4,Vs) or es is the pendant edge.
3. The vertices V3 and Vs are odd vertices.

4. The vertices Vi, V,,and V4 are even vertices.

5. The edge e; is anincident on V3, and V..
The edge e, is an incident on V; and Vs.
The edge es is an incident on V;, and Vs.
The edge e, is an incident on V3 and Va.
The edge es is an incident on V4 and Vs.

6. The vertex V; is adjacent to V, and Vs.
The vertex V, is adjacent to Vi and V..
The vertex Vs is adjacent to V; and V4
The vertex V, is adjacent to V3 and Vs
The vertex Vs is adjacent to V,.

Self-Loop: A self-loop is an edge e if it has the same endpoint.
The graph shown in fig contains the self-loop at vertex b,i.e., e=(b, b).

Isolated Vertex: A vertex with degree 0 is called Isolated Vertex.

. Isolated Vertex
"~ (Trivial Graph)
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Cut Set: Consider a graph G=(V, E).A cut set for G is the smallest set of edges such
that the removal of the set, disconnected the graph whereas the removal of any
proper subset of this set left a connected subgraph.

Example: Consider the graph shown in fig. Determine the cut set for this group.

Solution: For this graph, the edge set {(V1,Vs),(V7Vs)} is a cut set. After the
removal of the set, we have left with a disconnected subgraph. While after the
removal of any of its proper subset, we have left with a connected subgraph.

Cut Points or Cut Vertices: Consider a graph G=(V, E). A cut point for a graph G is
a vertex v such that G-v has more connected components than G or disconnected.

The subgraph G-v is obtained by deleting the vertex v from graph G and also
deleting the entire edges incident on v.

Example: Consider the graph shown in fig. Determine the subgraphs

(i)G-v1 (i) G-vs (iii) G-vs
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V1 V2

Vs

Vs Vs

Solution:
1. The subgraph G-v; is shown in fig
2. The subgraph G-vs3 is shown in fig

3. The subgraph G-vs is shown in fig

V2 Vs Va Vi1 Va

Vs

Vs

& \'2 V4 V3 Vi
G-vi G-v: G-vs

Bridge (Cut Edges): Consider a graph G=(V, E).A bridge for a graph G, is an edge e
such that G-e has more connected components than G or disconnected.

Example: Consider the graph shown in fig. Determine the subgraphs
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(i)G-e1 (II) G-e3 (III) G-e4

e1
Vi g e\

ez Vs
V2 &
e Vs
Solution:
1. The subgraph G-e; is shown in fig
2. The subgraph G-es is shown in fig
3. The subgraph G-e4 is shown in fig
e1
Vi g o\ Vi ® oV,
es
€2 Vs €2 Vs
€6
e4
Vs ¢ V3
€3 3 Vs
G-e1 Ges
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Types of Graphs:

1. Null Graph: A null graph is defined as a graph which consists only the isolated
vertices.

Example: The graph shown in fig is a null graph, and the vertices are isolated
vertices.

Vi @ e - ® s
Isolated
Vertex
9
® Vs Vi
Fig:Null Graph

2. Undirected Graphs: An Undirected graph G consists of a set of vertices, V and a
set of edge E. The edge set contains the unordered pair of vertices. If (u, v)EE

then we say u and v are connected by an edge where u and v are vertices in the
set V.

Example: Let V ={1, 2, 3,4}and E ={(1, 2), (1, 4), (3, 4), (2, 3)}.Draw the graph.
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Solution: The graph can be drawn in several ways.

Two of which are as follows:

Fig:1 Fig:2

3. Multigraph: If in a graph multiple edges between the same set of vertices are
allowed, it is known as Multigraph. In other words, it is a graph having at least one
loop or multiple edges.

A1 A3

A4 A4
Fig:Multigraph
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4. Directed Graphs: A directed graph or digraph G is defined as an unordered pair
(V, E), where V is the set of points called vertices and E is the set of edges. Each
edge in the graph G is assigned a direction and is identified with an ordered pair
(u, v), where u is the initial vertex, and v is the end vertex.

Example: Consider the graph G = (V, E) as shown in fig. Determine the vertex set
and edge set of graph G.

Solution: The vertex and edge set of graph G =(V, E) is as follow
G={{11213}I{(112)1(2I1)I(212)I(213)I(113)}}'

5. Undirected Complete Graph: An undirected complete graph G=(V,E) of n
vertices is a graph in which each vertex is connected to every other vertex i.e.,

and edge exist between every pair of distinct vertices. It is denoted by K,.A
nin—1)
complete graph with n vertices will have 2 edges.

Example: Draw Undirected Complete Graphs ksand ke.

Solution: The undirected complete graph of ks is shown in figl and that of ksis
shown in fig2.
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Vi$

O V2

Vs ©

Fig:Ks

6. Connected and Disconnected Graph:

O Vs

V3

Vi1 V2

Vs

Vs

'

Fig:Kse

Connected Graph: A graph is called connected if there is a path from any vertex u

to v or vice-versa.

Disconnected Graph: A graph is called disconnected if there is no path between

any two of its vertices.

Example: Consider the graph shown in fig. Determine whether the graphs are

(a)Disconnected Graph

(b)Connected Graph.

Also, write their connected components.
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Vs

N\ N
RN

V@ eV,

v. .\Hl'J‘
.Vs

Fig:Disconnected Graph

Solution:

(i) The graph is shown in fig is a Disconnected Graph, and its connected
components are

{V1,V2,V3V4},{Vs V6 V7 Vs} and {Vg Vio}.

(ii) The graph shown in fig is a Disconnected Graph and its connected components
are

{V1,V2},{V3 Va},{Vs V6},{V7 Vs},{Vo Vio}and {Vi1, V12}.
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vy v,

Fig: Disconnected graph

(iii) The graph shown in fig is a connected graph.

i
Fig: Connected graph

7. Connected Component: A subgraph of graph G is called the connected
component of G, if it is not contained in any bigger subgraph of G, which is
connected. It is defined by listing its vertices.

Example: Consider the graph shown in fig. Determine its connected components.
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[
Solution: The connected components of this graph is {a, b, c}, {d, e, f}, {g, h ,i} and
{i-
8. Directed Complete Graph: A directed complete graph G = (V, E) on n vertices is

a graph in which each vertex is connected to every other vertex by an arrow. It is
denoted by K.

Example: Draw directed complete graphs K; and Ks.

Solution: Place the number of vertices at the appropriate place and then draw an
arrow from each vertex to every other vertex as shown in fig:

V1

V2 Vs
Fig:Ks
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V] ’ VZ
r N ¥ 9
V3 ’ "J4
Vs
Fig: Ks

9. Complementary Graph: The complement of a graph G is defined to be a graph
which has the same number of vertices as in graph G and has two vertices
connected if and only they are not related in the graph.

Example: Consider the graph G shown in fig. Find the complement of this graph.

V2

V1
/ 3
Va

Solution: The complement of the above graph is shown in Fig:
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V1 V2
@ 23
V4 V3

Fig:Complement of Graph G

10. Labeled Graphs: A graph G=(V, E) is called a labeled graph if its edges are
labeled with some name or data. So, we can write these labels in place of an
ordered pair in its edges set.

Example: The graph shown in fig is labeled graphs.

G= {{al bl c, d}r {el,eZ,e3,e4}}

Fig: Undirected Labeled Graph Fig: Directed Labeled Graph
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11.Weighted Graphs: A graph G=(V, E) is called a weighted graph if each edge of
graph G is assigned a positive number w called the weight of the edge e.

Example: The graph shown in fig is a Weighted Graph.

De

®
- o
Fig:Weighted Graph

Degree of a Vertex

The degree of a vertex v in a graph G, written deg (v), is equal to the number of
edges in G which contain v, that is, which are incident on v.

Bipartite Graphs

DEFINITION: A simple graph G is called bipartite if its vertex set V can be
partitioned into two disjoint sets Vi and V; such that every edge in the graph
connects a vertex in Vi and a vertex in V,.

o (g is bipartite, as shown in Figure, because its vertex set can be partitioned
into the two sets V; and V,.
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e Vi={vy, v, vs}and V, ={vy, v4, Vs}, and every edge of C¢ connects a vertex in
Viand a vertex in V,.

Complete Bipartite Graphs: The complete bipartite graphs K,3, K3, 3, and are
displayed in Figure

K2, 3 Ks, 3
New Graphs from Old
DEFINITION: A sub-graph of a graph G = (V, E) is a graph.

H=(W, F), where W € Vand F C E. A sub-graph H of G is a proper sub-graph of G
if H=G.
DEFINITION: Let G = (V, E) be a simple graph.

The sub-graph induced by a subset W of the vertex set V is the graph (W, F),
where the edge set F contains an edge in E if and only if both endpoints of this
edge arein W.

The graph G is a sub-graph of Ks. If we add the edge connecting cand e to G, W =
{a, b, c, e}.

o

¢ Y - .-'r : ....'- i a ‘/ ll""'., \fh
\ T/ t \ /
N~ ~V \‘s’f
" ¢ ¢ A Sub-graph of K5
DEFINITION

The union of two simple graphs G; = (V1, E1) G2 = (V3, E2) is the simple graph with
vertex set V1 U V; and edge set E; U E,. The union of G; and G is denoted by G, U
G,.
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EXAMPLE: Find the union of the graphs G; and G,.

Solution: The vertex set of the union G; U G; is the union of the two vertex sets
as:{a, b, c, d, e, f}.

a b C a b cC_a b
d e d f d e f
Gi (a) G2 (b) GiU G,

FIGURE (a) The Simple Graphs G; and G3; (b) Their Union G; U G,.
Isomorphism of Graphs
The simple graphs G; = (V3, E1) and G, = (V3, E3) are isomorphic.

e If there exists a one-to-one and onto function f from V; to V, with the
property that a, b are adjacent in G;.

e If and only if f (a) and f (b) are adjacent in G2, for all a, b in V1. Such a
function f is called an isomorphism.

e Two simple graphs that are not isomorphic are called non-isomorphic.

Example: Show that the graphs G = (V, E) and H = (W, F), displayed in figure, are
isomorphic.

The graphs Gand H

@ @

A path is a sequence of edges that begins at a vertex of a graph and travels from

Z

Paths

vertex to vertex along edges of the graph.
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e Let n be a nonnegative integer and G an undirected graph.

e A path of length n from uto vin G is a sequence of n edges el,...,e n of G.

e The path is a circuit if it begins and ends at the same vertex, that is, if u=v,
and has length greater than zero.

Connectedness in Undirected Graphs

e An undirected graph is called connected if there is a path between every
pair of distinct vertices of the graph.
e Anundirected graph that is not connected is called disconnected.

P —0
Hi1
H The Graph Hand Its

Connected Components Hj, Hy, and Hs.
Connectedness in Directed Graphs

A directed graph is strongly connected if there is a path from a to b and from b to
a whenever a and b are vertices in the graph.

A directed graph is weakly connected if there is a path between every two
vertices in the underlying undirected graph.

FIGURE: The directed graphs G and H.

() o
' Figure: The Directed Graphs G and H
()

Paths and Isomorphism

A path in a multi-graph G consists of an alternating sequence of vertices and
edges of the form
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Vo, €1, V1, €2, V2 ... € n-1, V n-1, € n, V n, Where each edge e j contains the vertices v i1
and vi (which appear on the sides of e in the sequence). The number n of edges is
called the length of the path. The path is said to be closed if v o = v ,. Otherwise,
we say the path is from v, to v, or between voand v, or connects vo to v .

Isomorphic Graphs

Graphs G (V, E) and G (V *, Ex) are said to be isomorphic if there exists a one-to-
one correspondence f : V = V * such that {u, v} is an edge of G if and only if {f (u),

f (v)}is an edge of Gx.
S —©

Figure: A and T are isomorphic graphs

Theorem: There is a path from a vertex u to a vertex v if and only if there exists a
simple path from u to v.

Connectivity, Connected Components

A graph G is connected if there is a path between any two of its vertices.

P, P, P,
A o5 c

P, P, Py
(a) D el

)]

The graph in Figure (a) is connected, but the graph in Figure (b) is not
connected since, for example, there is no path between vertices D and E.

e The graph G in Fig. 8-8(b) has three connected components, the sub-
graphs induced by the vertex sets {A, C, D}, {E, F}, and {B}.
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e The vertex B in Figure (b) is called an isolated vertex since B does not
belong to any edge or, in other words, deg (B) = 0. Therefore, as
noted, B itself forms a connected component of the graph.

Euler and Hamilton Paths

DEFINITION 1 An Euler circuit in a graph G is a simple circuit containing every
edge of G. An Euler path in G is a simple path containing every edge of G.

C

ADDD D

B

Figure: Multi-graph Model of the Town of Konigsberg

THEOREM 1: A connected multi-graph with at least two vertices has an Euler
circuit if and only if each of its vertices has even degree.

THEOREM 2: A connected multi-graph has an Euler path but not an Euler circuit if
and only if it has exactly two vertices of odd degree.

e e a f;) m

0O

Gl GZ

Figure: Two Undirected Graph

(=) (=
H1 H, “ Figure: Two directed graph
=) Q=L
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Hamilton Paths and Circuits

DEFINITION: A simple path in a graph G that passes through every vertex exactly
once is called a Hamilton path, and a simple circuit in a graph G that passes
through every vertex exactly once is called a Hamilton circuit.

That is, the simple path xo, X1...Xx n—1, X  in the graph G = (V, E) is a Hamilton path
if V = {Xo, X1,..-,X n-1, X n} @and x; = x j for 0 £ i<j £ n, and the simple circuit x o, X1,...,X
n-1, X n, XO (with n > 0) is a Hamilton circuit if x0, X,...,X n-1, X , is @ Hamilton path.

IJI." -f.-' I \ill'-l ,I-"‘"\-Q:"
f_.\ I _P I II'.I
"I" -:’f-' - e S .".l III'
< \/
A B

Labeled and Weighted graphs

A graph G is called a labeled graph if its edges and/or vertices are assigned data
of one kind or another. In particular, G is called a weighted graph if each edge e
of G is assigned a non negative number w (e) called the weight or length of v.

The weight (or length) of a path in such a weighted graph G is defined to be the
sum of the weights of the edges in the path. One important problem in graph
theory is to find a shortest path, that is, a path of minimum weight (length),
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between any two given vertices. The length of a shortest path between P and Q in
figure is 14; one such path is

(P, A1, Az, As, As, Ag, Q)
Complete, Regular, and Bipartite graphs

There are many different types of graphs. This section considers three of them:
complete, regular, and bipartite graphs.

Complete Graphs

A graph G is said to be complete if every vertex in G is connected to every other
vertex in G. Thus a complete graph G must be connected. The complete graph
with n vertices is denoted by K. Figure shows the graphs K; through K.

Regular Graphs

A graph G is regular of degree k or k-regular if every vertex has degree k. In other
words, a graph is regular if every vertex has the same degree.

Ki-lIsolated vertex @  K;=Line Segment @—@

Ks Ka
e o—e
0-Regular 1-Regular
Bipartite Graphs

A graph G is said to be bipartite if its vertices V can be partitioned into two
subsets M and N such that each edge of G connects a vertex of M to a vertex of N.
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By a complete bipartite graph, we mean that each vertex of M is connected to
each vertex of N; this graph is denoted by K , » where m is the number of vertices
in M and n is the number of vertices in N, and, for standardization, we will assume
m<n.

LR

Ks 3, and K3, 4, clearly the graph K m, » has m n edges.

Figure shows the graphs K3, 3,

Tree Graphs

e Agraph Tis called a tree if T is connected and T has no cycles. Examples of
trees are shown in Figure.

e A forest G is a graph with no cycles; hence the connected components of a
forest G are trees.

e A graph without cycles is said to be cycle-free. The tree consisting of a
single vertex with no edges is called the degenerate tree.

Theorem: Let G be a graph with n > 1 vertices. Then the following are equivalent:
(i) Gis a tree.

(i) G is a cycle-free and has n - 1 edges.

(iii) G is connected and has n - 1 edges.

This theorem also tells us that a finite tree T with n vertices must have n - 1
edges. For example, the tree in

Fig. 8-17(a) has 9 vertices and 8 edges, and the tree in Figure has 13 vertices and
12 edges.
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lr'| I'z b'!
d v x
a
¥y b Vg ¥y
¢ r
L) w
b v
¥ Vg ¥y L ¢ z
{a) 14}

a

Spanning Tree

A subgraph T of a connected graph G is called spanning tree of G if T is a tree and
T include all vertices of G.

L

Cycle Graph Subgraph/Spanning
Tree

Minimum Spanning Tree:

Suppose G is a connected weight graph i.e., each edge of G is assighed a non-
negative number called the weight of edge, then any spanning tree T of G is
assigned a total weight obtained by adding the weight of the edge in T.

A minimum spanning tree of G is a tree whose total weight is as small as possible.

Kruskal's Algorithm to find a minimum spanning tree: This algorithm finds the
minimum spanning tree T of the given connected weighted graph G.

1. Input the given connected weighted graph G with n vertices whose
minimum spanning tree T, we want to find.

2. Order all the edges of the graph G according to increasing weights.

3. Initialize T with all vertices but do include an edge.
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4. Add each of the graphs G in T which does not form a cycle until n-1 edges
are added.

Examplel: Determine the minimum spanning tree of the weighted graph shown
in fig:

Solution: Using kruskal's algorithm arrange all the edges of the weighted graph in
increasing order and initialize spanning tree T with all the six vertices of G. Now
start adding the edges of G in T which do not form a cycle and having minimum
weights until five edges are not added as there are six vertices.

Edges Weights Added or Not

(B, E) 2 Added
(C, D) 3 Added
(A, D) 4 Added
(C, F) 4 Added
(B, C) 5 Added
(E, F) 5 Not added
(A, B) 6 Not added
(D, E) 6 Not added
(A, F) 7 Not added
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Step1l:
A B c
2
D E F
(add B, E)
Step2:
A B C
Sl
/ A
D E F
(add D, C)
Step3:
A B C
/ 4
/ 2
D E F
(add C, F)
Step4:
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Step5:

(add B, C)

Step6: Edge (A, B), (D, E) and (E, F) are discarded because they will form the cycle
in a graph.

So, the minimum spanning tree form in step 5 is output, and the total cost is 18.

Minimum Spanning Tree
A g—2

/2

D E F
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Example2: Find all the spanning tree of graph G and find which is the minimal
spanning tree of G shown in fig:

0

0e
-'.7

Solution: There are total three spanning trees of the graph G which are shown in

fig:
a d 3 e
® & ®
2 2 1
3 ® l
b c f
(i)
a d 3 e
® ®
2 6 ]
@ @
b 3 c f
(ii)
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a d 3 =
s P
2 6 1

& &
b c f

(iii)
To find the minimum spanning tree, use the KRUSKAL'S ALGORITHM. The minimal
spanning tree is shown in fig:

Edges Weights Added or Not

(E, F) 1 Added
(A, B) 2 Added
(C, D) 2 Added
(B, C) 3 Added
(D, E) 3 Added
(B, D) 6 Not Added

Minimum Spanning Tree

a d 3 e
L] ® ®
2 2 1
L @ @
b 3 e f

The first one is the minimum spanning having the minimum weight = 11.
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Planner Graphs

A graph or multi-graph which can be drawn in the plane so that its edges do not
cross is said to be planar.

The complete graph with four vertices K4 is usually pictured with crossing edges
as in Figure A, it can also be drawn with non-crossing edges as in Figure B; hence
K4 is planar. Tree graphs form an important class of planar graphs.

Maps, Regions

A particular planar representation of a finite planar multi-graph is called a map.
The map is connected if the underlying multi-graph is connected. A given map
divides the plane into various regions.

Non-planar Graphs, Kuratowski’s Theorem

1. Consider first the utility graph; that is, three houses A;, A ; and As are to be
connected to outlets for water, gas and electricity, B;, B, and Bs, as in
Figure.

2. Observe that this is the graph K3, 3and it has p = 6 vertices and q = 9 edges.

Al A2 Aa
B1 Eg Ba
(@) Kg 4 (b) Ky

e Suppose the graph is planar. By Euler’'s formula a planar
representation has r = 5 regions. Observe that no three vertices are
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connected to each other; hence the degree of each region must be 4
or more and so the sum of the degrees of the regions must be 20 or
more.

e Consider next the star graph in Figure. This is the complete graph Ks
on p = 5 vertices and has g = 10 edges.10=q<3p-6=15-6=9
which is impossible. Thus K5 is non-planar.

Graph Coloring

A coloring of a simple graph is the assignment of a color to each vertex of the
graph so that no two adjacent vertices are assigned the same color.

B B

E
FIGURE 2 Dual Graphs of the Maps in Figure 1

DEFINITION: The chromatic number of a graph is the least number of colors
needed for a coloring of this graph. The chromatic number of a graph G is
denoted by x (G).

THEOREM 1 THE FOUR COLOR THEOREM The chromatic number of a planar
graph is no greater than four.

. . / , RN
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Rooted trees

e Avrooted tree T is a tree graph with a designated vertex r called the root of
the tree.

e Consider a rooted tree T with root r. The length of the path from the root r
to any vertex v is called the level (or depth) of v, and the maximum vertex
level is called the depth of the tree.

e Those vertices with degree 1, other than the root r, are called the leaves of
T, and a directed path from a vertex to a leaf is called a branch.

The tree has five leaves, d, f, h, i, and j. Observe that: level (a) = 1, level (f) = 2,
level (j) = 3. Furthermore, the depth of the tree is 3.

M /.\ E
ANA
VANIVAN
VAN
VANVAN

() ()

E

e The fact that a rooted tree T gives a direction to the edges means that we
can give a precedence relationship between the vertices.

e Specifically, we will say that a vertex u precedes a vertex v or that v follows
u if there is a (directed) path from v to u.

e In particular, we say that vimmediately follows u if (u, v) is an edge, that is,
if v follows u and v is adjacent to u.

EXAMPLE
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Suppose Marc and Erik are playing a tennis tournament such that the first person
to win two games in a row or who wins a total of three games wins the
tournament. Find the number of ways the tournament can proceed.

Solution: The rooted tree in Figure (b) shows the various ways that the
tournament could proceed. There are 10 leaves which correspond to the 10 ways
that the tournament can occur:

MM, MEMM, MEMEM, MEMEE, MEE, EMM, EMEMM, EMEME, EMEE, EE

Specifically, the path from the root to the leaf describes who won which games in
the particular tournament.

Ordered Rooted Trees

Consider a rooted tree T in which the edges leaving each vertex are ordered. Then
we have the concept of an ordered rooted tree.

Boolean algebra

Boolean Functions

Boolean algebra provides the operations and the rules for working with the set {0,
1}.The complement of an element, denoted with a bar, is defined by bar 0 = 1and
bar 1=0.

The Boolean sum, denoted by + or by OR, has the following values:
1+41=1,1+0=1,0+1=1,0+0=0
The Boolean product, denoted by - or by AND, has the following values:
1-1=1,1-0=0,0-1=0,0-0=0
EXAMPLE 1 Find the value of 1- 0+ (0 + 1).

Solution:1:0+(0+1)=0+1=0+0=0.

EXAMPLE 2 Translate 1- 0 + (0 + 1) = 0, the equality into a logical equivalence.
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Solution:

e Translateeach lintoaT,OintoanF,
e Boolean sum into a disjunction, each Boolean product into a conjunction,
and each complementation into a negation.

(TAF)V-(TVF)=F
Boolean Expressions and Boolean Functions

o LetB=1{0, 1}. Then B , = {(X1, X2... X n) | Xi € B for 1 <i < n}is the set of all
possible n-tuples of Os and 1s.

e The variable x is called a Boolean variable if it assumes values only from B,
that is, if its only possible values are 0 and 1.

e A function from B ,, to B is called a Boolean function of degree n.

