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Statistics
ORIGIN AND DEVELOPMENT OF STATISTICS

. The word “Statistics is very popular and widenly used word. It has been
derived frdm the Latin word “Status”, German word “Statistik” and the italian
word “statista” all of which means the political state. In the ancient time
Statistics was regarded-as the ‘Science of statecraft’ and was the by product
of the administrative activity of the ‘state and the scbpe of the staﬁsti‘cs,was _
primarily limited to the coffection of the data regardi"n'g ‘age and se‘X’Wise’_a’nd
‘prépeﬁy and-wealii’ of the-country by the government for framing military ‘an'd
fiscal policies: But ai present statistics. is used by EconOmiéts,'Scientiéts,,
Engineers, ‘Doctors, and Researchers etc. 'S¢ these days there is hardly a
place where statistics is not used. IR e ’

A comprehensive analysis and interpretation of data goes back to 1662
AD, when John Graunt published a book based on the birth and death records
of England. Inspired by his work, Sir Witliam Petty developed tha idea of
Political Arithme}tic, the art of reasoning by figures upon ‘thing relating to
government. In around 1700 AD, the work of Edmund ‘Halley on mortality
tables and life expectancy (very useful in life insurance_ companies) had-
established statistics as a science both viable and worthwhile. All these works
and efforts gave birth o the idea of statistics. '

Over the next 150 years, rrjany mathematicians, including the famq'us
German mathematician Carl Friedrich Gauss, philosophers and scholars of
different European countries attempted to develop the theory of statistics: By
the end. of the nineteenth century the discipline of statistics was "wel!
recognized; and in the first half of the twentiefh century the field of statistics
made remarkable progress both in theory and practice under the guidange of
famous statisticians, such as Karl Péarson, Sir R. A. Fisher, William Sealey

Gosset, Andrey Kolmogorov,’Jerzy Neyman, Abraham Wald, John Tukey and
S0 on. : - ‘ : ' '

The continuo:us_ efforts” made by statisticians, mathematicians and
research scholars over the past have suéceedéd to develop a wide variety of
scientifically proven statistical methads that can be used in various disciplines
for various data related activities, Statistical methods coupled with- micro-

computer and appropriate software packages are increasingly becoming

powerful fact finding tools in a variety of disciplines and in a variety of
situations, :

pmd



Introduction of Statistics
1.2 DIVISION OF STATISTICS

The word Statistics conveys two different meanings when it is
used in singular and plural senses. In plural sense, it refers to the
numerical results obtained by applying statistical methods to a set of
data systematically collected for specific pre-determined purpose. In
singular sense, it refers to a subject of study that deals with various
scientific methods, which are essential from the initial stage of data
collection to the final stage of data presentation. The numerical data may
relate to quantity of cement used, sirength of steel used, assemble time
of computer, wage of workers in an industry, demand and supply of
cement etc.

The subject statistics is divided into two parts: mathematical
statistics and applied statistics. Mathematical statistics deals with the
development of statistical theory and methods based on certain
principles and mathematics, while the applied statistics deals with the
applications of statistical methods to data. In this context, Business
Statistics is considered as applied statistics. The statistics is also divided
into descriptive statistics and inferential statistics.

Descriptive statistics is used to summarize or present the data,
either numerically or graphically. Numerical descriptors of data include
the followings.

i. One-way or two-way frequency tables

ii. Various kinds of summary measures, such as mean, variance,
correlation coefficient and so on

iii. Statistical models

While graphical summarizations include various kinds of charts
and graphs, such as pie chart, line graph, scatter plot and so on. The
main objective of this book is to teach descriptive statistics.

Inferential statistics is used to draw inferences about the
population from a sample data drawn from the population. These
inferences may take the form of answers to yes/no questions (hypothesis
testing), estimates of numerical characteristics (estimation). Inferential
statistical methods involve quite advanced methods and will not be
considered in this book.

I Mathematical J | Descriptive J :
e
| Appled | | inferential |

Figure of Division of Statistics
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Learning of statistics will require the knowledge of basic mathematics.
Like in other disciplines, statistics has its own vocabularies. An important and
most frequently used term in statistics is variable. Whenever such
terminologies are felt necessary to use we shall explain them.

If we observe or measure a characteristic we find that it takes on
different values in different persons, places, or things, and it is customary to
label the characteristics a variable. Some examples of variables include
salary, age, sex, post and educational degree of employees of a company,
amount of daily sales of a store, and the marks obtained by students in an
exam. Data are considered as the values of a variable (in case of uni-variate
data) or values of several variables (in case of multivariate data). The values
of a variable are generated by measuring, asking or observing the
characteristics of similar subjects under study.

Data generated by quantitative variables (such as salary, age, amount
of sales and so on) are called quantitative data, while the data generated by
gualitative variables (such as sex, post, educational level and so on) are
called qualitative or categorical data.

1.3 DEFINITION OF STATISTICS
1.3.1 Singular Sense

In Singular Sense, there are many definitions given by number of
Statistician that cover single aspect. A.L. Bowley has defined Statistics as the
‘Science of Counting'. He has also defined Statistics as the 'Science of
averages'.

Both definition of AL. Bowley's are not completed by the
comprehensive view of Statistics.

Boddington has defined Statistics as the 'Science of estimates and
probabilities’. This definition is also not completed and satisfactory because
estimates and probabilities are only the part of statistical methods. It does not
cover the basic form of Statistics.

According to Ya-Lun—Chou, ' Statistics is a method of decision making
in the face of uncertainty on the basis of numerical data and calculated risks.

Croxton and Cowden give the most accepted and comprehensive
definition of statistics in singular sense as "Statistics as the science which
deals with the collection, presentation (Classification, tabulation, diagram and
graphs), analysis and interpretation of the numerical data". According to this
definition there are four stages.

i. Collection of data

The first step of an investigation is the collection of data. Careful

collection is needed because further analysis is based on this. There are
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Introduction of Statistics

different methods of collection of data and they must be reliable. If the
collected data are faulty, results will also be faulty. Therefore, the investigator
must take special care in collection of data.

ii. Presentation of data

The collected data are generally in an unintelligible form and need to be
classified and tabulated before they can be analyzed. For example the
researcher is interested to know the average expenditure of 900 families of a
town. The mass data collected is difficult to understand and analyze.
Therefore the collected data are to be presented in tabular or diagrammatic or
graphic form. The data presented in systematic order will facilitate further
analysis.

iii.  Analysis of data

After the presentation of data, the next step is to analyze the presented
data. Analysis includes condensation, summarization, conclusion etc. through
the means of various descriptive statistical measures.

iv Interpretation of data

Figures don't speak for themselves. The duty of statistician is not
complete with mere collection and analysis of data. But, valid conclusion must
be drawn on the basis of analysis. A high degree of skill and experience is
necessary for the interpretation. Correct interpretation leads to valid
conclusion.

1.3.2 Plural Sense

‘Definition of Statistics In Plural sense covers many aspects. Prof.
Horace Secrist gave the most comprehensive definition. According to him," By
statistics, we mean aggregate of facts affected to a marked extent by
muitiplicity of causes, enumerated or estimated according to a reasonable
standard of accuracy, collected in a systematic manner, for a predetermined
purpose and placed in relation to each other.”

This plural sense definition possesses the following characteristics of
Statistics:
i Aggregate of facts

Statistics deals with the aggregate of facts. It does not deal with the
single figure. For instance, income of an employee of a company does not
form statistics. But, the income of employees of the company constitutes
statistics.

i Affected by multiplicity of causes

Statistical figures should be affected by multiplicity of factors. Statistical
techniques have been devised to study the joint effect of a number of factors
on a single variable. For example, sale of a commodity depends upon the its
demand, advertisement etc.
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iii. Numerically expressed

Only numerical information constitutes statistics. Statistics deals with
the quantitative data. The wvariables like beauty, honesty etc., unless
expressed numerically, cannot be regarded as statistics.
iv. Enumerated according to reasonable standards of accuracy

Statistical data are collected either by enumeration or by estimation.
The method of enumeration may be used when the population size is small. In
such a case, data will be exact and accurate. If the population size is large,
enumeration is not possible, so in such case the figures are estimated.
However, the estimated values will not be as precise and accurate as the
actually values collected by enumeration, the degree of accuracy largely
depends on the nature and propose of the study. Any way, 100% accuracy in
statistical work is rare. However, certain standards of accuracy must be
maintained for drawing meaningful conclusions.
V. Collected in a systematic manner

The data must be collected after a well plan in a systematic manner.
Otherwise, they will give misleading results.
vi. Collected for a pre-determined purpose

It is essential to state clearly the objective or the purpose of the enquiry
before collecting the data. Collection of too much information and too little
information should be avoided.
vii. Placed in relation to each other

The data should be comparable. The data cant be regarded as
statistics if they are not comparable. In order to make valid comparisons the
data should be homogenous i.e. they should relate to the same phenomenon
or subject.

Thus, from the definition of Prof. Horace Secrist, we may conclude that

"All statistics are numerical statements of facts but all numerical
statements of facts are not statistics.”

1.4 USE OF STATISTICS

When we are dealing with uni-variate data scope of engineering
statistics primarily concerned with statistical summaries such as average,
variability shape and sizes of different engineering variables. And for bi-variate
data there are two statistical techniques as correlation analysis and regression
analysis. Correlation analysis summarizes the strength of relationship
between two factors, while regression analysis shows how to predict the value
of dependent variable using the independent one.
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Furthermore, in engineering probability and probability distribution are
used to calculate the numerical value of chances of happening and non
happening of certain variables, expected value of random variables and
overall fitting of probability distributions.

According to Wallis and Roberts, "Statistics may be regarde.d asa bocl.y
of methods for making wise decisions in the face of uncertainty ". Thls
definition reflects the application of statistics in engineering regardmg
formulation of policies, forecasting future trends, making stati§tical hypolhgs;s
and testing of these hypothesis and so on. Accurate esﬂmanon of popul_ahon
parameter of engineering variables and decision making of an engineer
depends upon his experience and proper use of statistical tools and methods.

Engineers apply physical and chemical laws and mathematics to design,
develop, test, and supervise various products and services.

Engineers perform tests to learn how things behave under stress, and
at what point they might fail

_ Probability and Statistics for Engineering
As engineers perform experiments, they collect data that can be used

to explain relationships better and to reveal inforrmation about the quality of
products and services they provide and the information can be better analyzed

An engineer is someone who solves problems of interest to society by
the efficient application of scientific principles. Engineers accomplish this by
either refining an existing product or process or by designing a new product or
process that meets customers’ needs. The engineering, or scientific, method
is the approach to formulating and solving these problems. The steps in the
engineering method are as follows:

i. Develop a clear and concise description of the problem.

ii. Identify, at least tentatively, the important factors that affect this problem
or that may play a role in its solution.

ii. Propose a model for the problem, using scientific or engineering
knowledge of the phenomenon being studied, State any limitations or
assumptions of the model.

iv. Conduct appropriate experiments and collect data to test or validate the
tentative model or conclusions made in steps 2 and 3.

v. Refine model on the basis of the observed data.
vi. Manipulate the model to assist in developing a solution to the problem.

vii. Conduct an appropriate experiment to conform that the proposed solution
to the problem is both effective and efficient.

viii. Draw conclusions or make recommendations based on the problem
solution.

1.5 FUNCTION OF STATISTICS

The five major functions of statistics are illustrated in Fig 1.2; and they
will be more elaborated in subsequent sections. Here we shall make brief
elaboration in the context of function of statistics.

i. Statistics avoids collecting data by avoiding our biases

Data are the fundamental elements of statistics and they need to be

collected. Collecting data sounds simple but may be the most difficult,
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particularly when we want to avoid biases in the process of collecting data.

There are numerous scientific sampling methods in statistics which avoids
biases while collecting data. Findings based on data, which are free of biases,
can be used to estimate parameters and such estimate get public credibility.

ii. Statistics provides techniques for organizing data scientifically
Collected data are in the raw form. They need to organize scientifically.

Statistics provides techniques that help us to organize data scientifically.
Nowadays it is customary to organize data in computer. Organization or
management of data is very essentials in modern research, since well
organized data eases the work of data analysis as well as helps for drawing
desired information very quickly.
ji. Statistics enables to draw findings from masses of data

One of the main objectives of data analysis is to draw desired findings
from masses of data. There are statistical methods or techniques that help us
to draw desired findings from a large data set. The desired findings can be
used in variety of situations, such as comparison of the performance between
two or more business companies, formulating policies, and to take decisions.

iv. Statistics helps to take decision under uncertainty
One major topic of inferential statistics is hypothesis testing, which

enables us to take decision under uncertainty with desired amount of risk.

. Statistics enables to interpret data
The derived findings from a data set may need to interpret.so that the

people of various walks of life can understand the meaning of the findings.
Statistics provides knowledge for interpreting the findings.

vi. Statistics enhances presentation of findings effectively
Presentation of numerical facts to public is as important as finding of

facts from the data. Statistics provides various methods, such as tabular,
graphical, summary measures, statistical models etc. for presenting the
numerical findings.

v
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1.6 LIMITATION OF STATISTICS

Like in many other disciplines, statistics has certain limitations. Some of
them are listed below.
i. Statistics works on aggregate level only

-Statistical findings are usually interpreted in terms of average, which
may not be true to an individual. For example, statistical finding, such as,
average monthly salary of employees of a company is Rs 40,000, but no
employee in the company may be receiving this amount of salary.

ii. Statistics is relatively weak in the analysis of categorical data

Categorical data are frequently occurred in practice. However, there
are some statistical methods that do not work for categorical data, but they
work for quantitative data.

iii. Statistics is likely to be misused

Statistical methods are often intentionally misused, in the sense finding
ways to interpret data that are favorable to the presenter. Inappropriate use of
the available tools can produce misleading conclusions. In this context, it is
worth mentioning the famous quote believed to be due to Benjamin Disraeli:
There are three types of lies - lies, damn lies, and statistics.

iv. Statistics cannot prove anything

The logic employed in inferential statistics is inductive in nature
(drawing inference from small part - sample - to a larger part - population),
which ‘é‘. opposite to the deductive logic used in mathematics. The deductive
logic or argument does not prove anything.

v. ' Statistical results are sometimes distrusting
Sometimes conflicting nature of statistical statements are available in

the literature, particularly in the medical sciences. For example, statements
like "doing X reduces high blood pressure" and also statements like "doing X
actually worsens high blood pressure”. This kind of conflicting statement is
mainly when studies were conducted on different groups with different
protocols. However, many readers may fail to notice these distinctions, or the
media may oversimplify this vital contextual information, and the public's

distrust of statistics is thereby increased.
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1.7 DATA COLLECTION

We are at the age of information. Data is one of the main sources of
information. Statistical methods are applied to data in order to derive
information with the hope that the information will fulfill the desired objectives.
For example, data is one of the main sources of information in order to know
the potential buyers of a new product or to know the consumers' satisfaction
out of a marketed product. Similarly, data is the main source of information to
know whether or not to set up a new industry in a certain location. In such
cases, marketing manager or statistician can use secondary data, primary
data or both to fulfill the desired objectives. Both types of data may require
and need to be collected from various sources or by various means.

It is important to note that the data is ccllected with the hope that
information obtained from the data will able to answer our subject of enquiry;
consequently, utmost care must be taken to collect as reliable and relevant
data as possible. For this purpose, there are several crucial steps that need to
be followed during the process of data collection in order to ensure that the
data collection process and measurement systems are reliable. Incorporating
these steps into a data collection plan will improve the likelinood that the data
and measurements can be used to support the resulting analysis. The pre-
data collection steps include the followings.

i. Clearly define the objectives of the data collection

ii. Reach understanding and agreement on operational definitions and
methodology for the data collection plan

ii. Ensure data accuracy and measurement reliability.

The numerical statements of facts collected systematically for pre-
determined purpose is called statistical data. The collection of data means the
methods that are to be used for gathering the necessary information from the
unit under consideration. The method of collection of data depends upon the
nature, objective and the scope of the enquiry. The person who conducts the
statistical enquiry is known as ‘investigator'. The person from whom the
information are collected is known as ‘Respondent’ or ‘Informant’

The data can be collected in several ways. An agent or investigator
himself may collect data or supervise its collection. In general, there are two
techniques of data collection

i. Census technique and
ii. The Sampling technique

10
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In the census method of data coliection data is obtained from each and
overy unit of the population unit under consideration. In the sample technique,
dala are obtained only from a part of the population and the conclusion is
drawn for the whole population. The second method, though easier, requires a
lot of care and effort.

The persons or organizations that have collected the data and the
reports and publication in which the data are published are known as the
source of data. Data can be obtained either from “Primary sources” or from
'secondary sources”.

Statistical data depending upon the sources are of two types.
i Primary data and
i Secondary data

1.8 PRIMARY AND SECONDARY DATA

The data required for a statistical enquiry are some times collected by
the investigator or his agents. These data collected for the first time are
original in nature and they are called primary data. These types of data are
obtained in the survey and enquiries conducted by government, some
individual, institution and research bodies. For example if an investigator
wants to collect the data regarding the wage of workers of an institution
he/she must go to that institution and taking interview to ‘the workers and
collect the necessary. information.

Dates which are originally collected but obtained from some published
or unpublished sources are "secondary data”. This type of data is not original
in character. For example the reports & publications trade by Nepal
Engineering council are primary for that organization but secondary for those
who use it.

The main difference between primary and secondary data is only of
degree one. Data which are primary in the hands of one becomes secondary
in the hands of other i.e. primary data once collected and published becomes
secondary data for others investigators. For example the data relating to the
income and expenditure of people of Nepal published by "Nepal Rastra Bank"
are primary for that organization but secondary for those who use it.

1.9 METHODS OF COLLECTING PRIMARY DATA

Primary data is data that has to be collected by the researcher for the
specific purpose of addressing the problem at hand. Collection of primary data
is necessary when available secondary data cannot fuffill the research
objective, For example, while lunching of a project an engineering researcher
might be interested to know the following characteristics of the customers.

11
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i Environmental and socioeconomic effect

ii. Attitudes, opinions or interests
ii. Awareness and knowledge
iv. Intentions, motivation and behavior

The above nature of characteristics may change over time and location,
in which case the available secondary data may fail to provide the current
situations. The primary data is usually collected by conducting sample survey
or experiment, and the data generated by these methods are correspondingly
called survey data and experimental data. Statisticians have made both of
these methods as scientific as possible; and both of these methods are now
regarded as the fact-finding instruments.

The following methods are commonly used for the collection of primary
data. ;

i. Direct personal interview

ii Indirect oral interview

il Information from local correspondents
iv. Mailed questionnaire method

V. Schedule sent through enumerators

1.9.1 Direct personal interview

In this method, the investigator himself goes to the spot and makes
direct personal contacts with the people, called informants, from whom the
data are to be collected. He asks them various questions related to the
problem of study and collects first hand data from them. For example, if an
investigator wants to make an enquiry on the wages of the workers of a

factory, he will visit the factory, meet the workers personally and get the
information from them.

This method is suitable when the scope of the enquiry is limited and
confined to a small area, original or highly accurate data are required and the
data are to be kept secret and confidential.

This method of collection of primary data is adopted in the following
cases.
i. Where greater accuracy is needed.
ii. Where the field of enquiry is not large.
iii. Where confidential data are to be collected.
iv. Where the field is a complex one.
V. Where intensive study is needed.
Vi. Where sufficient time is available.
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Merits

i More accurate
interviewer can
questions. :

ii. This method is most suitable for intensive study where the field of

enquiry is small. : .
iii Most of the informants response when the interviewer approaches

them personally. . :
iv. Sensitive questions can be asked at such time when the informants feel
. more comfortable at home with the interviewer. cnit
i i i tion through responcen y
4 The interviewer can get proper mfon'na‘ i nts b
! taking them at their educational level and if need by asking questions in

their language of communication.

i i i i the
and uniform information can be obtained as th
clear up the doubt of informants about certain

Demerits

i. This melhod takes a lot of time and itis costly too. et

ii. It is not suitable for extensive studies. If the area of en;lqu;rydlst :.rlde. it is
not possible for aman to meet every informant ‘anc? collect .a :

iii. There may be a greater chance of personal prejudice and biasness.

1.9.2 Indirect Oral Interview

In this method, the investigator gets the inforrpation indirectly. So, t::
this method the interviewer collects the data fr‘om a third persor;‘ yv;m n:sa:n "
directly or indirectly in touch with the informahop sought. The thir . n]:eomams
said to be the ‘witness'. This method is usgd in case yvhen the i o
hesitate to give information directly. In this case, it is necessary g
information from the people who may know them. =y} : :

This method is suitable when the field of enquw)f is very wide a:'ui t‘e
information can't be collected by girect contact or the informants hesitate to

give the information.

Merits

i. This method saves time, money and labour.

ii. It can cover a much wider area easily.

iii. In this method, the opinions and suggestions of experts can also be
obtained.

Demerits

i The information is obtained from the informants not directly connected,
I so it is doubtful that the results will be fully true.

ii. If the investigator is a biased person, he may twist the fact.
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1.9.3 Information through Local Correspondents

In this method, the local agents called correspondents, employed in
various places, collect data. They collect information in their own ways and
send them to the central office where the data are processed and analyzed.
This method is generally used by newspaper agencies to get information
about important events regarding politics, sports, accidents, strikes, etc.
Various government departments also use this method.

This method is suitable when information of different types is o be
obtained on a regular basis at a low cost and when the area is vast.

Merits

i. Information can be obtained from a wide area by this method.
ii. This method is very cheap and yields results easily and promptly.
iii. Information can be obtained on a regular basis.

Demerits

i. Information sent by local correspondents may not be accurate and
reliable due to personal prejudice and biasness.

ii. It is usually difficult to check or verify the accuracy of the collected data
by this method.

1.9.4 Mailed Questionnaire Method

In this method, a questionnaire consisting of a list of questions
pertaining to the enquiry is prepared. There are blank spaces for answers.
This questionnaire is sent to the respondents, who are expected to write the
answers in the biank spaces. A covering letter is also sent along with the
questionnaire, requesting the respondents to extend their full cooperation by
giving the correct replies and returning the questionnaire duly filled in time. To
get a quick and better response, the return postage expense is borne by the
investigator, by sending a self addressed and stamped envelope. Research
workers, individuals, non—official agencies and the government usually adopt
this method.

This method is suitable when the area of enquiry is very vasl and the
informants are literate and they know the importance of such enquiries: The
success of this method depends upon the ‘intelligence of the respondents
concerned to understand the questions.

Merits

i This method is most economical and it needs the least amount of
money, time and manpower.
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ii, Information in this method is given by informants themselves. Hence,
information is free from biasness of the investigator.

iii. Information can be easily obtained however vast the area may be.

Demerits

i. This method can't be used where the informants are not literate.

i. The greatest drawback of this method is considerable non-responses.
Most of the informants don't return the questionnaire.

i, The returned questionnaire may not be carefully filled and answers are
haphazardly given. This may be due to that the informants might have
misunderstood the question.

1.9.5 Schedule Sent Through Enumerators

It is the most widely used method of collection of primary data. A
number of enumerators are selected and trained. They are provided with
standardized gquestionnaires. Specific training and instructions are given to
them for filling up schedules. Such enumerators will be in charge of a certain
area of study. They go to the informants along with the schedule and get
replies to the questions. Then they record their answers in the schedule.
Enumerators explain clearly the object and purpose of the enquiry.

This method is suitable when the field of investigation is not very vast
and the informants are even illiterate.

The difference between the questionnaire and this method is that in the
former method, the guestionnaire is sent to the informants whereas in this
method, the enumerator carries the ‘schedule to the informants. Public
organizations, research institutions and others use this method.

Merits of Questionnaire method

i. Information can also be obtained from the person who can't read or
write,

ii.  In this method, the enumerators can check the accuracy of information
by asking supplementary questions.

ii. ~ There is very little possibility of non-responses as the enumerators go
personally to obtain the data.

Demerits of Questionnaire method

i. Data collected by inefficient enumerators may lead to wrong conclusion.

ii. It is an expensive method since the enumerators have to be paid for
their service.

ii. It is more time consuming in comparison to the 'Mailed questionnaire
methed'.
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1.10 SOURCES OF SECONDARY DATA

Secondary data are borrowed from the collections which have already
been collected by others..Use of primary data in statistical investigation is not
always practicable due to the availability of time, money and so on .In this
method investigator collects the secondary data. There is a lot of published
and unpublished data from which the further studies can be made. The
sources of secondary data may be classified as: - published sources and
unpublished sources

The major sources of secondary data are published reports, website
and CD-Rom launched by government or non-government organizations.
Statistical Year Book published by the Central Bureau of Statistics (CBS),
Economic Survey published by the Ministry of Finance, Quarterly Economic
Bulletin published by Nepal Rastra Bank are some the examples of published
secondary data sources. Unpublished official or survey data of various
organizations also constitute the sources of secondary data. Apart from these
international agencies, such as United Nations (UN), International Monetary
Fund (IMF), World Bank (WB) and Asian Development Bank (ADB) etc., also
regularly publish statistical reports.

Statistical data are not always published and they are kept in un-
published form. There are various sources of un-published statistical materials
such as the records maintained by private form, business enterprises, various
departments and office of the government, hospital records, research carried
out by the individual research scholars in the universities or research
institutions.

1.10.1 Advantages of Secondary Data

The following are the advantages of secondary data.
i. It saves time and cost of survey.

ii. If specially trained persons collect it, the quality of secondary data is
better.

iii. The scope of inquiry can be increased in terms of area and time period
to be covered.

1.10.2 Disadvantages of Secondary Data
Following are the main disadvantages of secondary data:

i. Many times the exact definition of terms and units used in a secondary
data are not known.

ii. When the secondary data are obtained from two sources, it may not be
comparable in terms of definitions, units and time period covered.

iii. Some information is often omitted or some categories are pooled.
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iv. Data may not be in the exact form of the requirement of the researcher.

1.10.2 Precautions Used in Secondary Data

Some others might have collected secondary data for their own
purpose. They may not be reliable or suitable for the enquiry to be conducted.
They can be used only when they are carefully scrutinized and found
satisfactory after the following points are dually considered.

i. Data should be reliable.
ii. Data should be suitable.
. Data should be adequate

1.11 PROBLEM IN DATA COLLECTION

While collecting data, many problems arise. Some of them are as
follows.

1.11.1 Problems in Primary Data Collection

There are various problems that have to be faced while collecting
primary data. The nature of problem depends upon different situations. Some
of the problems are as follows.

i The informants may show dishonesty in giving the answers of
questions put by the interviewer.

ii. If the informants are illiterate and the informants do not understand the
questions put by the interviewer, the real information can't be obtained.

iii. A problem may arise due to lack of transportation facility.

iv. While using 'Mailed questionnaire method' in collecting the data, only a
few gquestionnaires are returned. Even if they are returned, they may
not be sincerely answered. So, accurate data can't be expected.

V. If the scope of enquiry is wide and the high degree of accuracy is
required, then money and time should sufficiently be available. If not,
inadequate and inaccurate data may be obtained.

vi. The data should be collected by well-trained and skilled
investigators/enumerators. But mostly, agents of investigators without
any training conduct the investigations. So, the accuracy of data
collected by them may be questioned. Unless the information collected
are relevant, the conclusion obtained will not be fruitful.
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Classification and Tabulation
INTRODUCTION e D e T

Whether the raw data is primary or secondary it is nécessary that they:
will need to organize or manage scientifically before they-can be analyzed. A
pile of completed questionnaires, or a long list of sales data, convey nothing to
the statisticians or marketing” officers, It is important to. note that -each -
questionnairé contains various types of data that may be broken down or
classified under a number of variables; consequently, ‘the answers of the
questionnaires must be arranged of each variable and of each quéstionnaire
scientifically in a spreadsheet like table or tables. Likewise, the sales data
may have to be broken down ‘by -commodity, store, location and: time, and
need to be organized:in tables accordingly. All these data related activities fall
under the topic of data organization or management ‘and’ organized: data
constitute data file or files. Nowadays, organization of dats is usually carried
outin computer. A SRR S e

Scientifically organized data can be analyzed. The preliminary stage of
data analysis is the tabulation of data interms of frequencies, and such.table
is called frequency-table. Note that each variable. in a data file-can-generate
one frequency table. The process' of generating frequency tables from a data
file is dealt under the'topicfrequency distribution. . P

DATA ORGANIZATION

A spreadsheet like table contains a number of rows and a number of
columns. The organization of data ina table must follow a rule; and the rule is
that each column corresponds to a variable and each row corresponds - to
entity (unit about which data is collected). For example, the data on.socio-
demographic variables of 5 employees is organized as shown in the following

table, where .the variable MS stands for marital status-and EA stands for
aducational attainment. : e : S :

Table 3.1: Part of an organized data file

[;Employe,e Sex Age MS - EA - - Salary
1 M 32 Married. - | Master | 18000
2. F 40 | - ‘Married Bachelor 15000
3 M 28 | ' Married | Bachelor | 16000
4 M 23 | Unmarried Master 14000
5 F- 20 | Unmarried Inter 12000

In the above table, sex, marital status and edubational attainment aré
onlogorical  variables,  while age and salary are quantitative variables,
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Nowadays, it is customary to use coding system for categorical variables. For
axample, we may use the following coding system.

For sex: Male = 1 and Female = 2
For MS: Unmarried =1 and Married = 2
For EA: Inter = 1, Bachelor = 2 and Master = 3

When this coding system is followed, then all entries, or cell values, of
the above table will convert to numbers. During data organization coding
system is essential for expediting the data entry work as well as for facilitating
the process of data analysis.

The statements - the second employee is twice as old as the fifth
employee and the first employee's salary is one and half times higher than
that of the fifth employee - are perfectly correct. However, the statements -
female (=2) is twice as high as male (=1) or female is greater than male, since
2 is greater than one - are incorrect. The lesson that we learn from these
examples is as follows.

One should not only take into consideration of the face values of a
variable while comparing them, but also take into consideration of the scale of
measurement associated with the variable.

2.3 CLASSIFICATION OF VARIABLES AND DATA

Data generated by four scales of measurement are correspondingly
called nominal, ordinal, interval scale and ratio scale data. It is important to
note that nominal and ordinal scale of measurement produce categorical data,
while the interval and ratio scale produce quantitative data.

Data collected one short of time is called cross-sectional, while data
collected or generated over a regular time interval is called time series.
Usually, survey data are cross-sectional, while the hourly, daily, weekly,
monthly, or annually recorded data are time series.

Quantitative variables are classified into two categories: discrete and
continuous. A variable is discrete if there are natural gaps among all possible
values of the variable. For example, the number of items sold in a day, the
number of employees in a company, and the number of finance companies in
a locality are some examples of discrete variables. A variable is continuous if
there is no natural gap among all possible values of the variable. Age, height,
and weight are some examples of continuous variables.

2.4 SIGMA NOTATION

Sigma notation is used for getting the aggregate of the same type of

variable. The Greek letter X (capital sigma) is used to denote the sum of a
series.

4
For example kélxk = )(1 +x2 +x3 +X4
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2.5 FREQUENCY

The number of times, which a variate value occurs, is known as
frequency. It is denoted by f.
Total frequency is, Zf =N

2.6 FREQUENCY DISTRIBUTION

Frequency distribution is simply a table in which the collected and
classified data are presented into different classes. It shows the frequency of
occurrence of different values of a single phenomenon or char_acte_nst!c: The
different values of a variable are presented in suitable way i.e. individual,
ungrouped and grouped.

Following are the types of frequency distribution.

i. Raw data
ii. Discrete frequency distribution
jii. Continuous frequency distribution

Array
Arrangement of statistical raw data called individual data or series in an

ascending or descending order of magnitude is called array of the data.
However, this presentation though better than the raw data, does not reduce

the volume of the data.

2.6.1 Discrete Frequency Distribution

The series formed from a discrete variable is known as discrete series.
it is also called discrete frequency distribution or ungrouped frequency
distribution.

For example,
Variable 0 1 2 3 4
Frequency 5 3 10 9 11

If the variables are not largely distributed, discrete frequency
distribution is suitable.

2.6.2 Construction of a Discrete Frequency
Distribution

A discrete frequency distribution changes the given raw data into
condensed and simpler forms by using the following steps.

a. Write all the possible values of the variable from the lowest to  the
highest. (X- Variable column)
b. Put a vertical bar, known as tally bar against the value of a variable to

which it occurs.
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G, Count the number of bars with respect to each value of variable as
frequency of variable.
Example 1

The marks obtained by 30 students of a class are given below.

4 5 6 7 8 9 4 5 6
3 4 5 f 8 2 3 5 6
8 7 4 5 3 2 4 2 3

o3|

Construct the discrete frequency distribution of the given raw data.
Solution

Construction of discrete frequency distribution

Marks Tally Bar Frequency
2 I 3
3 L[] B
4 rHJ 5
5 | 6
6 [ 3
7 L1l 4
8 [ 3
9 I 2
Total (N=_f) 30

2.6.3 Continuous Frequency Distribution

If the variate values lie between two numbers which is known as an
interval. If the frequency is counted in the interval, then the distribution is
called continuous frequency distribution.

For example,
Mark Obtained 0-10 10-20 20-30 30-40 40-50 |
No. of students 10 20 30 15 G alia]

2.6.4 The Terms Used in Continuous Frequency
Distribution
The following technical terms are important when. a continuous

frequency distribution is formed or data are classified according to class
intervals.

a. Class b. Classlimits c. Class size
d. Class frequency e.  Mid value of a class
22

Probability and Statistics for Engineering

Class

To manage and analyze such that, the variate vagles of a variable are
partitioned or classified into groups of equal length or interval termed as a
class. The classes should be clearly defined and should not lead to any
ambiguity. Each of the given value should be included in one of the classes.
Class limits

The class limits are the smallest and the largest values in the clags. For
example, let us take the class 20-30. The lowest value is 20 and the' hgghest
value is 30. The two boundaries of the class are known as icwe_r limit and
upper limit of the class. Class limit are aiso known as class boundaries.

Class size

The difference between the upper and the lower limit of a class is
known as class size or class interval. For example, in the class 20-30, class
size is 10. It is denoted by i or h.

Class frequency

The number of observations falling within a class interval is known as
its class frequency. For example, the frequency of the class 20-30 is 13. This
means that there are 13 numbers of observations lying between 20 and 30. If
we add the frequency of all individual classes, we obtain the total frequency.
Mid value of class

The central value of a class interval is called mid-point.or _mid~vaiue. It
lies haffway between the lower limit and the upper limit of a class interval.

g U L of the class — LL of the class
Mid point of a class = >

Where, UL= Upper Limit and LL = Lower Limit

2.6.5 Formation of Continuous Frequency
Distribution

For the construction of continuous frequency distribution the following
term must be identified.
Number of Classes

The number of classes largely depends upon the number of variable
values in the data: the nature of data. It should preferably lie between 5 and
15, but may be more than 15 depending upon the total frequency. It should
not be less than 5 because this classification may not reveal the required
characteristics of the population.

The number of classes is determined by formula of Professor Sturges
called Sturges' rule.

K=1+3.322 logwo N
N = Number of observations
According to rule if there are 200 numbers of observations,
K  =1+3.322 log: 200
= 1+3.322 x 2.3010 =8.64 (nearly 9 classes)
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If N = 40, i.e. the number of observation is 40
Then, K =1+3.322log1040 =1 + 3.322 x 1.6021
=1+5.3381 =6.322

Thus, suitable numbers of classes are 6 or 7
Class Size

In general, class size should be taken as a multiple of five or ten. But
from the Sturges' rule,

h= £ ';{S , h=Class size , K = Number of classes

L = The Largest value, S = The smallest value.

2.7 Formation of Class Intervals

Continuous frequency distribution is formed by the following three
methods.
i Exclusive type classes ii.

iii. Open end classes

Inclusive type classes

2.7.1 Exclusive Method

In this method, the upper limit of one class is equal to the lower limit of
the next class to make it continuous without any gap. This is mostly useful in
all statistical study of continuous frequency distribution. In this method, upper
limit of the value of variable is excluded in that class while counting, which is
counted in the next class.

Class interval 0-10 10-20 20-30 © 30-40 40-50
Frequency 5 10 7 8 8

2.7.2 Inclusive Method

There is a gap between the upper limit of one class and lower limit of
next class. But both lower limit and upper limit-are included in the same class.

For example,

Class interval 0-9 10-19 20-29 30-39 40-48
Frequency 5 10 7 8 8

For some statistical measures, we should change inclusive classes into
exclusive by using the following correction factor (Cy)
C Lower limit of succeeding class —Upper limit of preceding class
i 2

Then, exclusive classes will be
Lower limit of each class = Lower limit - Cy
Upper limit of each class= Upper limit + Cy
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Example 2
Convert the following inclusive classes into exclusive.
Class 0-9 10-19 20-29 30-39 40 - 49
Frequency o 10 7 8 6
Solution

Here, the correction factor is given by
Lower limit of 2™ class - Upper limit of 1% class _ 10-9 _
C| = 2 = 2 e 0.5
So, Lower limit of first exclusive class =0-0.5=-0.5
Upper limit of first exclusive class =9+ 0.5=9.5
Hence, the first exclusive class = (- 0.5 to 9.5) and so on

Therefore, the exclusive classes are given below:

Class interval Frequency
-05-95 5
95-195 10
19.5-29.5 7
29.5- 395 8
39.5-49.5 6

2.7.3 Open End Classes

) In continuous frequency distribution, if the lower limit of the first class or
the upper limits of the last class or both are not bound, they are called open
end classes.

For example,
Class " Below 10 10 - 20 20-40  Above 40
Frequency 10 8 7 5

General Rules for Forming Continuous Frequency Distribution

While forming continuous frequency distribution generally the following
rules are considered.
i. Try to make class interval equal.

ii. The number of class lies between 5 and 15.
jii. Class size is generally taken as 5 or muttiple of 5.
iv. Lower limit are generally 5 or 0 or multiple of 5.

V. Classes must be mutually exclusive. Classes must be constructed so
that an observation is placed in one and only one class.
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vi. Exclusive method is more suitable than inclusive to ensure continuity.
and get the correct class size. If inclusive method has been adopted, it
is necessary to make an adjustment for further statistical freatment.

2.8 CUMULATIVE FREQUENCY DISTRIBUTION

If we are interested to know the total number of observation getting a
value "less than" or "more than" a particular value of variable, it must consider
the cumulative frequency distribution. There are two types of cumulative
frequency distribution.

2.8.1 Less than Cumulative Frequency Distribution

Less than cumulative frequency for any value of the variable (or class)
is obtained on adding successively the frequencies of all the previous values
(or classes) including the frequency of value (class) against which the totals
are written, provided that the values (classes) are arranged in an ascending
order of magnitude taken upper limit of each class.

Let us consider the distribution of marks of 60 students in an
examination.

Marks Number of students
20 - 30 2
30-40 8
40 -50 10
50 - 60 20
60 - 70 12
70 - 80 8

" If we want to know how many students get less than 40 marks, less
than 50 marks, less than 60 marks we construct the following 'Less than'
cumulative frequency table.

Marks Frequency Less than c.f.
20-30 2 2
30 -40 8 10
40 - 50 10 20
50 - 60 20 40
60 - 70 12 52
70 - 80 8 60
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Then, 'Less than' cumulative frequency distribution is:

Marks Frequency
Below 30 2
Below 40 10
Below 50 20
Below 60 40
Below 70 52
Below 80 60

2.8.2 More than Cumulative Frequency
Distribution :
imi i descending order of
Similarly, the values classes are arranged ina _
magnitude takzm lower limit of each class. In this case frequencies are added
from bottom to top. |
Let us consider the distribution of marks of 60 students in an
examination.
‘More than' cumulative frequency table

‘— Marks Frequency More than c.f.
20 - 30 2 60
30-40 8 58
40-50 10 50
50 - 60 20 40
60-70 10 20
70 - 80 8 8
Total 60
So, more than cumulative frequency distribution is:
Marks Frequency
Above 20 60
Above 30 58
Above 40 50
Above 50 40
Above 60 20
Above 70 8

Example 3
Convert the following distribution into ‘more than' frequency distribution.
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Weekly wages below (Rs) 20 40 60 80 100
Number of workers 41 92 156 194 201
Solution

The given distribution is less than cumulative frequency distribution.