EXAMPLE: The function F (x, y) = x y from the set of ordered pairs of Boolean
variables to the set {0, 1} is a Boolean function of degree 2 with F (1, 1) =0, F (1,
0)=1,F(0,1)=0,and F(0,0) =0.

We display these values of F in Table.

X y F(x, y)
1 1 0
1 0 1
0 1 0
0 0 0

The Boolean expressions in the variables xi, x>...x » are defined recursively as 0, 1,
X1, X 2...X n are Boolean expressions;

If E; and E, are Boolean expressions, them E;, (E1E2), and (E1 + E;) are Boolean
expressions.

Identities of Boolean algebra

Law of the double complement: x™* = x
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Idempotent laws: x + x =X, X - X = X

Identity laws: x +0=x,x:1=x

Domination laws: x+1=1,x-0=0

Commutative laws: x+y =y + X, Xy =y X

Associative laws: x+ (y+z) = (x+y) +z,x(y z) = (x y)z
Distributive laws: x +yz=(x+y)(x+2), x(y+2z)=xy+xz

De Morgan’s laws: (xy) =x+vy, (x+y)=xy

Absorption laws: x + Xy =X, X (X +y) = X
Unit property: x + x = 1
Zero property x x=0

EXAMPLE: Prove the absorption law x(x + y) = x using the other identities of
Boolean algebra.

Solution: x(x +y) = (x + 0) (x + y) Identity law for the Boolean sum
=x+0-y Distributive law

=x+y-0 Commutative law

=x+0 Domination law
=X Identity law
Duality

The dual of a Boolean expression is obtained by interchanging Boolean sums and
Boolean products and interchanging Os and 1s.

EXAMPLE: Find the duals of x(y + 0) and x - 1 + (y + z).

Solution: Interchanging - signs and + signs and interchanging Os and 1s. The duals
arex+(y-1)and (x +0) (y z), respectively.
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The Abstract Definition of a Boolean Algebra

DEFINITION: A Boolean Algebra is a set B with two binary operations V and A,
elements 0 and 1, and a unary operation such that these properties hold for all x,
y,and z in B:

Identity laws: x VO =x,x A1l=x

Complement laws: xVx=1,xAx=0

Associative laws: (x VY)Vz=xV(yVz), (x Ay)Az=xA(yAz)
Commutative laws: xVy=yV X, XAy=y AX

Distributive laws: x V(yAz)=(XVY)A(xV z),xA(yVz)=(XAy)V (xAz)
Sum-of-Products Expansions

EXAMPLE: Find Boolean expressions that represent the functions F (x, y, z ) and
G(x, Y, z).

O OO OR PR R P|x
OCOFrR PFrPROOLPRR|I<
OROFRORFR OR|N
Oo0oo0oo0oor OO
ocoorooor ol

Solution: An expression that has the value 1 when x =z =1 and y = 0, and the
value 0 otherwise, is needed to represent F.

To represent G, we need an expression that equals 1 whenx=y=1and z=0, or x
=z=0andy=1.

DEFINITION: A literal is a Boolean variable or its complement.
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A Min-term of the Boolean variables xi, X,..., X » is a Boolean product y1y2 *** y 1,
where y ; = xi or y; = x ;. Hence, a min-term is a product of n literals, with one
literal for each variable.

EXAMPLE: Find a min-term that equals 1 if x; = x3 =0 and x = x4 = x5 = 1, and
equals O otherwise.

Solution: The midterm x;x,x3XsXs has the correct set of values.
Functional Completeness

e Each min-term is the Boolean product of Boolean variables or their
complements.

e Shows that every Boolean function can be represented using the Boolean
operators -, +, and —. Because every Boolean function can be represented
using these operators we say that the set {:, +, -} is functionally complete.

We can eliminate all Boolean sums using the identity x+y=xy

Optimization
Linear Programming

e Problems which seek to maximize (or, minimize) profit (or, cost) form a
general class of problems called optimization problems.

e A special but a very important class of optimization is linear programming
problem.

A linear programming (LP) problem is an optimization problem that can be
written

Maximize: ¢ x
Subjectto: Ax<b

Where A is a given g x n matrix, c is a given row vector of length n, and b is a given
column vector of length q.

Linear programming problem
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A linear programming problem is one that is concerned with finding the optimal
value (maximum or minimum) of a linear function of several variables (called
objective function) subject to the conditions that:

1. The variables are non-negative and satisfy a set of linear inequalities (called
linear constraints).
2. Variables are sometimes called decision variables and are non-negative.

Objective function: Linear function Z = ax+ by, where a, b are constants, which
has to be maximized or minimized is called a linear objective function.

Constraints: The linear inequalities or equations or restrictions on the variables of
a linear programming problem are called constraints.

Optimization problem: A problem which seeks to maximize or minimize a linear
function subject to certain constraints as determined by a set of linear inequalities
is called an Optimization problem.

The common region determined by all the constraints including the non-negative
constraints x 2 0, y 2 0 of a linear programming problem is called feasible region
(or solution region) for the problem.

1. Points within and on the boundary of the feasible region represent feasible
solutions of the constraints.
2. Any point outside the feasible region is an infeasible solution.

Optimal Solution

Any point in the feasible region that gives the optimal value (maximum or
minimum) of the objective function is called an optimal solution.

Theorem 1 Let R be the feasible region (Convex Polygon) for a linear
programming problem and let Z = ax+ by be the Objective function. When Z has
an optimal value (maximum or minimum), where the variables x and y are subject
to constraints described by linear inequalities, this optimal value must occur at a
corner point (vertex) of the feasible region.
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Theorem 2 Let R be the feasible region for a linear programming problem and let
Z = ax+ by be the Objective function. If R is bounded, then the objective function Z
has both a maximum and a minimum value on R and each of these occurs at a
corner point (vertex) of R. A corner point of a feasible region is a point in the
region which is the intersection of two boundary lines.

» X220 Constraints

Y=0

v

Bounded and Unbounded
A feasible region of a system of linear inequalities is said to be bounded.

e Ifit can be enclosed within a circle. Otherwise, it is called unbounded.
e Unbounded means that the feasible region does not extend indefinitely in
any direction.

Corner Point Method (Steps)

1. Find the feasible region of the linear programming problem and
determine its corner point either by inspection or by solving the two
equations of the lines intersecting at that point.

2. Evaluate the objective function Z = ax+ by at each corner point. Let M
and m, respectively denote the largest and smallest values of these
points.

3. When the feasible region is bounded, M and m are the maximum
and minimum value of Z.

4. In case feasible region is unbounded, we have:

a) M is the maximum value of Z, if the open half plane determined by ax
+ by > M has no point in common with the feasible region.
Otherwise, Z has no maximum value.
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b) Similarly, m is the minimum value of Z, if the open half plane
determined by ax + by > M has no point in common with the feasible
region. Otherwise, Z has no minimum value.

Corner Point Solution

The optimal solution to LPP, if it exists, occurs at the corners of the feasible

region.

The method includes the following steps:

Step 1: Find the feasible region of the LPP.

Step 2: Find the co-ordinates of each vertex of the feasible region. These
co-ordinates can be obtained from the graph or by solving the equation of
the line s.

Step 3: At each vertex (corner point) compute the value of the objective
function.

Step 4: ldentify the corner point at which the value of the objective
function maximum (or minimum depending on the LP).

The co-ordinates of this vertex are the optimal solution and the value of Z is
the optimal value.

Different types of linear programming

Example: Maximize y

-x+y<1
3x+2y <12
2x+3y <12

x,y20

e The feasible integer points are shown in red, and the red dashed lines
indicate their convex hull, which is the smallest convex polyhedron that
contains all of these points.
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e The blue lines together with the coordinate axes define the polyhedron
of the LP relaxation, which is given by the inequalities without the
integrality constraint.

e The goal of the optimization is to move the black dotted line as far
upward while still touching the polyhedron. The optimal solutions of the
integer problem are the points and which both have an objective value
of 2.

e The unique optimum of the relaxation is with objective value of 2.8. If
the solution of the relaxation is rounded to the nearest integers, it is not
feasible for the ILP.

Y
.‘ AN 3
3 A LFOpt

IP polytypic with LP relaxation

LINEAR PROGRAMMING - SIMPLEX METHOD

e |f the linear programming problem has larger number of variables, the
suitable method for solving is Simplex Method.

The Simplex method also helps the decision maker/manager to identify the
following:

» Redundant Constraints
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» Multiple Solutions
» Unbounded Solution
» Infeasible Problem

Basics of Simplex Method

The basic of simplex method is explained with the following linear programming

problem.
Example:
Maximize
60x1 + 70x;
Subject to:
2x1 + X2 <300

3x1 + 4x, < 509
4x1 + 7% < 812
X1, X220
Solution: First we introduce the variables ss, s4, 552 0
So that the constraints becomes equations, thus
2X1 + X2 + S3 =300
3x;+4x, +s; =509
4x1 + 7x; +s5=812

Corresponding to the three constraints, the variables s3, s4, s5 are called as slack
variables.

There are two types of solutions they are basic and basic feasible, which are
discussed as follows:
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Basic Solution

e We may equate any two variables to zero in the above system of equations,
and then the system will have three variables.

e Thus, if this system of three equations with three variables is solvable such
a solution is called as basic solution.

e The variables s3, s4, and s5 are known as basic variables where as the
variables x1, x2 are known as non-basic variables.

Basic Feasible Solution

e A basic solution of a linear programming problem is called as basic feasible
solutions if it is feasible it means all the variables are non-negative.
e The solution s3=300, s4=509 and s5=812 is a basic feasible solution.

Simplex Method Computation
Consider the following linear programming problem
Maximize
60x1 + 70x,
Subject to:
2X1 + X2+ S3 =300
3x1+9%x, +s; =509
4x1 + 7x; +s5=812
X1, X2, S3, Sa, S5 2 0
The profit Z = 60x; + 70x, i.e. Maximize 60x; + 70x,

The standard form can be summarized in a compact table form as

| Variables XB X1 X2 S3 S4 Ss |
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0 S3 300 2 1 1 0 0
0 S4 509 3 4 0 1 0
0 Ss 812 4 7 0 0 1

z -60 -70 0 0 0 0

Consider the first equation 2x; + x; + s3 =300

2X1+ 53 =300—x%2(x1=0,s320)

300-x220i.e.x,£300

Second equation: 3x; + 9x; + s4 = 509

3X1 +54=509 -4x,(x1 =0, s4>0)

509-9x,20

So, x 2 509/9

Third equation: 4x; + 7x; +s5=812

4x1+55=812-7x2 (x1=0, s5 > 0)

812-7x,20

So, x2>812/7

Therefore the three equations: x, <300, x , > 509/9, x, > 812/7
Thus x2=Min (x2< 300, x , > 509/9, x, > 812/7)

So, x2=Min (x< 300/1, x ;2 509/9, x,> 812/7) = 116
Therefore x, =116, if x,=116, you may be note from the third equation
7% +s5 =812 i.e. s5=0 So, x, = 812/7 = 116

Thus, the variable s5 becomes non-basic in the next iteration.

The other two basic variables are
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53=300 -X2= 184
S4=509 - 4*116 = 45
Using the following rules the Table 2 is computed from the Table 1.

i. The revised basic variables are s3, s4 and x2. Accordingly, we make CB1=0,
CB,=0 and CB3=70.

ii. As x2 is the incoming basic variable we make the coefficient of x, one by
dividing each element of row-3 by 7. Thus the numerical value of the
element corresponding to x; is 4/7, corresponding to ssis 1/7 in Table 2.

iii.  The incoming basic variable should appear only in the third row. So we
multiply the third-row of Table 2 by 1 and subtract it from the first-row of
Table 1 element by element. Thus the element corresponding to x; in the
first-row of Table 2 is 0.

Therefore the element corresponding to x; is 2-1*4/7=10/7 and the element
corresponding to ssis 0-1*1/7=-1/7

In this way we obtain the elements of the first and the second row in Table 2. In
Table 2 the numerical values can also be calculated in a similar way.

Variables XB X1 X2 S3 S4 Ss
0 S3 184 10/7 1 1 0 -1/7
0 s4 45 5/7 4 0 1 -4/7
0 Ss 116 4/7 7 0 0 1/7
Zji—Cj -140/7 O 0 0 70/7

z;-¢1=10/7*0+ 5/7*0 + 70*4/7 - 60 = -140/7
Zs—Cs=-1/7*0-4/7*0+ 1/7*70-0=70/7

i. Now we apply rule (1) to Table 2. Here the only negative zj-c j is z;-c1 = -
140/7
Hence x1 should become a basic variable at the next iteration.
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ii.  This minimum occurs corresponding to s4, it becomes a non basic variable
in next iteration.

G Basic

Variables XB X1 X2 S3 S4 Sg
0 S3 94 10/7 1 1 -2 1
0 Sa 63 5/7 4 0 7/5 -4/5
0 Ss 80 4/7 7 0 -4/5 3/5
Zj—Cj 0 0 0 28 -6

1. Now we apply rule (1) to Table 2. Here the only negative Z j-C j is z1-¢; = -
140/7
2. We compute the minimum of the ratio

Min (180/10/7,45/5/7, 116/4/7) = Min (644/5, 63, 203) = 63

This minimum occurs corresponding to sg4; it becomes a non basic variable
in next iteration.

1. z5—cs < 0 should be made a basic variable in the next iteration.

2. Now compute the minimum ratios

Min (94/1, 80/3/5) = 94

Since y»s = -4/5 < 0, the corresponding ratio is not taken for comparison.
The variable s3 becomes non basic in the next iteration.

Variables XB X1 X2 S3 S Ss
0 S3 94 10/7 1 1 2 1
0 Sa 691/5 5/7 4 4/5 -1/5 0
0 Ss 118/5 4/7 7 -3/5 2/5 0
Zj—Cj 0 0 6 16 0
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Thus, the objective function is maximized for x; = 691/5 and x,=118/5 and the
maximum value of the objective function is 9944.

Key Terms
Basic Variable: Variable of a basic feasible solution has n non-negative value.
Non Basic Variable: Variable of a feasible solution has a value equal to zero.

Artificial Variable: A non-negative variable introduced to provide basic feasible
solution and initiate the simplex procedures.

Slack Variable: A variable corresponding to a < type constraint is a non-negative
variable introduced to convert the inequalities into equations.

Surplus Variable: A variable corresponding to a > type constraint is a non-
negative variable introduced to convert the constraint into equations.

Basic Solution: System of m-equation and n-variables i.e. m<n is a solution where
at least n-m variables are zero.

Basic Feasible Solution: System of m-equation and n-variables i.e. m<n is a
solution where m variables are non-negative and n-m variables are zero.

Optimum Solution: A solution where the objective function is minimized or
maximized.

DUAL LINEAR PROGRAMMING PROBLEMS

For every linear programming problem there is a corresponding linear
programming problem called the dual.

Dual Problem Formulation

If the original problem is in the standard form then the dual problem can be
formulated using the following rules:
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The number of constraints in the original problem is equal to the number of
dual variables. The number of constraints in the dual problem is equal to
the number of variables in the original problem.

The original problem profit coefficients appear on the right hand side of the
dual problem constraints.

If the original problem is a maximization problem then the dual problem is
a minimization problem. Similarly, if the original problem is a minimization
problem then the dual problem is a maximization problem.

The original problem has less than or equal to (<) type of constraints while
the dual problem has greater than or equal to (2) type constraints.

The coefficients of the constraints of the original problem which appear
from left to right are placed from top to bottom in the constraints of the
dual problem and vice versa.

Simple Way of Solving Dual Problem

Minimize: P = x1 + 2x,

Subject to: x; +x,> 8

2X1+ X2 212

X121

Solution: Step 1: Set up the P-matrix and its transpose

1 1 8 1 2 1 1
2 1 12 1 1 0 y)
1 0 1 8 12 1 0
1 2 0

Step 2: Form the objective function and constraints for the dual

W1+2W2+W1$1
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W1+W2+W1$2
Z=8w;=12w;,+2

Step 3: Construct the initial simplex tableau for the dual

1 2 1 1 0 0 1
1 1 0 0 1 0 2
-8 -12 -1 0 0 1 0

The most negative number in the bottom row to the left of the last column is -12.
This establishes the pivot column. The smallest non- negative ratio is %.

Step 4: Pivoting

Pivoting about the 2 we get:

1 2 1 1 0 0 1
1/2 0 -1/2 -1/2 1 0 3/2
-2 0 5 6 0 1 6

1/2 1 1/2 1/2 0 0 1/2
1 1 0 0 1 0 2
-8 -12 -1 0 0 1 0

The most negative entry in the bottom row to the left of the last column is -2

Pivoting about the 1/ 2

1/2 1 1/2 1/2 0 0 1/2
1/2 0 -1/2 -1/2 1 0 3/2
-2 0 5 6 0 1 6
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Therefore, the optimum solution providing by x;=8 and x,=0

1 2 1 1 0 0 1
0 -1 -1 -1 1 0 1
0 4 7 8 0 1 8

Therefore, the optimum solution providing by x; = 8 and x, = 0.The minimum value
is 8.
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1. Which of the following

statement is a proposition?

a) Get me a glass of milkshake.

b) God bless you!

c) What is the time now?

d) The only odd prime number
is 2

Answer: d

Explanation: Only this
statement has got the truth
value which is false.

2. The truth value of ‘4+3=7 or 5 is

not prime’.
a) False
b) True

Answer: b
Explanation: Compound
statement with ‘or’ is true

when either of the statement is

true. Here the first part of the
statement is true, hence the
whole is true.

3. Which of the following option is

true?

a) If the Sunis a planet,
elephants will fly

b) 3+2=8if5-2=7

c) 1>3and 3is a positive
integer

d) -2 >3 or3isa negative
integer

Answer: a

Explanation: Hypothesis is
false, thus the whole
statement is true.

4. What is the value of x after this
statement, assuming the initial
value of x are 5?

‘If x equals to one then x=x+2
else x=0'.
a)1l

b) 3

c)0

d) 2

Answer: c

Explanation: If condition is
false so value decided
according to else condition.

5. Let P:lamin Bangalore; Q: |
love cricket; then g -> p(q
implies p) is?

a) If I love cricket then | amin
Bangalore

b) If l am in Bangalore then |
love cricket

c) lam notin Bangalore
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d) Ilove cricket Answer: d
Explanation: Output of and is
Answer: a 1 when both other inputs are one.

Explanation: Q is hypothesis . .
. . 8. How many bits string of length 4
and P is conclusion. So the )
. are possible such that they
compound statement will ]
i _ contain 2 ones and 2 zeroes?
be if hypothesis then

, a)4
conclusion.
b) 2
. . o c)5
6. Which of the following bits is the 46
negation of the bits “010110”?
a) 111001 Answer: d
b) 001001 Explanation: The strings are
c) 101001 {0011, 0110, 1001, 1100, 1010 and
d) 111111 0101}.

9. If a bit string contains {0, 1} only,
having length 5 has no more
than 2 ones in it. Then how

Answer: c
Explanation: Flip each of

the bits to get the negation many such bit strings are
of the required string. possible?
a) 14
7. Which of the following option is b) 12
suitable, if A is “10110110”, B Z) 1'2
is”11100000” and C )
is”10100000"? Answer: d
2) C=A or B Explanatifzn: The totfal jc,trings
are 1(having no one in it)
b) C="A +5(having 1 one in it) +10
c)C="B (having 2 ones in it) = 16.
d) C=Aand B

10. If Ais “001100” and B is
“010101” then what is the value
of A (Ex-or) B?
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a) 000000
b) 111111
c) 001101
d) 011001

Answer: d

Explanation: In Ex-or if both
the inputs are same then
output is 0 otherwise 1.

Let P and Q be statements, then
P<->Q is logically equivalent to

a) P<->~Q

b) ~P<->Q

c) “P<->~Q

d) None of the mentioned

Answer: c

Explanation: Both of them
have same truth table, hence
they are equal.

What is the negation of the
statement A-> (B v (or) C)?
a)AA~BA~C

b) A->B->C

c)“AABVC

d) None of the mentioned

Answer: a
Explanation: A->P is logically
equivalentto~ A v P.

13.

14.

15.

The compound statement A->
(A->B) is false, then the truth
values of A, B are respectively

a)T, T
b)F, T
)T, F
d)F,F

Answer: ¢

Explanation: For implications
to be false hypothesis should

be true and conclusion should
be false

The statement which is logically
equivalent to AA (and) B is?

a) A->B

b) ~AA~B

c)AA~B

d) ~(A->~B)

Answer: d
Explanation: The truth table of
both statements is same.

Let P, Q, R be true, false true,
respectively, which of the
following is true?

a) PAQAR

b) PA~YQA~R

c) Q->(PAR)

d) P->(QAR)
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Answer: c
Explanation: Hypothesis is
false, hence statement is true.

16. If there are ‘M’ switches in

17.

series numbered from 1, 2, ...,
M. For circuit to be complete
and bulb to glow which of the
following is necessary?

a) IA2A 3 A ... AM should be
on.

b) 1A 2A 3 A ... AM should be
off.
c)lv2v3v..vMshould be
on.

d) None of the mentioned.

Answer: a

Explanation: All should be on
in-order to complete the
circuit.

Which of the following
statements is the negation of
the statements “4 is odd or -9 is
positive”?

a) 4 is even or -9 is not negative.

b) 4 is odd or -9 is not negative.
c) 4 is even and -9 is negative.
d) 4 is odd and -9 is not
negative.

18.

19.

Answer: c

Explanation: Using De
Morgan’s Law ~ (A V B) <> ~A
A~B

Which of the following
represents: ~A (negation of A) if
A stands for “I like badminton
but hate math’s”?

a) | hate badminton and math’s
b) | do not like badminton or
math’s

¢) | dislike badminton but love
math’s

d) | hate badminton or like
math’s

Answer: d
Explanation: De Morgan’s Law
~(AAB) &> ~AV~B.

The compound statement Av
~(A A B).

a) True

b) False

Answer: a

Explanation: Applying De-
Morgan’s law we get Av~ A =
Tautology.

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

20. Which of the following is De-
Morgan’s law?
a)PA(QVR)Z(PAQ)V(PAR)
b)~(P AR)=~Pv~R,~(PVR) =
~P A~R
c)Pv~P=True, PA~PZ False
d) None of the mentioned

Answer: b
Explanation: Definition of De—
Morgan’s Law.

21. A compound proposition that is
always is called a

tautology.
a) True
b) False

Answer: a
Explanation: Tautology is
always true.

22. If Ais any statement, then
which of the following is a
tautology?
a)AAF
b)AVF
c)AV-A
dAAT

Answer: c
Explanation: A V -A is always
true.

23. A compound proposition that
is neither a tautology nor a
contradiction is called a

a) Contingency
b) Equivalence
c¢) Condition
d) Inference

Answer: a
Explanation: Definition of

contingency.

24, -(AVg)A(AAQ)isa

a) Tautology

b) Contradiction

c) Contingency

d) None of the mentioned

Answer: b

Explanation: = (-FAA-q) A (AA
a)

=(FAANA)A(-qAQ)
=FAF=F.

25. The contra positive of p = q
is the proposition of

a)-p 2> -q
b)-q 2> -p
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c)g—>p
d-g->p

Answer: b
Explanation: Definition of
contra positive.

26.The inverse of p - q is the
proposition of
a)-p~>-q
b) -q > -p
c)a->p
d-q->p

Answer: a
Explanation: Definition of
inverse.

27.The converse of p = qis the
proposition of

a)-p—>-q
b) -q > -p
cJag->p

d-qg->p

Answer: c
Explanation: Definition of
converse.