So, we first convert it into simple frequency distribution.

Probability and Statistics for Engineeri;

K =1+ 3.322 Log 10 64 = 1 + 3.322x1.8062
=1+ 6.000196 = 7.000196 =~ 7
Now,Range = Maximum value — Minimum value = 39 - 5 = 34

Now, frequency distribution by inclusive method is:

Milk (Liter) Tally bar No. of families

5-9 M T

10 - 14 L (O] 10
15-19

Wage (Rs) | Less thanc.f. Frequency (f) More than c.f.
0-20 41 41 160 +41 = 201
20-40 92 92 -41=51 109 + 51 = 160
40-60 156 156 - 92 = 64 45 + 64 = 109
60-80 194 194 - 156 = 38 7+38=45
80-100 201 201-194 =7 7
N =¥f =201

Thus, the more than cumulative fre_quency' distribution is

Weekly wages (Rs) Number of workers
Above 0 201
Above 20 160
Above 40 109 [
Above 60 45 [
Above 80 7
Upto 100 201 |

Example 4

In a survey it was found that 64 families bought milk in the following

guantities (Liters) recorded as:

19 | 16 | 22 6|npoifisse fed2 o8l aacli gd-] o1 | 23 |
23| 6 |vaaifote | 18] 7 | w20 ] 28| 7 | 16
98¢} A8 Prgocdioa | 200 | 21 ) el bNE o | 17
28| 24 | 200 14 | 23 | 25 | 3a | 2. 5 | 15 | 31 |
53| 73 | 260l %0 | 73 [ 36 1 1Aala 20T g |12 |
ar | 30 [THsad 871 15 [ 20 o

Using Struges’ rule converts the above data into a frequency

distribution by inclusive method and converts it into exclusive frequency
distribution.
Solution

Here, the total observations is 64
By sturges’ rule,

25-29
30-34
3539 I

Correction factor ( C¢ ) = 19-2_-—9= 0.5

M
20-24 M
™
M

Lower limit of each class = lower limit - C¢
Upper limit of each class= upper limit + Cy
Thus, exclusive frequency distribution as given below:

Milk (Liter) No. of families
45-95 ¥
9.5-145 10

14.5-19.5 13

19.5-245 18

245-295 8

29.5-34.5 5

3

34.5-39.5
Total N

Example 5

If the marks (mid values) in a frequency distribution of marks obtained
by student are 40, 48, 56, 64, 72, 80, 88
Find a. Class intervalsize b. The class limits ¢. The class boundaries.
Solution
a. Class interval =48 -40=8

Half of class interval = 4
b. Lower limit of first class =40 —4 = 36
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Lower limit of second class = 48 — 4 = 44, and so on
Upper limit of first class = 40 +4 = 44
Upper limit of second class = 48 + 4 =52 and so on
c. Class boundaries are,

36-44,44 -52, 52-60,60—-68, 68—76,76—84 and 84 — 92

Example 6
The following are the weekly production in units of 60 workers in a
manufacturing company. “ e
23 48 51 64 82 19 33 50 39 72
35 88 77 25 39 52 48 64 49 57
41 72 62 49 32 54 67 46 55 52
82 44 75 56 51 63 59 69 53 57
75 85 68 55 52 4% 40 57 _ 90 42
46 51 50 16 62 56 54 40 55 75

The management has decided to give bonus of Rs 5, 10, 15, 20 and 25
tq each worker in the respective output group of 40 -50 , 50-60 and so on
weekly outputs. Construct the suitable frequency distribution.

Solution

Frequency distribution of output and bonus

Qutput Tally bar No of workers Bonus (Rs)
10-20 M 2 :
20 - 30 [] 3 :
30 - 40 M 5 '
40-50 | MM 12 5
50-60 | MNJ PR PR N 20 10
so-70 | NI 8 15
70-80 | INII 6 20
go—o0 | 4 25
N =60

2.9 BIVARIATE FREQUENCY DISTRIBUTION

If we are interested to study the two variables of the same population
simultaneously, it is called bivariate. And its distribution is called bivariate
frequency distribution.

In bivariate frequency distribution the values of one variable are in rows
and values of other variable are in columns; the values can be discrete or
continuous. The frequencies in each class are kept in the body of the table.
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The theoretical frame of a two—way bivariate frequency table is. as shown
below.

BI-VARAITE TABLE

Y

% Vi y2 Yn Total

X1 f11 fiz fin =fy

X2 f21 fa2 fon =y

Xm ot Tz iae e frn zfrni

Total Zfﬂ, 21:12 s th N= Zf

Where, N is the total frequency X1, X2 ... Xm and y1, y2...... ¥n are the
values of variables X and Y respectively and fi1, f12...... fmn are their cell
frequencies.
Example 7

The following figures give the ages in the years of newly married
husbands and wives. Represent the data by a bivariate frequency distribution.
(Husband's age, wife's age): (25, 17), (26, 18), (27, 19), (25, 17), (20, 20),
(24, 18), (27, 18), (28, 19), (25, 18), (26, 19), (25, 17), (26, 18), (29, 19), (25,
19), (27, 20), (26, 19), (25,17), (26,20), (26, 17), (26, 18)

Solution

Let, X = age of husband and Y = age of wife

We observe that the variable X takes the values from 24 to 28 and Y
takes the values from 17 to 20.

We obtain the bivariate frequency distribution as given below:

Bivariate frequency distribution of the ages (in years)

X Age of Husbands (X)
3 4 24 25 26 27 28 Row Total
8 17 | (M| 1] | (1) 5 - 5
. (3)
g 8L 1@ | L@ | 11l | (1) 5 6
= (3)
s 19 E @ [ 11l I 1 (1) 6
ED (2) (2)

20 - - L@ | 1@ 1M 3
Column Total 2 5 7 4 2 N=20
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2.10 TABULATION

Tabulation is the process of arrangement of statistical data in the
systematic presentation of the information contained in rows and columns.

Prof. AL. Bowley's manual of statistics refers tabulation as “The
intermediate process between the accumulation of data in whatever from they
are obtained and the final reasoned account of the result shown by the
statistics”.

It is one of the most important and ingenious devices for:

i Presenting the data in a condensed form.

ii. Furnishing the maximum information contained in the data in the
minimum possible space, without sacrificing the quality and useful ness
of the data.

iii. It is final stage in collection and compilation of the data and forms the
gateway for further statistical analysis and interpretations.

iv. It is suitable for comparisons, helps to obtain averaging, correlation of
statistical data.
V. It is suitable for further diagrammatic and graphic representations. It is

time consuming to comprehend.

Vi. Tabulated data are attractive and impressive as compared to the data
in the textual form.

2.10.1 Parts of Table

The various parts of a table vary from problem depending on the nature
of the data and the purpose of investigation.

The common parts of a table are as follows:

a. Table number b.Title of the tables c. Stubs
d. Captions e. Body of the table f. Head note
g. Foot note h. Source

Table number

A table should be numbered for identification. The number may be put
at the center, above the title or at the bottom of the table.
Title of the table

Every table should have a ftitle. It should be clear, brief and self-
explanatory. The title should be set in bold type so as to give it prominence at
the top of the table.

Stubs

Each row of the table must have a heading. The designations of the
rows are called stubs or row headings. Stubs clarify the figures in the rows.
They should be brief.
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Captions

A table has many columns. Sub— headings of the column are called
captions or column headings. They should be well defined and brief.
Body of the table

It is the most vital part of the table. It contains the numerical
information. It should be made as comprehensive as possible. The data
presented in the body are arranged according to the description classified in
captions and stubs.
Head note

Head note is given just below the title enclosed in brackets. The unit of
measurement should always be stated along with the title if this is uniform
throughout the body of table. If different units have been adopted, then they
should be stated along stubs or captions. For example, the units of
measurements are usually expressed as head note such as 'in rupees', 'in

quintals' etc.
Footnote

It is always placed at the bottom of the table. It is a statement that
contains explanation of some specific items that cannot be understood by the
reader from the title, captions and stubs.

Source note

A note at the bottom of the table should always be given to indicate the
primary source as well as the secondary source from which the data has been
taken.

Format of a standard table

Title
Table number ....... Head notes (if any)
Captions Row total
tub:
i BO DY OF TABLE

Column total Grand total

Footnote:

Source:

2.10.2 Purpose of Tabulation

Tabulation is carried out for numbers of reasons, however, some of the
main purposes of tabulation are as follows:

i. To present the classified data into the arranged and ordered form.
ii. To facilitate comparisons.

il To help in reference.

iv. To simplify the complex data.
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V. To give identity to the data.

vi. To facilitate in further statistical analysis.

2.10.3 Types of Tabulation

Generally, there are three types of tables which are classified as the
following basis

On the Basis of Purpose

On the basis of purpose, the table may be of two types.

a. General purpose b. Special purpose
General purpose table

These types of tables are also known as reference tables or repository
tables. They provide information for general use as reference. They usually
contain detailed information but this information is not recorded for special
purpose i.e. not for comparative studies, relationship or significance of the
figures. Most of the tables prepared by government agencies are of this type.
Special purpose table

These are prepared for the comparative studies to know the
relationship and the significance of the figures provided by the data for the
analysis of ratio, percentages, degree are used to facilitate comparison. Such
tables provide information for special purpose or particular objective.

On the Basis of Nature of Enquiry

On the basis of the nature or originality of the data, the tables may be
classified into two classes.

a. Primary
b. Derived or derivative
Primary table

In a primary table, the statistical facts or figures are expressed in the
original form. It contains absolute and actual figures and are not rounded
numbers or percentages given table.

Derived tables

They contain facts and figures and results derived from the original
primary data. They express the information in terms of ratios, percentages,
aggregates or statistical measures like average dispersion, etc.

For example, the time series data is expressed in a primary table but a
table expressing the trend values, short time fluctuations, seasonal variatiori
and cyclic variation is derived table.

On the Basis of Coverage

On the basis of coverage of the data the table may be of two types:

i. Simple table ii. Complex table

If the data are classified with respect to a singhe characteristic, it is
called simple table. If the data are grouped into different classes with respect
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to two or more characteristics or criteria simultaneously, then it is called
complex or manifold table.

Example 8

Draw a blank table to show the number of candidates sex-wise
appearing in the Certificate, Bachelors and Masters level examinations of a
university in the faculties of Humanities, Science and Management in the year
2006.

Solution
Sex-wise and faculty wise distribution of students in 2006
Table No. 1
Faculty Humanities. Science Management
Sex Sub Sub Sub
Level N S total i total ek total
Certificate Ill
|
Bachelors 1
I}
Masters III
Note : M indicates Male F indicates Female
| = First year, Il = Second year, Ill = Third year
Example 9

In a simple study about the smoking habits in two towns the following
data were derived. Tabulate the Following data.

Town A Town B
Male in total population: 48% 49%
Smokers 24% 26%
Male smokers 18% 21%
Solution
Total population = 100 % (suppose)
% of male in town A = 48% % of female in A = 100-48 =52%

% of smoker in town A= 24%

% of male smoker in town A = 18%

% of female smoker in town A=(24 — 18)% = 6%

% of Non smoker in town A = (100 -24)% = 76%

% of male non smokers in town A =(48 — 18)% = 30%
% of female non smoker in town A= (52 — 6)% = 46%
Similarly for town B,

35



Classification and Tabulation >
General purpose table i SR ‘ ‘ i
" “These types of tables are also known as reference tables or r,_ep‘ds\itory' :
tables. They providexinformatiqn for general use as reference. They usually
contain defdiled informatioh but this information’ is not recorded for special
purpose ‘i.e. not for: comparative studies; relationship orsignificance- of the
figures: Most of the tables prepared by governmerit agencies are of this type.
‘Special purpose table g : o R S
= These are’ prepared  for' the comparative studies ' to- know  the
relationship-and the significance ‘of the figures provided by the-data for tHe
analysis of ratio, percentages, degree are used to facilitate' comparison. Such
tables provide information for special purpose or partic":_til»ar‘obje'ctiVe.r o
'On the Basis of Nature of Enquiry. .~ . »
_ On the basis of the nature or-ofiginality of the data; the tables may be
classified into two classes. ‘ FEE RN BN 4
a.  Primary:
b. Derived or derivative
Primary tabie T o
" In a primary table, the statistical facts or figures are expressed in the: J
original, form.. It contains absolute "and actual figures and: .are not rounded -
numbers or percentages«giventable; A e R
Derived tables -~ . =~ ‘ o SR ;
'They,‘contain facts and figures and results derived from’ the - original §
primary data. They express the information in terms of ratios, percentages,
aggregates or statistical measures like avérage-‘disperSioh, etc. thns
. _Forexample, the time series data is.expresséd.in a primary table buta ]
table expressing the trend values, short-time. fluctuations, seasonal variation 2
and cyclic variation is derived table.. .. S
On the Basis of Coverage

_ On the basis of coverage of the data the table may be of tWo types:
" i . Simple table ii. Complex table * -t ;
' If the data are classified with respect fo a‘single characteristic, it is 4
called simple table. if the data are grouped into different classes. with: respect §
to two or more characteristics or. ctiteria simultaneously, -.then it is called §
complex or manifold table. . o IR g

Example 8

Draw’ a blank table to show ‘the humber of candidates sex-wise 1
appearing. in the Certificate, Bachelors and Masters level examinations of‘a 3
university in the faculties of Humanities, Science and Management in the year §
2006. e o : .
Solution TR .

* Sex-wise and faculty wise distribution of studénts in 2006
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_ Table No, 1
FacultyS ‘ Humanities |~ Science 'Managémenf
. ex | Sub| ,, Sub ' E
M u Sub
Leyel = F total M F total M| F fotal
Certificate m - -
s
|Bachelors:} " |I-
’ -
Masters - :
: Note's. ... M;jndiqateerale F indiéate,s Female .. :
| = First year, Il = Second year, lil = Third year
Example 9 B A |

In a simple study about the ‘smok"b R T
data were derived. » oKing h_ab|fs in hNé .tAowvnsvthe following

~ - TownA wan B .

Male in total population: ~ *+48% - 49%:
Smokers ' 24% 7 26%
" +Male smokers - ¢ |

/ KErs - c18% s
«... Tabulate the above data.. . ;- o
Solution s o

- 21%

Total popula'tio'nv'=v 100 % -(s,_u'ppo_se). e .
“%ofmaleintown A=48% % of female in A= 10048 =520
% of smoker intown A=24% - . - . '
% ‘ofvma'lévs'mqké“rfin town A= 18%
. % of female smoker in town-A=(24 = 18)% = 6%
% of Non smoker in town A = (100 -24)% = 76% - e
"% of male non smokers in town A =(48— 18)% = 30% - -
- % of female non-smoker-in town A=(52:— 6)% =.46%
_Similarly fortown B, .\ R :
Table showing smoking habits of town A and B in peréentage: ”

Attribute » Town A ‘Town B
- [[MTFETSuwtoal [ M | P ] Sub
— - ] : total
Smokers 1816 | 24 1215 26
_Non Smokers | 30 | 46 76 28 461 74
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N

100 |

rTotaI
Note :

| 48 [52] 100
M stands for male. .
. Fstands for fernale‘ B

(49 [ 51 ]

Exercise - 3.

Deﬁne classification of data.’Wtite different modes of classification of %

’ statlstxcal data.

] What are the objectives of classification of data’7
‘ -Discuss. the problems in the construction of frequency dlstnbutlon from ‘
raw data with partrcular reference to the choice’of number of classes and o

class limits.
Explam in -brief, the basrc principles and rules involved for formmo a

grouped frequency distribution.

"+« Distinguish between:

i. .Discrete and continuous frequency dlstnbut|on

ii. Inclusive and exclusive frequency distribution . 4

jii. Less than and more than cumulative frequency distribution:.:

iv. -Classification and tabulation of data S

What are the terms involved in the contlnuous trequency dlstnbutlon’?

Define tabulation of statistical data. What -are” the- advantages of

~ tabulation? What are the different parts of statistical table7
" What do mean by bi-variate frequency drstrlbutlon’?

Explam the function and importance of tabulation.

Form a frequency distribution table for the follownng data .
Marks Above 0.,  10: 20 - , 30 o 40, 50
. A : .

No. of students .30 - 2? 21 14 10

-

Construct a-less than cumilative ‘frequency distribution table.

Construct a frequency distribution for-the daily’ wages (Rs) of 30 laborers |

in-a factory using equal class intervals one of them being (20 - 22)
4. - 16 .16 . - 14. 22 13 15 24

‘w7 o3 14 20 17 21 18 18
19 21 17 - 16 15 17 21
20 17 = 18. 22 28

12 Number of books lssued from a library per day Is glven helow for 40

days
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84 80 91 81 &8s 82° 87 97

S93° 99 TR e gh 7292 . 84 80
87 - 78 83 98 86 80 93 86
88 83 82 - 101 -89 82 »85 Tl g5
80 89 84 < 76 81 103 -1 92 - 94

Using class interval of 5, classrfy the number of books lssued in the form
of a frequency distribution.. :

Using Sturges' rule, K = 1 + 3.322 Log1o cla35|fy in equal intervals the
following data of hours worked by 50, workers for a penod of a month in
certain factory. . ‘

195 110 175 ° 161 157 155 108 164 128 114
178 165 133 151 71 94 97 42 30 62
138 156 167 124 164 116 149 104 - 141 103
150 162 149 79  -113 69 121 93 143. 140
144 187 184 197 87 . ‘40, 122 203 148 147
Convert the followmg |nto an ordlnary frequency dlstnbutlon
5 students get less than 3. marks, 12 students get fess than 6 marks, 25

— students get less than 9 marks and 33 students getless than 12 marks. °

16.

17.

B3 70 76 64 50 67 - 65

} 25 observations of two vanables X and Y are given below. Form a two-way
-frequency table- showing the : relationship: between the: two variables. Take

class intervals of X as (10 -20), (20-30) and so on that of Y as (100 - 200)
(200 - 300) and so on, . »

X 12 34 033 ‘22;-~44.-j*"-'26‘ 36 »-55:" 48 277
D 140, 266 . 360 470 380 480 315 420 390 440
2737 21 69 51 27742 43 © 43 52 57

290 416 .-

1 44 48 48 52 41 g
380 492 - 370 312 330

Prepare a suitable frequency distribution :of the ~weight (Kg) of 33
students of a-class giver below Convert it-into exclusrve frequency”
distribution. - T v
42 74 40 60 72 15 ’41'v 8175 63 63
7877 56 55
73 59 7170

Y
X .

Y:' 390 590 590" 250" 550 360 360 - 570
X: . )
Y:

68 69 71 60 79 79 54

‘The following are the weekly productions of X in units of 60 workers in a

manufacturing comipany. ~ -
23 48 51 64 82 19’ 33 50 39 72
.49' 57 64 48 52 - 39 25 4 77 88 35
41 72 62 49 32 46 54  .«67 46 55
52 57 53 69 63 54 56 51 75 85
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Ll{lﬁxuggl. 55 52 45 -40 57 20 42 72 i gg
40 54 56. 62 16 "50 51 44-. R8 s 10,48, 25,
~The management has decided to provide five-bonus of ts > | Of 20
d 30 to each of the workers in the respective output group f
" anu to 70 weekly outputs. Construct the frequency dlstrlbutron o)
g\:?l:.ls znd find the total bonus recerved by the workersdata
18, Construct an ordinary frequency 1 table from the following, ¢

v ;»,P,robability and Statistics. for.Engineering

Chaper 4 3 ’

Dragrammatrc and Graphlc Presentatlon of Data :

Diagrams. and -graphs are another important, convmcrng, appealrng and
easrly understood method of presentation. of statistical :data other-than.

classrﬂcatron and tabulatlon Graphs:.and dlagrams .are .nothing - but..the
Daily wages (Rs) Number of workers presentation of statistical data in the form of geometrlcal f gures like points,
Bolow 20 .10 lines, bars, rectangles, circles etc. o L .
29:9“1 i'g“-“ O - Importance of Dragram and Graph' - v o
Below ; R .
Below 50 . . 78 Followrng are the lmportant advantages of Dragrammatrc and Graphlc
Below60 .| .7 .89 presentation of data ¢ ,
: Below.70 = " " 97 i Dragrams and graphs gives bird eye view of COmplex data.-
‘ |00 :
Below 80 : :

N ii. - They can easy to understand even by a common man
ifi. They' have long lastmg lmpresswn ' :
iv. They save time-and labour. -
V. They facrlrtate comparrson

19. Prepare a bivariate ' frequency dlstnbutlon of marks obtalned by 18

h. ‘ S -
. students‘in statlstlcs and Englis , 5 Tas
Marks in- Statistics: |70 {75 - 80 {70 185 ;3 | 2(; 65 2
. |Marks in-English - - |55 |57 - |60 .45 gi : ;vsb\ e e
__|Matrks in Statistics;. |85 - |75+ ig, : ;g ; 60--.45 . 5,2 57,7 i
Marks.in English.- - {61 -.|55.. :160. it
20 fiDraw a:blank table to show the number.of. students. enrolled in:a ctan;pu:
| .' aocordmg 1o, sex and faculty: (Scrence Commerce and humanl ie

each of the years 2062 2064

table to represent thrs data _ :
22 ‘Tn a~simple " study -about -drinking - hablt of m|lk rn three towns the

information was received. :
f0"0W'n9 Females were 45%; total milk dnnkers were 40% and males_

leference between dlagrams and graphs

Difference between dlagrams and graphs are as follows o
i. . Diagrams; are constructed on pIane paper whereas the graphs are on
" graph paper. o .

i Dlagrams may be one, two, and three dlmenswnal whereas graphs are .
of only two dimensicnal in general: - :

»iii.’ ‘ The numerical data in dragrams are presented” by bars rectangles

circles, cubes-etc'whereas in graphs these.data-are presented in terms
of points and lrnes C -

Town A: o iv. ' Graphs help - in studying the further mathematrcal and statlstlcal

SR ~non-milk drmkerf werel 2 f\)on- mllk dnnkers were 25% and relationship but diagrams are only for the compaiison. *

~Town B:. Males werl:ak ggn/ok er:;av\?:re 15%. v. ..+ Construction of graphs is easier in-comparison to dlagrams
E;:I:ivr;e 40%, Females non-milk dnnkers 25% and male VI ~ Diagrams: are ‘more attractive ‘to- eye and common to alf rndrvrdual

Town.C: . G
) non-milk drmk_ers 40%.; . :‘whereas graphs are only common to statrsﬂcran and resear‘bher

'General rules for constructmg dlagrams o

Before constructlng the dlagrams we cons,rder the followrng poxnts
\%\@ Title.
JE} - An attractive tltle must beé. wntten to each diggram, which should be .

brief; clear and self explanatory It should be wrrtten eflher at the top or at the
bottom of the dlagram :

'.‘3'6 : 37




Diagrammatic and Graplic R epresentation of Data

3.2 GENERAL RULES FOR CONSTRUCTING
DIAGRAMS

Before constructing the diagrams we consider the following points.
i Title

An attractive title must be written to each diagram, which should be
brief, clear and self explanatory. It should be written either at the top or at the

bottom of the diagram.
ii. Proportion between width and height

An appropriate proportion between width and height of the diagram
should be used. A general rule suggested by Lutz is that 1 for short side and
\J2 for long side.

iii. Selection of Scale

A suitable scale should be adopted on the basis of horizontal and
vertical scale. The scale showing the values should be in even number or in
multiple of 5. For example, “income in thousand”, “size of population in million”
etc.

iv.  Selection of a diagram

A sutable diagram must be selected based on nature of data,

magnitude of observation etc.

V. Neatness and cleanliness
Diagrams should be draw neatly with the help of geometrical instruments. It

should be clean and attractive.
vi. Footnote

The footnote should be writien at the bottom of the diagram.
vii. Index '

An index should be given fer the clear understanding of the diagram.
viii.  Simplicity

Diagrams should be as simple as possible so that they are easily
understood.

3.3 TYPES OF DIAGRAMS

The various types of diagrams are given below.
i Simple bar diagram.
i, Sub divided bar diagram.
iii. Percentage bar diagram.
iv. Multiple bar diagram.
V. Pie- chart or pie- diagram
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3.3.1 Simple Bar Diagram

It is a diagram used to represent only one variable. It is used lo
comparative study of two or more values of a single variable. The different
bars are drawn for the different values of the single variable on the same
baseline. The height of the bars is used to represent the value of variable and
the width of the bar is used to make the diagram attractive and
understandable. The different bars should be the same width,

Example 1

Present the following data by a simple bar diagram
Cities 1 2 <) < 5 6 7
Population in Millions 5 7 10 ] 15 | 18 | 16 | 4

Simple bar diagram

16 15

Cities

3.3.2 Sub-Divided Bar Diagram

A bar diagram represents the magnitude of a single factor according to
time periods, places, items etc .But when the magnitude of the factor is given
with its sub-factors, each bar is further sub divided into components in
proportion to the magnitude of the sub factors . Such a diagram is known as
sub divided bar diagram.

Example 2

I_Jraw sub divided bar diagram of the following data.
Countries wise tourists in various cities of Nepal

Country | cities | Kathmandu  Pokhara Palpa lllam
USA 192 182 172 162
Canada 90 80 70 65
German 55 54 50 45
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Sub divided Bar Diagram

Probability and Statistics for Engineering

B German
B Canada
@ USA

Kathmandu  Pokhara Palpa lllam

Percentage Bar Diagram of Visiting of

Tourist
100%
80%
&% = German
40%
20% # Canada
0% = USA

Kathmandu Pokhara Palpa Hlam

Cities

3.3.3 PERCENTAGE BAR DIAGRAM

A sub divided bar diagram presented in a percentage basis is known
as percentage bar diagram. It is used for comparing the relative changes in
the data. In this diagram, each total is considered as 100 and expressed the
value of each component as the total. So in this diagram height of each bar
will be the same i.e. 100 and the different segments of the bar representing
different height corresponding io their respective percentage.

Example 3

Draw the percentage bar diagram of example number 2.
Solution

Percentage of tolai numbers of tourists

Cities
Country
Kathmandu Pokhara Palpa lllam
USA 49 25 50 65
Canada 35 58 40 20
German 16 17 10 15
Total 100 100 100 100
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3.3.4 MULTIPLE BAR DIAGRAM

In a multiple bar diagram, adjoining bar are drawn according to the
number of factors and their heights, In proportion to the values of the factors
in the same order for each period or place. Each bar of a group is shown by
different patterns or colour to make them easily distinguishable and this
pattern is retained in the entire group. A constant distance is maintained
between group of bars drawn for periods or places. Such a diagram is known
as multiple bars diagram.

Example 4

Draw the multiple bar diagrams for import and export of a company
given below.

Year Import ('000 Rs.) Export ('000 Rs.)
1999 122 142
2000 102 123
2001 92 116
2002 81 99
2003 {5 96
2004 74 73
43
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Muitiple Bar Diagram
160

140 -
120 +
100 -
80 A
60 -
40
20 + o
0 T a 7 ey T
1999 2000 2001 2002 2003 2004
Year

142 [#]
: 128 116 |

@
8

1

e -]

Important /Export

NN

3.4 PIE-CHART

A pie-char is a circular diagram which is usually used for depicting the
components of a single factor. Pie chart is an angular two dimensional
diagram in which area of different sectors of circle can represent items of
statistical data. The circle is divided into segments, which are in proportion to
the size of the components. They are shown by different patterns of colors to
make them attractive. In this diagram we compare the area of different
components. The main limitation of a pie chart is that negative data can't be
depicted.

To calculate the angle of each component, we first equate the total
observation equal to 360° i.e. angle at center of the circle. Then the

corresponding angle for any given value = x Given value. For a

~ Total value
single pie chart, the radius may be any value which makes the chart attractive.
But in case of two pie charts at a time radii of the circle of the pie chart must
be in the proportion of square root of the total observations.

Therefore,
r1: r =/total of first sample :v/total of second sample

The comparison of the pie diagrams is to be made on the basis of the
areas of the circles and to various sectors that are difficult to be ascertained
visually with precision. Generally sub-divided or percentage bar diagrams are
preferred to pie diagrams for studying the changes in the total and component
parts. Moreover, pie diagrams are difficult to construct and compare with bars.
If the number of component parts is more than 6, a pie chart is not preferable
to construct.
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Example 5
Draw a pie—chart for the following data of expenditure.
ltems Expenditure (Rs)
Food 300
Rent 200
Clothing 100
Education 75
Lighting 65
Others 60

Solution
Let Total expenditure Rs 800 = 360°

o

360
Then angle for Food = 800 X 300 = 135° and so on

Items Expenditure (Rs) | Angle at center (degree)

Food 300 135
Rent 200 90
Clothing 100 45
Education 75 33.75
Lighting _ 65 29.25
Others 60 27

| Total 800 360

Pie chart showing expenditure (Rs.)
Hros |
-] Rent
Clothing
E Education

Lighting
E Others
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Example 6

Construct a pie-diagram for the following data of weekly expenditure of
two families from Kathmandu.

Expenditure on Family A Family B
Food 250 300
Clothing 150 275
Housing 100 125
Fuel 50 75
Education 100 100
Entertainment 50 60
Miscellaneous 60 65
Total 760 1000
Solution

For Family A ,Taking Rs 760 = 360°

360° _360° L ‘
Rs 1 =760 angle at center for food = 760 x250 =118.42

In similar manner, other angles are calculated.
Similarly for family B, Taking Rs 1000 = 360°

360° _360° i
Rs1= 7000 Therefore, angle at center for food = 1000 x300 = 108

In similar manner, other angles are calculated.
Calculation table for pie-diagram

Family A Family B
Rere Expenditure | Angle at Center | Expenditure | Angle at Center
Food 250 118.4° 300 108°
Clothing 150 71.05° 275 g99°
Housing 100 47.37° 125 45°
Fuel 50 23.68° 75 27°
Education 100 47.37° 100 36°
Entertainment 50 23.68° 60 21.67
Miscellaneous 60 28.42° 65 23.4°
Total 760 360° 1000 360°
S:“T’z ::I i \760 = 27.568 /7000 = 31.623
Radii 1 1.147
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Pie-chart $howing expenditure of two families from Kathmandu

Family A Family B

[Z] Miscettaneous

E Entertainment

A :.'-Eﬂ: :"w" m Fuel
AT NTATA ﬂ... Y v . Housing
AL —
A Clothing
Radius ri= 2em Radius r»=2.29 cm - Food

3.5 GRAPHICAL REPRESENTATION OF DATA

The most common graphical representation of date are:
i. Histogram
ii. Frequency Polygon
ii.  Frequency Curve
iv.  Ogives or Cumulative frequency Curve.

3.5.1 Histogram

A Histogram is a graph which is suitable for frequency distribution with
continuous classes, the width of all bars is equal to class interval and heights
of the bars are in proportion to the frequencies of the respective classes. In
this graphs bars touch each others but cne bar never overlaps the others. In
this graph data are plotted with class interval on x- axis and frequencies on y-
axis.

For unequal class intervals the heights will be proportional to the
frequency density. It is ratio of frequency to corresponding class size.
Class frequency
length of class width

.". Frequency density =

Example 7

Draw a histogram from the following data.

Class | 0-5 |5-10 |10-15 |15-20 |20-25 [25-30 |30- 35 |
f 8 16 30 85 40 24 4
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Y

w]

30—

20

Frequency

10

Histogram

Class

Example

8

Draw a histogram from the following data

Wage

10-15

15-20 | 20-25 | 25-30 | 30-40

40 - 60

frequency 8

18

25 16 12

12

Solution

It is a case of Unequal Class interval therefore we first calculate
frequency density of each class as, :

Frequency density of a class =T e%?ﬁi?ig;i"\:ﬁ
Wage frequency Frequency density
10-15 8 8
15-20 18 18
20-25 25 25
25-30 1 15 15
30-40 12 12/2=6
40-60 12 12/4=3
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Histogram

3.5.2 Frequency Polygon

It is another method of graphical representation of frequency
distribution .When the distribution is discrete the frequency polygon is
obtained by plotting the points with values of the variable on the x- coordinate
and the corresponding frequencies on the y-coordinate and joining the points
by straight line.

If the frequency distribution is continuous then frequency polygon is
drawn by joining the mid points of the top of the adjacent bars of a histogram
in order. The main purpose of frequency polygon is to find the mode.
Example 9 :

Draw the histogram and frequency polygon of a following data.

Marks 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80

Frequency 9 18 27 36 32 29 17

Histogram and frequency polygon

Frequency

10, .20 .30 40° "hO_ ‘g0 | /0 80
Marks
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3.5.3 Frequency Curve

A frequency curve is a graphical representation of frequencies
corresponding to the vertices of the frequency polygon by a smooth cure. The
frequency polygon is smoothed in such a ways that the area enclosed by
frequency curve is same as in frequency polygon and histogram.

Example 10
Draw Histogram and frequency curve of the following data.
Marks | 0—20 | 20—40 | 40-60 | 60-80 | 80-100 | 100-120

Brea | 0 100 150 90 60 50

A Frequency Curve

Frequency

N

-

0% 20 40 60 80 100 120
Mode Marks
3.5.4 Cumulative Frequency Curve or Ogives

It is a graph plotted for the variate values and their corresponding
cumulative frequency of a frequency distribution. Variate values are plotted in
x-axis and cumulated frequency in y- axis. Its shape is just as elongated S. An
ogive curve is prepared either for more than type or less than type distribution.
It is used to calculate the Median & Partition values.

Less than Ogive

For prepare less than type Ogives, first of all less than cumulative
frequencies are prepared by serially adding the frequencies from top to
bottom. Then the points on the graph paper are plotted by taking the upper
limits of each class interval along x-axis and the respective cumulative
frequencies along y-axis. Then the points so obtained are jointed freely. Less
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than ogive is an increasing curve sloping upward from left to right and has the
shape of an elongated S. :
More than Ogive

For prepare more than type Ogives, first of all more than cumulative
frequencies are prepared by serially adding the frequencies from bottom to
top. Then the points on the graph paper are plotted by taking the lower limits
of each class interval along x-axis and the respective cumulative frequencies
along y-axis. Then the points so obtained are jointed freely. More than ogive is
a decreasing curve sloping downwards from left to right and has the shape of
an elongated S.

Example 11
Draw Ogives from the following data and locate the value of Median.
Wage 0-20 20-40 40-60 60-80 80-100
Freq. 10 30 60 40 10
Solution
First of all prepare more than and less than cumulative frequency as,
Less than Method More than Method
wage frequency wage frequency
Less than 20 10 More than O 150
Less than 40 40 More than 20 140
Less than 60 100 More than 40 110
Less than 80 140 More than 60 50
Less than 100 150 More than 80 10
Ogives curve
160
140 -
_g 120 -
E 100 A
3 801
E 60
Q! 40 -
20 1
0 - - - -
20 40 60 80
Wage

From the Graph the estimated value of median wage is the Rs 52
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| Diagrammatic and Graphic Representation of Data 6.  The following data regarding the number of different categories of hotel
Less than Method ) More than Method : in Kathmandu. Represent the data by simple bar diagram.
wage frequency wage frequency * [ Categories I No. of hotels
Less than 20 10 More than O 150 Five star 5 :
Less than 40 40 More than 20 140 Four star . _ 8
Less than 60 100 More than 40 110 Three star _ 11
Less than 80 140 More than 60 . 50 Two star ‘ 26
Less than 100 150 More than 80 10 Others 349
7. ,Draw sub-divided and percentage bar diagram of the following data.
Ogives (2) Expenditure of two family on different items.
160 items of expenditure Family A Family A
140 - Food ' 150 150
e 120 - Clothing 125 60
‘ £ 100 - Education 25 50
| S g0 - Miscellaneous ‘ 190 70
N g 80 - saving and loss 10 -30
Ot 4o - Total income - - 500 300
. LI 20 - (b) Following data show the percentage of total population in rural and
i 0 . . — - urban are of Nepal ' '
Ra 20 - 40 60 - © .80 - Percentage of total Population in
B : Wage : R Rural ‘ Urban /
i From the Graph the estimated value of median wage is the Rs 82. . g@gt:ﬁr&dg);g:ng children — ;gz ;gg
* | Young men and women 323 36.5
Middle-aged men and women 20.4- ‘ 20.1
Exercise -4 Elderly persons 8.5 7.3
, o = . 8.  Following data gives the numbers of student admitted and passed in
hs and diagrams? What are the importance an final exam of the past 4 semesters, represent it by multiple bar
B m?atti:;eofg:i‘ggrammati,c a%d graphical representation of statistic diagram. = ’
data? ) : o : Programs | Number of students )
2. Distinguish between *“Histogram and Bar diagram”, P_le cpar’t and su Admitted Passed
’ divided bar diagram” and less than and more than Ogives 1 Civil L 45 32
3. Explain the different types of graphs: used for- representation Ol Computer 48 36
frequency distribution. B Electronics _ .49 40
4., Draw the simple bar diagrams of the following data. - _ Arghltecture | 26. . 16
Department *Civil . Computer -Electrpnic Architecture 9. D|§play the fo_llowlng data of profit and expenses in different year by the
No. of students 52 48 44 26 suitable bar diagram. . _ : _
5 The following are the number of automobile accic!ents that occurred af Year £ ] Profit (million Rs.) Expense (million Rs.)
. 60 maijor intersections in a certain city during the first of July weekend.:.;. 1996 .30 . 28
0 5 5 0 1 4 1 0 2 1 1997 B 32 27
% 0 1 3 0 0 2 1 3 "1 1998 28 21
4 0 2 4 _1_ 2 4 0 4 1999 27 26
: 0 1 3 5 2 2 0 2 2000 ' A 31 _ 28
3 5 5 7 1 2. 10. - The following are measurement of the breaking strength of sample of
0 2 3. 0 4 2 - 60 linen threads ' '
2 1 6 5 0 3 3 0 0 4

325 152 354 213 284 269 346 293 245 31

Group these data into frequency distribution showing how often each
the values occurs and draw a bar diagram.

L "
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% ‘ Diagrammatic‘and-Graphic Represe’htation of Data. : -
| 21.5- 283 27.7 .25 © 327 295 302 239 23 264
{273 337 204 210 203 173 29 368 292 235 | |
206 295 215 375 336 206 218 257 348 186"
254 341 275 296 222 227 313 332 37 . 283
36.9 246 289 248 281 254 345 236 384 24

Cohst_ruct the frequency distribution . having the classes 15-20, 20-
28....35-40 and-construct a histogram, frequency polygon and.curve.