28.What is the contra positive of
the conditional statement? “The
home team misses whenever it
is drizzling?”

a) If it is drizzling, then home
team misses

b) If the home team misses, then
it is drizzling

c) If it is not drizzling, then the
home team does not misses

d) If the home team wins, then it
is not drizzling

Answer: d
Explanation: g whenever p
contra positive is -q - -p.

29. What is the converse of the
conditional statement “If it ices
today, | will play ice hockey
tomorrow.”

a) “I will play ice hockey
tomorrow only if it ices today.”
b) “If | do not play ice hockey
tomorrow, then it will not have
iced today.”

c) “If it does not ice today, then |
will not play ice hockey
tomorrow.”

d) “I will not play ice hockey
tomorrow only if it ices today.”

Answer: a
Explanation: If p, then g has
converse q = p.
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30. What are the converse of the
conditional statement “When
Raj stay up late, it is necessary
that Raj sleep until noon.”

a) “If Raj stay up late, then Raj
sleep until noon.”

b) “If Raj does not stay up late,
then Raj does not sleep until
noon.”

c) “If Raj does not sleep until

noon, then Raj does not stay up

late.”
d) “If Raj sleep until noon, then
Raj stay up late.”

Answer: d

Explanation: Necessary
condition for p is q has
converse q = p.

31.The compound propositions p
and g are called logically
equivalent if is a
tautology.
a)p<>q
b)p—>q
c)-(pVa)
d)-pV-q

Answer: a
Explanation: Definition of
logical equivalence.

32. p = qis logically equivalent to

a)-pV-q
b)pV-q
c)-pVq
d-pAq

Answer: c
Explanation: (p > q) <> (-p V
q) is tautology.

33.Let P (x) denote the statement “x
>7.” Which of these have truth
value true?

a) P (0)
b) P (4)
c) P (6)
d) P (9)

Answer: d
Explanation: Put x=9, 9>7
which is true.

34.Let Q(x, y) denote “M + A=0."
What is the truth value of the
quantifications JAVM Q (M, A).
a) True
b) False

Answer: b

Explanation: For each A there
exist only one M, because
there is no real number A such
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that M + A =0 for all real
numbers M.

35.Which rule of inference is used

in each of these arguments, “If it
is Wednesday, then the Smart-
mart will be crowded. It is
Wednesday. Thus, the Smart-
mart is crowded.”

a) Modus Tollens

b) Modus ponens

c) Disjunctive syllogism

d) Simplification

Answer: b
Explanation: (M A (M = N)) >
N is Modus ponens.

36.Let the statement be “If n is not

an odd integer then square of n
is not odd.”, then if P(n) is “n is

an not an odd integer” and Q(n)
is “(square of n) is not odd.” For
direct proof we should prove

a)vVnP((n)—>Q(n)

b) 3 nP((n) > Q(n))

c) vn~(P ((n)) = Q(n))
d) V nP((n) = ~(Q(n)))

Answer: a
Explanation: Definition of
direct proof.

Discrete Structures and Optimization Unit - 1 MCQs

37.{x: x is an integer neither positive
nor negative} is -

a) Empty set

b) Non-empty set

c) Finite set

d) Non- empty and Finite set

Answer: d
Explanation: Set = {0} non-
empty and finite set.

38.A is an ordered
collection of objects.
a) Relation
b) Function
c) Set

d) Proposition

Answer: ¢
Explanation: By the definition
of set.

39.The union of the sets {1, 2, 5}
and {1, 2, 6} is the set

a){1, 2,6, 1}
b) {1, 2, 5, 6}
c){1,2,1,2}
d) {1, 5, 6, 3}

Answer: b
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Explanation: The union of the
sets A and B is the set that
contains those elements that
are eitherin Aorin B.

40. Let the set Ais {1, 2,3}and B is
{2, 3, 4}. Then the number of
elementsin AUB is?
a)4d
b) 5
c)6
d) 7

Answer: a
Explanation: AUBis {1, 2, 3, 4}.

41.In which of the following sets A —
Bis equaltoB—A?
a)A={1,2,3},B={2, 3,4}
b)A={1,2,3},B={1, 2, 3, 4}
c)A={1,2,3},B={2,3,1}
d A={1,23,4,5,6},B={2, 3,
4,5, 1}

Answer: c
Explanation: A- B= B-A = Empty
set.

42.1f A has 4 elements B has 8
elements then the minimum and
maximum number of elements
inAUBare
a)4,8

b) 8, 12
c)4,12
d) None of the mentioned

Answer: b

Explanation: Minimum would
be when 4 elements are same
as in 8, maximum would be
when all are distinct.

43.The shaded area of figure is best
described by?

a) AnB
b)AUB
c)A
d)B

Answer: a
Explanation: The region is A
intersection B.

44.1f n (A)=20and n (B) =30and n
(A UB)=40then n(A N B)is?
a) 20
b) 30
c) 40
d) 10

| DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

Answer: d
Explanation:n (AU B) =n (A) +
n(B) —n(A n B).

45.The relation between sets A, B, C
as shown by Venn diagram is

a) A'is subset of B and B is subset
of C

b) Cis not a subset of Aand A is
subset of B

c) Cis subset of B and B is subset
of A

d) None of the mentioned

Answer: c

Explanation: As set C is totally
inside set B, set B is totally
inside set A.

46.1f n (A) =10, n (B) =30, n (C) =50
and if set A, B, C are pair-wise
disjoint then which of the
following is correct?
a) n(A U B)=0
b) n(B U C)=0
c)n(AUBUC)=90
d) All of the mentioned

Answer: d
Explanation: All the statements
are true based on definition.

47.Let C and D be two sets then
which of the following
statements are true?

JCuUD=DUC
i)CNnD=DNC

a) Both of the statements
b) only | statement
c) Only ii statement
d) none of the statements

Answer: a
Explanation: Commutative laws
hold good in sets.

48.1f set Cis {1, 2,3,4}and C-D =
® then set D can be

a){1,2,4,5}

b) {1, 2, 3}

c){1, 2,3,4,5}

d) None of the mentioned

Answer: c
Explanation: C n D should be
equivalentto CforC—-D = Q.

49.Let C and D be two sets then C -
D is equivalent to
a)C'nD
b) C‘n D’
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c)CnD
d) None of the mentioned

Answer: c

Explanation: Set C-D will be
having those elements which
are in C but notin D.

50.Let set A ={1, 2} and C be {3, 4}
then A X B (Cartesian product of
set A and B) is?

a){1, 2,3, 4}

b) {(1, 3),(2, 4)}

c){(1, 3), (2, 4), (1, 4), (2, 3)}

d) {(3, 1), (4, 1)}

Answer: ¢
Explanation: In set A X B: {(c, d)
|c € Aand d € B}.

51.If set A has 4 elements and B has

3 elements then set n(A X B) is?
a) 12

b) 14

c) 24

d) 7

Answer: a
Explanation: The total
elementsinn(AXB)=n(A) *n

(B).

52.Which of the following

statements regarding sets is

false?
a)AXB=BXA
b) AXB#ZBXA

c)n(AXB)=n(A)*n(B)
d) All of the mentioned

Answer: a

Explanation: The Cartesian
product of sets is not
commutative.

53.If a set contains 3 elements then

the number of subsets is?
a)6

b) 3

c) 12

d)8

Answer: d

Explanation: For elements with
n elements the numbers of
subsets are 2".

54.The set containing all the

collection of subsets is known as

a) Subset

b) Power set

c¢) Union set

d) None of the mentioned

Answer: b

Explanation: Power set
contains all the subsets as its
elements.
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55.1f a set is empty then number of
subsets will be
a)1l
b) 2
c)0
d) 4

Answer: a
Explanation: The set has zero
elements so 2°=1.

56.What is the base case for the
inequality 7" > n3, where n = 3?
a) 652 > 189
b) 42 < 132
c) 343 > 27
d) 42 <= 431

Answer: ¢

Explanation: By the principle of
mathematical induction, we
have 72 >33=> 343 >27as a
base case and it is true for n =
3.

57. In the principle of mathematical
induction, which of the following
steps is mandatory?

a) induction hypothesis

b) inductive reference

c) induction set assumption
d) minimal set representation

Answer: a
Explanation: The hypothesis of
Step is a must for

mathematical induction that is
the statement is true for n = k,
where n and k are any natural
numbers, which is also called
induction assumption or
induction hypothesis.

58.Form=1, 2, .., 4m+2isa
multiple of
a) 3
b) 5
c)6
d)2

Answer: d

Explanation: Forn=1,4*1+2
= 6, which is a multiple of 2.
Assume that 4m+2 is true for
m=k and so 4k+2 is true based
on the assumption. Now, to
prove that 4k+2 is also a
multiple of 2 = 4(k+1) +2 =2
* 4k — 4k + 6 = 2*¥4k+4 — 4k+2
= 2(4k+2) — 2(2k+1). Here, the
first term 2(4k+2) is true as per
assumption and the second
term 2(4k+2) is must to be a
multiple of 2. Hence, 4(k+1)+2
is @ multiple of 2. So, by
induction hypothesis, (4m+2) is
a multiple of 2, form=1, 2, 3...

59.A polygon with 7 sides can be
triangulated into
a)7
b) 14
c)5
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d) 10

Answer: c

Explanation: A simple polygon
with n sides can be
triangulated into n-2 triangles,
where n > 2.

60.Every simple polynomial has an
interior diagonal.
a) True
b) False

Answer: a
Explanation: By using Strong
Induction.

61.A polygon with 12 sides can be
triangulated into
a)7
b) 10
c)5
d) 12

Answer: b

Explanation: A simple polygon
with n sides can be
triangulated into n-2 triangles,
where n > 2.

62. Which of the following is
contained in a recursive
grammar?

a) semantic rules
b) production rules
c) recursive language

d) recursive function

Answer: b

Explanation: In natural
language semantics, recursive
grammar plays a vital role as
well as in syntax. A recursive
grammar in a context free
language is a formal grammar
which consists of recursive
production rules.

63. is the consequence of
dynamic programming.
a) Bellman equation
b) Fresenius equation
c) Linear equation
d) Boolean expression

Answer: a

Explanation: Dynamic
programming can lead to
recursive optimization that can
restate a multistep
optimization problem in its
recursive form. The Bellman
equation that writes the value
of the optimization problem at
an earlier time in terms of its
value at a later time is the
result of dynamic
programming.

64. How many types of self-
referential recursive data are
there in computer programs?
a)6
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b) 2
c) 10
d) 4

Answer: b

Explanation: There are two
types of self-referential
definitions and these are
inductive and conductive
definitions. An inductively
defined recursive data
definition must have to specify
how to construct instances of
the data. For example, linked
lists are defined as an
inductively recursive data
definition

65.How many even 4 digit whole

numbers are there?
a) 1358
b) 7250
c) 4500
d) 3600

Answer: c

Explanation: The thousands
digit cannot be zero, so there
are 9 choices. There are 10
possibilities for the hundreds
digit and 10 possibilities for the
tens digit. The units digit can
beO, 2,4, 6 or8, sothere are 5
choices. By the basic counting
principle, the number of even
five digit whole numbers is 9 x
10 x 10 x 5 = 45,00.

66.In a multiple-choice question

paper of 15 questions, the
answers can be A, B, Cor D. The
number of different ways of
answering the question paper
are

a) 65536 x 47

b) 194536 x 4°

c) 23650 x 4°

d) 11287435

Answer: a

Explanation: There are 41> =
65536 x 4’ different ways of
answering the exam paper of
15 MCQs.

67.How many words with seven

letters are there that start with a
vowel and end with an A? Note
that they don’t have to be real
words and letters can be
repeated.

a) 45087902

b) 64387659

c) 12765800

d) 59406880

Answer: d

Explanation: The first letter
must be a vowel, so there are 5
choices. By the basic counting
principle, the number of
‘words’ is 5 x 26 x 26 x 26 x 26
x 26 x 1 =59406880.
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68. A drawer contains 12 red and 12

blue socks, all unmatched. A
person takes socks out at
random in the dark. How many
socks must he take out to be
sure that he has at least two
blue socks?

a) 18

b) 35

c) 28

d) 14

Answer: d

Explanation: Given 12 red and
12 blue socks so, in order to
take out at least 2 blue socks,
first we need to take out 12
shocks (which might end up
red in worst case) and then
take out 2 socks (which would
be definitely blue). Thus we
need to take out total 14 socks.

69.The least number of computers

required to connect 10
computers to 5 routers to
guarantee 5 computers can
directly access 5 routers is

a) 74
b) 104
c) 30
d) 67

Answer: c
Explanation: Since each 5
computer need directly

connected with each router. So
25 connections + now
remaining 5 computer, each
connected to 5 different
routers, so 5 connections = 30
connections. Hence,

cl->rl, r2,r3,r4,r5
c2->rl,r2,r3,r4, r5
c3->rl,r2,r3,r4, r5
c4->rl,r2,r3,r4, r5
c5->r1,r2,r3,r4, r5

c6->rl

c7->r2

c8->r3

c9->r4

c10->r5

Now, any pick of 5 computers
will have a direct connection to
all the 5 routers.

70.In a group of 267 people how

many friends are there who have
an identical number of friends in
that group?

a) 266

b) 2

c) 138

d) 202

Answer: b

Explanation: Now, consider the
numbers from 1 to n-1 as holes
and the n members as pigeons.
Since there is n-1 holes and n
pigeons there must exists a
hole which must contain more
than one pigeon. So, in a group
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of n members there must exist
at least two persons having
equal number of friends. A
similar case occurs when there
exist a person having no
friends.

71.How many substrings (of all
lengths inclusive) can be formed
from a character string of length
8? (Assume all characters to be
distinct)
a) 14
b) 21
c) 54
d) 37

Answer: d

Explanation: Total no of
substrings possible in n length
string (All length inclusive) = 1
+[n(n+1)/2] = 8(8+1)/2 = 37.

72.The number of diagonals can be
drawn in a hexagon is
a)9
b) 32
c) 16
d) 21

Answer: a

Explanation: A hexagon has 6
sides. We obtain the diagonals
by joining the vertices in pairs.
Total number of sides and

diagonals = ¢C, = 6+5/2%1 = 5x3
= 15. This includes its 6 sides
also. So, Diagonals =15-6=09.
Hence, the number of
diagonals is 9.

73.The number of binary strings of

17 zeros and 8 ones in which no
two ones are adjacent is

a) 43758
b) 24310
c) 32654
d) 29803

Answer: a

Explanation: First place 17
zeroes side byside _0_0_0
...0_and 8 1’s can be placed in
any of the (17+1) available
gaps hence the number of
ways = "1C, = 43758.

74.How many numbers of three

digits can be formed with digits
1,3,5,7and9?

a) 983

b) 120

c) 345

d) 5430

Answer: b
Explanation: Here number of

digits, n = 5 and number of
places to be filled-up r = 3.
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Hence, the required number
is °P3 =51 /21*31 = 120.

75.In how many ways 6 pens can be
selected from 15 identical black
pens?
a) 9*3!
b) 21
c) 14!
d)1

Answer: d

Explanation: Here the pens are
identical; the total number of
ways of selecting 6 pens is 1.

76.Find the number of ways in
which 4 people E, F, G, H, A, C
can be seated at a round table,
such that E and F must always sit
together.
a) 32
b) 290
c) 124
d) 48

Answer: d

Explanation: E and F can sit
together in all arrangements in
2! Ways. Now, the
arrangement of the 5 people in
a circle can be done in (5 - 1)!
or 24 ways. Therefore, the
total number of ways will be 24
x 2 =48.

77.There are 6 equally spaced

points A, B, C, D, E and F marked
on a circle with radius R. How
many convex heptagons of
distinctly different areas can be
drawn using these points as
vertices?

a)7!*6

b) 7C5

c)7!

d) same area

Answer: d

Explanation: Since all the
points are equally spaced;
hence the area of all the
convex heptagons will be the
same.

78.The number of words of 4

consonants and 3 vowels can be
made from 15 consonants and 5
vowels, if all the letters are
different is

a) 31 * 12C5

b) 16C4 * 4c4

c)15!*4

d) 15C4 * SC3 * 7|

Answer: d
Explanation: There are 4

consonants out of 15 can be
selected in 1°C4 ways and 3
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vowels can be selected

in °C3 ways. Therefore, the
total number of groups each
containing 4 consonants and 3
vowels = 1°C4 * 4Cs. Each group
contains 7 letters which can be
arranged in 7! Ways. Hence,
required number of words

- 15c4 * 5c3 * 7|

79.There are six movie parts

numbered from 1 to 6. Find the
number of ways in which they be
arranged so that part-1 and part-
3 are never together.

a) 876

b) 480

c) 654

d) 237

Answer: b

Explanation: The total number
of ways in which 6 part can be
arranged = 6! = 720. The total
number of ways in which part-
1 and part-3 are always
together: = 51*21 = 240.
Therefore, the total number of
arrangements, in which they
are not together is = 720 - 240
= 480.

80. Calculate sum of divisors of n =

1900.
a) 6530
b) 5346

c) 3387
d) 4123

Answer: d

Explanation: The prime
factorization of 1800 is 19 *
22 * 52 and
S(29)=1+2+4=7
S(5)=1+5+25=31
Therefore, S (1800) =19 * 7 *
31 =4123.

81.The number of even positive

integers of 3200 is
a) 24

b) 32

c) 164

d) 209

Answer: a

Explanation: To find the
number of even factors, we can
multiply the number of even
factors by the power of 2. For
3200, we have (5+ 1) (1 + 1)(2)
= 24 even factors.

82. What is the sum of divisors of
the number 18727

a) 12493
b) 5438
c) 45862
d) 654
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Answer: a

Explanation: The prime
factorization of 1872 is 13 *
32*2%andS(2Y)=1+2+4+38
+16=31,5(5%)=1+5+25=
31. Therefore, S (1872) =31 *
31*13=12493.

83.Calculate sum of divisors of n =
8620.
a) 7549
b) 54201
c) 18102
d) 654

Answer: ¢

Explanation: The prime
factorization of 1800 is 431 *

22*5and
S(2)=1+2+4=7
S(5%)=1+5=6

Therefore, S (1800) =6 * 7 *
431 =18102.

84. Assume that it is an afternoon.
What is the time on the 24 hour
clock after 146 hours?

a) 12:10 pm
b) 8:30 am
c)3am

d) 2 pm

Answer: d

Explanation: Divide 146 with
24. The remainder is the time
on the 24 hour clock. So, 146 =
6*24 + 2 and the result is 2pm.

85.Suppose, there are 7 of your

friends who want to eat pizza (8
distinct people in total). You
order a 16-cut pizza (16 identical
slices). How many distributions
of pizza slices are there if each
person gets at least one slice of
pizza?

a) 346

b) 6435

c) 3214

d) 765

Answer: b

Explanation: This problem can
be viewed as identical objects
distributed into distinct non-
empty bins. Using the formula
for these kind of distributions ™
1C,.1 = 15C; = 6435. Thus, there
are distributions of the pizza
slices.

86.The linear system Cx =d is

knownas if dl =0.
a) homogeneous

b) heterogeneous

c) non-homogeneous

d) augmented system
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Answer: c

Explanation: A linear system C
x=d is known as a
homogeneous system if d! = 0.
The homogeneous linear
system Ax =0 is called its
corresponding homogeneous
linear system.

87.2. Every linear equation
determinesa__ inn-
dimensional space for n
variables.

a) shipshape
b) hyper-plane
c) cone

d) pyramid

Answer: b

Explanation: In an m-
dimensional space, every linear
equation produces a hyper-
plane for n variables. The
solution set is the intersection
of these hyper-planes and is
planar which may have any
dimension smaller than m.

88.Determine all possibilities for the
solution set of the homogeneous
system of 5 equations in 3
unknowns and the rank of the
system is 3.
a) more than two
b) only one

c) zero
d) infinite

Answer: c

Explanation: Since the rank of
this homogeneous system
(which is always consistent)
and the number of unknowns
are equal, the only possible
solutionis zero and itis a
unique solution.

89.Computational complexity of

derangements is of
a) NP-complete

b) NP-hard

c) NP

d)P

Answer: a

Explanation: Computational
complexity of derangements is
NP-complete in order to
determine whether a given
permutation group consists of
any derangements or not.

90.Determine the number of ways

In a single competition a singing
couple from 5 boys and 5 girls
can be formed so that no girl can
sing a song with their respective
boy?

a) 123

b) 44
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c) 320
d) 21

Answer: b

Explanation: This is a case of
derangement of 5 boys and 5
girls. The required number of
ways can be described as D = 5!
(1-1/1'+1/2-1/3'+1/4! -
1/5!) =120(11/30) = 44 ways.

91.A fair coin is tossed 15 times.

Determine the probability in
which no heads turned up.
a) 2.549 * 103

b) 0.976

c) 3.051 * 10

d) 5.471

Answer: ¢

Explanation: According to the
null hypothesis it is a fair coin
and so in that case the
probability of flipping at least
59% tails is = 1°C(0.5)> = 3.051
*10°.

92.Find the value of a4 for the

recurrence relation an=2an.1+3,
with ap=6.

a) 320

b) 221

c) 141

d) 65

Discrete Structures and Optimization Unit - 1 MCQs

Answer: c

Explanation: When n=1,
a1=2ap+3, Now a=2a;+3. By
substitution, we get
a;=2(2a0+3) +3.

Regrouping the terms, we get
a;=141, where ap=6.

93.How many positive integers less
than or equal to 100 are divisible
by 2, 4 or 5?
a) 12.3
b) 87.2
c) 45.3
d) 78.2

Answer: d

Explanation: To count the
number of integers = 100/2 +
100/4 + 100/5 -100/8 — 100/20
+1 00/100
=50+25+20-128-5+1=
78.2.

94.How many binary relations are
there on a set S with 9 distinct
elements?
a) 290
b) 2100
C) 281
d) 260

Answer: c

| DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

Explanation: S is the set with 9
elements. A relationon S is
defined as S x S. There are

92 numbers of ordered pairs in
relation. So, the number of
binary relations is 2(° = 281.

95.Synonym for binary relation is

a) equivalence relation
b) dyadic relation

c) orthogonal relation

d) one to many relations

Answer: b

Explanation: A binary relation
on asetSis aset of ordered
pairs of elements of S. It is a
subset of the Cartesian product
S2=5xS. The terms
correspondence, dyadic
relation and 2-place relation
are synonyms for the binary
relation.

96.R is a binary relation on a set S

and R is reflexive if and only if

Answer: a

Explanation: Let reflexive
closure of R: r(R) =R.If R is
reflexive, it satisfies all the
condition in the definition of
reflexive closure. So, a reflexive
closure of a relation is the
smallest number of reflexive
relation contain in R. Hence, R
=r(R).

97.Amongst the properties
{reflexivity, symmetry, anti-
symmetry, transitivity} the
relation R={(a, b) € N? | al = b}
satisfies property.
a) symmetry
b) transitivity
c) anti-symmetry
d) reflexivity

Answer: a

Explanation: It is not reflexive
as a Ra is not possible. It is
symmetricasifaR bthen bR
a. It is not anti-symmetric as a
R b and b Ra are possible and
we can have al = b. Itis not
transitiveasifaRbandbRc
then a R c need not be true.
This is violated when ¢ = a. So
the answer is symmetry
property.

98.The binary relation U = @ (empty
set) onaset A={11, 23, 35} is
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99.

a) Neither reflexive nor
symmetric

b) Symmetric and reflexive
c) Transitive and reflexive
d) Transitive and symmetric

Answer: d

Explanation: U = © (empty set)
onasetA={11, 23, 35} need
to be hold Ir-reflexive,
symmetric, anti-symmetric,
asymmetric and transitive
closure property, but it is not
Reflexive as it does not contain
any self loop in itself.

The binary relation {(1,1),
(2,1), (2,2), (2,3), (2,4), (3,1),
(3,2)} on the set {1, 2, 3}is

a) reflective, symmetric and
transitive

b) ir-reflexive, symmetric and
transitive

c) neither reflective, nor ir-
reflexive but transitive

d) ir-reflexive and anti-
symmetric

Answer: ¢

Explanation: Not reflexive ->
(3,3) not present; not ir-
reflexive -> (1, 1) is present;
not symmetric -> (2, 1) is
present but not (1, 2); not anti-

symmetric — (2, 3) and (3, 2)
are present; not asymmetric ->
asymmetry requires both anti-
symmetry and ir-reflexivity. So,
it is transitive closure of
relation.

100. Consider the relation: R’ (x, y) if

101.

and only if x, y>0 over the set of
non-zero rational numbers ,then
R is

a) not equivalence relation

b) an equivalence relation

c) transitive and asymmetry
relation

d) reflexive and anti-symmetric
relation

Answer: b

Explanation: Reflexive: a, a>0
Symmetric: if a, b>0 then both
must be +ve or -ve, which
means b, a > 0 also exists
Transitive: if a, b>0 and b, c>0
then to have b as same
number, both pairs must be
positive or negative which
implies a, c>0. Hence, R’ is an
equivalence relation.

Consider the binary relation, A =
{(a,b) | b=a—1anda, b belong

to {1, 2, 3}}. The reflexive
transitive closure of A is?

a){(a, b) | a>=banda, b belong

to {1, 2, 3}}
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b) {(a, b) | a>band a, b belong
to {1, 2, 3}}

c){(a, b) | a<=band a, b belong
to {1, 2, 3}}

d) {(a, b) | a=banda, b belong
to {1, 2, 3}}

Answer: a

Explanation: By definition of
Transitive closure we have that
a is related to all smaller b (as
every a is related to b — 1) and
from the reflexive property a is
related to a.

102. The less-than relation, <, on a set

of real numbers is

a) not a partial ordering because
it is not asymmetric and ir-
reflexive  equals anti-
symmetric

b) a partial ordering since it is
asymmetric and reflexive

c) a partial ordering since it is
anti-symmetric and reflexive

d) not a partial ordering because
it is not anti-symmetric and
reflexive

Answer: a

Explanation: Relation less than
a set of real numbers is not
anti-symmetric and reflexive.
Relation is not POSET because
it is ir-reflexive. Again,a R b! =

b Raunlessa=bandsoitis
anti-symmetric. A relation may
be ‘not asymmetric and not
reflexive but still anti-
symmetric, as {(1, 1) (1, 2)}. So,
the relation is not a partial
ordering because it is not
asymmetric and ir-reflexive
equals anti-symmetric.

103. LetasetS={2, 4,8, 16, 32} and

32

16

<= be the partial order defined
by S <=R if a divides b. Number
of edges in the Hasse diagram of
is
a)6
b) 5
c)9
d) 4

Answer: b

Explanation: Hass Diagram is:
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104. Suppose X={a, b, ¢, d}and m; is
the partition of X, 1 = {{a, b, c},
d}. The number of ordered pairs
of the equivalence relations
induced by
a) 15
b) 10
c) 34
d)5

Answer: b

Explanation: The ordered pairs
of the equivalence relations
induced ={(a, a), (a, b), (a, ),
(b, a), (b, b), (b, c), (c, a), (c, b),
(c, c), (d, d)}. Po-set ->
equivalence relations = each
partition power set — O.

105. Suppose a relation R ={(3, 3), (5,
5),(5,3),(5,5),(6,6)}onS =3,
5, 6}. Here R is known as

a) equivalence relation
b) reflexive relation

c) symmetric relation
d) transitive relation

Answer: a

Explanation: Here, [3] = {3, 5},
[5] = {3, 5}, [5] = {5}. We can
see that [3] = [5] and that S/R
will be {[3], [6]} which is a
partition of S. Thus, we can

choose either {3, 6} or {5, 6} as
a set of representatives of the
equivalence classes.

106. Consider the congruence 45=3

(mod 7). Find the set of
equivalence class
representatives.
a){..,0,7, 14,28, ...}
b){..,-3,0,6, 21, ...}
c){.,0,4,8,16,..}
d){..., 3, 8,15, 21, ...}

Answer: a

Explanation: Now, for integers
n, a and b, we have congruence
a = b (mod n), then the set of
equivalence classes are {..., -2n,
-n, 0, n, 2n, ..}, {..., 1-2n, 1-n, 1,
1+n, 1+2n,...}. The required
answeris{..., 0,7, 14, 28 ...}.

107. Which of the following relations

is the reflexive relation over the
set{1, 2, 3, 4}?

a) {(0,0), (1,1), (2,2), (2,3)}

b) {(1,1), (1,2), (2,2), (3,3), (4,3),
(4,4)}

c) {,(1,1), (1,2), (2,1), (2,3), (3,4)}
d) {(0,1), (1,1), (2,3), (2,2), (3,4),
(3,1)

Answer: b

Explanation: {(1,1), (1,2), (2,2),
(3,3), (4,3), (4,4)} is a reflexive
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108.

109.

relation because it contains set
={(1,1), (2,2), (3,3), (4,4)}.

A directed graph or digraph can
have directed cycle in which

a) starting node and ending node
are different

b) starting node and ending
node are same

c) minimum four vertices can be
there

d) ending node does not exist

Answer: b

Explanation: If the start node
and end node are same in the
path of a graph then it is
termed as directed cycle i.e.,
Co=Cn. Forinstance,acbaisa
simple cycle in which start and
end nodes are same (a). But, a
c b b ais not asimple cycle as
there is a loop <b, b>.

Let, D = <A, R> be a directed
graph or di-graph, then D’ = <A’,
R’>is a sub-graph if

a)A’cAandR’'=Rn (A" xA’)
b)A”cAandRc R n (A’ xA’)
c)R"=RN (A" xA’)

dA”CAandRES R n (A" xA)

Answer: a

Explanation: The relation R is

called the incidence relation on

D. Now, a digraph is a sub-

graph of D if

i) A'CA

ii) R"=Rn (A’xA’).IfD’'D,
D’ is a proper sub-graph
of D.

110. The graph representing universal

111.

relation is called

a) complete digraph
b) partial digraph

c) empty graph

d) partial sub-graph

Answer: a

Explanation: Consider, Ais a
graph with vertices {a, b, c, d}
and the universal relation is A x
A. The graph representing
universal relation is called a
complete graph and all ordered
pairs are present there.

Hass diagrams are first made by

a) A.R. Hass
b) Helmut Hass
c) Dennis Hass
d) T.P. Hass

Answer: b
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Explanation: Hass diagrams
can be described as the
transitive reduction as an
abstract directed acyclic graph.
This graph drawing techniques
are constructed by Helmut
Hass (1948).

If a partial order is drawn as a
Hass diagram in which no two
edges cross, its covering graph is
called _

a) upward planar

b) downward planar

c) lattice

d) bi-connected components

Answer: a

Explanation: In a Hass diagram
if no two edges cross each
other in the drawing of partial
order Hass diagram, then its
covering graph called the
upward planar.

If the partial order of a set has at
most one minimal element, then
to test whether it has a non-
crossing Hass diagram its time
complexity

a) NP-complete

b) O(n?)

c) O(n+2)

d) O(n3)

Answer: a

Explanation: If the partial
order has at most one minimal
element, or it has at most one
maximal element, then to test
whether a partial order with
multiple sources and sinks can
be drawn as a crossing-free
Hass diagram or not it’s time
complexity is NP-complete.

114. A Po-set in which every pair of

115.

elements has both a least upper
bound and a greatest lower
bound is termed as

a) sub-lattice

b) lattice

c) trail

d) walk

Answer: b

Explanation: A Po-set in which
every pair of elements has
both a least upper bound and a
greatest lower bound is called
a lattice. A lattice can contain
sub-lattices which are subsets
of that lattice.

In the Po-set (Z*, |) (where Z*is
the set of all positive integers
and | is the divides relation) are
the integers 9 and 351
comparable?

a) comparable
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b) not comparable

c) comparable but not
determined

d) determined but not
comparable

Answer: a

Explanation: The two integers
9 and 351 are comparable
since 9|351 i.e., 9 divides 351.
But 5and 127 are not
comparable since 5 | 127 i.e.5
does not divide 127.

If every two elements of a Po-set

are comparable then the Po-set
is called

a) sub ordered Po-set

b) totally ordered Po-set

c) sub lattice

d) semi-group

Answer: b

Explanation: A Po-set (P, <=) is
known as totally ordered if
every two elements of the Po-
set are comparable. “<="is
called a total order and a
totally ordered set is also
termed as a chain.

The maximum number of edges
in a bipartite graph on 14
vertices is

a) 56

b) 14

c) 49
d) 87

Answer: ¢

Explanation: Number of edges
in a complete bipartite graph is
a*b, where a and b are no. of
vertices on each side. This
guantity is maximum when a =
b i.e. when there are 7 vertices
on each side. So answeris 7 * 7
=49,

118.Ina the degree of each
and every vertex is equal.
a) regular graph
b) point graph
c) star graph
d) Euler graph

Answer: c

Explanation: A regular graph
has the same degree in each of
its vertices. In a regular
bipartite graph, if the common
degree of each vertex is 1, the
two parts are of the same size.

119. The time complexity to test
whether a graph is bipartite or
not is said to be using
depth first search.

a) O(n3)

b) linear time
c) O(1)

d) O(nlogn)
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120.

121.

Answer: b

In a 7-node directed cyclic
graph, the number of
Hamiltonian cycle is to be

a) 728
b) 450
c) 360
d) 260

Answer: c

Explanation: In an n-complete
graph, there is (n-1)! /2
Hamiltonian cycles and so the
answer is 360. (7-1)! /2

If each and every vertex in G has
degree at most 23 then G can
have a vertex coloring of

a) 24
b) 23
c) 176
d) 54

Answer: a

Explanation: A vertex coloring
of a graph G = (V’, E’) with m
colors is a mapping f: V' -> {1,
m} such that f (u)! = f (v) for
every (u, v) belongs to E’. Since
in worst case the graph can be
complete, d+ 1 color are
necessary for graph containing

vertices with degree at must’s’.

So, the required answer is 24.

122. Triangle free graphs have the

property of clique number is

a) less than 2

b) equal to 2
c) greater than 3
d) more than 10

Answer: d

Explanation: In an undirected
triangle-free graph no three
vertices can form a triangle of
edges. It can be described as
graphs with cligue number less
than 2 and the graphs with
girth greater than 4.

123. A bridge cannot be a part of

a) a simple cycle

b) a tree

c) a cligue with size > 3 whose
every edge is a bridge

d) a graph which contains cycles

Answer: a

Explanation: In a connected
graph, a bridge is an edge
whose removal disconnects the
graph. In a cycle if we remove
an edge, it will still be
connected. So, bridge cannot
be part of a cycle. A clique is
any complete sub-graph of a
graph.
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124. Any subset of edges that

125.

connects all the vertices and has
minimum total weight, if all the
edge weights of an undirected
graph are positive is called

a) sub-graph

b) tree

c) Hamiltonian cycle
d) grid

Answer: b

Explanation: If all the edge
weights of an undirected graph
are positive, any subset of
edges that connects all the
vertices and has minimum total
weight is termed as a tree. In
this case, we need to have a
minimum spanning tree need
to be exact.

G is a simple undirected graph
and some vertices of G are of
odd degree. Add anodento G
and make it adjacent to each
odd degree vertex of G. The
resultant graph is

a) Complete bipartite graph

b) Hamiltonian cycle

c) Regular graph

d) Euler graph

Answer: d

126. A graph which has the same

number of edges as its

127.

complement must have number
of vertices congruent to

or modulo 4(for
integral values of number of
edges).

a) 6k, 6k-1

b) 4k, 4k+1

c) k, k+2

d) 2k+1, k

Answer: ¢

Explanation: By using invariant
of isomorphism and property
of edges of graph and its
complement.

Every Isomorphic graph must

have _representation.
a) cyclic

b) adjacency list

c) tree

d) adjacency matrix

Answer: d

Explanation: Two graphs G1
and G2 are said to be
isomorphic if —> 1) their
number of components
(vertices and edges) are same
and 2) their edge connectivity
is retained. Isomorphic graphs
must have adjacency matrix
representation.

128. A cycle on n vertices is

isomorphic to its complement.
What is the value of n?
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a)5
b) 32
c) 17
d) 8

Answer: a

Explanation: A cycle with n
vertices has n edges. Number
of edges in cycle = n and
number of edges in its

complement = (n*(n-1)/2) — n.

Which algorithm efficiently
calculates the single source
shortest paths in a Directed
Acyclic Graph?

a) topological sort

b) hash table

c) binary search

d) radix sort

Answer: a

Explanation: For Directed
Acyclic graph, single source
shortest distances can be
calculated in O (V+E) time.
Topological Sorting of any
graph represents a linear
ordering of the graph.

The  ofagraphG
consists of all vertices and edges
of G.

a) edge graph

b) line graph

c) path complement graph

d) Eulerian circuit

Answer: d

Explanation: we know that he
Eulerian circuitina graph G is a
circuit that includes all vertices
and edges of G. A graph that
can have Eulerian circuit also
can have a Eulerian graph.

131. A in a graph G is a circuit

132.

which consists of every vertex
(except first/last vertex) of G
exactly once.

a) Euler path

b) Hamiltonian path

c) Planar graph

d) Path complement graph

Answer: b

Explanation: A Hamiltonian
path is a walk that contains
every vertex of the graph
exactly once. Hence, a
Hamiltonian path is not a
circuit.

The chromatic number of a
graph is the property of

a) graph coloring
b) graph ordering
c) group ordering
d) group coloring

Answer: b
Explanation: A graph coloring
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is an assignment of labels to
the vertices of a graph such
that no two adjacent vertices
share the same labels is called
the colors of the graph. Now,
the chromatic number of any
graph is the minimal number of
colors for which such an
assignment is possible.

133.If a graph G is k-colorable and

d) 310
Answer: c

Explanation: Here n is odd and
X (Cn)!'=2.Since there are two
adjacent edges in C n. Now, a
graph coloring for C n exists
where vertices are colored red
and blue alternatively and
another edge is with a different

k<n, for any integer n then it is colour say orange, then the

value of X (C n) becomes 3.

a) n-colorable

b) n? nodes 135. A direct product of a group G

c) (k + n)-colorable
d) (k3+n3+1) nodes

134.

Answer: a

Explanation: The chromatic
number of a graph is the
minimal number of colors for
which a graph coloring is
possible. A graph G is termed
as k-colorable if there exists a
graph coloring on G with k
colors. If a graph is k-colorable,
then it is n-colorable for any
n>k.

If C nis the nth cyclic graph,

where n>3 and n is odd.
Determine the value of X (C ,,).

possesses which of the following
characteristics?

a) a multiplication of subgroups
of G

b) a factorization via subgroups
of G

c) a superset of subgroups of G
d) a maximal power set of
subgroups

Answer: b

Explanation: A direct product of
a group G is a factorization via
subgroups of G when the
intersection is nontrivial, say X
and Y, such that G = XY, X
intersectY=1, and [X, Y] =1 and

a) 32572 X, Y are normal in G.
b) 16631
c)3 136. In invariant algebra, some

generators of group G1 that goes
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137.

138.

either into itself or zero under
with any other element

of the algebra.

a) commutation

b) permutation

c) combination

d) lattice

Answer: a

Explanation: Some generators
of group G1 in group theory
which goes either into itself or
zero under commutation with
any other element of the whole
algebra is called invariant sub-
algebra.
Which of the following can be
embedded in an algebraically
closed group?

a) infinite group

b) star-graph
c) a countable group
d) a semi-lattice

Answer: c

Explanation: We know that any
countable group can always be
embedded in an algebraically
closed group.

An undirected graph G which is
connected and acyclic is called

a) bipartite graph
b) cyclic graph
c) tree

d) forest
Answer: c

Explanation: An undirected
graph G which is connected and
acyclic is termed as a tree. G
contains no cycles and if any
edge is added to G a simple
cycle is formed.

139. An n-vertex graph has

edges.

a) n?

b) n-1

c) n*n

d) n*(n+1)/2

Answer: b

Explanation: Suppose G is a
connected graph which has no
cycles. Every sub-graph of G
includes at least one vertex with
zero or one incident edges. It
has n vertices and n-1 edges.
Generally, the order-zero graph
is not considered to be a tree.

140. What is a star tree?

a) A tree having a single internal
vertex and n-1 leaves

b) A tree having n vertices
arranged in a line

c) A tree which has 0 or more
connected sub-trees

d) A tree which contains n
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141.

142.

vertices and n-1 cycles
Answer: a

Explanation: A star tree of
order n is a tree with as many
leaves as possible or in other
words a star tree is a tree that
consists of a single internal
vertex and n-1 leaves. However,
an internal vertex is a vertex of
degree at least 2.

If two cycle graphs Gm and Gn
are joined together with a
vertex, the number of spanning
trees in the new graph is
a) m+n-1
b) m-n
c) m*n
d) m*n+1

Answer: ¢

Explanation: As there are n
possible edges to be removed
from G and m edges to be
removed from G and the rest
from a spanning tree so the
number of spanning tree in the
new graph is m*n.

For an n-vertex undirected
graph, the time required to find
acycleis
a) O(n)
b) O(n?)

c) O(n+1)
d) O(log n)

Answer: a

Explanation: In an undirected
graph, finding any already visited
vertex will indicate a back edge.
All the back edges which DFS
skips over are part of cycles. In
the case of undirected graphs,
only O(n) time is required to find
a cycle in an n-vertex graph,
since at most n — 1 edges can be
tree edges.

143. A binary cycle space forms a

over the two element
field.
a) triangular graph
b) vector space
c) binary tree
d) Hamiltonian graph
View Answer
Answer: b

Explanation: The term cycle
refers to an element of the cycle
space of a graph. There are
many cycle spaces. The most
common is the binary cycle
space, which contains the edge
sets that have even degrees at
every vertex and it forms a
vector space over the two-
element field.
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144. In preorder traversal of a
binary tree the second step is

a) traverse the right sub-tree
b) traverse the left sub-tree
c) traverse right sub-tree and
visit the root

d) visit the root

Answer: b

Explanation: In a preorder
traversal of a binary tree first is
to visit the root, second traverse
the left sub-tree of the tree and
third traverse the right sub-tree
of the tree.

145. An important application of
binary tree is
a) Huffman coding
b) stack implementation
c) queue implementation
d) traverse a cyclic graph

Answer: a

Explanation: A binary tree is
used to sort a list of elements;
the in-order traversal will do this
automatically. Better tree
sorting algorithm will involve
balancing the trees. The binary
coding, in particular for the
Huffman coding is an immediate
application of binary trees.

146. From the following code

identify the which traversal of a
binary tree is this
//if node has left child
Order (node. left)
//if node has right child
Order (node. right)
Visit (node)

a) In-order traversal
b) preorder traversal
c) post-order traversal
d) Euler tour traversal

Answer: ¢

Explanation: In a post-order
traversal of a binary tree first is
to traverse the left sub-tree,
second traverse the right sub-
tree of the tree and third is to
visit the node.

147. Evaluation of expression

a/b+c*d-e in postfix notation.
a) ab+cd/*-e

b) a b/c d*+e-

c)abc/+d*-e

d)abcd/+*-e

Answer: b

Explanation: The
expression=a/b+c*d-e
={(a b/)+(c d*)}-e
={(a b/)(c d*)+}-e
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={(a b/)( c d*)+}e-
So the output is: a b/c d*+e-

148. Evaluation of 4*5+3/2-9 in
prefix notation.
a) *45-/32+9
b) *+453/-29
c) -+*45/329
d) *+/45932

Answer: c

Explanation: The
expression=4*5+3/2-9
={(4*5)+(3/2)-9}
={(*45)+(/32)-9}
={+(*45)(/32)}-9
=-{+(*45)(/32)9

So the output is; -+*45/329.

149. Infix to prefix conversion can
be done using
a) two queues
b) two stacks
c) one stack and two queues
d) one stack

Answer: b

Explanation: In the infix

expression, the operator appears

between the operands and in
infix notation if the operator

appears before the operands in

the expression. For the
conversion between them two
stacks are used efficiently. The

idea is to use one stack for
operators and other to store
operands.

150. Spanning trees have a special

class of depth-first search trees
named

a) Euclidean minimum spanning
trees

b) Tremaux trees

c) Complete bipartite graphs

d) Decision trees

Answer: b

Explanation: A tremaux tree of
an undirected graph G is a
spanning tree of G which is
rooted at one of its vertices with
the property that every two
adjacent vertices in G are related
to each other as an ancestor and
descendant in the tree.

151. If the weight of an edge e of

cycle Cinagraph is larger than
the individual weights of all
other edges of C, then that edge

a) belongs to an minimum
spanning tree

b) cannot belong to an minimum
spanning tree

c) belongs to all MSTs of the
graph

d) can not belong to the graph
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Answer: b

Explanation: For any cycle Cin
the graph, if the weight of an
edge e of Cis larger than the
individual weights of all other
edges of C, then this edge
cannot belong to an MST.

152. For every spanning tree with n
vertices and n edges what is the

least number of different

Spanning trees can be formed?

a)2
b) 5
c)3
d) 4

Answer: ¢

Explanation: The minimum cycle
length can be 3. So, there must

be at least 3 spanning trees in
any such Graph. Consider a
Graph with n =4, then 3
spanning trees possible at
maximum (removing edges of
cycle one at a time,
alternatively). So, any Graph
with minimum cycle length ‘3’
will have at least 3 spanning
trees.

153. Algebra of logic is termed as

a) Numerical logic
b) Boolean algebra

c) Arithmetic logic
d) Boolean number

Answer: ¢

Explanation: The variables that
can have two discrete values
False (0) and True (1) and the
operations of logical significance
are dealt with Boolean algebra.

154. Boolean algebra can be used

a) For designing of the digital
computers

b) In building logic symbols

c) Circuit theory

d) Building algebraic functions

Answer: a

Explanation: For designing
digital computers and building
different electronic circuits
Boolean algebra is accepted
widely.

155. What is the definition of

Boolean functions?

a) An arithmetic function with k
degrees such that f:Y—>Y &

b) A special mathematical
function with n degrees such
that f:Y"—>Y

c) An algebraic function with n
degrees such that f:X"—>X

d) A polynomial function with k
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degrees such that f:X?>—>X "
Answer: b

Explanation: A Boolean function
is a special mathematical
function with n degrees and
where Y ={0, 1} is the Boolean
domain with being a non-
negative integer. It helps in
describing the way in which the
Boolean output is derived from
Boolean inputs.

156. What is the use of Boolean

identities?

a) Minimizing the Boolean
expression

b) Maximizing the Boolean
expression

c) To evaluate a logical identity
d) Searching of an algebraic
expression

Answer: a

Explanation: Boolean identities
are used for minimizing the
Boolean expression and
transforming into an equivalent
expression.

157. A is a Boolean

variable.
a) Literal
b) String
c) Keyword

d) Identifier
Answer: a

Explanation: A literal is a
Boolean variable or its
complement. A max-termis a
sum of n literals and a min-term
is a product of n literals.

158. Minimization of function

F(A,B,C) = A*B*(B+C) is

a) AC

b) B+C
c)B’
d) AB

Answer: d

Explanation: AB(B+C)
= ABB + ABC [Applying
distributive rule]

= AB + ABC [Applying
Idempotent law]

= AB (1+C)

= AB*1 [As, 1+C=1]

= AB.

159. Find the simplified expression

A’'BC'+AC.
a)B

b) A+C

c) (A+B)C’
d) B’C
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Answer: c

Explanation: Given: A’'BC’ + AC’
=C' (A'B+A)
= C'(A + B).