11.- -~ The following data relate to the expenditure of two families- per month.
ltems of expenditure Family A ) _Fam’ily},B;f;
Food 300 200~
Rent - 1200 100~
Clothing. o 150 o 100
Education 200 S -
Lighting - %0 2B e
Others . -~ ']100 = .~ f25 - -
Represent the above data by angular diagram. .
-12. Draw the histogram for the following data. T A
) |Class - - ]10-20720:30 30-40 40-50 |50-60 {60-70 |70-80 |:
< T |frequency (10 {15 132 142 (26 - [12 9
| Midvalves |20 30 40 _ 50 60 - 70,
| no. of workers | 4. 2 15 1830 16
13. /Draw histogram and a frequency polygon for the following data given
g\)\ Marksin' 11020 2030 3040 4050 - 5060 - 60-70° 7080 |
// statistics e g TP R P :
| students . |18 23 .37 47 2. M6 s
i) _ S5 — BN R
Class intervals | 0-5 510 10-15 .15-.25 .25-30 3Q—40
. |frequency - - |8 10 30 40 - 24 12,
-14. Draw histdgram, frequency polygon and frequency. curve of the
“following data; . 0 AR i 1 ‘ o
(D}fs"’)"""age 10-15 1520 20-25 25-30. 30-40 40-60 |
.| no. of workers 8 18 25 0 15 0 12 12.
15.  Draw less then and more than Ogives -from 'the following data given
below and estimate the value of median. -~ L
‘Marks 10-20 1. 20-30:-. 3040 . 4050 - .50:60. - 60-70:.70-80  80-80  90-100.)
‘students. | 50 100 150 90’ -60 50 . 28 13 5.
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Measuré of Central Tendency 2

_Introduction

After ‘the collection of data, the analysis is dO,nAé wufhthe help of
different statistical tools like measure of central‘tqn.dghcy;i_‘ dispersion,

skewness, correlation and regression etc, - v sa
The measure of central tendency is defined as an average. Itis a single

- value within which the range of .data tends to cluster which represents a

groups of individual values in a simple and concise.manner so that the mind
can get a quick understanding of the general idea of the individual in the

group. Sincé the value lies within the range of data, it is known'as measure of
eentral tendency. The objectives of averages are. R v

- To facilitate comparison; : ST
ii. . 'To know about population from a sample... . .. .7
ii. ~ To present the silent féatures of mass of complex data.
iv. = To trace statistical relations. ; :
V. To helps in decision making.

Properties of good measure of central tendency 7 .

The' desire properties or requisités of a.good measure ;of»c_en,t_ra!_-.

tendencies are as follows.

i. It should be based on all the observations of a set of valties,

ii. It should be rigidly defined and its values should be definite. .

iii.  lt'should be easily compitable. : -

iv. It should be least affected by extreme values.

v.. It should. fluctuate ‘least.from sample to sample drawn from. the same
population. . : . - o

vi.-lt'should be suitable forfurther statistical and mathematical treatments. _

Function of central tendencies  *

The various functions of central tendencies or avéréges are as follows.

i. To present a simple and‘coincide picture of large and complicated set
of data. o : -
ii. - ltmakes possiblé and easierto compare two arid more groups of data.

iil. To provides a study of different groups. of data.

iv. it facilitates the interpretation of data. S S

v. -t helps in taking decisions. For -example.one: can -say. whether the
" income of a family is above or below the average income. . . . .

Limitations of Centra'iﬂtehdencies

The general limitations of an average are as follows. -
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4.1.3 Limitations of Central Tendencies

The general limitations of an average are as follows.

i An average represents a group as a whole not an individual.

ii. Often an average is a value which does not exist in the set of data.

iii. Some times an average comes out a value which is not feasible for
example average size of family is 3.36

4.2 TYPES OF CENTRAL TENDENCIES

The following are the important types of averages.
i. Arithmetic average
ii. Geometric Mean
iil. Harmonic Mean
iv. Median
V. Mode

4.21 Arithmetic Average

Arithmetic mean of set of observation may be defined as the sum of
observation divided by the total number of value in the set. It is denoted by X
Sum of observation
= Number of observation

e X
<8
e

Calculation of mean

For Individual series
Let X1, X2 X3 ... X be the values of the variables .then mean is defined as
%= ?-:;-]3‘- This is called “direct method”

And X = A +£7d This is called short cut method,

Where ‘A’ is assumed mean, d = x — A, deviation taken from assumed
mean. When the sizes of the values are very big and the numbers of
observations are too large, we find mean by taking the deviation of the items
from the assumed mean.

Example 1

Find the arithmetic mean from the data of expenditure of 5 students as
10, 20, 30, 40, and 50.
Solution

Here number of observations n=5
For direct method

Probability and Statisti E)
Total expenditure = Ex =10+ 20+ 30 + 40 + 50 = Rs.150

LR —-’;f—lg’-q = Rs.30.
And for short cut method,
Let assumed mean (A) = 40
Calculation table
Expenditure (X) d=X-40
10 -30
20 -20
30 -10
40 0
50 10

Therefore, Meanis X = A + _z_q =40 - 550

Note that assumed mean is any number between lowest and hrghest
number, however middle number is suitable.

Rs. 30

For Discrete Series and continuous series

For discrete and continuous data also known as frequency data, Let x4,

X2, Xa,.. ..X» be n observation with corresponding frequency fi,
PRSPy (AR fﬂ Then the arithmetic mean or simply mean is defined as,

.. 3

x =77 N= Lfistotal frequency, Thisis for direct method.

b zfd a2

X =A+—whered=x—A. This is for short cut method.

o xfd' x-A et 8

X =A+ T hwhered = -1-_;—, This is for step deviation method

Here ‘A’ is assumed mean and 'h’ is class width. [In continuous series x is the
mid values of class]

Example 2
Calculate the mean for the following data.
Wage 10 20 30 40 50
Freqgency 2 4 10 8 6
Solution
Calculation table of mean _
Wage (Rs.) Frequency (f) fx
10 2 20
© 20 4 80
30 10 300
40 8 320
50 6 300
150 30 1020
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Here N = 30 and Zfx = 1020

_ Dix_1020 _
Therefore mean x = N - 30 Rs 34.

Example 3

Calculate mean of the following data by using

i) direct method, i) short cut method, i) step deviation method.
Income(Rs) | 50-100 100-150 150-200 200-250 250-300

Persons 5 8 15 16 6
Solution
Let assumed mean A= 175and h=10d=x175and d’ = %
wage f X fx d fd D | Fd
50— 100 5 | 75 375 | -100 | -500 -2 -10
100 - 150 8 125 | 1000 | -50 -400 -1 -8
150 - 200 15 175 | 2625 0 0 0 0
200 - 250 16 225 | 3600 | 50 800 1 16
250 - 300 6 275 | 1650 | 100 600 2 12
Total 50 875 | 9250 0 500 0 10
Here N =50, A= 175 and h = 100-50 = 50
i For direct method
— = X 0250
X SR ey =Rs 185,
ii. for short cut method
X =A +_£i_ =175+ 3550000 =175+ 10=Rs 185
ii. For step dewatlcn method
% =A+2L « b= 175420 x 50 = Rs. 185
o= N = 50 % s.
Example 4
Find the arithmetic mean of the data of monthly income of 585 families.
Monthly income No. of families
1000 - 2000 50
2000 - 3000 Y5
3000 - 4000 120
4000 - 5000 150
5000 — 6000 100
6000 — 7000 ' 65
7000 — 8000 25

Probability and Statistics for Engineering

Solution
Here number of families N = 585, letd = x - A_= X - 4500
hings 1000
Monthly income | no. of families | Mid values(x)| ~ fx [d=*2| fd
1000-2000 50 1500 75000 -3 -150
2000-3000 75 2500 187500 -2 -150
3000-4000 120 3500 420000 -1 -120
4000-5000 150 4500 675000 0 0
5000-6000 100 5500 550000 1 400 |-
6000-7000 65 6500 422500 2 130
7000-8000 25 7500 187500 3 75
Total 585 31500 2517500 0 -115

Ifx _ 2517500 _
(i) For direct method x = N (FTisa5 At Rs 4303.42
(ii) for step deviation method

b TR - 115
X = A+ % = 4500+ T5g2> % 1000 = Rs. 4303.42

L4

Properties of Arithmetic Mean

The important properties of the arithmetic mean are as fo!I0w§:-'
i. The sum of the deviations of the given observation from their mean is

always zeroie. Z(x-X)=0 T E
Proof:X (x-X ) = Ex- nX = Zx- Ex=0
ii. The sum of the square of the deviation of the given observation from

their mean is minimum, i.e. ¥ (x + X )? is minimum
Proof: Let, if possible Z(x - a)z is minimum , for this let
y=2(x-a)’,
2 ; 2 _)i.. d*
For minima of function y = £ (x - a)° we must have 0 and e 0

Therefore.%% =2 ¥(x- a)(-1)

y s 510
For maxima and mlnlmaa')é =

Or, 2 E(x-a)(-1) =
Or,2x-na=0

£ ay
= a=xand dabo‘

Hence the sum of the square of the deviation of the given observation
from their mean is minimum.
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. Since x = % then Ex=nx
iv. Combined mean: Let ny and n; be the size of two samples with means
X:, Xz Then the combined mean of the whole group of size ny+n is
denoted by X2 and defined as

Ny X3 +nz &

X2 ni +n2

Example 5

Find the average GPA of B.E. student of Civil and computer students of
a college taken together, when GPA of 48 civil students is 3.56 and that of 42
computer students is 3.47.
Solution

Given number of student in civil ny = 48 and average
GPA X = 3.56

Number of student in computer nz= 42 and average GPA X; = 3.47
We have combined mean

—_ __n1§1'i‘nzi2 _48*3.56*42*3.47_
e g TRl 48 + 42 .

Thus the combined GPA of whole students taken together is 3.518.

3.518

Example 6

The mean age of a combined group of men and women is 30 years. If
the mean age of the group of men is 32 and that of a group of women is 27.
Find out the percentage of men and women in the group.
Solution

Given mean age of men x; =32 years. Mean age of women X = 27

years, the mean age of men and women taken together is X:2 = 30 years
Percentage of men (ns) =? And Percentage of women (nz) =?
Total number of persons = ny+ nz= 100 (i)

c - ni X1 +nz 'iz
We have combined mean X2 =—— —
ny +ng

or, 30 = 32022102 _ 3518
or, 32 ny + 27 n,= 3000 (ii)
On solving equation (i) and (i) we get percent of men = 60% and
percentage of women = 40%.

4.2.2 Weighted Mean

In general all the items under consideration don't have an equal
importance; therefore we assign proper weights to the items according to their
relative importance. Then computed mean is called weighted mean. Let xs, xz,
X3, ..... Xa De the n observations with corresponding weights w1, wz, ... Wy, .

Then the weighed mean Xuis given by

Wit+wot ... +Wn | Zw

Example 7

Calculate weighted mean for the following data.
ltems Index No. Weight (%)
Food 225 52
Clothing 175 8
Fuel and lighting 155 10
Housing 280 14
Others 150 16

Solution
CALCULATION
Items X w WX

Food 225 52 11700
Clothing 175 8 1400
Fuel and
lighting 155 10 1550
Housing 280 14 3920
Others 150 16 2400
Total 985 100 20970

Here total weight Zw = 100, and Zwx = 20970

: — _Zwx 20970
Therefore weighted mean x,, = w100

Merit of Arithmetic mean

i It is easy to calculate.

i.  Itis rigidly defined.

iii. It is based on all the observations.

iv. Observations need not to be arranged in order to calculation of mean.

V. It provides sound basis for comparison of two or more series.
vi. It can be calculated if partial calculations are available.

vii. It is less susceptible to sampling fluctuations.

vii. It is most suitable for further statistical treatment.

Demerit of Arithmetic mean

i. It is affected too much by extreme values.
i, Mostly it doesn't correspond to any value of the set of observations.
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iii. It can't be calculated for frequency distribution-with open end class.

iv. It doesn't convey any information about the spread or trend of data.
V. It is not a suitable measure of central value in case of highly skewed
distribution.

4.2.3 Median

Median is a positional average i.e. its value depends on the position
occupied by a value in the frequency distribution. Median is the value of the
variable that divides the ordered set of values in to two equal halves i.e. 50%
value are to the left of median and 50% are to the right of median. It is most
preferable measure of location for asymmetric distribution.

Calculation of median

For individual series
To calculate median in case of individual series we follows the following

points.
i. Arrange the data in either ascending or descending order of magnitude.
ii. If the number of observaticns is odd, the middle value gives the median

and if number of observations is even there will be two middle values

so the arithmetic mean of two middle values gives the median.
. Formula for calculating the median is as,

& -
+

Median = Value of (nT1) item. Here n is the number of
observations.
Example 8

Find the median marks of the 9 students as: 35, 85, 39, 42, 53, 62, 71,
82,648
Solution

First arrange the data in ascending order of magnitude as: 35, 39, 42,
48, 53, 62, 71, 82, and 85.
Here number of observationn =9

th
F21
Therefore Median = values of (n > ) items = 5" item.

Therefore Median = 53

Example 9 '

Find the median wages (Rs.) of 10 workers of a factory as: 250, 410,
267, 350, 280, 500, 750, 300, 450 and 200.

Solution

First arrange the data in ascending order of magnitude as: 200, 250,
267, 280, 300, 350, 410, 450, 500 and 750 L
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Here number of observation n = 10

th
1
Therefore Median = values of (%) items = 5.5 item.

I f 5" + Val f 6"
Therefore Median =Va Loicids 5 See 0 8 items

_ 300 ; 350 _ 150.
Hence the median wage is Rs. 350
For discrete series
To find the median in case of discrete series, we use the following
procedure.
i. Arrange the data according to their ascending order of magnitude,
ii. Form the cumulative frequency distribution.
iii. To calculate median we use the following formula as

th
+
Median = Value of (%) items, Where ‘N’ is the total number of

observation.
Example 10
Find the median from the following data of rainfall.
Rainfall (in mm) 24 30 45 60 100
No. of days 15 16 20 24 16
Solution
Calculation of median is as follows
Rainfall (in mm) No. of days (f) cf
24 15 15
30 16 31
45 20 51
60 24 75
100 15 90
N+1\"
Here N = 80, Therefore Median = Value of ( > ) items
90 +1

th
= Value of( 5 ) = 455" items

Cumulative frequency corresponding to 45.5 is 45.
Hence Median = 45 mm.
For Continuous series

To find the median in case of continuous series we use the following
steps.
i. Prepare the less than cumulative frequency distribution.
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N
ii. Find the value of 2
i
2

iii. The class with cumulative frequency just equal or greater than

median class and this contains median.
iv. The value of median is calculated by using following formula.
N
5-cf
Median =L + ragt h

Where L is lower limit of median class,

N = £, total frequency,
C.f. is cumulative frequency proceeding to the median class, T is the
frequency of median class, and ‘h' is size of median class

Merit of median

Points in favour of median are as follows:

i. Median is not influenced by extreme values because it is a positional
average.

ii. It can be calculated in case of distribution with open end intervals.

iii. Median can be located even if the data are incomplete.

iv. It can be located even for qualitative factor such as ability, honesty,
beauty etc.

Demerit of median

Following are the demerils of median

i. A slight change in the series may bring drastic change in median value.

ii. In case of even number of observations or continuous series, median is
an estimated value other than any value in the series.

iii. It is not suitable for furlher mathematical or statistical treatment except
its use in mean deviation.

Example 11
Find the median from following data
Wage in Rs. No. of workers
Below 1000 50
1000-1999 500
2000-2999 555
3000-3999 100
4000-4999 ! 30
5000 and above i 15
Solution

Calculation of cumulative frequency
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Wage in Rs. f Cf
Below 1000 50 50
1000 — 1999 500 550
2000 — 2999 555 1105
3000 — 3999 100 1205
4000 - 4999 30 1235
5000 and above 15 1250

Here value o %‘—‘1—255-9' = 625, therefore 2000 — 2999 is median class

but the real limit of median class is 1999.5-2999.5
N
—-cf
Then Median= L + T x h

Here L=1999.5, ¢ f =550, f = 555 and h = 1000
- Mg = 1999.5 *%X 1000 = 2134.635

Hence the median wage is = Rs. 2134.634

4.2.4 Mode

The mode of the values of variable in a series of data is that value of a
series which appear most frequently than any other and around which the
other items of the set concentrate densely. It is denoted by M,,

Computation of mode in case of continuous series

For frequency distribution with classes in ascending order of
magnitude, the class corresponding to the maximum frequency is called
model class and we use the following formula for calculation of mode.

M0=L+—Al—xh=]_+ fi-fo

A1 + Az 2f1-fo-fth

Where L is lower limit of model class

Ay =fi-foand Az = fi-f2

f1 is maximum frequency

fo is frequency preceding to model class

f2 is frequency succeeding to model class
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h is size of model class

Merit of mode

i. It is easy to calculate and easy to understand.

ii. It is not at all affected by extreme observations.

. It can be obtained even in case of open-end class.
iv. It can be obtained by inspection or by graph.

Demerit of mode

i, It 1s not based on all the observations.
i It is not rigidly defined.
i, It is not suitable for further mathematical and statistical treatment.

Example 12

Calculate the mode of the variate values as: 2, 3,5, 3,4,6,7,3,1,5
and 3.
Solution

Here variate values 3 repeated maximum no of times, hence mode of
the given data is 3.

Example 13

Find the model size of shoes sales in a departmental store from the
following data.

' Size of shoes i 3 4 5 6
No of shoes 40 50 80 60 30
Solution

Here maximum frequency is 80, whose correspohding variate values is 4
Hence model sizes of shoes =4.

Method of grouping

If the frequency distribution is regularly distributed, mode can be easily
determined by inspection. If the maximum frequency occur more than one
time or the maximum frequency occur at the very beginning or at the end of
the observations and the given frequency is not in the regular order, then
mode is calculated by using method of grouping. It consists of 2 tables
grouping tables & analysis table.

The method of grouping is applied in order to make the frequency
distribution regular. Inireal sense, the aim of grouping is to remove the bias
prevent in the types of means discussed before and thereby minimizing their
irregularities.

In grouping table, there are six columns except the column of the size
of item or class interval's column. Their columns are completed in this ways.

Column | . Write the original or given frequencies in first column.
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Columnll - : Add the given frequencies two by two and write the total
corresponding to the middle of the item or class interval.

Column il : Leave the first frequency and then add two by two.

Column IV : Add the given frequency three by three. -

Columnv  : Leave the first frequency and then add three by three.

Column VI : Leave the first two frequencies and then add three by three.

Then analysis table is prepared by using the grouping table in order to
count the maximum frequency in each column. In analysis table the values of
the variables are kept either in row or column and the column number are kept
in another side of the table and their corresponding maximum frequencies for
each column are listed. The maximum frequency in each column is entered by
means of vertical bars. The value of the variables in the column,. which
occurrence maximum times is the mode.

Example 14
Find the model marks of the 55 B.E. students
Marks 30| 35|40 |45 (50| 55|60 | 65|70 |75
No. ofstudents | 6 | 9 | 4 2 = £ 0 - M R -l 3
Solution

Here the frequencies are not in the regular order. So mode is
calculated by grouping method

GROUPING TABLE
Mark | Column | Column | Column | Column | Column | Column
s | ] [} v vV Vi
30 6 - s A
15
35 9 13 -
13
40 4 15
6
45 2 16
12
50 10 20
18
55 8 " 25
G i -
60 T 20
12
65 5 13
6
70 1 9
4
s D
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ANALYSIS TABLE

Marks —> |30 |35 |40 (45 |50 |55 [60 |65 |70 [75
Column no.

| |
I |
Ul

v | |

V 1 |

Vi | |
Total 1 4 5 3 1

Here, Marks 55 repeated more than the other variates values. So, the
value of modal marks is 55.

Example 15

Find the Model income from the following data.

income(Rs) 50 -100 100 -150 150 -200 200 -250 250 -300 300 -350 350 -400

No. of persons 5 8 15 16 8 6 5

Solution

Here the class 200-250 is the model class, since this class contains the
maximum frequency. And the mode is calculated by using the following
formuia,

Mo=L+tmxh=L ¢ ety
Where L=200, lower limit of model class
A =f-foand Az =fi- f2
f1 =16, maximum frequency
fo =15, frequency preceding to model class
f2 =9, frequency succeeding to model class
h =50, size of model class
Therefore Mode = 200 + ﬁ% x 50 = 206.25.

Hence model income of the given data is Rs. 206.25

4.2.5 Partition Values

Partition values are variate values of variable, say X, which divide the
total number of observations into equal number of parts. The equal number of
parts may be of four, eight, ten, twelve, one hundred etc.