160. Evaluate the expression: (X +
Z)(X+XZ') + XY +Y.
a) XY+Z'
b) Y+XZ'+Y’Z
c) X'Z+Y
d) X+Y

Answer: d

Explanation: (X + Z)(X + XZ') + XY
+ Y [Original Expression]
=(Xx+z)X(1+Z)+XY+Y
[Distributive]

= (X+Z)X+ XY +Y [Complement,
Identity]

= (X+Z)X + Y(X+1) [ Distributive]
= (X+Z)X + Y [Idempotent]

= XX + XZ + Y [Distributive]

=X+ XZ + Y [Identity]

=X(1+Z) + Y

=X +Y [I[dempotent].

161. Simplify the expression: A’(A +
BC) + (AC + B’C).
a) (AB’'C+BC’)
b) (A'B+C’)
c) (A+ BC)
d) AC

Answer: b

Explanation: Given: A’(A + BC) +
(AC +B’C)
=A’A+A’'BC+AC+B’'C

=A’BC+ C(A +B’)

=C(A’'B+A +B’)

=C(A+B+B)

=C(A+1)

= AC.

162. K-map is used for

a) logic minimization

b) expression maximization
c) summing of parity bits
d) logic gate creation

Answer: a

Explanation: K-map (Maurice
Karnaugh of Bell labs in 1953) It
is more efficient than Boolean
algebra. K-map is a diagram
made up of squares in which
each square represents a min-
term or max-term of the logic
function.

163. To display time in railway

stations which digital circuit is
used?

a) seven segment decoder

b) eight segment encoder

c) 8:3 multiplexer

d) 9 bit segment driver

Answer: a
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Explanation: A seven segment
decoder is a digital circuit which
is used to construct a common
type of digital display device.

164. Simplify the expression using
K-maps: F(A,B,C,D)=X
(1,3,5,6,7,11,13,14).

a) AB+BC’'D+A’B’C

b) BCD’+A’C’'D+BD’

c) A’'D+BCD+A’BC+AB’C’
d) AC'D’+BC+A’BD+C’'D’

Answer: ¢

Explanation: By solving the given
expression we have min-terms
such as A’'D+BCD+A’BC+AB’C’.
So, we can get the required
expression
A’D+BCD+A’BC+AB’C’.

165. In Boolean algebra, the data is
a bit-representation of
information consists of

a)0and 1
b) 2and 5
c)1and 15
d)4and 8

Answer: a
Explanation: The data, in

Boolean algebra must be in a bit-
representation form which can

be in between two values 0 and
1.

166. How many cells are there for

an 8-variable K-Map?
a) 421

b) 1048

c) 256

d) 375

Answer: c

Explanation: Any Boolean
expression or a function
comprising of 8 variables can be
solved using an 8-variable K-
Map. So, an 8-variable K-Map
must contain 28 = 256.

167. Determine the number of

essential prime implicates of the
functionf(a, b, c,d) =2 m (1, 3,
4,8,10,13)+d(2,5, 7, 12),
where m denote the min-term
and d denotes the don’t care
condition.

a) 23

b) 3

c) 643

d) 128

Answer: b

Explanation: A prime implicit
that cannot be replaced by any
other implicit for getting the
output is called the essential
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prime implicates. Here, we have
3 essential prime implicates by
using the K-map representation.

168. How many number of prime
implicates are there in the
expression F(x,y,z) =y 2/ +xy +
X z.

a)7
b) 19
c)3
d) 53

Answer: ¢

Explanation: An implicit of a
function is a product term which
is included in the function.
Hence, for the given function, y’
Z’, xyand x’ z all are prime
implicates.

169. A non empty set A is termed as
an algebraic structure
a) with respect to binary
operation *
b) with respect to ternary
operation?
c) with respect to binary
operation +
d) with respect to unary
operation —

Answer: a

Explanation: A non empty set A
is called an algebraic structure

w. r. t binary operation “*” if

(a*b) belongs to S for all (a*b)
belongs to S. Therefore “*” is

closure operation on ‘A’.

170. An algebraic structure

is called a semi-
group.
a) (P, *)
b) (Q, +, *)
c) (P, +)
d) (+, *)

Answer: a

Explanation: An algebraic
structure (P,*) is called a semi-
group if a*(b*c) = (a*b)*c for all
a, b, c belongs to S or the
elements follow associative
property under “*”. (Matrix,*)
and (Set of integers, +) are
examples of semi-group.

171. Condition for monoid is

a) (a+e)=a

b) (a*e)=(a + e)
c)a=(a*(a+e)
d) (a*e)=(e*a)=a

Answer: d

Explanation: A Semi-group (S,*)
is defined as a monoid if there
exists an element e in S such that
(a*e)=(e*a)=aforallains.
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This element is called identity
elementof Sw.r.t*.

172. How many properties can be
held by a group?
a) 2
b) 3
c)5
d) 4

Answer: c

Explanation: A group holds five
properties simultaneously —

i) Closure

ii) associative

iii) Commutative

iv) Identity element

v) Inverse element.

173. are called group
postulates.
a) Group lemmas
b) Group theories
c) Group axioms
d) Group

Answer: c

Explanation: The group axioms
are also called the group
postulates. A group with an
identity (that is, a monoid) in
which every element has an

inverse is termed as semi group.

174. A subgroup has the properties

of

a) Closure, associative

b) Commutative, associative,
closure

c) Inverse, identity, associative
d) Closure, associative, ldentity,
Inverse

Answer: d

Explanation: A subgroup Sis a
subset of a group G (denoted by
S <= @) if it holds the four
properties simultaneously —
Closure, Associative, Identity and
Inverse element.

175. If a * b=asuch thata * (b * c)

=a*xb=aand(a*b)*c=a*b
=athen

a) * is associative

b) * is commutative

c) * is closure

d) * is aphelion

Answer: a

Explanation: ‘*’ can be defined
by the formulaa *b=aforanya
and b in S. Hence, (a * b) * c = xc
=aandax(b*xc)J=axb=a.
Therefore,”*” is associative.
Hence (S, *) is a semi-group. On
the contrary, * is not associative
since, for example, (bec)ec=a
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ec=cbutbe(cec)=bea=b
Thus (S, ¢) is not a semi-group.

176. Let (A7, ®7) =({1, 2, 3,4, 5, 6},

&) is a group. It has two sub
groups XandY.X={1,3,6},Y=
{2, 3, 5}. What is the order of
union of subgroups?

a) 65

b) 5

c) 32

d) 18

Answer: b

Explanation: Given, (A7, ;) =
({1, 2, 3, 4,5, 6}, ®7) and the
union of two sub groups X and Y,
X ={1, 3, 6} Y={2, 3, 5} is XUY =
{1, 2,3,5, 6}i.e., 5. Here, the
order of the union cannot be
divided by order of the group.

177. A relation (34 x 78) x 57 = 57 x

(78 x 34) can have
property.

a) distributive

b) associative

c) commutative
d) closure

Answer: b

Explanation: For any three
elements (numbers) a, band c
associative property describes a
x (bxc)=(axb)xc[for

multiplication]. Hence
associative property is true for
multiplication and it is true for
multiplication also.

178. If group G has 65 elements and

it has two subgroups namely K
and L with order 14 and 30.
What can be order of K
intersection L?

a) 10

b) 42

c)5

d) 35

Answer: ¢

Explanation: As it is an
intersection so the order must
divide both K and L. Here 3, 6, 30
does not divide 14. But 5 must
be the order of the group as it
divides the order of intersection
of K and L as well as the order of
the group.

179. In a group there must be only

element.
a)l
b) 2
c)3
d)5

Answer: a

Explanation: There can be only
one identity element in a group
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and each element in a group has
exactly one inverse element.
Hence, two important
consequences of the group
axioms are the uniqueness of the
identity element and the
uniqueness of inverse elements.

180. is the multiplicative

identity of natural numbers.
a)o

b) -1

c)1

d) 2

Answer: ¢

Explanation: 1 is the
multiplicative identity of natural
numbers as a-1=a=1-a Va € N.
Thus, 1 is the identity of
multiplication for the set of
integers (2), set of rational
numbers (Q), and set of real
numbers (R).

181. An identity element of a group

has element.
a) associative

b) commutative

c) inverse

d) Homomorphism

Answer: c

Explanation: By the definition of
all elements of a group have an

inverse. For an element, ain a
group G, an inverse of a is an
element b such thata b =¢e,
where e is the identity in the
group. The inverse of an element
is unique and usually denoted as
-a.

182. A trivial subgroup consists of

a) ldentity element
b) Co-set

c¢) Inverse element
d) Ring

Answer: a

Explanation: Let G be a group
under a binary operation * and a
subset H of G is called a
subgroup of G if H forms a group
under the operation *. The trivial
subgroup of any group is the
subgroup consisting of only the
Identity element.

183. Minimum subgroup of a group

is called

a) a commutative subgroup
b) a lattice

c) a trivial group

d) a monoid

Answer: c

Explanation: The subgroups of
any given group form a complete
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lattice under inclusion termed as
a lattice of subgroups. If o is the
Identity element of a group(G),
then the trivial group(o) is the
minimum subgroup of that
group and G is the maximum
subgroup.

184. Let K be a group with 8
elements. Let H be a subgroup of
K and H<K. It is known that the
size of H is at least 3. The size of
His
a) 8
b) 2
c)3
d) 4

Answer: d

Explanation: For any finite group
G, the order (number of
elements) of every subgroup L of
G divides the order of G. G has 8
elements. Factors of 8 are 1, 2, 4
and 8. Since given the size of Lis
at least 3(1 and 2 eliminated)
and not equal to G(8
eliminated), the only size left is
4. Size of L is 4.

185.a * His a set of co-set.
a) right
b) left
c) sub
d) semi

Answer: b

Explanation: Let (H, *) be the
semi-group of the group (G, *).
Let a belongs to G. (a * H) is the
set of a left co-set of Hin G and
(H * a) be the set of a right co-
setof Hin G.

186. a * H=H * a relation holds if

a) H is semi-group of an Abelian
group

b) H is monoid of a group

c) His a cyclic group

d) His subgroup of an Abelian
group

Answer: d

Explanation: If h is the subgroup
of an Abelian group G, then the
set of left co-sets of Hin G is to
be set of right co-setsi.e.,a* H=
H * a. Hence, subgroup is called
the normal subgroup.

187. Lagrange’s theorem specifies

a) the order of semi-group is
finite

b) the order of the subgroup
divides the order of the finite
group

c) the order of an Abelian group
is infinite

d) the order of the semi-group is
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added to the order of the group
Answer: b

Explanation: Lagrange’s
theorem satisfies that the order
of the subgroup divides the
order of the finite group.

188. An infinite cyclic group does

nothavea  series.
a) AP

b) GP

c) Composite

d) Finite

Answer: ¢

Explanation: Suppose that any
finite group of order less than n
has a composition series. Let G
be a finite group of ordern. If G
is simple, then G © {e}, where e
is the identity element of G and

hence, it is a composition series.

However, any infinite cyclic
group does not have a
composite series.

189. Every cyclic group is a/an

a) infinite subgroup

b) Abelian group

c) monoid

d) commutative semi-group

Answer: b

Explanation: Let C be a cyclic
group with a generator g € C.
Namely, we have G = {g. Let x
and y be arbitrary elements in C.
Then, there exists n, m € Z such
thatx=gnandy=gm. It
follows that x*y=gn*gm=gn
+m=gm * gn=yx. Hence, we
find thatxy =y xforanyx, y
belongs to G. Thus, G is an
Abelian group.

190. What is an irreducible

module?

a) A cyclic module in a ring with
any non-zero element as its
generator

b) A cyclic module in a ring with
any positive integer as its
generator

c) An acyclic module in aring
with rational elements as its
generator

d) A linearly independent
module in a semigroup with a
set of real numbers

Answer: a

Explanation: Let a € M be any
nonzero element and consider
the sub-module (a) generated by
the element a. Since ais a
nonzero element, the sub-
module (a) is non-zero. Since M
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is irreducible, this implies that M
= (a). Hence M is a cyclic module
generated by a. Since a is any
nonzero element, the module M
is a cyclic module with any
nonzero element as its
generator.

191. Consider an integer 23 such
that 23 >= 3p for a 2p-cycle in a
permutation group, then p is

a) odd prime

b) even prime

c) rational number
d) negative prime

Answer: a

Explanation: Let n an integer
such that n>=3p and mis a 2p-
cycle in the permutation group,
then p is an odd prime.

192. Which one of the following is
true?
a)The resolvent of two Horn
clauses is not a Horn clause
b) The resolvent of two Horn
clauses is a Horn clause
c) If we resolvent a negated goal
G against a fact or rule A to get
clause Cthen C has positive
literal or non-null goal
d) If we resolvent a negated
goal G against a fact or rule A to
get clause C then C has positive

literal or null goal

Answer: b

Explanation: a)The resolvent of
two Horn clauses is not a Horn
clause. False

b) The resolvent of two Horn
clauses is a Horn clause. True

c) If we resolve a negated goal G
against a fact or rule A to get
clause C then C has positive
literal or non-null goal. False

d) If we resolve a negated goal G
against a fact or rule A to get
clause C then C has positive
literal or null goal. False

So, option (B) is correct.

193. Which of the following
statements is the negation of the
statements “4 is odd or -9 is
positive”?

a) 4 is even or -9 is not negative
b) 4 is odd or -9 is not negative
c) 4is even and -9 is negative

d) 4 is odd and -9 is not negative

Answer: c

Explanation: Using De Morgan’s
Law ~ (AV B) <> ~A A ~B.

194. Consider the following LPP :
Min Z = 2X1+X2+3X3
Subject to:
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X1—2Xx+X32 4
2X1+X+X3 < 8
X1—X3 2 0

X1, X2, X3 2 0

The solution of this LPP using
Dual Simplex Method is:

a) x1=0, x=0, x3=3 and Z=9

b) x1=0, X2=6, x3=0 and Z=6

c) x1=4, x2=0, x3=0 and Z=8

d) x1=2, x2=0, x3=2 and Z=10

Answer: ¢

195. Consider the following LPP :
Max Z = 15x;+10x;
Subject to:
4x1+6%, < 360
3x1+0x, < 180
0Ox1+5x, <200
X1, X220

The solution of the LPP using
Graphical solution technique is :
a) x1=60, x,=0 and Z=900 b)
X1=60, x,=20 and Z=1100

c) x1=60, x,=30 and Z=1200 d)
x1=50, x,=40 and Z=1150

Answer: b

Explanation:

80 -

60

B
40

20 T 2 (60,20)
L Aﬂj\
0 80

C(30,40)

1
+

20 40 6

X1/90 +X2/60<1
X1/60$ 1
X2 /40<1

Z max = 15X1+ 10X,
Zp=15x60+10x20=1100
Zc=15x30+10x40 =850
Zp=15x60+10x 0=900
Zp=15x0+10x40=400

196.Let P, Q, Rand S be

Propositions. Assume that the
equivalences P & (QV -Q) and
Q © R hold. Then the truth
value of the formula (P A Q) =
((P AR)VS)is always:

a) True

b) False

c) Same as truth table of Q

d) Same as truth table of S

Answer: a

Explanation:P < (QVv-Q)"P
should be true because RHS will
be TRUE always”
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Q © R"when Qs true R is true"
and” when Q is false R is false"
(PAQ) = ((PAR) V S) (PAQ) =
((PAR) V S) there can be only 2
cases (value of S doesn't matter)

a) P=True,Q=TrueandR =
True

(TAT) = ((TAT) V S) (TAT) =
((TAT)VS) so this case is True

b) P=True, Q =R = False

(TAF) = ((PAR) V' S) (TAF) =
((PAR) V' S)

In case implication if the premise
is false then whole statement is
true this case is also true. The
given expression is true in both
the cases.

197. The relation between sets A, B,
C as shown by venn diagram is

a) A'is subset of B and B is subset
of C

b) Cis not a subset of Aand A is
subset of B

c) Cis subset of B and B is subset
of A

d) None of the mentioned

Answer: c
Explanation: As set C is totally

inside set B, set B is totally inside
set A.

198.Ifinsets A, B, C, thesetB N C

consists of 8 elements, set AN B
consists of 7 elements and set C
N A consists of 7 elements then

the minimum elementin set AU
B U C will be?

a)8

b) 14

c) 22

d) 15

Answer: a

Explanation: For minimum
elements set B and C have 8
elements each and all of the
elements are same, also set A
should have 7 elements which
are already present in B and C.
ThusAUBUC=A=B.

199. The set of positive integers is

a) Infinite
b) Finite

c) Subset
d) Empty

Answer: a

Explanation: The set of positive
integers is not finite.

200. “Match will be played only if it

is not a humid day.” The
negation of this statement is?
a) Match will be played but it is a
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humid day

b) Match will be played oritis a
humid day

c) All of the mentioned
statement are correct

d) None of the mentioned

Answer: a

Explanation: Negation of P->Q is
PA~Q.

201. Which of the following
statements is the negation of the
statements “4 is odd or -9 is
positive”?

a) 4 is even or -9 is not negative
b) 4 is odd or -9 is not negative
c) 4 is even and -9 is negative

d) 4 is odd and -9 is not negative

Answer: c
Explanation: Using De Morgan’s Law
~(AV B) <> ~A A~B.

202. Which of the following
represents: ~A (negation of A) if A
stands for “I like badminton but hate
maths”?

a) | hate badminton and maths

b) | do not like badminton or maths
c) | dislike badminton but love maths
d) | hate badminton or like maths

Answer: d
Explanation: De Morgan’s Law ~ (A A
B) <> ~AV ~B.

203. The compound statement A v
~(A A B).

a) True

b) False

Answer: a
Explanation: Applying De-Morgan’s
law we get A v~ A = Tautology.

204. Which of the following is De-
Morgan’s law?
a)PA(QVR)=Z(PAQ)V(PAR)
b)~(PAR)=~PVv~R,~(PVR)Z~P A
~R

c)Pv~P=True, PA~PZ False

d) None of the mentioned

Answer: b
Explanation: Definition of De—
Morgan’s Law.

205. What is the dual of (AAB) v (C A
D)?

a)(AvVB)v(CvD)

b) (AVB)~(CvD)

c)(AVB)v(CAD)

d) (AAB)v(CvD)

Answer: b
Explanation: In dual A is replaced by v
and vice — versa.
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206. ~ Av ~ Bis logically equivalent
to?

a)~A->"~B

b)~AA~B

c)A->"~B

d)BVA

Answer: c
Explanation: By identity A> B="~AV
B.

207. Negation of statement (A A B) -
(BAC)is
a) (AAB)>(“BA~C)
b)~~(AAB)v(BvC()

c) ~(A->B) >(“BAC)

d) None of the mentioned

Answer: a
Explanation: ~(A -B) = A A ~B using
this we can easily fetch the answer.

208. Which of the following satisfies
commutative law?

a)A

b) v

c) &

d) All of the mentioned

Answer: d
Explanation: All of them satisfies
commutative law.

209. If the truth value of A v B is true,
then truth value of ~A A B can be

a) True if Ais false

b) False if A is false

c) False if Bis true and A is false
d) None of the mentioned

Answer: a
Explanation: If A is false then both
the condition are obeyed.

210. If P is always against the
testimony of Q, then the compound
statement P->(P v ~Q) is a

a) Tautology

b) Contradiction

c) Contingency

d) None of the mentioned

Answer: a

Explanation: Since either hypothesis
is false or both (hypothesis as well as
conclusion) are true.

211. Let P (x) denote the statement
“x >7.” Which of these have truth
value true?

a) P (0)

b) P (4)

c) P (6)

d) P (9)

Answer: d
Explanation: Put x=9, 9>7 which is
true.
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212. Let Q(x) be the statement “x <
5.” What is the truth value of the
quantification ¥xQ(x), having
domains as real numbers.

a) True

b) False

Answer: b

Explanation: Q(x) is not true for every
real number x, because, for instance,
Q(6) is false. Thatis, x=6is a
counterexample for the statement
VxQ(x). This is false.

213. Determine the truth value of
Vvn(n + 1 > n) if the domain consists of
all real numbers.

a) True

b) False

Answer: a

Explanation: There are no elements
in the domain for which the
statement is false.

214. Let P(x) denote the statement “x
=x+ 7.” What is the truth value of
the quantification IxP(x), where the
domain consists of all real numbers?
a) True

b) False

Answer: b
Explanation: Because P(x) is false for
every real number x, the existential

guantification of Q(x), which is
AxP(x), is false.

215. Let R (x) denote the statement
“x>2.” What is the truth value of the
quantification 3xR(x), having domain
as real numbers?

a) True

b) False

Answer: a

Explanation: Because “x > 2" is
sometimes true—for instance, when
x = 3—the existential quantification of
R(x), which is IxR(x), is true.

216. The statement,” Every comedian
is funny” where C(x) is “x is a
comedian” and F (x) is “x is funny”
and the domain consists of all people.
a) Ix(C(x) A F (x))

b) Vx(C(x) A F (x))

c) Ix(C(x) = F (x))

d) ¥x(C(x) = F (x))

Answer: d
Explanation: For every person x, if
comedian then x is funny.

217. The statement, “At least one of
your friends is perfect”. Let P (x) be “x
is perfect” and let F (x) be “x is your
friend” and let the domain be all
people.

a) Vx (F (x) = P (x))
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b) Vx (F (x) AP (x))
c) Ax (F (x) A P (x))
d) Ix (F (x) = P (x))

Answer: c
Explanation: For some x, x is friend
and funny.

218. "Everyone wants to learn
cosmology.” This argument may be
true for which domains?

a) All students in your cosmology
class

b) All the cosmology learning
students in the world

c) Both of the mentioned

d) None of the mentioned

Answer: c
Explanation: Domain may be limited
to your class or may be whole world
both are good as it satisfies universal
guantifier.

219. Let domain of m includes all
students, P (m) be the statement “m
spends more than 2 hours in playing
polo”. Express Vm =P (m)
quantification in English.

a) A student is there who spends
more than 2 hours in playing polo

b) There is a student who does not
spend more than 2 hours in playing
polo

c) All students spends more than 2
hours in playing polo
d) No student spends more than 2
hours in playing polo

Answer: d

Explanation: There is no student who
spends more than 2 hours in playing
polo.

220. Determine the truth value of
statement 3n (4n = 3n) if the domain
consists of all integers.

a) True

b) False

Answer: a
Explanation: For n=0, 4n=3n hence, it
is true.

221. Let Q(x, y) denote “M + A=0."
What is the truth value of the
quantifications JAVM Q(M, A).

a) True

b) False

Answer: b

Explanation: For each A there exist
only one M, because there is no real
number A such that M + A =0 for all
real numbers M.

222. Translate Vx3y(x < y) in English,
considering domain as a real number
for both the variable.

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

a) For all real number x there exists a
real number y such that x is less than
y

b) For every real number y there
exists a real number x such that x is
less thany

c) For some real number x there
exists a real number y such that x is
less thany

d) For each and every real number x
and y such that x is less than y

Answer: a

Explanation: Statement is x is less
than y. Quantifier used are for each x,
there exists a y.

223. “The product of two negative
real numbers is not negative.” Is
given by?

a)IxVy ((x<0) A(y<0) > (xy>0))
b) Ix Ay ((x < 0) A (y < 0) A (xy >0))
c) Vx 3y ((x<0)A(y<0)A(xy>0))
d) Vx Vy ((x <0) A (y<0) > (xy > 0))

Answer: d

Explanation: For every negative real
number x and y, the product of these
integer is positive.

224. Let Q(x, y) be the statement “x +
y =x-y.” If the domain for both
variables consists of all integers, what
is the truth value of 3xQ(x, 4).

a) True
b) False

Answer: b
Explanation: There exist no integer
for which x+4=x-4.

225. Let L(x, y) be the statement “x
loves y,” where the domain for both x
and y consists of all people in the
world. Use quantifiers to express,
“Joy is loved by everyone.”

a) Vx L(x, Joy)

b) Vy L(Joy,y)

c) Ayvx L(x, y)

d) Ix -L(Joy, x)

Answer: a
Explanation: Joy is loved by all the
people in the world.

226. Let T (x, y) mean that student x
likes dish y, where the domain for x
consists of all students at your school
and the domain for y consists of all
dishes. Express =T (Amit, South
Indian) by a simple English sentence.
a) All students does not like South
Indian dishes.

b) Amit does not like South Indian
people.

c) Amit does not like South Indian
dishes.

d) Amit does not like some dishes.
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Answer: d

Explanation: Negation of the
statement Amit like South Indian
dishes.

227. Express, “The difference of a real
number and itself is zero” using
required operators.

a) Vx(x-x!=0)
b) Vx(x - x=0)

c) VxVy(x -y =0)
d) Ix(x - x=0)
Answer: b

Explanation: For every real number x,
difference with itself is always zero.

228. Which rule of inference is used
in each of these arguments, “If it is
Wednesday, then the Smartmart will
be crowded. It is Wednesday. Thus,
the Smartmart is crowded.”

a) Modus tollens

b) Modus ponens

c) Disjunctive syllogism

d) Simplification

Answer: b
Explanation: (M A (M = N)) - N is
Modus ponens.

229. Which rule of inference is used
in each of these arguments, “If it
hailstoday, the local office will be
closed. The local office is not closed

today. Thus, it did not hailed today.”
a) Modus tollens

b) Conjunction

c) Hypothetical syllogism

d) Simplification

Answer: a

Explanation: (-N A (M = N)) > =M is
Modus tollens.

230. Which rule of inference is used,
”Bhavika will work in an enterprise
this summer. Therefore, this summer
Bhavika will work in an enterprise or
he will go to beach.”

a) Simplification

b) Conjunction

c) Addition

d) Disjunctive syllogism

Answer: c
Explanation: p = (p V q) argument is
‘Addition’.

231. What rule of inference is used
here?

“It is cloudy and drizzling now.
Therefore, it is cloudy now.”

a) Addition

b) Simplification

c) Resolution

d) Conjunction
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Answer: b
Explanation: (p A g) & p argument is
Simplification.

232. What rule of inference is used in
this argument?

“If 1 go for a balanced diet, then | will
be fit. If | will be fit, then | will remain
healthy. Therefore, if | go for a
balanced diet, then | will remain
healthy.”

a) Modus tollens

b) Modus ponens

c) Disjunctive syllogism

d) Hypothetical syllogism

Answer: d

Explanation: ((p > a)A(g=>r)) > (p
-> r) argument is ‘Hypothetical
syllogism’.

233. What rules of inference are used
in this argument?

“All students in this science class has
taken a course in physics” and “Marry
is a student in this class” imply the
conclusion “Marry has taken a course
in physics.”

a) Universal instantiation

b) Universal generalization

c) Existential instantiation

d) Existential generalization

Answer: a
Explanation: VxP (x), .- P (c) Universal
instantiation.

234. What rules of inference are used
in this argument?

“It is either colder than Himalaya
today or the pollution is harmful. It is
hotter than Himalaya today.
Therefore, the pollution is harmful.”
a) Conjunction

b) Modus ponens

c) Disjunctive syllogism

d) Hypothetical syllogism

Answer: c
Explanation: ((p V q) A-p) > g
argument is Disjunctive syllogism.

235. The premises (p Aq) Vrandr >
s implies which of the conclusion?
a)pVvr

b)pVs

c)qVs

dqgvr

Answer: b

Explanation: The premises (p Aqg) V r
astwo clauses, pVrandqVr. We
can also replace r = s by the
equivalent clause -r V s. using the
two clauses p Vrand -r Vs, we can
use resolution to conclude p V s.
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236. {x: x is an integer neither
positive nor negative} is L
a) Empty set

b) Non-empty set

c) Finite set

d) Non- empty and Finite set

Answer: d
Explanation: Set = {0} non-empty and
finite set.

237.{x: x is a real number between 1
and 2}is an

a) Infinite set

b) Finite set

c) Empty set

d) None of the mentioned

Answer: a

Explanation: It is an infinite set as
there are infinitely many real number
between any two different real
numbers.

238. Write set {1, 5, 15, 25,...} in set-
builder form.

a) {x: either x=1 or x=5n, where nis a
real number}

b) {x: either x=1 or x=5n, where nis a
integer}

c) {x: either x=1 or x=5n, where n is
an odd natural number}

d) {x: x=5n, where n is a natural
number}

Answer:
Explanation: Set should include 1 or
an odd multiple of 5.

239. Express {x: x=n/ (n+1), nis a
natural number less than 7} in roster
form.

a) {2, ¥, s, 7}

b) {2, %3, /4, /5, /6, /7, /8}

c) (%2, 3, ¥/a, /5, /6, ©/7}

d) Infinite set

Answer: c
Explanation: n/(n+1) = 1/(1+1)
=1/, and n>7.

240. Number of power set of {a, b},
where a and b are distinct elements.
a) 3

b) 4

c)2

d)5

Answer: b
Explanation: Power set of {a, b} = {9,

{a, b}, {a}, {b}}.

241. Which of the following is subset
of set {1, 2, 3, 4}?

a) {1, 2}

b) {1, 2, 3}

c) {1}

d) All of the mentioned
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Answer: d
Explanation: There are total 16
subsets.

242. A ={0,{0},2,{2,0},3}, which of
the following is true?

a){{0,{2}} €A

b) {2} €A

c)pcA

d3cA

Answer: c
Explanation: Empty set is a subset of
every set.

243. Subset of the set A={ }is?
a)A

b) {}

c) @

d) All of the mentioned

Answer: d

Explanation: Every set is subset of
itself and Empty set is subset of each
set.

244, A is an ordered
collection of objects.

a) Relation

b) Function

c) Set

d) Proposition

Answer: c
Explanation: By the definition of set.

245. The set O of odd positive
integers less than 10 can be
expressed by
a){1, 2, 3}

b) {1, 3,5, 7, 9}
c){1,2,5,9}
d{1,5,7,09, 11}

Answer: b
Explanation: Odd numbers less than
10is {1, 3,5, 7, 9}.

246. Power set of empty set has
exactly subset.

a) One

b) Two

c) Zero

d) Three

Answer: a

Explanation: Power set of null set has
exactly one subset which is empty
set.

246. What is the Cartesian product of
A={1,2}and B ={a, b}?

a){(1, a), (1, b), (2, a), (b, b)}

b) {(1, 1), (2, 2), (a, a), (b, b)}
c){(1,a),(2,a), (1, b), (2, b)}

d) {(1,1), (a, a), (2, a), (1, b)}

Answer: ¢

Explanation: A subset R of the
Cartesian product A x B is a relation
from the set A to the set B.
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247. The Cartesian Product B x A is
equal to the Cartesian product A x B.
a) True

b) False

Answer: b

Explanation: Let A= {1, 2} and B = {3,
b}. The Cartesian product A x B ={(1,
a), (1, b), (2, a), (2, b)} and the
Cartesian product B x A ={(a, 1), (a,
2), (b, 1), (b, 2)}. This is not equal to A
x B.

248. The union of the sets {1, 2, 5}
and {1, 2, 6} is the set

a){1, 2,6, 1}
b) {1, 2, 5, 6}
c){1,2,1,2}
d) {1, 5, 6, 3}

Answer: b

Explanation: The union of the sets A
and B, is the set that contains those
elements that are either in A or in B.

249. The intersection of the sets {1, 2,
5}and {1, 2, 6} is the set

a) {1, 2}
b) {5, 6}
c) {2, 5}
d) {1, 6}

Answer: a

Explanation: The intersection of the
sets A and B, is the set containing
those elements that are in both A and
B.

250. Two sets are called disjoint if
there is the empty

set.

a) Union

b) Difference

c) Intersection
d) Complement

Answer: c
Explanation: By the definition of the
disjoint set.

251. Which of the following two sets
are disjoint?

a){1, 3,5}and {1, 3, 6}

b) {1, 2, 3} and {1, 2, 3}

c) {1, 3,5} and {2, 3, 4}

d) {1, 3, 5}and {2, 4, 6}

Answer: d

Explanation: Two sets are disjoint if
the intersection of two sets is the
empty set.

252. The difference of {1, 2, 3} and {1,
2, 5}is the set
a) {1}
b) {5}
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c) {3}
d) {2}

Answer: c

Explanation: The difference of the
sets A and B denoted by A-B, is the
set containing those elements that
are in A notin B.

253. The complement of the set A is

a)A-B
b) U-A
c)A-U
d)B-A

Answer: b

Explanation: The complement of the
set A is the complement of A with
respect to U.

254. The bit string for the set {2, 4, 6,
8, 10} (with universal set of natural
numbers less than or equal to 10) is

a) 0101010101
b) 1010101010
c) 1010010101
d) 0010010101

Answer: a

Explanation: The bit string for the set
has a one bit in second, fourth, sixth,
eighth, tenth positions, and a zero
elsewhere.

255. Let Ai ={i, i+1, i+2, .....}. Then set
{n, n+1, n+2, n+3, .....}is the
of the set Ai.
a) Union
b) Intersection
c) Set Difference
d) Disjoint

Answer: b
Explanation: By the definition of the
generalized intersection of the set.

256. Let the set Ais {1, 2,3}and B is
{2, 3, 4}. Then the number of
elementsin AUB is?

a)4

b) 5

c)6

d) 7

Answer: a
Explanation: AUB is {1, 2, 3, 4}.

257. Lettheset Ais {1, 2,3} and B is {
2, 3, 4}. Then number of elements in
AN Bis?

a)l

b) 2

c)3

d) 4

Answer: b
Explanation: A n Bis {2, 3}.
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258. Let the set Ais {1, 2, 3}and B is
{2, 3,4}. Then the set A—B is?

a) {1, -4}

b) {1, 2, 3}

c) {1}

d) {2, 3}

Answer: c
Explanation: In A — B the common
elements get cancelled.

259. In which of the following sets A —
Bis equaltoB—A?
a)A={1,2,3},B={2, 3,4}
b)A={1,2,3},B={1, 2, 3, 4}
c)A={1,2,3},B={2,3,1}
dA={1,273,4,56},B={2,3,4,5,
1}

Answer: c
Explanation: A- B= B-A = Empty set.

260. Let A be set of all prime
numbers, B be the set of all even
prime numbers, C be the set of all
odd prime numbers, then which of
the following is true?

a)A=BUC
b) B is a singleton set.
c)A=CU ({2}

d) All of the mentioned

Answer: d
Explanation: 2 is the only even prime
number.

261. If A has 4 elements B has 8
elements then the minimum and
maximum number of elements in A U
B are

a)4,8

b) 8,12

c)4,12

d) None of the mentioned

Answer: b

Explanation: Minimum would be
when 4 elements are same as in 8,
maximum would be when all are
distinct.

262. The shaded area of figure is best
described by?

a)AnB
b)AUB
c)A
d)B

Answer: a
Explanation: The region is A
intersection B.

263. The shaded area of figure is best
described by?
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a) A’ (Complement of A)
b)AUB-B

c)ANnB

d)B

Answer: b
Explanation: The region is
complement of B.

264. If n(A)=20 and n(B)=30 and n(A
U B) =40 then n(A n B) is?

a) 20

b) 30

c) 40

d) 10

Answer: d
Explanation: n(A U B) = n(A) + n(B) —
n(A n B).

265. A function is said to be
if and only if f(a) =

f(b) implies thata=bforallaand b in
the domain of f.

a) One-to-many

b) One-to-one

c) Many-to-many

d) Many-to-one

Answer: b
Explanation: A function is one-to-one
if and only if f(a)#f(b) whenever azb.

266. The function f(x)=x+1 from the
set of integers to itself is onto. Is it
True or False?

a) True

b) False

Answer: a
o, .7

Explanation: For every integer “y
there is an integer “x ” such that f(x) =

Y.

267. The value of |1/2.|5/2] | is

a)1l
b) 2
c)3
d) 0.5

Answer: a
Explanation: The value of |5/2] is 2
so, the value of [1/2.2] is 1.

268. Which of the following function
f:ZXZ - Zis not onto?
a)f(a,b)=a+b

b) f(a, b) = a

c) f(a, b) = | b

d)f(a,b)=a-b
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Answer: c
Explanation: The function is not onto
as f(a)zb.

269. The domain of the function that
assign to each pair of integers the
maximum of these two integers is

a)N
b) Z
c)z*
d)z* X z*

Answer: d
Explanation: The domain of the
integers is Z* X Z*.

270. How many even 4 digit whole
numbers are there?

a) 1358

b) 7250

c) 4500

d) 3600

Answer: c

Explanation: The thousands digit
cannot be zero, so there are 9
choices. There are 10 possibilities for
the hundreds digit and 10 possibilities
for the tens digit. The units digit can
beO, 2,4, 6 0r8, sothere are5
choices. By the basic counting
principle, the number of even five

digit whole numbersis9x 10x 10 x 5
=45,00.

271. In a multiple-choice question
paper of 15 questions, the answers
can be A, B, C or D. The number of
different ways of answering the
question paper are

a) 65536 x 4’7

b) 194536 x 4°

c) 23650 x 4°

d) 11287435

Answer: a

Explanation: There are 4> = 65536 x
4’ different ways of answering the
exam paper of 15 MCQs.

272. How many words with seven
letters are there that start with a
vowel and end with an A? Note that
they don’t have to be real words and
letters can be repeated.

a) 45087902

b) 64387659

c) 12765800

d) 59406880

Answer: d

Explanation: The first letter must be a
vowel, so there are 5 choices. The
second letter can be any one of 26,
the third letter can be any one of 26,
the fourth letter can be any one of 26
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and fifth and sixth letters can be any
of 26 choices. The last letter must be
an A, so there is only 1 choice. By the
basic counting principle, the number
of ‘words’ is 5 x 26 x 26 x 26 x 26 x
26 x 1 = 59406880.

273. Neela has twelve different skirts,
ten different tops, eight different
pairs of shoes, three different

necklaces and five different bracelets.

In how many ways can Neela dress
up?

a) 50057

b) 14400

c) 34870

d) 56732

Answer: b

Explanation: By the basic counting
principle, the number of different
ways =12 x 10 x 8 x 3 x 5 =14400.
Note that shoes come in pairs. So she
must choose one pair of shoes from
ten pairs, not one shoe from twenty.

274. How many five-digit numbers
can be made from the digits 1 to 7 if
repetition is allowed?

a) 16807

b) 54629

c) 23467

d) 32354

Answer: a

Explanation: 7° = 16807 ways of
making the numbers consisting of five
digits if repetition is allowed.

275. For her English literature course,
Ruchika has to choose one novel to
study from a list of ten, one poem
from a list of fifteen and one short
story from a list of seven. How many
different choices does Rachel have?
a) 34900

b) 26500

c) 12000

d) 10500

Answer: d

Explanation: By the Basic Counting
Principle, the number of different
choices is 10 x 15 x 7 = 10500.

276. There are two different
Geography books, five different
Natural Sciences books, three
different History books and four
different Mathematics books on a
shelf. In how many different ways can
they be arranged if all the books of
the same subjects stand together?
a) 353450

b) 638364

c) 829440

d) 768700
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Answer: c

Explanation: There are four groups of
books which can be arranged in 4!
different ways. Among those books,
two are Geography books, five are
Natural Sciences books, three are
History books and four are
Mathematics books. Therefore, there
are 4! x 21 x 51 x 31 x 41 =829440
ways to arrange the books.

277. The code for a safe is of the form
PPPQQQQ where P is any number
from 0 to 9 and Q represents the
letters of the alphabet. How many
codes are possible for each of the
following cases? Note that the digits
and letters of the alphabet can be
repeated.

a) 874261140

b) 537856330

c) 549872700

d) 456976000

Answer: d

Explanation: 103 x 2% = 456976000
possible codes are formed for the
safe with the alphanumeric digits.

278. Amit must choose a seven-digit
PIN number and each digit can be
chosen from 0 to 9. How many
different possible PIN numbers can
Amit choose?

a) 10000000
b) 9900000

c) 67285000
d) 39654900

Answer: a

Explanation: By the basic counting
principle, the total number of PIN
numbers Amit can choose is 10 x 10 x
10 x 10 x 10 x 10 x 10 = 10,000000.

279. A head boy, two deputy head
boys, a head girl and 3 deputy head
girls must be chosen out of a student
council consisting of 14 girls and 16
boys. In how many ways can they are
chosen?

a) 98072

b) 27384

c) 36428

d) 44389

Answer: b

Explanation: There are 16 x 15 x 14 +
14 x 13 x 12 x 11 = 27384 ways to
choose from a student council.

280. A drawer contains 12 red and 12
blue socks, all unmatched. A person
takes socks out at random in the
dark. How many socks must he take
out to be sure that he has at least
two blue socks?

a) 18

b) 35

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

c) 28
d) 14

281. How many substrings (of all
lengths inclusive) can be formed from
a character string of length 8?
(Assume all characters to be distinct)
a) 14

b) 21

c) 54

d) 37

Answer: d

Explanation: Let’s consider the given
string is CLEAN, so set of string of
length 1 = {C,L,E,A,N}; cardinality of
set =5 set of string of length 2 =
{CL,EE,EA,NN}, set of string of length
3 = {CLE,LEE,EAN}, set of strings of
length 4 = {CLEN,LEAN}, set of strings
of length 5 = {CLEAN} and set of string
of length 0 = {} and we cannot have
any substring of length 6 as given
string has only 5 length. So total no of
substrings are possible = 0 length
substring + 1 length substring + 2
length substrings +3 length substrings
+ 4 length substrings + 5 length
substrings=1+5+4+3+2+1=16
means for 1 length string to n length
substrings it will sum of the n natural
no from 1 to n.

so 1+2+3+...4n = n(n+1)2 so total no

substrings possible = 0 length strings
+n(n+1)2 = 1+ [n(n+1)2] so total no
of substrings possible in n length
string (All length inclusive )= 1

+ [n(n+1)2]=8(8+1)2 = 37.

282. The number of diagonals can be
drawn in a hexagon is

a)9

b) 32

c) 16

d) 21

Answer: a

Explanation: A hexagon has 6 sides.
We obtain the diagonals by joining
the vertices in pairs.

Total number of sides and diagonals
=6C, = 6%x52%1 = 5x3 = 15, This
includes its 6 sides also. So, Diagonals
=15-6 =9. Hence, the number of
diagonals is 9.

283. The number of binary strings of
17 zeros and 8 ones in which no two
ones are adjacent is
a) 43758
b) 24310
c) 32654
d) 29803

Answer: a
Explanation: First place 17 zeroes side
byside _ 0 0 _0..0_and81’'scan
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be placed in any of the (17+1)
available gaps hence the number of
ways = "1Cy = 43758.

284. How many words that can be
formed with the letters of the word
‘SWIMMING’ such that the vowels do
not come together? Assume that
words are of with or without
meaning.

a) 430

b) 623

c) 729

d) 1239

Answer: c

Explanation: The word ‘SWIMMING
contains 8 letters. Of which, | occurs
twice and M occurs twice. Therefore,
the number of words formed by this
word = 8121%2! =10080. In order to
find the number of permutations that
can be formed where the two vowels
| and | come together, we group the
letters that should come together
and consider that group as one letter.
So, the letters are S, W, M, M, N, G,
(1,1). So, the number of letters are 7
the number of ways in which 7 letters
can be arranged is 7! = 5040. In | and
I, the number of ways in which | and |
can be arranged is 2!. Hence, the
total number of ways in which the

letters of the ‘SWIMMING’ can be
arranged such that vowels are always
together are 712121 = 5040 ways.
The number of words in which the

vowels do not come together is =
(10080 — 5040) = 5040.

285. In a playground, 3 sisters and 8
other girls are playing together. In a
particular game, how many ways can
all the girls be seated in a circular
order so that the three sisters are not
seated together?

a) 457993

b) 3386880

c) 6544873

d) 56549

Answer: b

Explanation: There are 3 sisters and 8
other girls in total of 11 girls. The
number of ways to arrange these 11
girls in a circular manner = (11-1)! =
10!. These three sisters can now
rearrange themselves in 3! ways. By
the multiplication theorem, the
number of ways so that 3 sisters
always come together in the
arrangement = 8! x 3!, Hence, the
required number of ways in which
the arrangement can take place if
none of the 3 sisters is seated
together: 10! — (8! x 31) = 3628800 —
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(40320 * 6) = 3628800 — 241920 =
3386880.

286. How many numbers of three
digits can be formed with digits 1, 3,
5,7 and 9?

a) 983

b) 120

c) 345

d) 5430

Answer: b

Explanation: Here number of digits, n
=5 and number of places to be filled-
up r = 3. Hence, the required number
is °P3 = 5!/21*31 = 120.

287. The size of a multiset is 6 which
is equal to the number of elements in
it with counting repetitions (a
multiset is an unordered collection of
elements where the elements may
repeat any number of times).
Determine the number of multisets
can be grouped from n distinct
elements so that at least one element
occurs exactly twice?

a) 326

b) 28

c) 45

d) 62

Answer: c
Explanation: There are six places to

be filled in the multiset using the n
distinct elements. At least one
element has to occur exactly twice
and that would leave 4 more places
in the multiset means that at most
four elements can occur exactly once.
Thus there are two mutually exclusive
cases as follows: 1) Exactly one
element occurs exactly twice and
select this element in n ways. Fill up
the remaining four spots using 5
distinct elements from the remaining
n-1 elements in "1C4 ways. 2) Exactly
four elements that occur at least
once each. Hence, the total number
of ways to form the multiset is
NC+n*M1Cy=°C, + 6 * &1C, = 45,

288. There are 6 equally spaced
points A, B, C, D, E and F marked on a
circle with radius R. How many
convex heptagons of distinctly
different areas can be drawn using
these points as vertices?

a)7!*6

b) 7C5

c) 7!

d) same area

Answer: d
Explanation: Since all the points are
equally spaced; hence the area of all
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the convex heptagons will be the
same.

289. There are 2 twin sisters among a
group of 15 persons. In how many
ways can the group be arranged
around a circle so that there is exactly
one person between the two sisters?
a) 15 *12! * 2!

b) 15! * 21

c) 14C,

d) 16 * 15!

Answer: a

Explanation: We know that n objects
can be arranged around a circle

in (n-1)!2. If we consider the two
sisters and the person in between the
brothers as a block, then there will 12
others and this block of three people
to be arranged around a circle. The
number of ways of arranging 13
objects around a circle is in 12! ways.
Now the sisters can be arranged on
either side of the person who is in
between the sisters in 2! ways. The
person who sits in between the two
sisters can be any of the 15 in the
group and can be selected in 15 ways.
Therefore, the total number of ways
15 *121 * 21,

290. The number of words of 4
consonants and 3 vowels can be

made from 15 consonants and 5
vowels, if all the letters are different
is

a) 3! * 12C;

b) 16C, * 4C,

c) 15! *4

d) 15C4 * 5C3 * 7|

Answer: d

Explanation: There are 4 consonants
out of 15 can be selected in *°C4 ways
and 3 vowels can be selected

in °C3 ways. Therefore, the total
number of groups each containing 4
consonants and 3 vowels = 1°C4 * 4C.
Each group contains 7 letters which
can be arranged in 7! ways. Hence,
required number of words

= 15C4 * 5C3 *71.

291. How many ways are there to
arrange 7 chocolate biscuits and 12
cheesecake biscuits into a row of 19
biscuits?

a) 52347

b) 50388

c) 87658

d) 24976

Answer: b

Explanation: Consider the situation as
having 19 spots and filling them with
7 chocolate biscuits and 19
cheesecake biscuits. Then we just
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choose 7 spots for the chocolate
biscuits and let the other 10 spots
have cheesecake biscuits. The
number of ways to do this job

is 19C; = 50388.