Probability and Statistics for Engineering
Quartiles, Deciles and Percentiles

Three variate values of the variable, say X, which divide the series or
frequency in to four equal parts, are called quartiles for the corresponding
distribution of X. There are three quartiles namely Q1, Qz, Q. Q1 is called the
lower quartiles and Qs is called the upper quartile, 25% of values are less than
Q; and 25% values are larger than Qs and the rest 50% values lie between Q.
and Qs. Qudivide the series in to two equal parts and hence it is the same as
median.

Nine variate values of the variable, say X, which divide the series or
frequency in to ten equal parts, are called deciles for the corresponding
frequency distribution of X. There are nine deciles namely, D1, Da,......... , Do
D; is called the lower deciles and Ds is called the upper deciles, the items
before D; and after Dy are 10% Also the number of items that lies between
two deciles is also 10% .the fifth deciles divide the series in to two equal parts
and hence it is the same as median.

The variate values of the variable, say X, which divide the series or
frequency in to one hundred equal parts, are called percentiles for the
corresponding frequency distribution of X. There are in all ninety nine
percentiles namely Pi, Pa.. ... Pgs. Py is called the lower percentile and Pgg is
called the upper percentiles. The area between any two percentiles, before
Piand after Pgs is 0.01 i.e. 1%. Fifty percentiles divide the series in to two
equal parts and hence it is the same as median.

Calculation of Partition values

For Individual Series

Let X1, X2, .........Xa be n observation arranged in their ascending order
of magnitude, then the quartiles, deciles and percentiles can be computed as

th
Q; = Value of |(Lr%1l) items, wherei= 1, 2, 3.
th
D; = Value of |(£n—.:-;j-1'l items, wherei=1,2,....9.

th
P, = Value of i(m items; wherei=1,2,....99,

100
For discrete series
Letixs, X2, .voeii X, be n arranged data with corresponding frequency
i L e f, then partition values are calculated as,
th
+1
Qi = Value of i(LNT)') items where i=1,2, 3.

th
D; = Value of i(‘i‘l{%l tems wherei= 1,2, .....9.

th
+
P, = Value of %) items where i=1,2, .....99.
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Where N = Zf is total frequency ; 3 '
For Continuous Series
In case of continuous data calculation of partition values is same as in
case of median. But here we first find corresponding partition class and
partition values is calculated as follows.
sy
Qi=L+ T x h,wherei=1,2, 3.

ﬁ-cf

Di= L+ T xh, wherei=1,2, ..., 9
-'%mf

Pi= L+ f x h,wherei=1,2 ......99.

Where L is lower limit of the class in which the partition value lies.

cf is the cumulative frequency preceding to the class in which the
partition values lie.

h is size of class or class width.
f is the frequency of the class in which the partition value lies.

4.3 RELATIONSHIP BETWEEN MEAN, MEDIAN
AND MODE
For symmetrical distribution arithmetic mean, median and mode
coincide i.e., Mean = Median = Mode.

For moderately skewed distribution, mean, median and mode follow the
following empirical relationship.

Mean — Mode = 3(Mean — Median)
Mode = 3 Median — 2Mean

4.4 CONDITIONS OF COMPUTING MEASURES
OF CENTRAL TENDENCY

For Median and Mode :
i. The distribution should consist of exclusive classes.
il. The distribution should be of equal classes.

iii. The distribution should consist of simple frequency (without
cumulative frequency).
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For Mean
i. The distribution should consist of close end classes.

ii. The distribution should consist of simple frequency (without
cumulative frequency).

Note: For quartiles, deciles, and percentiles the conditions should be the
same as that of median and mode.

4.5 CHOICE OF AN AVERAGE

It is obvious that no single average is suitable for all practical problems
from the discussion of various measures of averages. However, the selection
of averages depends upon the nature of distribution, purpose of inquiry etc.

The following are the situations for the selection of an average.
4.5.1 Arithmetic Mean
Arithmetic mean is recommended when,

i. Data is quantitative in nature.

ii. Distribution is less skewed.

iii. The distribution consists of close end classes.

4.5.2 Median

Median is suggested when
i. Data is qualitative in nature.
ii. Data is highly skewed i.e., there exists extreme observation,
iii. The distribution consists of open—end classes.

4.5.3Mode

Mode is used while dealing with business viz. consumer preference on
the certain goods to know the most common item among the items.

4.5.4 Geometric Mean

Geometric mean is used to compute average rates, ratios and
percentage etc.

4.5.5 Harmonic Mean

Harmonic mean is used in computing the average relating to rates and
ratios, where time factor is the variable.

Among the above averages, arithmetic mean is the commonly
used measure of central tendency.
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Example 16

Solution

Central T
Calculate Q1, D7, and Pgs for the following data
Value 0-10 10-20 20-30 30-40 40-50 50-60 60-70
frequency | 8 10 15 20 15 10 8
Calculation of partition values is as follows
Values(X) . frequency Cumulative frequency
0-10 8. 8
10-20 10 18
20-30 15 33
30 -40 20 53
40-50 15 68
50 - 60 10 78
60-70 8 86

Here N = f = 86, total frequency

Ny " 86
Therefore, Q1 =Value of (z) = items 67 21.5" item,
Then first quarter lies in class 20 - 30

iN
(:-9)
Q=L+ ®x h

f
Where, L=20,h=10,cf=18,andf=15

- Q =20+I%l, 10=22.34

Ny 86
Now, D7 =Value of 7(1—0) items =7 x35 = 60.2" Item

Then seventh decile lies in class 40 — 50

7N
!E'd!
Dy=L+ % h

f
Where, L=40, h=10,cf=53,andf=15
Dy=40+ (80258 10 448

th
; N : ;
Again, for Pgs = Value of 85 (m) items = 85x 86/100 = 73.1" item
Then eighty fifth percentiles lies in class 50 — 60
85N
! 100 d!
P35 = T x h

Where, L =50, h=10,cf=68,andf = 10
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- Pgs =150 +1——1?3:6 €8), 10 =551

EXERCISE -4

What are the requisites of a good measure of Central tendency?

What are the types of Averages? Define simple mean and weighted
mean?

What do you understand by median and what are the steps to calculate
the median in continuous data.

What is mode and when we use the grouping method to calculate the
mode. )

The following are 15 measurement of the boiling point of a silicon
compound(in degree Celsius) : 166, 141, 136, 153, 170, 162, 155, 146,
183, 157, 148, 132, 160, 175 and 150 caiculate the average boiling point
Following are the marks obtained by 12 B.E. students in probability and
statistics: 90, 91, 82, 63, 41, 38, 64, 74, 82, 70, 71, and 62. Find the
average marks of students.

In a frequency distribution, the mid values of the first two classes are 10
and 20 and each class has equal class intervals. The cumulative
frequencies of the classes are 3, 18, 37, 43, 48 and 62 give the original
frequency distribution and fined the value of arithmetic mean.

The following table gives the basic salaries of persons in a company.
Calculate the mean basic salaries of the persons.

salary(Rs) 3500 4400 5100 7500 9000 10380
No. of persons 5 T 10 15 13 16

Find the missing frequency from the data given below when arithmetic
mean of the data is 27.

Mid values 5 15 25 35 45
frequency 5 8 ? 16 6
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partrtlon values lie.
h is size of class or class wrdth _
fis the frequency of the class in whrch the partrtron value lies.

cf is -the .cumulative frequency precedlng tor the class in whrch the @

Then first quarter lies in class 20 — 30 :
|N 3 cf ,
o Y
Q=L+ T x h

Q1 =90 + (21?5- 18) % 10___ 22_34

86 _ .
Now, D7 =Value of 7( ) items =7 x =g = =602 ltem
Then seventh dec_rle lies in class 40 — 50 )
7N .
- g 10 ~ cf > :
D;=L+ T x h

. Dy =40 + 502552 x10= 448

: where, L= 40, h = 10, ¢f = 53, and f =

“th
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where, L = 20, h = 10, of = 18, and f = 15

7 = 73.1" ite
, Agaln for Pgs—VaIue of 85 (100) iterms 85x86/100 L

 Example 16 ‘
' te'Q4, D7, and Pgs for-the followmg data |
C\a/ﬂacllulea = 0710 10-20 . 20-30 ~ 30-40 .40-50 50 60 20-70 B
frequency | 8 10 15 20 ‘ 15 : ‘1‘0 ,
oot l as follows - = ‘ ,
sis . ‘ .
Calcmahon\(/);liirsn(t)l(c;n e frequency _C_umulatlve frequency
0-10 T 88
10 ~ 20. 10 ; o 1
2030 . R 33
. 3040 . 20 i 53
40-50 ; 1B 62 .
50-60 | 0 26
. 60-70 _ 8 - il
Here N =2f= 86, total frequency A
Therefore, Qq = Value of.(z) =items 7~ = 21.? item;

1
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”Then erghty frfth percentrles lies'in class 50 60 ‘

. where, L ¥.5'0; h ? 10 cf= 68, andf={10

 Pup =50+ (81-00) 108, 10 = 55 1

. Exercise -5

1 ‘ What are the requisites of a good measure of Central tendency’7

2. What are the types of Averages’? Define S|mple mean and werghted

) mean’?

3. What do you understand by median-and what are the steps to calculate

-the medianin continuous dafa

4. -What is mode and when we use the grouplng method to calculate ‘the
- +mode." 3 . o

5. -The followrng “are 15 measurement of the borlrng point. of a silicon :
©_compound(in degree Celsius)” 166, 141, 136, 153, 170, 162, 155, 1486,
: 183 157 148 132, 160 175 and 150 calculate the average boiling pomt

6. Followrng are the marks obtained by 12 B.E. students in. probability- -and
. statistics: ‘90, 91, 82, 63, 41, 138, 64, 74 82, 70, 71, and 62. Find the
_average marks of students. - -

7.. Iha frequency drstnbutlon the mid values of the first two classes are 10 .
-and 20" and- each -class has equal class intervals. The. cumulative
frequencies of the classes are 3, 18, 37, 43, 48 and 62 give the orrgmal_’
frequency distribution and fined the value of arrthmetrc mean

8. The followrng table gives the basrc salarles of persons in a company.,
. Calculate the mean basic salanes of the persons. -

salary(Rs) - | 3500. 4400 5100 * 7500,9000 10380
No. ofpersons 5 77 10 15 13 16

9. Find the missing frequency from the data grven below when ‘arithmetic
mean of the data i is 27. .

Midvalues | 5 - 15 25 _35"  45__
frequency - | 5 . 8 - 2.0 16 6 .

10. Followrng data represent the wage (00 Rs.) received by workers in a
construction srte Find the average salanes recelved by thé workers

lwage , 25-30 ,30 -35 ' 35-40 | 40-45- l 45-50 ] 50-55 |55-60 | 60-65 | ss-7ol

| ’
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|workc;m| 10 | 13 | 18 | 21 | 24 | 28'| 2o‘| 11 | s-|
11, An anquiry into budgets of the middie class families in a Kathmandu gave
tho following data. Compute the weighted arrthmetrc mean. -

Expense on Food Fuel Clothing Rent Others
Percentage 35 10 - 20 - 15 .20
Index no. 96.67 92 86.67 . 100 112.5

12. Find the average of the following data by (i) direct method, (n) short cut
method, (jii) step deviation. method ’

expenditure(Rs:)’ No. of Families
200 -300 10
300-400 | ‘ 15
400-500 i 25
500-600 | 16
600 — 700 , 14

13. An ‘examination was held to decrde about the award-of a scholarship in P. -
T U. the weight of various subjects were dlfferent The marks-obtained by 4

candidates (out of 100 in each subject) were given below..

’ ] Marks

. _Sobjeot. - -Werght ’Ai 5 - 5
Probability 5 70 80 | 85 | 92
Physics 3 90 | 75 | 75.| 55
Math 3 50 60 | 55 70
English -~ - |, 1 50 .| 45 65 50
Chemistry 2 70 | 50 55 60

Who gets the scholarship and why?

14. From the information given below (i) which company pays larger amount
as daily wage. (ii) What is the average darly wage for the workers of the

two companies?

Company A " Company B
No. Of workers V o 250 200
Average daily wage .20 25

15. The mean salary of 100 workers was found to be Rs. 40. Later on it was
discovered that a salary 53 was misread as 83. Find the correct mean
* corresponding to the correct salary. What will be the mean salary when
the wrong salary is omitted?
16. An experiment shows the height of 51 plants given below.

a&{ ‘Height (cm) | 70 20 30 40 50 60
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LNo ofplant 2 3 LT - 5
If ‘average heights of all the 51- ‘plants are-40 .cm’ find the missing
frequencies corresponding to the herght 30 and 50 cm.

17.. The following. are the numbers. of twists that were requrred to break 12
togged bars : 33, 24, 39, 48, 26 35, 38, 54, 23, 34, 29 and 37

Find (i) mean and (ii) median

18. Calculate the median and mode of the following distribution.” |

X ] 20-30 - 30-40 | 40-50 50-60 - ‘_60-,70
foob 7 110 20 18T
19. Calculate the. appropriate  measure of central tendencies from the
~ following drstnbutron and suppor’t your chorce ,
Wage in Rs. : No. of workers
T Below1000 | 50
10001999 | 500
' 2000-2999 - - .. BB5
3000-3999 .- . chs 7; 100 - .
40004999 ] 30
" 5000 and above " o 15

20. Dr. Singh'is the director of the student s frnancral aid office at a college.
.He-has used available data on the summer earnings of all students who
have applied to his offlce for frnancral aid. The frequency distribution is -

given below.
‘summer eamings (Rs.) “no. of students

o800 | 231
1500-1000 R | 304
10001500 | 400

- 1500-2000 ' o - 296
2000-2500 o ‘ ' 123
2500-3000 T : 68'

3000 and above ’ 23

() - Find the modal values of Dr. Singh'’s data

(i)  If students aids is restricted to those whose summer earnrngs weré
at least model summer earnings, hew many of the apphcants

qualified ?
21. The expenditure of 1000 families is given as below.
- | Expenditure [ 40-50 6079 8099  100-119 120-139 | #
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[Nooffamiies | 50 - 500 - 50_
“The median of the frequency- distribution is:Rs. 87. Calculat‘e‘the missing
freqUencies. R ‘ ’ S

92. Calculate the median, third deciles and 20" percentile from the following -

Probabiligz and Statistics for Enéinauring

Chapter 6 -

_ Measure of Dispersion

Introduction

data. '

Centralvalue | 2.5

7.5

125

175

225

18

25

30

20

Experience tells that in many situati

ons, the spread of values is

frequency 7

23. From the following distribution of marks of 500 students of a college, find- .

24,

25,

the minimum pass marks if only 20% of the students had failed and also

find the minimum marks obtained by the top 25% of the students.
Marks 0-20 20-40 40-50 50-60 60-80 80-100
No. of students | 50 100 150 90 60 50
Find the mode of the following data by the method of gro,uping.
X|1 2 3 4 5 6 -7 8 -9 10
f |6 9© 4 2. 10 8 7.5 1 3

are 20 and 24 respectively. Find the value of mode.

In a moderately asymmetrical distribution the values of mean and median -

Answers: - , - v
5. 14681, 6 69 7. 3246

8. 7498182 S e M5 10, 4740

1. 9787 - 12. Rs46125 :

13. D, largest weighted mean  14. (i) Same, (ii) Rs. 22.22

15. 39.7,39.57 .. 16. 9and 11 | 7

17. Mean=35Md=345"  18. Median47.5, mode =45.5

19. Since first and last classes are open-end, Md ;2_13_4..‘635

20. (i) 1240 (i) 727 21. 263and 137

22.° Md = 15, Ds= 11 and P = 8.61 )
23. Py = 30 and P75 = 58 24, Mode =6

25, Mode =32, Use (X - Mo) = 3(X - Ma)

BBD
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different but their central values are same for example.
o , Mean Median Mode
DataA |30 |31 321321327331 33 32 32 32
DataB | 5 | 15|23 [32(32 (3285 32 32 321

-Therefore, a central value provides no informaﬁon about the s‘cvatté'n;ng
of values'in a set of data, hehce certain measures -are evolved which reflect
on the scattering -of values in numerical terms are known as measure of
dispersion.” -, T ) ‘ AR

Thus dispersion is defined as the scatter-ness of the items from the
central values of data. It is also called the measurement-of variability. in the
given set of data. '
follows. e : : :

i To determined the reliability of calculated averages.

ii. It makes possible to compare two. series of data in ‘respect/.lof their

variability. - ,
iii. Measure .of dispersion provides the-basis" for. the quality- control -of

produced items in industry.
iv. It-has a wide application in almost ali fields of statistics.

Requisites of a good measure of dispersion o

The main _Characteristics of an ideal measure of dispersion can-be

given as follows. .

i. It should be based on all.observations. G Tl
ii. It should be rigidly defined. ’ » o
jii. It shouid be simple to understand and easy to calculate

iv. Its unit should be'same as the unity of measurement of items.

V. It should.be least affected by fluctuation of sampling.

vi. It should not be affected by extreme values.

Absolute and Relative Measure of Dispersion

If the unit of a measure of dispersion is in same terms as that of the

observations of ‘a series, it is'calléd ‘absolute 'measure of dispersion, e.g.
height in metersS, weights'in kilogram, ificome in rupees etc. In this case two

series having different units of dispersiqn can’'t be compared. Hence for

comparison of two series having different unit of measurements, one requires
a unitless measure - of dispersion; such' measure are termed as relative
measure or coefficient of dispersion. ' '
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Measure of Dispersion
a unitless measure of dispersion, such measure are fermed as relative
measure or coefficient of dispersion.

5.2 METHODS OF MEASURE OF DISPERSION

Following are the different measure of dispersion; in central tendencies
we discusses the absolute measure only but here we discuss the relative
measure also known as coefficient.

i Range

ii. Quartiles Deviation
iii. Mean Deviation

iv. Standard deviation
V. Box Plot

Vi. Lorenz curve

5.2.1 Range

It is simplest and easiest method of studying the variation in the set of
observations. It is defined as the difference between the largest and smallest
values of a set of data. If 'L' is largest and 'S" is the smallest value in the data
then,

Range=L-S.

In a grouped frequency distribution, the range is the difference between
the upper limit of the last class and the lower limit of the smallest class of
ascending ordered data.

And relative measure of range called coefficient of Range is defined as
Coefficient of Range = ﬁ , it is a unit less quantity. Lesser the coefficient

of range better is the data.

Range has a special application in the guality control measures, it is a
very useful measure to study fluctuation of data variation in the weather
forecasts, stock market fluctuation etc.

Merit of Range

i It is the easiest measure of dispersion.

ii. It is simple to understand and easy to calculate.

iil. Only minimum time is required to know the variability with the help of
range.

Demerit of Range

i It depends on two extreme values of a series. Thus it gives no
information about the observations lying between smallest and largest
values.

il. It is highly susceptible to sampling fluctuations
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iii. It is not suitable for further statistical treatment.
iv. Addition or deletion of a single value may change the entire complex of
range.

Example 1

Find the Range and coefficient of range of the following data of marks
of 5 students as: 63, 71, 55, 45, 81.

Solution

Here largest values of variable L = 81 and smallest value of variable is
S=45
Therefore Range = L-S = 81 - 45 = 36 and
L-§ _81-45

Coefficient of range = L+S “Bi+4d5 = 0.286

Example 2

Find the Range and coefficient of range of the following data.

X 10 -20 20-30 30-40 40 - 50 50 - 60
f 2 3 5 4 2

Solution

Here largest values of variable L = 60 and smallest value of variable is
S=10

Therefore, Range = L-S = 60 — 10 = 50 and

Coefficient of range = t;SS = gg; ‘;% =0.714

5.2.2 Quartile Deviation

The difference between the upper and lower quartiles is called inter
quartile range; symbolically it is equal to (Qs — Q1). Half the inter quartiles
range is known as semi- inter quartile range or quartile deviation (QD) and
given as;

QD=Q3501 ={Q3_ Md} ; “wd'oﬂ

So it gives the average amount by which the two quartiles differ from
the median, since in a distribution 25% of observations will fall below Q; and
25% of observations will lie above Qa. So 50% of the observation will lie
between Qi and Qs Less the QD, more will be the uniformity or less will be the
variability in the central 50% of the items and. again greater the QD. Less will
be the uniformity or greater will be the variability in the central 50% of the
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item. It is an absolute measure of dispersion. The relative measure of
dispersion based on quartiles also known as coefficient of QD is defined as.