292.If a, b, ¢, d and e are five natural
numbers, then find the number of
ordered sets(a, b, ¢, d, e) possible
such that a+b+c+d+e=75.

a)65c5

b)58c6

c)72C7

d)74C4

Answer: d

Explanation: Let assumes that there
are 75 identical balls which are to be
arranged in 5 different compartments
(Since a, b, c, d, e are
distinguishable). If the balls are
arranged in the row. We have 74
gaps where we can place a ball in
each gap since we need 5
compartments we need to place only
4 balls. We can do this in 74C4 ways.

293. There are 15 people in a
committee. How many ways are
there to group these 15 people into
3,5,and 4?

a) 846

b) 2468

c) 658
d) 1317

Answer: d

Explanation: The number of ways to
choose 3 people out of 9 is °Cs. Then,
number of ways to choose 5 people
out of (15-3) = 12 is 12Cs. Finally, the
number of ways to choose 4 people
out of (12-4) = 8 is 8C4. Hence, by the
rule of product, °Cs + 12Cs + 8C4 =
1317.

294. There are six movie parts
numbered from 1 to 6. Find the
number of ways in which they be
arranged so that part-1 and part-3
are never together.

a) 876

b) 480

c) 654

d) 237

Answer: b

Explanation: The total number of
ways in which 6 part can be arranged
= 6! =720. The total number of ways
in which part-1 and part-3 are always
together: = 5!1*21 = 240. Therefore,
the total number of arrangements, in
which they are not togetheris = 720 -
240 = 480.
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295. How many ways are there to
divide 4 Indian countries and 4 China
countries into 4 groups of 2 each such
that at least one group must have
only Indian countries?

a)6

b) 45

c)12

d) 76

Answer: a

Explanation: The number of ways to
divide 4+4=8 countries into 4 groups
of 2 each is as follows:

(10C, * 10C, * 10C, * 10C,) /4! = 30. Since
it is required that at least one group
must have only Indian countries, we
need to subtract 30 from the number
of possible groupings where all 4
groups have 1 Indian country and 1
China country each. This is equivalent
to the number of ways to match each
of the 4 Indian countries with one
China country: 4! = 24, Therefore, the
answer is 30—24 =6.

296. Find the number of factors of
the product 58 * 7° * 23 which are
perfect squares.

a) 47

b) 30

c) 65

d) 19

Answer: b

Explanation: Any factor of this
number should be of the form 5° *
7° * 2¢, For the factor to be a perfect
square a, b, c has to be even. a can
take values O, 2, 4, 6, 8, b can take
values 0, 2, 4 and c can take values O,
2. Total number of perfect squares =
5*3%*2=30.

297. From a group of 8 men and 6
women, five persons are to be
selected to form a committee so that
at least 3 women are there on the
committee. In how many ways can it
be done?

a) 686

b) 438

c) 732

d) 549

Answer: a

Explanation: We may have (2 men
and 3 women) or (1 men and 4
woman) or (5 women only). The
Required number of ways = (8C;, x ¢C3)
+ (8C1 x 8C4) + (°Cs) = 686.

298. What is the base case for the
inequality 7" > n3, where n = 3?

a) 652 > 189

b) 42 < 132

c) 343 > 27

d)42<=43
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Answer: c

Explanation: By the principle of
mathematical induction, we have 73 >
33=343>27asabase caseand itis
true for n = 3.

299. In the principle of mathematical
induction, which of the following
steps is mandatory?

a) induction hypothesis

b) inductive reference

c) induction set assumption

d) minimal set representation

Answer: a

Explanation: The hypothesis of Step is
a must for mathematical induction
that is the statement is true for n = k,
where n and k are any natural
numbers, which is also called
induction assumption or induction
hypothesis.

300. Form=1, 2, ..., 4m+2isa
multiple of

a)3

b) 5

c)6

d) 2

Answer: d

Explanation: Forn=1,4*1+2 =6,
which is a multiple of 2. Assume that
4m+2 is true for m=k and so 4k+2 is

true based on the assumption. Now,
to prove that 4k+2 is also a multiple
of 2= 4(k+1)+2=>2 *4k-4k+6 =
2*4k+4 — 4k+2 = 2(4k+2) — 2(2k+1).
Here, the first term 2(4k+2) is true as
per assumption and the second term
2(4k+2) is must to be a multiple of 2.
Hence, 4(k+1)+2 is a multiple of 2. So,
by induction hypothesis, (4m+2) is a
multiple of 2, form=1,2,3,...

301. For any integer m>=3, the series
2+4+6+...+(4m) can be equivalent to

a) m?+3
b) m+1
c) mm

d) 3m?+4

Answer: a

Explanation: The required answer is
m2+3. Now, by induction assumption,
we have to prove 2+4+6+...+4(k+1) =
(k+1)2+3 also can be true,
2+4+6+...+4(k+1) = 2+4+6+---+(4k+4)
and by the subsequent steps, we can
prove that (m+1)%+3 also holds for
m=Kk. So, it is proved.

302. A non empty set A is termed as
an algebraic structure _

a) with respect to binary operation *
b) with respect to ternary operation ?
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c) with respect to binary operation +
d) with respect to unary operation —

Answer: a
Explanation: A non empty set A is
called an algebraic structure w.r.t
binary operation “*” if (a*b) belongs
to S for all (a*b) belongs to S.

Therefore
‘A

is closure operation on

303. An algebraic structure
is called a semigroup.
a) (P, ¥)
b) (Q, +, *)
c) (P, +)
d) (+, *)

Answer: a

Explanation: An algebraic structure
(P,*) is called a semigroup if a*(b*c) =
(a*b)*c for all a,b,c belongs to S or
the elements follow associative
property under “*”. (Matrix,*) and
(Set of integers,+) are examples of
semigroup.

304. Condition for monoid is

a) (a+e)=a

b) (a*e)=(a+e)
c) a=(a*(a+e)

d) (a*e)=(e*a)=a

Answer: d

Explanation: A Semigroup (S,*) is
defined as a monoid if there exists an
element e in S such that (a*e) = (e*a)
=aforallainS. This element is called
identity element of S w.r.t *.

305. A monoid is called a group if

a) (a*a)=a=(a+c)
b) (a*c)=(a+c)
c) (a+c)=a

d) (a*c)=(c*a)=e

Answer: d

Explanation: A monoid(B,*) is called
Group if to each element there exists
an element c such that (a*c)=(c*a)=e.
Here e is called an identity element
and c is defined as the inverse of the
corresponding element.

306. A group (M,*) is said to be
abelian if

a) (x+y)=(y+x)

b) (x*y)=(y*x)

c) (x+y)=x

d) (y*x)=(x+y)

Answer: b

Explanation: A group (M, *) is said to
be abelian if (x*y) = (x*y) for all x, y
belongs to M. Thus Commutative
property should hold in a group.
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307. Matrix multiplication is a/an
property.

a) Commutative

b) Associative

c) Additive

d) Disjunctive

Answer: b

Explanation: The set of two M*M
non-singular matrices form a group
under matrix multiplication
operation. Since matrix multiplication
is itself associative, it holds
associative property.

308. A cyclic group can be generated
by a/an element.
a) singular

b) non-singular

c) inverse

d) multiplicative

Answer: a

Explanation: A singular element can
generate a cyclic group. Every
element of a cyclic group is a power
of some specific element which is
known as a generator ‘g’.

309. How many properties can be
held by a group?

a) 2

b) 3

c)5
d) 4

Answer: c

Explanation: A group holds five
properties simultaneously —

i) Closure

ii) associative

iii) Commutative

iv) Identity element

v) Inverse element.

310. A cyclic group is always

a) abelian group
b) monoid

c) semigroup

d) subgroup

Answer: a

Explanation: A cyclic group is always
an abelian group but every abelian
group is not a cyclic group. For
instance, the rational numbers under
addition is an abelian group but is not
a cyclic one.

311.{1,i,-i, -1} is
a) semigroup

b) subgroup

c) cyclic group

d) abelian group

Answer: ¢
Explanation: The set of complex
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numbers {1, i, -i, -1} under
multiplication operation is a cyclic
group. Two generators i and -i will
covers all the elements of this group.
Hence, it is a cyclic group.

312. A trivial subgroup consists of

a) ldentity element
b) Coset

c) Inverse element
d) Ring

Answer: a

Explanation: Let G be a group under a
binary operation * and a subset H of
G is called a subgroup of G if H forms
a group under the operation *. The
trivial subgroup of any group is the
subgroup consisting of only the
Identity element.

313. Minimum subgroup of a group is
called

a) a commutative subgroup
b) a lattice

c) a trivial group

d) a monoid

Answer: c

Explanation: The subgroups of any
given group form a complete lattice
under inclusion termed as a lattice of
subgroups. If o is the Identity

element of a group(G), then the
trivial group(o) is the minimum
subgroup of that group and G is the
maximum subgroup.

314. Let K be a group with 8
elements. Let H be a subgroup of K
and H<K. It is known that the size of H
is at least 3. The size of H is

a)8
b) 2
c)3
d) 4

Answer: d

Explanation: For any finite group G,
the order (hnumber of elements) of
every subgroup L of G divides the
order of G. G has 8 elements. Factors
of 8 are 1, 2, 4 and 8. Since given the
size of Lis at least 3(1 and 2
eliminated) and not equal to G(8
eliminated), the only size left is 4. Size
of Lis 4.

315. is not necessarily a
property of a Group.

a) Commutativity

b) Existence of inverse for every
element

c) Existence of Identity

d) Associativity
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Answer: a

Explanation: Grupoid has closure
property; semigroup has closure and
associative; monoid has closure,
associative and identity property;
group has closure, associative,
identity and inverse; the abelian
group has group property and
commutative.

316. A group of rational numbers is
an example of

a) a subgroup of a group of integers
b) a subgroup of a group of real
numbers

c) a subgroup of a group of irrational
numbers

d) a subgroup of a group of complex
numbers

Answer: b

Explanation: If we consider the
abelian group as a group rational
numbers under binary operation +
then it is an example of a subgroup of
a group of real numbers.

317. Intersection of subgroups is a

a) group

b) subgroup
c) semigroup
d) cyclic group

Answer: b

Explanation: The subgroup property
is intersection closed. An arbitrary
(nonempty) intersection of subgroups
with this property, also attains the
similar property.

318. The group of matrices with
determinant is a subgroup
of the group of invertible matrices
under multiplication.

a) 2

b) 3

c)1l

d) 4

Answer: c

Explanation: The group of real
matrices with determinant 1is a
subgroup of the group of invertible
real matrices, both equipped with
matrix multiplication. It has to be
shown that the product of two
matrices with determinant 1 is
another matrix with determinant 1,
but this is immediate from the
multiplicative property of the
determinant. This group is usually
denoted by(n, R).

319. What is a circle group?

a) a subgroup complex numbers
having magnitude 1 of the group of
nonzero complex elements
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b) a subgroup rational numbers
having magnitude 2 of the group of
real elements

c) a subgroup irrational numbers
having magnitude 2 of the group of
nonzero complex elements

d) a subgroup complex numbers
having magnitude 1 of the group of
whole numbers

Answer: a

Explanation: The set of complex
numbers with magnitude 1is a
subgroup of the nonzero complex
numbers associated with
multiplication. It is called the circle
group as its elements form the unit
circle.

320. Which algorithm efficiently
calculates the single source shortest
paths in a Directed Acyclic Graph?
a) topological sort

b) hash table

c) binary search

d) radix sort

Answer: a

Explanation: For Directed Acyclic
graph, single source shortest
distances can be calculated in O(V+E)
time. For that purpose Topological
Sorting can be used. Topological

Sorting of any graph represents a
linear ordering of the graph.

321.The
consists of all vertices and edges of G.

of a graph G

a) edge graph

b) line graph

c) path complement graph
d) eulerian circuit

Answer: d

Explanation: we know that he
Eulerian circuitina graph Gis a
circuit that includes all vertices and
edges of G. A graph that can have
Eulerian circuit, also can have a
Eulerian graph.

322.A in a graph G is a circuit
which consists of every vertex (except
first/last vertex) of G exactly once.

a) Euler path

b) Hamiltonian path

c) Planar graph

d) Path complement graph

Answer: b

Explanation: The Eulerian path in a
graph say, G is a walk from one
vertex to another, that can pass
through all vertices of G as well as
traverses exactly once every edge of
G. Therefore, an Eulerian path can
not be a circuit. A Hamiltonian path is
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a walk that contains every vertex of
the graph exactly once. Hence, a
Hamiltonian path is not a circuit.

323. A walk has Closed property if

a) Vo=Vk
b) vo>=vi
c)v<O
dvk>1

Answer: a

Explanation: A walk in a graph is said
to be closed if the starting vertex is
the same as the ending vertex, that is
Vo=V, it is described as Open
otherwise.

324. A trail in a graph can be
described as

a) a walk without repeated edges
b) a cycle with repeated edges

c) a walk with repeated edges

d) a line graph with one or more
vertices

Answer: a

Explanation: Suppose ina graph G a
trail could be defined as a walk with
no repeated edges. Suppose a walk
can be defined as efgh. There are no
repeated edges so this walk is a trail.

325. Let a graph can be denoted as
ncfkedn a kind of

a) cycle graph

b) line graph

c) hamiltonian graph
d) path graph

Answer: a

Explanation: In the graph ncfkedn, no
edges are repeated in the walk, which
makes it a trail and then start and
end vertex n is same making it a cycle
graph.

326. Determine the edge count of a
path complement graph with 14
vertices.

a) 502

b) 345

c)78

d) 69

Answer: c

Explanation: Let, an n-path
complement graph P, is the graph
complement of the path graph P..
Since P, is self-complementary, P4 is
isomorphic to P4. Now, P’ has an
edge count = ¥/5(n-2)(n-1). So, the
required edge count is=78.

327. The sum of an n-node graph and
its complement graph produces a
graph called _

a) complete graph

b) bipartite graph
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c) star graph
d) path-complement graph

Answer: a

Explanation: Suppose, the
complement G’ of a graph G is known
as edge-complement graph which
consists of with the same vertex set
but whose edge set contains the
edges not present in G. The graph
sum G+G’ on an n-node graph G is
called the complete graph say, K.

328. The maximum number of edges
in a bipartite graph on 14 vertices is

a) 56
b) 14
c) 49
d) 87

Answer: c

Explanation: Maximum number of
edges occur in a complete bipartite
graph when every vertex has an edge
to every opposite vertex in the graph.
Number of edges in a complete
bipartite graph is a*b, where aand b
are no. of vertices on each side. This
qguantity is maximum whena=bi.e.
when there are 7 vertices on each
side. So answeris 7 * 7 = 49,

329.Ina_______ the degree of each
and every vertex is equal.

a) regular graph

b) point graph

c) star graph

d) euler graph

Answer: c

Explanation: A regular graph has the
same degree in each of its vertices. In
a regular bipartite graph, if the
common degree of each vertices is 1,
the two parts are of the same size.

330. The time complexity to test
whether a graph is bipartite or not is
saidtobe  using depth first
search.

a) O(n3)

b) linear time

c) O(1)

d) O(nlogn)

Answer: b

Explanation: It is possible to test
whether a graph is bipartite, and to
return either a two-coloring (if it is
bipartite) or an odd cycle (if it is not)
in linear time i.e, O(n) using depth
first search. In case of the
intersection of n line segments or
other simple shapes in the Euclidean
graph, it is possible to test whether
the graph is bipartite and it will
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return either a two-coloring or an
odd cycle in time O(nlogn), even
though the graph itself has up to
O(n?) edges.

331. The partitionV=V; U V,ina
bipartite graph G is called __

a) bipartition of G;

b) 2-vertex set of G;

c) sub bipartite graphs

d) disjoint vertex set

Answer: b

Explanation: A graph Gi(V, E) is called
bipartite if its vertex set V(G) can be
decomposed into two non-empty
disjoint subsets V1(G1) and V2(G,) in
such a way that each edge e € E(G)
has its one end joint in V1(G1) and
other endpoint in V,(G3). The
partition V =V; U V; in a bipartite
graph G is called bipartition of G;.

332. What is the maximum number
of edges in a bipartite graph on 14
vertices?

a) 78

b) 15

c) 214

d) 49

Answer: d
Explanation: By definition, the
maximum possible number of edges

in a bipartite graph on ‘n’ vertices =
(1/4) x n2.

Substituting n = 14, we get maximum
number of edges in a bipartite graph
on 14 vertices,= (1/4) x (14)?
=(1/4)x 14 x 14

=49

~ Maximum number of edges in a
bipartite graph on 14 vertices = 49.

333. In a complete bipartite graph,
the intersection of two sub graphs is

a)l

b) null

c) 210

d) 412

Answer: b

Explanation: In a complete Bipartite
graph, there must exist a partition
say, V(G)=XUY and XnY=0, that
means all edges share a vertex from
both set Xand Y.

334. Bipartite graphs are used in

a) modern coding theory
b) colouring graphs

c) neural networks

d) chemical bonds

Answer: a
Explanation: All types of cyclic graphs
are examples of cyclic graphs. A cyclic
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graph is considered bipartite if all the
cycles involved are of even length.
Bipartite graphs are widely used in
modern coding theory apart from
being used in modeling relationships.

335. The chromatic number of a
graph is the property of

a) graph coloring
b) graph ordering
c) group ordering
d) group coloring

Answer: b

Explanation: A graph coloring is an
assignment of labels to the vertices of
a graph such that no two adjacent
vertices share the same labels is
called the colors of the graph. Now,
the chromatic number of any graph is
the minimal number of colors for
which such an assignment is possible.

336. If a graph G is k-colorable and
k<n, for any integer n then it is

a) n-colorable

b) n? nodes

c) (k+n)-colorable
d) (k3+n3+1) nodes

Answer: a
Explanation: The chromatic number

of a graph is the minimal number of
colors for which a graph coloring is
possible. A graph G is termed as k-
colorable if there exists a graph
coloring on G with k colors. If a graph
is k-colorable, then it is n-colorable
for any n>k.

337.If Cn is the nth cyclic graph,
where n>3 and n is odd. Determine
the value of X(C,).

a) 32572

b) 16631

c)3

d) 310

Answer: c

Explanation: Here n is odd and X(Cp)!
= 2. Since there are two adjacent
edges in C,. Now, a graph coloring for
Cn exists where vertices are colored
red and blue alternatively and
another edge is with a different
colour say orange, then the value of
X(C,) becomes 3.

338. Determine the density of a
planar graph with 34 edges and 13
nodes.

a) 22/21

b) 12/23

c) 328

d) 576
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Answer: a

Explanation: The density of a planar
graph or network is described as the
ratio of the number of edges(E) to
the number of possible edges in a
network with(N) nodes. So, D=E - N
+1/2 N - 5. Hence, the required
answer is: D=(34-13+1)/(2*13-5) =
22/21. A completely sparse planar
graph has density 0 and a completely
dense planar graph has degree 1.

339. If the number of vertices of a
chromatic polynomial Pg is 56, what
is the degree of Pg?

a) 344

b) 73

c) 265

d) 56

Answer: d

Explanation: The chromatic
polynomial PG of a graph G is a
polynomial in which every natural
number k returns the number Pg(k) of
k-colorings of G. Since, the degree of
Ps is equal to the number of vertices
of G, the required answer is 56.

340. An undirected graph G which is
connected and acyclic is called

a) bipartite graph
b) cyclic graph

c) tree
d) forest

Answer: c

Explanation: An undirected graph G
which is connected and acyclic is
termed as a tree. G contains no cycles
and if any edge is added to G a simple
cycle is formed.

341. An n-vertex graph has
edges.

a) n?

b) n-1

c) n*n

d) n*(n+1)/2

Answer: b

Explanation: Suppose G is a
connected graph which has no cycles.
Every subgraph of G includes at least
one vertex with zero or one incident
edges. It has n vertices and n-1 edges.
Generally, the order-zero graph is not
considered to be a tree.

342. What is a star tree?

a) A tree having a single internal
vertex and n-1 leaves

b) A tree having n vertices arranged
inaline

c) A tree which has 0 or more
connected subtrees
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d) A tree which contains n vertices
and n-1 cycles

Answer: a

Explanation: A star tree of order niis a
tree with as many leaves as possible
or in other words a star tree is a tree
that consists of a single internal
vertex and n-1 leaves. However, an
internal vertex is a vertex of degree
at least 2.

343. A polytree is called

a) directed acyclic graph
b) directed cyclic graph
c) bipartite graph

d) connected graph

Answer: a

Explanation: A directed acyclic graph
is known as a polytree whose
underlying undirected graph is a tree.
In other words, a directed tree is a
directed graph which would be tree if
the directions on the edges were
ignored.

344. The tree elements are called

a) vertices
b) nodes
c) points
d) edges

Answer: b

Explanation: Every tree element is
called a node and the lines
connecting the elements are called
branches. A finite tree structure has a
member that has no superior and is
called the “root” Or root node. Nodes
that have no child are called leaf
nodes.

345. In an n-ary tree, each vertex has
at most children.
a)n

b) n*

c) n*n

d) n-1

Answer: a

Explanation: An n-ary tree is a rooted
tree in which each vertex has at most
n children. 2-ary trees are termed as
binary trees, 3-ary trees are
sometimes called ternary trees.

346. A linear graph consists of
vertices arranged in a line.

a) false

b) true

c) either true or false

d) cannot determined

Answer: b
Explanation: A linear graph also
known as a path graph is a graph
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which consists of k vertices arranged
in a line, so that vertices from i and
i+1 are connected by an edge for
i=0,..., k-1.

347. Two labeled trees are
isomorphic if

a) graphs of the two trees are
isomorphic

b) the two trees have same label

c) graphs of the two trees are
isomorphic and the two trees have
the same label

d) graphs of the two trees are cyclic

Answer: c

Explanation: The number of labeled
trees of k number of vertices is k"2,
Two labeled trees are isomorphic if
their graphs are isomorphic and the
corresponding points of the two trees
have the same labels.

348. A graph which consists of
disjoint union of trees is called

a) bipartite graph
b) forest

c) caterpillar tree
d) labeled tree

Answer: b
Explanation: A forest is an undirected
acyclic graph in which all the

connected components are individual
trees. This graph contains a disjoint
union of trees.

349. What is a bipartite graph?

a) a graph which contains only one
cycle

b) a graph which consists of more
than 3 number of vertices

c) a graph which has odd number of
vertices and even number of edges

d) a graph which contains no cycles of
odd length

Answer: d

Explanation: A graph is called a
bipartite graph if and only if it
contains no cycle of odd length. Every
tree is a bipartite graph and a median
graph.

350. If two cycle graphs Gm and Gn
are joined together with a vertex, the
number of spanning trees in the new
graph is

a) m+n-1

b) m-n

c) m*n

d) m*n+1

Answer: ¢

Explanation: As there are n possible
edges to be removed from G and m
edges to be removed from G and the
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rest from a spanning tree so the
number of spanning tree in the new
graph is m*n.

351. For an n-vertex undirected

graph, the time required to find a
cycle is
a) O(n)
b) O(n?)
c) O(n+1)
d) O(logn)

Answer: a

Explanation: The existence of a cycle
in directed and undirected graphs can
be determined by depth-first search
(DFS) of the graph finds an edge that
points to an ancestor of the current
vertex. In an undirected graph,
finding any already visited vertex will
indicate a back edge. All the back
edges which DFS skips over are part
of cycles. In the case of undirected
graphs, only O(n) time is required to
find a cycle in an n-vertex graph,
since at most n — 1 edges can be tree
edges.

352. A binary cycle space forms a
over the two element field.

a) triangular graph

b) vector space

c) binary tree

d) hamiltonian graph

Answer: b

Explanation: The term cycle refers to
an element of the cycle space of a
graph. There are many cycle spaces.
The most common is the binary cycle
space, which contains the edge sets
that have even degrees at every
vertex and it forms a vector space
over the two-element field.

1. In preorder traversal of a binary
tree the second step is
a) traverse the right subtree

b) traverse the left subtree

c) traverse right subtree and visit the
root

d) visit the root

View Answer

Answer: b

Explanation: In a preorder traversal
of a binary tree first is to visit the
root, second traverse the left subtree
of the tree and third traverse the
right subtree of the tree.

353. An important application of
binary tree is

a) Huffman coding

b) stack implementation

c) queue implementation

d) traverse a cyclic graph

Answer: a

Explanation: A binary tree is used to
sort a list of elements; the inorder
traversal will do this automatically.
Better tree sorting algorithm will
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involve balancing the trees. The
binary coding, in particular for the
Huffman coding is an immediate
application of binary trees.

354. From the following code identify
the which traversal of a binary tree is
this

//if node has left child
order(node.left)

//if node has right child
order(node.right)
visit(node)

a) Inorder traversal
b) preorder traversal
c) postorder traversal
d) Euler tour traversal

Answer: c

Explanation: In a postorder traversal
of a binary tree first is to traverse the
left subtree, second traverse the right
subtree of the tree and third is to visit
the node.

355. What is the minimum height for
a binary search tree with 60 nodes?
a)l

b) 3

c)4

d) 2

Answer: d

Explanation: If there are k nodes in a
binary tree, maximum height of that
tree should be k-1, and minimum
height should be floor(log2k). By

using the formula, minimum height
must be 2 when there are 60 nodes in
a tree.

356. From the following code identify
the which traversal of a binary tree is
this

function traversal(node)

{
//Input:root node of the tree
//Output:None
visitLeft(node)
//if node has left child
traversal(node.left)
visit_Below(node)
//if node has right child
traversal(node.right)
visitRight(node)

}

a) Inorder traversal

b) Euler Tour traversal
c) Post-order traversal
d) Pre-order Traversal

Answer: b

Explanation: The code signifies Euler
Tour traversal which is a generic
traversal of a binary tree. In this tree
traversal we have to walk around the
tree and visit each node three times:
1. On the left (pre-order), 2. From
below (in-order), 3. On the right
(post-order) and Create subtrees for
all the nodes.

357. For the expression (7-
(4*5))+(9/3) which of the following is
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the post order tree traversal?
a) ¥*745-93/+
b) 93/+745*-
c) 745*-93/+
d) 74*+593/-

Answer: c

Explanation: First build a binary tree
for the expression then find out the
postorder traversal of that tree and
after that the answer will be 745*-
93/+.

358. The time complexity of
calculating the sum of all leaf nodes
in an n-order binary tree is

a) O(n?)
b) O(n+1)
c) O(1)

d) O(n)

Answer: d

Explanation: The approach is to
traverse the binary tree in any
fashion and check if the node is the
leaf node(child node)or not. After
that, add node data to the sum
variable. So, after summing up all leaf
nodes, the time complexity of the
operation should be O(n).

359. An immediate application of a
Depth First Search traversal is

a) count the number of leaf nodes
b) perform Inorder traversal in easy
way

c¢) count number of nodes
d) implement preorder traversal

Answer: a

Explanation: Given an n-ary binary
tree, by performing DFS traversal on
that tree number of leaf nodes can be
calculated and for that we need to
maintain an array for the leaf count.

360. Breadth First Search traversal of
a binary tree finds its application in

a) Cloud computing

b) Peer to peer networks
c) Weighted graph

d) Euler path

Answer: b

Explanation: Breadth First Search
traversal has diverse applications
such as in the peer to peer networks
like BitTorrent, BFS traversal is used
to find all the neighbour nodes of the
network.

361. Worst case complexity of
Breadth First Search traversal

a) O(n*n)

b) O(nlogn)
c) O(n? logn)
d) O(n3)

Answer: b

Explanation: In an n-ary binary tree,
we must have to visit all nodes from
an adjacent node and repeat the
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same for next unvisited nodes.
Hence, in worst case the time
complexity should be O(nlogn).

362. Evaluation of expression
a/b+c*d-e in postfix notation.
a) ab+cd/*-e
b) ab/cd*+e-
c) abc/+d*-e
d) abcd/+*-e

Answer: b

Explanation: The
expression=a/b+c*d-e
={(ab/)+(cd*)}-e
={(ab/)(cd*)+}-e
={(ab/)(cd*)+}e-

So the output is: ab/cd*+e-

363. Evaluation of 4*5+3/2-9 in prefix
notation.

a) ¥*45-/32+9

b) *+453/-29

c) -+*45/329

d) *+/45932

Answer: ¢

Explanation: The
expression=4*5+3/2-9
={(4*5)+(3/2)-9}
={(*45)+(/32)-9}
={+(*45)(/32)}-9
=-{+(*45)(/32)9

So the output is; -+*45/329.

364. What is the output of the
following if funct1(7)?

Void main()

{
int n;
long int func;
scanf(“%d”,&n);
func=funcil (n)
printf(“%ld!=%ld”,n,func);
}
long int funcl(int n)
{
if(n==0)
{

Return 1;

}

else

{
return(n*funcl(n-1));
}
}

a) 128
b) 4320
c) 720
d) 5040

Answer: d

Explanation: This is a factorial
function of an integer using recursive
approach. By running the function on
integer 7 we get 5040.

365. Infix to prefix conversion can be
done using

a) two queues

b) two stacks

c) one stack and two queues

d) one stack
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Answer: b

Explanation: In the infix expression,
the operator appears between the
operands and in infix notation if the
operator appears before the
operands in the expression. For the
conversion between them two stacks
are used efficiently. The idea is to use
one stack for operators and other to
store operands.

366. Conversion from prefix to postfix
expression can be done

a) using bubble sort
b) using radix sort

c) using two queues
d) in a direct manner

Answer: d

Explanation: In a postfix expression,
the operators appear after the
operands. Conversion from prefix to
postfix is done directly which is better
than converting the prefix expression
in infix and then infix to postfix
expression. It gives better efficiency.

367. What is the postfix expression of
9+3%5/(10-4)?

a)93+*5/104-

b)935+* /104 -
c)93+5*/104-
d)935*/+10-4

Answer: c
Explanation: The expression,
9+3*5/(10-4)

=9+3*5/(10 4-)
=9+35/*%(10 4-)
=935/*+(10 4-)
So the outputis:935/*+104 -.

368. What is the postfix expression of
(A+B)-C*(D/E))+F?
a)AB+CDE/*-F+

b) ABCDE+/*F—-+
c)ABC+*DE/F+-
d)AB+C—*DE/F+

Answer: a

Explanation: The expression is (A+B)-
C*(D/E))+F

= (A+B)-C*(DE/)+F

= (A+B)-C*(DE/)F+

= (A+B)-C(DE/)*F+

= (A+B)C(DE/)*-F+

= (AB+)C(DE/)*-F+

So the output is: AB+CDE/*-F+.

369. Algebra of logic is termed as

a) Numerical logic
b) Boolean algebra
c) Arithmetic logic
d) Boolean number

Answer: c

Explanation: The variables that can
have two discrete values False(0) and
True(1) and the operations of logical
significance are dealt with Boolean
algebra.
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370. Boolean algebra can be used

a) For designing of the digital
computers

b) In building logic symbols

c) Circuit theory

d) Building algebraic functions

Answer: a

Explanation: For designing digital
computers and building different
electronic circuits boolean algebra is
accepted widely.

371. What is the definition of
Boolean functions?

a) An arithmetic function with k
degrees such that f:Y—>Yk

b) A special mathematical function
with n degrees such that f:Y"—>Y
c) An algebraic function with n
degrees such that f:X"—>X

d) A polynomial function with k
degrees such that f:X>—>X"

Answer: b

Explanation: A Boolean function is a
special mathematical function with n
degrees and where Y = {0,1} is the
Boolean domain with being a non-
negative integer. It helps in
describing the way in which the
Boolean output is derived from
Boolean inputs.

372. F(X,Y,Z,M) =XY'Z'M". The
degree of the functionis
a)2

b) 5

c)4d

d1

Answer: c

Explanation: This is a function of
degree 4 from the set of ordered
pairs of Boolean variables to the set
{0,1}.

373.A value is represented
by a Boolean expression.

a) Positive

b) Recursive

c) Negative

d) Boolean

Answer: d

Explanation: A Boolean value is given
by a Boolean expression which is
formed by combining Boolean
variables and logical connectives.

374. What is the use of Boolean
identities?

a) Minimizing the Boolean expression
b) Maximizing the Boolean
expression

c) To evaluate a logical identity

d) Searching of an algebraic
expression

DIWAKAR EDUCATION HUB




Discrete Structures and Optimization Unit - 1 MCQs

Answer: a

Explanation: Boolean identities are
used for minimizing the Boolean
expression and transforming into an
equivalent expression.

375. is used to implement
the Boolean functions.

a) Logical notations

b) Arithmetic logics

c) Logic gates

d) Expressions

Answer: c

Explanation: To implement a Boolean
function logic gates are used. Basic
logic gates are AND, OR and NOT.

376. Inversion of single bit input to a
single bit output using

a) NOT gate

b) NOR gate

c) AND gate

d) NAND gate

Answer: a

Explanation: A NOT gate is used to
invert a single bit input (say A) to a
single bit of output (~A).

377. There are numbers
of Boolean functions of degree n.
a)n

b) 202

c)nd
d) n(n*2)

Answer: b

Explanation: There are 2n different n-
tuples of 0’s and 1’s. A Boolean
function is an assignment of 0’s or 1’s
to each of these 2 n different n-
tuples. Hence, there are

22"n) different Boolean functions.

378.A is a Boolean
variable.

a) Literal

b) String

c) Keyword

d) Identifier

Answer: a

Explanation: A literal is a Boolean
variable or its complement. A
maxterm is a sum of n literals and a
minterm is a product of n literals.

379. Find the simplified expression
A’BC'+AC'.

a)B

b) A+C

c) (A+B)C’

d) B’'C

Answer: ¢

Explanation: Given: A’BC’ + AC’
=C(A’'B+A)

=C'(A+B).
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380. Evaluate the expression: (X +
Z)(X+XZ') + XY +Y.

a) XY+Z’

b) Y+XZ'+Y'Z

c) X'Z+Y

d) X+Y

Answer: d

Explanation: (X + Z)(X + XZ') + XY + Y
[Original Expression]

= (x+2z)X(1+Z') + XY + Y [Distributive]
= (X+Z)X+ XY +Y [Complement,
Identity]

= (X4+Z)X + Y(X+1) [ Distributive]

= (X+Z)X + Y [I[dempotent]

= XX + XZ + Y [Distributive]

=X+ XZ + Y [Identity]

=X(1+Z) +Y

=X +Y [I[dempotent].

381. Simplify the expression: A’(A +
BC) + (AC + B’C).

a) (AB’C+BC’)

b) (A’B+C’)

c) (A+ BC)

d) AC

Answer: b

Explanation: Given: A’(A + BC) + (AC +
B’C)

=A’A+A’'BC+AC+B’C

=A'BC+C(A +B’)

=C(A'B+A +B’)

=C(A+B+B’)

=C(A+1)
=AC.

382. What is the simplification value
of MN(M + N’) + M(N + N’)?

a) M

b) MN+M’N’

c) (1+M)

d) M+N’

Answer: b

Explanation: Given: MN(M + N’) +
M(N + N’)

= MN(M+N’) + M.1

= MNM + MNN’ + M
=MN+0+M

=M(N + 1)

=M.

383. Simplify the expression XZ' + (Y +
Y’Z) + XY.

a) (1+XY’)

b) YZ+ XY’ +7

c) (X+Y +2)

d) XY’'+ 7'

Answer: c

Explanation: Given: XZ' + (Y +Y'Z) +
XY

=XZ'+(Y+2Z)+ XY
=XZ'+Y+Z+XY

= (XZ' + Z) + (Y + XY)
=(X+2)+Y(1+X)

=X+Y+Z
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384. How many binary relations are
there on a set S with 9 distinct
elements?

a) 2%

b) 2100

c) 28

d) 26°

Answer: c

Explanation: S is the set with 9
elements. A relation on S is defined
as S x S. There are 92 number of
ordered pairs in relation. So, the
number of binary relations is 2(°*) =
281.

385. number of reflexive
relations are there on a set of 11
distinct elements.

a) 2110

b) 3121

c) 2%°

d) 2132

Answer: a

Explanation: Let A be a set consists of
n distinct elements. There are 2"

" number of reflexive relations that

can be formed. So, here the answer is
2(11%11)-11 = 9110,

386. The number of reflexive as well
as symmetric relations on a set with
14 distinct elements is

a) 4120
b) 270
C) 3201
d) 291

Answer: d

Explanation: Let A be a set consists of
n distinct elements. There are 2" (™
/2 number of reflexive and
symmetric relations that can be

formed. So, here the answer is 2147(14-
1)/2 = 991

387. The number of symmetric
relations on a set with 15 distinct
elements is

a) 219%

b) 250

c) 2320

d) 278

Answer: a

Explanation: Let S be a set consists of
n distinct elements. There are 2(m*(m
U number of reflexive and symmetric

relations that can be formed. So, here
the answer is 2(1>-1*(15-1) = 2196

388. Ris a binary relation on a set S
and R is reflexive if and only if

a)r(R)=R

b) s(R) =R
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c)t(R) =R
d) f(R) =R
Answer: a

Explanation: Let reflexive closure of
R:r(R) = R. If R is reflexive, it satisfies
all the condition in the definition of
reflexive closure. So, a reflexive
closure of a relation is the smallest
number of reflexive relation contain
in R. Hence, R =r(R).

389. If R; and R; are binary relations

from set A to set B, then the equality
holds.

a) (R¢)¢=Re

b) (AxB)‘=0

c) (R1URy)*=R;€URS

d) (R1 UR3)¢ =R N Ry*

Answer: c

Explanation: To proof (R; U Ry)¢ =
R1°U RS,

if <x,y> belongs to (R1 U Ry)¢

S <y, x> € (R1URy)

S <y, x> € Ryor<y,x>€R;

< <x,y> € Ri°or <x,y> € R,°

& <x,y> € R1°U Ry".

390. The condition for a binary
relation to be symmetric is
a)s(R)=R

b) RUR=R

¢) R =R¢
d) f(R) =R

Answer: c

Explanation: If <a,b> € R then <b,a> €
R, where a and b belong to two
different sets and so its symmetric.

R¢ also contains <b,a>

R¢=R.

391. number of reflexive
closure exists in a relation R = {(0,1),
(1,2), (1,3), (2,1), (2,2), (3,0)} where
{0,1,2,3} €A,

a) 2°

b) 6

c)8

d) 36

Answer: b

Explanation: The reflexive closure of
R is the relation, RU A ={(a,b) | (a,b)
R(a,a) | aA}. Hence, RUA={(0,1),
(1,1), (1,3), (2,1), (2,2), (3,0)} and the
answer is 6.

392. The binary relation {(1,1), (2,1),
(2,2), (2,3), (2,4), (3,1), (3,2)} on the
set {1, 2, 3}is

a) reflective, symmetric and transitive
b) irreflexive, symmetric and
transitive

c) neither reflective, nor irreflexive
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but transitive
d) irreflexive and antisymmetric

Answer: c

Explanation: Not reflexive -> (3,3) not
present; not irreflexive -> (1, 1) is
present; not symmetric -> (2, 1) is
present but not (1, 2); not
antisymmetric — (2, 3) and (3, 2) are
present; not asymmetric ->
asymmetry requires both
antisymmetry and irreflexivity. So, it
is transitive closure of relation.

393. Consider the relation: R’ (x, y) if
and only if x, y>0 over the set of non-
zero rational numbers,then R’ is

a) not equivalence relation

b) an equivalence relation

c) transitive and asymmetry relation
d) reflexive and antisymmetric
relation

Answer: b

Explanation: Reflexive: a, a>0
Symmetric: if a, b>0 then both must
be +ve or -ve, which means b, a >0
also exists

Transitive: if a, b>0 and b, c>0 then to
have b as same number, both pairs
must be +ve or -ve which implies a,
c>0. Hence, R’ is an equivalence
relation.

394. Let S be a set of n>0 elements.
Let be the number B; of binary
relations on S and let Bf be the
number of functions from S to S. The
expression for B, and By, in terms of n
should be

a) n2and 2(n+1)?

b) n3and n(™*1)

c) nand n("®

d) 2™ and n"

Answer: d

Explanation: For a set with n
elements the number of binary
relations should be 2("™ and the
number of functions should be n".
Hence B, = 2("" and Bs = n".

395. Spanning trees have a special
class of depth-first search trees
named

a) Euclidean minimum spanning trees
b) Tremaux trees

c) Complete bipartite graphs

d) Decision trees

Answer: b

Explanation: A tremaux tree of an
undirected graph G is a spanning tree
of G which is rooted at one of its
vertices with the property that every
two adjacent vertices in G are related
to each other as an ancestor and
descendant in the tree.
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396. If the weight of an edge e of
cycle Cin a graph is larger than the
individual weights of all other edges
of C, then that edge

a) belongs to an minimum spanning
tree

b) cannot belong to an minimum
spanning tree

c) belongs to all MSTs of the graph
d) can not belong to the graph

Answer: b

Explanation: For any cycle Cin the
graph, if the weight of an edge e of C
is larger than the individual weights
of all other edges of C, then this edge
cannot belong to an MST.

397. For every spanning tree with n
vertices and n edges what is the least
number of different Spanning trees
can be formed?

a) 2

b) 5

c)3

d) 4

Answer: c

Explanation: If graph is connected
and has ‘n’ edges, there will be
exactly one cycle, if n vertices are
there. A different spanning tree can
be constructed by removing one edge
from the cycle, one at a time. The

minimum cycle length can be 3. So,
there must be at least 3 spanning
trees in any such Graph. Consider a
Graph with n =4, then 3 spanning
trees possible at maximum (removing
edges of cycle one at a time,
alternatively). So, any Graph with
minimum cycle length ‘3" will have at
least 3 spanning trees.

398. Time complexity of Prim’s
algorithm is

a) O((V+E)logV)

b) O(E+V)

c) O(E)

d) O(V+1)

Answer: a

Explanation: In Prim’s Algorithm, we
will start with an arbitrary node (take
any point to start) and mark it. In
each iteration, a new vertex is
marked that is adjacent to the one
that we have already marked. Each
vertex is inserted in the priority
gueue only once and insertion in
priority queue take logarithmic time.
Hence, the time complexity of Prim’s
Algorithm is O((V+E)logV).

399. What is the time complexity of
Kruskal’s algorithm?

a) O(ElogV)

b) O(V+logkE)
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c) O(E+1)
d) O(V?)

Answer: a

Explanation: In Kruskal’s algorithm, at
each iteration, we will select the edge
with the lowest weight. So, we will
start with the lowest weighted edge
first. After that we will select the
second lowest weighted edge. In
Kruskal’s algorithm, most time
consuming operation is sorting
because the total complexity of the
Disjoint-Set operations will be
O(ElogV) and it is the overall Time
Complexity of the algorithm.

400. An immediate application of
minimum spanning tree

a) gesture analysis

b) handwriting recognition

c) fingerprint detection

d) soft computing

Answer: b

Explanation: Minimum spanning tree
is the spanning tree where the cost is
minimum among all the spanning
trees. It is used in network designing,
in the algorithms predicting the
travelling salesman problem,multi-
terminal minimum cut problem and
minimum-cost weighted perfect
matching. It can also used in

Handwriting recognition and image
segmentation.

401. The spanning tree will be
maximally acyclic if

a) one additional edge makes a cycle
in the tree

b) two additional edges makes a cycle
in the tree

c) removing one edge makes the tree
cycle free

d) removing two edges make the tree
cycle free

Answer: a

Explanation: A connected graph G

can have more than one spanning
tree. Removing one edge from the
spanning tree will make the graph
disconnected and the spanning tree is
minimally connected. Adding one
edge to the spanning tree will create
a circuit or loop and the spanning
tree is maximally acyclic.

402. In a maximum spanning tree the
weighted graph is of

a) maximum number of edges

b) maximum number of cyclic trees
¢) minimum number of vertices

d) maximum weight

Answer: d

Explanation: A maximum spanning
tree can be computed by negating
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the weights for each edge and
applying Kruskal’s algorithm. Thus, it
is a spanning tree of a weighted
graph having maximum weight
assigned to all the edges.

403. Prim’s algorithm can be
implemented using

a) a stack data structure

b) radix sort

c) priority queue data structure
d) bubble sort

Answer: c

Explanation: The time complexity of
Prim’s algorithm depends on the data
structures used for the graph and for
ordering the edges by weight, which
can be done using a priority queue. In
general, a priority queue will be
quicker at finding the vertex in the
spanning tree with minimum cost.
The choice of data structures for
implementation will lead to varying
time complexity.

404. LetasetS=1{2,4,8, 16, 32} and
<= be the partial order defined by S
<= R if a divides b. Number of edges
in the Hasse diagramofis
a)6

b) 5

c)9

d) 4

Answer: b
Explanation: Hasse Diagram is:

32

/
16

/
8

/\
2 4

So, the number of edges should be: 4.

405. The less-than relation, <, on a
set of real numbersis

a) not a partial ordering because it is
not asymmetric and irreflexive equals
antisymmetric

b) a partial ordering since it is
asymmetric and reflexive

c) a partial ordering since it is
antisymmetric and reflexive

d) not a partial ordering because it is
not antisymmetric and reflexive

Answer: a

Explanation: Relation less than a set
of real numbers is not antisymmetric
and reflexive. Relation is not POSET
because it is irreflexive. Again, aRb !=
bRa unless a=b and so it is
antisymmetric. A relation may be ‘not
asymmetric and not reflexive but still
antisymmetric, as {(1,1) (1,2)}. So, the
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relation is not a partial ordering
because it is not asymmetric and
irreflexive equals antisymmetric.

406. If the longest chain in a partial
order is of length |, then the partial
order can be written as disjoint
antichains.

a) I?

b) I+1

c)l

d) !

Answer: c

Explanation: If the length of the
longest chain in a partial order is |,
then the elements in the POSET can
be partitioned into | disjoint
antichains.

407. Suppose X ={a, b, ¢, d}and m; is
the partition of X, m; = {{a, b, c}, d}.
The number of ordered pairs of the
equivalence relations induced by

a) 15
b) 10
c) 34
d) 5

Answer: b

Explanation: The ordered pairs of the
equivalence relations induced =
{(a,a), (a,b), (a,c), (b,a), (b,b), (b,c),

(c,a), (c,b), (c,c), (d,d)}. Poset ->
equivalence relations = each partition
power set — Q.

408. A partial order P is defined on
the set of natural numbers as follows.
Here a/b denotes integer division.
i)(0, 0) € P.ii)(a, b) e Pifand only if a
% 10<b % 10 and (a/10, b/10) € P.
Consider the following ordered pairs:
i. (101, 22)ii. (22, 101) iii. (145, 265)
iv. (0, 153)

The ordered pairs of natural numbers
are contained in P are and

145, 265) and (0, 153)
22,101) and (0, 153)
101, 22) and (145, 265)
101, 22) and (0, 153)

a)
b)
c)
d)

Answer: d

Explanation: For ordered pair (a, b),
to be in P, each digit in a starting
from unit place must not be larger
than the corresponding digit in b. This
condition is satisfied by options (iii)
(145, 265)=>5<5,4<6and 1< 2;
(iv) (0, 153) =>0< 3 and no need to
examine further.
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