=LQE-Q1}I'2 _Qa-Q4
(Qs+Qu)/2 " Q3 +Qy

It is a unit less quantity. Lesser the coefficient of QD better is the data.

Coefficient of QD

Merits of Quartile deviation

i It is easy to calculate and understand.
ii. It can be calculated in case of open end frequency distribution as well.
il. It is not affected by 25% upper and 25% lower extreme values.

Demerits of Quartile deviation

i It is based only on the central 50% observation and ignores the other
50%.

ii. It is not applicable to further algebraic treatment.

iii. It is not based on all the observations.

iv. It is affected by fluctuation of sampling.

Example 3

Find the semi- inter quartile range and coefficient of Quartile deviation
from the following data.

Class Interval 0-10 10-20 20-30 30-40 |
frequency 1 4 3 2

Solution

Qs - Q4
2

We have semi- inter quartile range is =

oL ; s € 0 Qe
And, coefficient of quartile deviation is = Qs + Q

Calculation of quartile deviation 2nd its coefficient

Class interval Frequency Cumulative frequency
0-10 1 1
10-20 4 5
20-30" 3 8
30-40 2 10
Total 10
For Q;, values of N/4 = 2.5 therefore 10-20 is the first quartile class
then
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N
!;-d!
Q=L+ x h; where, L=10,h=10,cf=1,andf=4

f

D 10+2'54' 1 10=1375

For Qs, values of 3N/4 = 7.5 therefore 20-30 is the third quartile class

then
3N
2 b cf
Qz=L+ f x h: where, L=10,h=20,cf=5,andf=3
Q3=20+ 7‘53' 24 10=28.34
4 ; s Q=
Therefore the semi inter quartile range is = =5
Z 28.34; 13;75 ~7.295
x. ile deviati o Qa=Qy
And the coefficient of Quartile deviation is = Qs + Q
_28.34-13.75
~28.34 +13.75
=(0.3466 = 34.66%

5.2.3 Mean Deviation

Range and QD are positional measures of dispersion, whereas mean
deviation is a measure of dispersion which is based on all the values of set of
data. It is defined as the average of the absolute deviation taken from an
average, usually, the mean, median or mode. It is denoted by MD. TO clarify
whether the average used in mean deviation is mean, median or mode, a
suffix is attached to MD such as MD;; , MDig, MDjo

Calculation of Mean deviation
For individual data
Let Xy, X2, ... X3 be n observation. Then mean deviation is defined as

MD = ZIX-A Xn—A Here A may be any chosen constant out of mean,

median and mode.
For discrete and continuous data
Let X3, X2, ... Xa be n observation with corresponding frequency fi, f2,

Zf|X - Al

... .f.. Then mean deviation is defined as MD = N
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Here N = Zf is total frequency.

For continuous data X is the mid- point of classes. Here, it is worth
emphasizing that mean deviation is minimum about the median. That is why
median is commonly used as an average value about which the mean
deviation is calculated.

Mean deviation has the same unit of measurement as that of the
variable X. if two series have different units of measurement, the series can't
be compared. Hence for comparing any two series, a unitless measure is
given known as coefficient of mean deviation defined as

: _ Mean deviation
Coefficient of MD = ~average used

Example 4

Find the mean deviation about mean and its coefficient from the
following data.

Class | 10-20 20-30 30-40 40-50 50-60 60-70 70-80

f 18 30 40 55 38 20 16
Solution
We have the formula for mean deviation about mean is

MDz = Zfx-x] and its coefficient is = MD;

. X
Calculation of MD
cl | £ |Midvale | £x | X=X | X-X] fix-X|
10-20 | 18 15 270 | -28.71 | 28.71 516.77
20-30 | 30 25 750 | -18.71 | 18.71 561.29
30-40 | 40 35 1400 | -8.71 8.71 348.39
40-50 | 55 45 2475 | 1.29 1.29 70.97
50-60 | 38 55 2090 | 11.29 | 11.29 _ 429.03
60-70 | 20 65 1300 | 21.29 | 21.29 425.81
70-80 | 16 75 1200 | 31.29 | 31.29 500.65
Total | 217 9485 2852.90
- _Zfx 9485
Therefore, mean x = N 217 - 43.71

And mean deviation about mean = MD; =EX—N-L[ =2-825—1%-9 =13.15
And the coefficient of mean deviation taken about mean is

Probability and Statistics for Engineering

Merits of Mean Deviation

i. It utilizes all the observations of the series.

iil. It is simple to calculate and understand

iii. It is least affected by extreme values.

Demerits of Mean deviation

i. The foremost weakness of mean deviation is that in its calculation
negative differences are considered as positive without any sound
reasoning.

ii. it is not an amenable to further statistical treatment.

iii. It can't be calculated in case of open end frequency distribution if mean
is used as average.

5.2.4 Standard Deviation

Standard deviation is the absolute measure of dispersion. It fulfills all
the requisites of a good measure of dispersion except that it is sensitive to
extreme values. That is why it is known as standard deviation. It is defined as
the positive square root of the mean of the square of the deviations taken from
mean (). It is denoted by © . It is also known as mean error, mean square
error or root mean square deviation from mean.

Calculation of standard deviation
For individual series

Let X be the mean of ‘n’ observations X1, Xz, ...... % Then their
standard deviation is given by

=\
o=\ ‘E{x;‘x) =" }D:: (%) , which is standard deviation by

direct method. When variate values are large, we use short cut method as,

2
G =‘\/§i—~(—zr?‘) Where d =x—a, a is assumed mean

For discrete frequency distribution

For a frequency distribution of xi, X2, ... X with corresponding
frequency f1, fz, ... ,f, then the standard deviation is defined as
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el 1
o=\ HRXL ng,g (3) . which i standard deviation by

direct method.

2 .
And for short cut method o = -EfNi - (‘gthd) ,d=x-a

For Continuous frequency distribution

Formula for calculation of standard deviation in case of continuous
frequency distribution is same as in case of discrete frequency distribution but
only difference is that ‘x' is mid-value of the classes. Also in case of step
deviation method standard deviation is defined as

. _
=y }%(%) xh, Where &' =*2  hiis the class width.

Properties of standard deviation
The following are the most important properties of standard deviation.
i. Standard deviation is the least possible root mean square deviation i.e.

AR
o= gx—;‘& is minimum.
Proof, o is minimum if £(x - X)* is minimum and which is minimum
since the sum of the square of the deviation of the items is minimum
when taken from mean (Properties of mean)
ii. Standard deviation is not less than the mean deviation from mean; the
relation between SD, MD and QD is as follows
4SD=5MD =6 QD.
iii. Combined Standard deviation: The combined Standard deviation of
two or more groups can be computed on the basis of their individual
Standard deviation. If oy and o are Standard deviation of two groups

with size ny and n; and means ; and %, . Then combined Standard
deviation of two groups taken together is denoted by o1z and given

~a [Da(o” + A1) + iz (07° + d7)
as oy, = od 1o .

et = = N X+ X
Where di=( x1- Xi2),d2=( X~ Xi2)and X = X+ X

ny +nz
is combined mean. This formula can be extended for three or more
groups.
iv. Standard deviation is independent of change of origin but not of scale.
V. If the Standard deviation is calculated from the sample then the formula
is
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Example 5

Find the standard deviation of the following data: 20, 18, 32, 41, 48, 61
and 70
Solution

X 20 18 32 41 48 61 71

X2 400 324 1024 1681 2304 3721 5041

We have the calculating formula of standard deviation is

=\/M=18.507

Example 6

Find the standard deviation of the data of the number of printing
mistake per pages as:
No. of error per page 0 1 2 3 - 5 6 7
frequency 112,980 .,80 . .80  49: 48 30 2§
Solution: We have the formula of standard deviation for discrete data is

pory BlecEE R
f

X f X X
0 112 0 0
1 90 90 90
2 80 160 320
3 50 150 450
4 49 196 784
5 48 240 1200
6 30 180 1080
7 25 175 1225
Total 484 1191 5149

Therefore, the value of standard deviation is
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5149 71911

284~ 282 ) = 2.14 mistake per pages

Example 7

Calculate the mean and standard deviation for the following data by
direct and step deviation method.

Marks 0-10 10-20 20-30 30-40 40-50
frequency i 12 24 10 7
Solution
- Let, assumed mean a = 25 and common factor h = 10 and also
_X=2
==
Calculation of mean and standard deviation
Cik: f Mid value(x) fx 3¢ d fd | fd*
0-10 7 D. 25 175 -2 -14 28
10-20 | 12 15 180 2700 -1 -12 12
20-30 24 25 600 15000 0 0 0
30-40 10 35 350 12250 1 10 10
40-50 i 45 315 14175 i 14 28
Total 60 125 1480 | 44300 0 -2 78
i . Mean x =_'£fo = 1480 = 24.67 and
Standard deviation G = E{f }:fx)
44 1480
( 50 =11.40

ii. For step deviation method mean x =a + ‘-— x h

‘25+— x 10 = 24.67

f /5f -
And standard deviation = h N N )
78 (-2
i 60 (60

=11.40

S
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Example 8

The mean and standard deviation of two distributions of 100 and 150
items are 50, 5 and 40, 6 respectively. Find the standard deviation of all the

250 items taken together.
Solution
Here;
Sample size ny= 100 nz= 150
Meany % =50 % =40
SD gy =5 =6
; , - _n17(;+n2§2_100x50+150"40_
<. Combined mean xiz =—— —r == 700 ¥ 150 =44
- m(cn?"' ('51&) + (0’21 * dzz)
T12= ny + N

\/100 (5 +6°) + 150(6° + (- 4)°) =746

100 + 150
Here dy= 50 — 44 =6 and dp = 40-44 = (-4)

Merit of standard deviation

i It is based on all items of the series.

ii. It is rigidly defined.

iii. It is least affected by fluctuation of sampling.
iv. It is suitable for further statistical treatments.
V., It is suitable for comparing variability.

Demerit of standard deviation

i. It can't be calculated for open end classes.

ii. It gives greater weight to the extreme values and less to those which
are near the mean.

iii. It is difficult to compute and understand for non mathematical person.

5.3 VARIANCE

Variance is nothing but just square of the standard deviation ie.
Variance = ¢”. It possesses all the requisites of a good measure of dispersion
except that its unit is square of the unit of measurement of variate values.
Hence many times it becomes difficult to actually adjudge the magnitude of
variation. Also variance is sensitive to extreme values. Variance is the back
bone of statistics.
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5.4 COEFFICIENT OF VARIATION

The relative measure of dispersion based on the standard deviation is
defined as the ratio of the standard deviation and the mean and is called
coefficient of standard deviation.

SO _¢
mean <

Coefficient of SD =
X

When coefficient of SD is expressed in percentage is called coefficient
of variation, it is denoted by C.V. and given as:

cV.=Z x100 %
X

It is independent of unit of meésuremant. So two distributions can
batter compared, with the help of C.V. for their variability.

Less the C.V. more will be the uniformity, consistency, homogeneity,
equitable etc. and more the C.V. less will be the uniformity, consistency,
homogeneity etc.

Example 9
Calculate the Coefficient of variation for the following data of profits.
Profit | 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45

Freq. | 9 17 23 30 22 16 9 4
Solution

Profit Mid value(X) f fx e

5-10 7.5 9 67.5 506.25
10-15 12.5 17 212.5 2656.25
15—20 17.5 23 402.5 7043.75
20-25 22.5 30 675 15187.5
25-30 27.5 .22 605 16637.5
30-35 325 16 520 16900
35-40 37.5 9 337.5 12656.25
40-45 42.5 4 170 7225

Total 200 130 2990 78812.5

Here N = 3f =130, fx = 2990 and I’ = 78812.5

—  Ifx 2990
Then x i’ 3 2% =23

Probability and isti ineeri

. [78812.5 f2990\ °
* 130 ~\ 130

=8.79

Then the C.V. == x 100 %
X

. Ségg x 100%

=38.214%

5.5 FIVE NUMBER SUMMARY

The five number summaries is a descriptive statistics that provides
information about a set of observations. It consists of the five most important
descriptive measures.

18 The minimum: this is the smallest value of the set of data.
i.  The first quartile (lower quartile) : this number is denoted by Q; and

25% of the data falls below the Q.

ii. The median: this is the midway point of the data 50% of data fails
below the median.
iv. The third quartile (upper quartile) : this number is denoted by Qs and

75% of the data falls below the Qs.

V. The maximum: this is the largest value of the set of data.

In order for these statistics to exit the observations must be from a uni-
variate variable that can be measured on an ordinal, interval or ratio scale. It
is possible to quickly compare several sets of observations by comparing their
five number summaries, which can be represented graphically using Box and
whisker plots.

The five number summary gives information about the location (from
the median), dispersion (from the quartiles) and range (from the minimum and
maximum value) of observations. The five number summary also gives
information about the shape of the distribution.

a. The distribution is left skewed (Negatively Skewed) if
i. The distance from smallest value to the median is greater than the
distance from the median to largest value .

i The distance from smallest value to Q1 is greater than the distance
from Qs to the largest value.



i The distance from Qs to the median is greater than the distance from
median to Qa.

b. The distribution is right skewed (Positively Skewed) if

i The distance from smallest value to the median is less than the

. distance from the median to largest value. '

ii The distance from smallest value to Q; is less than the distance from
Qs to largest value. _ i : )

iii The distance from Qi to median is less than the distance from
median to Qa.

g The distribution is symmetrical If

Both distances (which are stated above) are the same.

Example 10

Calculate the five number summary for the following sett1 o;
observations: 15, 10, 5, 20, 35, 30, 25, 40, 45. Also comment about the shap

of the distribution.

Solution . .

Arranging the data into ascending order of magnitude, 5, 10, 15, 20,
25, 30, 35, 40, 45. '

Here, Total number of data (N) =9

Calculation of Q1 (lower quartile):

N+ 1\
Q4 = value of (T) item

= value of(g—z'l Ith item
= value of 2.5th item
= 2nd term + 0.5 (3rd term — 2nd term)
=10+ 0.5(15— 10)
=425
Calculation of median:

th

) item
g+ 1\t

= value of (—5—) item

= value of 5thitem

N+1
Median = value of ( 5
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=25
Calculation of Qs (upper quartile):
N+ 1yth
Qs = value of of 2(_4_""_1} item

th
= value of of {§L94+_11 item

= value of 7.5th item
= 7th term + 0.5 (8th term — 7th term)
=35 + 0.5(40 — 35)
=375
Smallest value = 5
Largest value = 45
Hence,
Minimum = 5, Q; = 12.5, Qz = 25, Q3 = 37.5 and maximum =45
Now,
The distance from smallest value to median = (25-5) = 20
The distance from median to largest value = (45 — 25) = 20

Here, both the distances are the same so, the distribution is
symmetric.

5.6 BOX-AND-WHISKER PLOTS

Box-and-whisker plot is graphical representation of five number
summaries which consists of the smallest and largest value, the median and
the first and third quartile of given data set. Immediate visual of a box-and-
whisker plot are the centre, the spread and the overall range of the
distribution. The bottom line (or the vertical line of the left side) of the box
represents first quartile and the top line (or the vertical line at the right side) of
the box represents third quartile. The line inside the box represents the
median. Lines extending vertically or horizontally from the boxes indicating
variability outside the upper and lower quartiles called whiskers. Whiskers
represent lower 25% of the data and upper 25% of the data. The 50% data
lies in the middle box. The following are figures of box-and-whisker plots.
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80T
maximum
701
60T Q, 1
Rl @ W metian Q) A
1 & + 4 : I L i
median [.) 1.0 2_0 ;;(} T
§ 4 Marks
3
30T Q,
20+
10T minimum
o
Example 11

The following set of numbers is the marks obtained by fifteen

students in statistics.
27, 18, 59, 54, 82, 91, 87, 100, 85, 34, 52, 61, 78, 68,

Solution,
First of all arranging the data into ascending order of magnitude,
18, 27, 34, 52, 54, 59, 61, 68, 78, 82, 85, 87, 91,93, 100

Here,
Number of data (N) = 15

Calculation of Q1 (lower quartite):Ih

(s b e
Qs =va|ueof(ﬁ3—) item
th

18 1\= e
=valueof(“ : ) item

= value of 4" item
=52
Calculation of median,

N+ 1
Median = value of( )

th
) item
th

= value of (\-ﬁ';—“‘) item

= value of 8" item
=68
Calculation of Qs

Probability and Statisti i n
th
Qs = value of 1@%1_1} item
th
+ 1
= value of i‘%l item

= value of 12" item =87
Smallest value = 18
Largest value = 100
Hence the required box plot is as

lower upper
smallest quartile median  quartile largest
| _1
|
0O 10 20 30 40 50 60 70 80 9 100
Marks

5.6.1 Outlier

The box plot is used to find out the outliers. Outliers are the values of
variables which are exceptionally extreme values. We use the following
formula to find out the outlier.

First of all calculate the value of Q; and Qs, then the inter quartile
Range (IQR)is calculate as

IQR = Q3- Q4

If the Values of variables lies below Q1 — 1.5(IQR) and the above the
Qs + 1.5(IQR) then these values are considered as the exceptionally extreme
and known as outlier

5.7 LORENZ CURVE

It is the graphical method of studying variations in the distribution. This
method was for the first time used by Max. O. Lorenz for measuring the
variations in the distribution of incomes and wealth. It is a special types of
cumulative frequency curve which is used to portray the data to indicate
whether a factor is equally distributed in relation to the other factor for certain
segment of the population.

Following steps are involved while drawing a Lorenz curve:

i. The variate and the frequencies are both cumulated. Express these
cumulated variate values and frequencies in terms of percentages by

taking the totals for each as 100.
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il Paired cumulative percentages are plotted on a graph paper choosing
same scale along axes from 0 to 100 by keeping frequency cumulative
percentage in x-axis and cumulative value percentage in y-axis.

1li. Plotted points are jointed by a smooth free hand curve. This curve
always starts from the origin and terminated at the end point (100,100).

Less the distance of the curve from the line of equal distribution, less
will be the variability and greater the distance of the curve from the line of
equal distribution, greater will be the variability.

Example 12

Draw a Lorenz curve for the following data.
No of person 13 10 5 4 1
Wealth in (‘000 Rs) 78 100 75 80 25
Solution

To calculation the Variation of distribution by Lorenz's curve first we
prepare table and make the graph of Lorenz's curve as

Persons | Cum. Persons % wealth | Cum. wealth %
13 13 39.4 78 78 21.8
10 23 69.7 100 178 49.7
5 28 84.8 75 253 70.7

32 97.0 80 333 93.0
1 33 100.0 25 358 100.0
Lorenz Curve
100
80
£ 60
3
= 40
20
0 - - - -
0 20 40 60 80 100
No. of Persons
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5.8 MOMENTS -

Moments are useful in order to describe the frequency distribution.
Each frequency distribution is specified by its moments especially the first and
second moments. They also help in determining the shape of distribution,
Since skewness and kurtosis are usually measured with the help of moments.
Mean and variance are nothing but first and second moments respectively. In
practice, moments of order higher than fourth are rarely required.

5.8.1 Definition of Moments

Moments are the average of the different powers of the deviations of
the given observations from the chosen value. If the deviations are taken from
the exact arithmetic mean of the series then the moments from these
deviations are known as central moments, If the deviations are taken from
some arbitrary value then the moments from these deviations are known as
raw moments.

5.8.2 Central Moments

For ungrouped data, the moments about the A.-M is denoted by M, and
defined as

w:% [P ST

In particular, the first four central moments are,

m:; (x-i'):O,since {x-;('):U
1

be=n x-XP s

o=

X 1 iy
X-X)° = (x-X)*, where

n is total number of observations.

For frequency distribution, the first four central momeénts are

11 ik f(x-X)=0,since f(x-x)=0

N
1 = 1 =

e =gy O x-X)4 s =gy Lfx-X)%

s =% Lf(x-x)% where N= Xfis total frequency.

Note that: 14 is always zero and p; is variance (nz}
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5.5.4 Raw Moment

For ungrouped data, the ™ moment about any arbitrary value “a" is

denoted by p: and defined as
l-lr=% E(ea)e a0l
In particular, the first four raw moments are,

1
W Z(x-a)

u2=—2(x-a}2. m=—£(x-a)3 . —1z(x a)!

where n is total number of observations.
For frequency distribution, the first four raw moments are

p1‘=l£f(x a)"-‘ZﬂJ !

zf(x- a)’= = EfU

N
B 1 e 1 1
w'=g Z(x-a)° = U’ W=y tfx-a' =5 U
where U=X-a
For continuous data, if U = % then first four raw moments are,
““hN iU pz‘=hz%£ﬂj'z
g’ -h3 x U M = h‘1 T U

Note: here p1' is used to calculate the value of mean as

p' =X +athenX =a+py

5.8.5 Relation between Raw Moments and Central
Moments

p=pe-p'=0
n2= 2 - (')’
M3 = pa'- 3ugp + (u)’

Ma = ' - Apg'e + B’ (ue) - 3ue)

*  Probability and Statistics for Engineering
5.8.6 Measure of Skewness and Kurtosis Based on
Moments

2
Coefficient of skewness is defined as pi= ﬁ-jz and B¢ is always show

positive skewness which is not true. In order to over come this limitation, Karl
Pearson gave another coefficient of skewness based on moments as

=B =
112)2
If 1=0, then the distribution is symmetrical.

If |1+ = positive then the distribution is positively skewed or right tailed
distribution.

If 1+ = negative then the distribution is negatively skewed or left tailed
distribution.

Similarly, the coefficient of kurtosis based on moments are defined as,
[32='i‘11 andyz =2 -3

If B2= 3ie.y2 =0, then the distribution is normal or Mesokurtic.
If 2> 3i.e. y2 >0, then the distribution is Leptokurtic.
If B2> 3i.e.y2 <0, then the distribution is Platykurtic.

Some workout Examples

Example 13

The running capacity of two horses is given below. Which horse is
more consistent, why?
Horse A 250 255 280 290 295 300

Horse B 280 282 290 295 298 295

Solution
Let X = running capacity of horse A
Y = running capacity of horse B
Let, A =290 and B = 290 are assumed mean for two series
Forhorse Alet ,d=X-A=X-290, d % %

ForhorseBlet, d=Y -B =Y -290
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Calculation of coefficient of variation
Horse A Horse B
X d d' d* Y d d?
250 -40 -8 64 280 -10 100
255 -35 -7 49 282 -8 64
280 -10 -2 4 290 0 0
290 0 0 0 295 5 25
295 5 1 1 298 8 64
300 10 2 4 295 & 25
Total Td=-14 | 2d==120 Sd=0 "= da%=278
For horse A,
s ot A e s
n 6
=290 -11.67
= 278.33

O

= y20.33-5.43 x5

=149 x5

=19.3
Coefficient of variation (CVa) = % 100 %

=23 400% =6.93%
278.33"

For horse B,

Y=+ =290+ 2= 200

n 6

n
<-h
&
o)
(58]
(e
I
o
[}
4‘\-
'S
o
[
w

100 some

Lilbsra
"n101TM

Probability and Statisti ngi

And coefficient of variation (CVs) = %x100%

>l a

= 581 i00%= 235%
290

From the above calculation, the CV of running capacity of horse B is
less than CV of horse A. Hence, we conclude that horse B is more consistent
than horse A regarding its running capacity.

Example 14

Students' age in the BE Computer program and BE Civil program of
ABC University are described by two samples. If the homogeneity in age of
the class is a positive factor in learning, make suggestion, with réason, which
of the two groups will be easier to teach?

BE Age sartogragieaaniany 21 25 26 27 24
Computer| Noofstudents | 9 2 5 10 1 4 11 6 3 9
Age 27 31302928 33 34-3b 3632
BECWI' "Noofstudents [10 8 6 4 6 8 5 11 2 4
Solution

We have to calculate the coefficient of variation (CV) of age for each
program to compare the homogeneity of age of students.
For BE Computer program
Let, X = age of students, A=25, d=X-A=X-25
Calculation of mean and standard deviation

X f d fd fd”
23 9 -2 -18 36
29 2 E 8 32
28 5 3 15 45
22 10 -3 -30 90
30 1 5 5 25
21 B -4 -16 64
25 1 0 0 0
26 6 1 6 6
27 3 2 6 12
24 9 -1 -9 9
Total N=60 Ifd=-33 | Lfd’=319
Now, arithmetic mean, X = A+ %fd
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=254+ % =24.45 Example 15
Compute the combined standard deviation for the following numerical
information.
Standard deviation zfd’ (Zfd T 319 [-33)2 Number of administrative staff = 75
ndard deviation, o = = el I e e
N N 60 60 Number of teaching staff = 50
=224 Average monthly salary of administrative staff = Rs 4500
i Average monthly salary of teaching staff = Rs 6000
Coefficient of variation (CV) % x100% Standard deviation of the salary of administrative staff = Rs 800
224 o Standard deviation of the salary of teaching staff = Rs 900
= x
24.45
= 9.16% Solution
L) Given, '
For BE Civil program Administrative staff Teaching staff
Let, A= 31,d=X-A=X - 31 n =75 o =50
galculation of fmeam and sta:dard deviati?:; - Xi = Rs 4500 X» =Rs 60
27 10 4 -40 160 o, =Rs 800 o, =Rs900
31 8 0 0 0 According to question we have to find out Combined standard deviation, o,
30 5 -1 -5 5 = b
o s & -8 16 Now, combined mean, X 12 DL L ik oy
28 6 -3 -18 54 Ny +n,
33 5 2 10 20 y : _ 75% 4500+ 50 x 6000
34 8 3 15 - 45 i 75+ 50
35 11 B 44 176 = Rs 5100
36 2 5 10 50
o 4 2 2 $ Let, di= X1 - X1z = 4500 - 5100 = -600
Total N = 60 fd =12 ¥ fd®=530 o
i = = = -51 =
Now, X =A+E=31+£ . d; =X - X2 = 6000 - 5100 =900
N 60
=312 So, combined standard deviation is
2 2 2 2
n,0{" +n,0 n;d n,d
R T T T e R e
N N 60 | 60 : iy
o 297 ) _ |75%(800)* + 50 x (900)? + 75 (~600)% + 50 x (900)>
Then, CV.= = x100% = ——x100% =9.52% = 75+50
X 31.2

Since the C.V. of age of students of BE Computer is less than C.V. of
BE Civil program, it is easier to teach Computer program than Civil program.

J?S x 640000+ 50x 810000+ 75x 360000+ 50 x 810000
125
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= AT

Therefore, required combined standard deviation is Rs 1117.14.

Example 16

The information regarding the incomes of two villages A and B are
given below.

Village A Village B
Number of people 600 500
Average income (Rs) 175 186
Variance of income 100 81
a. What is the total income of both villages put together?
b. In which village is the variation of income greater?
What is the average income of people in A and B villages put
together?
d. What is the combined standard deviation?
Solution
Given,
Village A Village B
ny =600 nz =500
Xi =Rs175 X2  =Rs186
2 % 2
o, =100 o, =81
_ X

a. We have the relation ?, = —
i

For village A, totalincome, X = n,X; =600x175 =Rs 10,5000
For village B, total income, £X = n, X = 500x186 = Rs 93,000

Therefore, the total income of both villages put together
= 105000 + 93000 = Rs 198000

b. For village A,

CVa =L x100% =+ x100%
175

X
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T
For village B, B e
[P 9
CVg = =x100% = —x100%
X 186
= 484%
As, CVa> CV3 village A has the greater variation in income.
c. Average income of both villages combined together is
i;: " n,"X‘1 + nziz
ny+1n,
600x175+500x 186
600+ 500
= Rs 180
d. Here, d1= X - X12 = 175- 180 =-5

do= X2 - X1z = 186-180=6

2 2 2 2

NHG," #1057 = iy dq S ansds

Now, O, A 19 20> 191 29>
n1+n2

e J600x100+500x81+600x(—5)3+500x(6)1
600+ 500

V121.36
11.02

Therefore, required combined standard deviation of income is Rs
11.02.
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Measure of Skewness and: Kurt05|s based on moments

Probability tmd Statistics for Engineering -

8. Calculate the quartile deviation and the. coefficient of quartile dewation
» from the followmg data of marks of stidents as: i
Coefficient of skewness is defined as [31= !;—22 and B1 is always show Marks® | 10-19 20-29 30-39 = 40-49 50 _’59
positive skewness which is not true. in order to over come this limitation, Kark frequency 2 6 29 13 7
moments as R ; L
Pearson gave another coefficient of skewness based on 8. Find the mean and standard deviation of the ‘following miles per gallon
\[— obtained in 20 test runs performed on Urban roads with an intermediate
Y1 - 1 . N -— .
pz)z car:. - ‘
If 1 = 0, then the distribution is symmetrical. | o 19.7 219 228 22 215 205 232 23 225 193
If 1 = positive then the distribution is positively skewed or right tailed 214 211 222 199 208 209 226 217 194 213
distribution. T ' 10. Following data represent the breaking strength (in ounces) of a sample of
If y1 = negative then the diStrlbUthﬂ is nega’uvely skewed or left tailed 60 linen threads. Find the Mean deviation about mean, median and mode
distribution. def d as, Classes 15 -19.9 20-24.9 25.— 299 30-349 35-39.9
b sed on moments are efine -
Similarly, the coefﬁcnent of kurtosis ba: | | frequency | 3 15 24 12 6 -
Bo= -::—:2 andyz =Bz -3 11. Calculate the mean dewatlon about mean from the following data.
If Ba= 3i‘.e. v2=0, thén the distribution is normal or Mesokurtic. X 2-4 4 6 6—,8 S 8—‘101
IF o> 3 i_é_ 12 >0, then the distribution is Leptokurtic. Y% 20 40 30 10
If B2> 3i.e.y2 <0, then the distribution is Platykurtic. 12. Find the mean and standard devnatlon from the following data of the sulfur
‘ o - oxides emission. _
Sulfur oxides | 4.95-8-95 .8.95-12.95 12.95-16.95 16.95-20.95 20.95.24.95 24.95-28.95 28.'95~32.95
= : — frequency 3 , 10 ‘ 14 25 a7 9 2
Exercise 6 ~ - 13. The following are figures on a Well's daily productio‘n of oil in barrels: 214,
: v 203, 226, 198, 243, 225, 207, 203, 208, 200, 217, 202, 208, 212, .205,
o S isi ' d 220. Find the Mean, standard deviation and coefficient of variation.
ersion and what are the requisites of good ~an
1. What do you' mear'\ :}; disp 14. In two companies A and B engaged in similar type of industry, the
measure of dispersion’ ab/ﬁéverage weekly wage and standard deviation are given below;
2. ~ Define range and its relatlveb measure. | ' - ) ;;/f;o . _ Company A - Company B
3. What do you understand by Quartile deviation and its coefficient? Average Weekly wage (Rs) 460 490
4. Define standard dewatlon and coefficient of variation Standard deviation 50 40
5. Whatis the relation between variance and standard deviation? No. of wage earners 100 - 80
’ 22,25, 64 82, 91, 76, 18 and 30 a.  Which company pays larger amount as weekly wages?
6. Find the range of the data b. ~ Which company show greater variability in the distribution weekly -
7. Find the range and the coefficient of range from the following data: wages? » v
°c 0-10 10-20 20-30 . 30 —40 40-50 c. What is the mean and standard dewatlon of all the workers in two
Temp('C) . - o5 18 9 : companies taken together?
No:ofdays |5 _ 12
87

86




'7wﬁ ? /

Probablllty ana' Stattstzcs for Engmeermg
; ate Wthh share rs more

.- Measure. of Dtspersmn R e .
15.- Student's: :ages;in- the Bachelor of Englneenng, ClVll and: Compt:\’;er
| * program-of a. Khwopa ‘engineering: college are: descnbed by these” two
N "samples data. If Homogeneity in. age ‘of the class isa posmve factor in
Y learnlng, suggest wh|ch of the two groups W|ll be easrer fo teach

: 20‘.-

‘stableinvalie? - : S .
X"} 55 > 54~ 52 53 - 56 58 52.. 50 51 49
) Y | 108 107 105 -.105. 106 107 104 103 104 1101
24{, From-the data given below state which series is more variable,-

. B ClVlI Program : v / Variable | 10-20 20-30. 30— 40 . 40-50 50-60 60 70
”'f'(:;ompuir:rogr‘émf — e T N M ScoreA | 10 8 a2 T 40 2 18|
o e 26 Lo .’ 1ScoreB | 18 . 22" 40 7 32 29 10
o4 22 22 The following are.the sample data regardrng the wealth (in’ millions of Rs.)
M9 e 21 -of-families ‘in Kathmandu and Lalitpur. Show which crty has greater
v e 20 ' % mgglﬁﬂ;em wealth dlstnbutron , -
T T 22 ' wealth. : Numberoffamrlles
22 b e 260 ~ Kathmandu =~ ' Lalltpur
BB e % | '.Q:—.s-,, B R R o
, S g S D C5=100 e e 12000 o e 30,
g\:}.L136 The. mean and standard devratlon of a set of 100: observatrons w;:e B ‘1;10* 15; R I 42 i e ) 35 ‘ |
AR found to be 40 and 12 respectwely On checklng it was found that 10, . 15— 20 e 38 i :‘;:‘;; i 25
” observatlons were wrongly takenvas23 and. 1 “\”Stead of. 43 and: 1. 20-25 u 27 S RS, o
. Calculate the correct mean arid stan ard’ devratlo‘. ' a; . 25 30 |28 GRS I TR 13”
: 1;7., The comblned mean and- vanance of: salary of 250 workers of crty A an

,2/3/ The mean and standard devnatlon of a set of 100 observatrons were
: found 10 be. 40-and ‘12 respectlvely On checkmg it was found that two

'observatlons ‘were wrongly taken as:23:and: 15 instead: -of: 43 and 18,
Calculate the correct mean and standard deviation.

24 Suppose two groups of human males yreld the followmg lnformatron

-'B taken together are 560 and 5497 respectwely The mean an}d va.nancey

the- varlable of salarles in c1ty A~

18 Scores ‘of two'golfers for 10 rounds were as follows

s B A S S Gro,upA B S GroupB
‘ GolferA 174 75 18' 7872 77 79 78 .81 k : Age I 24 Years . 15"years
s 86 '-s‘_z 82 79 TSI PIE S
: GolferB '86-_ 84 .80 8889 -85 1 Mean weight .~ = - 1451bs” - g0 b e
o F|nd Wthh golfer may be conS|dered to beamore consrstentp y varance - . . - 100 Tbs . 1001bs

(4

%

19 A purchaslng agent obtamed samples of: rncandescent lamps from tw

 Find which group is more variable.
suppllers He had the samples tested |n hlS own laboratory for length of

The runmng capaCIty of two' horses is grven below State which is more

llfe witht the followmg results consistent andfvhy?)

' HorseA | 280 255 2-861~ 290 295 300
T - 001100—13001300—1500 : v : nhh LN -
Length of ife (hours) 700 560 500 et c Fiorss B [ 280 " 282" 200 ~ 205 98 295
' ';-Sample from CompanyA 10 ,:15 [ 26 8. 26/ Cricketer A and B made.the following runs in. 10 mmngs Who is more / '
- B = o - 42 3 onsistent player and who is a’better run scorer.[
;Samplefrom Company TEE e 420 P e

PlayerA | 42 17 83 .59 72 76 64 45 2 40‘_ 232
PlayerB { 28 70 31 10 59 108 82 14 2 95
2T-Draw a Lorenz curve for the followrng data ' '

[lemp(C) [ 0-10 10-20 20-30 _30-40 '4o;5<ﬂ -

Wh|ch companys bulb glves a." gher average llfe’?

uii». Whlch company s bulbs are more un|form’7

5
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Measure of Dispersion -

[ No.'of days | 5

S P 7]

Answers:
6 Range =73, and coefflclent of range 0 67
7. Range =50, coefhcrent of range =1
8 QD =6.86 and CQD 0.18:
9. Mean = 21. 38andSD—1 19
10. 7 MDmean=3.85, MDmd— 3 I MDmo— 3. 913
1 152 : S
12. Mean=18.85andS.D= 5.51
13. Mean=211.9375,8D = 11.53and C.V = 5. A4%
14. (a)company A, (b) Company B, (c) Mean =473.31 and S.d =48. 19
15. C.V of Computer = 10.8 and C. V. of Civil =12.2, Computer ‘ ,
16. 40.23,11.82 -
17. Mean = 650 and variance = 21
15. C. VofA—32&C VofB =3.7; AlSCOﬂSlStent
19. _ (i)Company A, (i) Company B
20 Share B,
21 Score B : ) !
22. - Lalitpur; CVkath. = 64.63 and C.V. Laipur = 71 .1‘2‘ '
93, Mean=40.23and s.d =11.82
4. Group B, C.Va=6.9 and C.Vs =125
25 «-Horse B : ‘
26.

Player A , Player A
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Correlation and Regression Analysis

Introd uctlon

The various statlstlcal methods discussed up fo now have been
concerned- primarily. with statistical summaries such as measure_of central
tendency, dispersion, Skewness, Kurtosis, which measures average vanablllty
and shape of data, which are usually sufficient when we have university. data.
But in practice, we may come‘across a number of problems consisting two.or
more variable. Distribution consisting two variables ‘are said to be bi-variate
distribution: In this- chapter we discuss various method used to determine if
there exist any relationship between-iwo variables. As for example, quahty of
steel and life of bridge, quantrty of bitumen and strength of road etc

There are two basic tools for summarizing bi-variate da_t_a_’c_oir_e_laﬂgn.
analysis summarizes the strength of relationship (i any) between two factors,
while Tegression analysis shows how fo predlct of control om‘\Ta-rEEI-e‘s
usmg  the other gne. .

Correlation analy3|s is the statrstrcal tool generally used to descnbe the
degree o which one variable is linearly related to another. There are various
phenomena which are related to each other. For. instance, when  quality of
bitumen used in road reduces the condition of road becomes worse. When
demand of certain commodities increases, then its price goes up and when its
demand decreases then its pries comes down. The theory by Teans of which
quantitative' connection between two sets 6f phenomena are determined is

~ called correlation theory. On basis of the theory of correlation one can study

the comparative change occurnng in two related phenomena and their cause

" effect analysis.

Types of correlation :
The correlation can be clismed in to three types

a. sitive, negative and\correlation.
Linear and non —lineal correlation.
\ Slmple Partial and multlple correlatlons

Posrtrve Negatrve and No Correlatlon

Two variables are said to be positively correlated if they tend to change
{ogether in the same direction; that is, if they tend to increase or decrease-
together. Such positive correlation is: postulated by economic theory for the
consumption .and iincome. When the income . increases the consumption

Increases, and conversely, when rncome decreases the consumptron
decreases. For example, '

. Advertisement Cost (Rs) ?_;10 9 | 8 | 7
" | Sales (Rs) 80 50 40 30
91
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: Advertisement Cost (Rs) 10 El ST p—

" | sales (Rs) 80 50 40 30

i. | Income (Rsin'000) 10 |12 115 | 19" | 20
Consumption (Rs in ‘000) 6 8 9 10 12

Two variables are said to be negatively correlated if they tend to
change in the opposite direction: when X increases Y decreases, and vice
versa. For example, the guantity of a commodity demanded and its price are
negatively correlated. When price increases, demand for commodity
decreases and when price falls demand increases. For example,

Demand (unit in '00) 10 2] 8 6 4
Price (Rs in '000) 6 8 9 10 12

Two variables are uncorrelated when they tend to change with no
connection to each other. For example one should expect zero correlation
between the height of the inhabitants of a country and the production of steel.

The following table shows nature of correlation between two variables.

Change in Change in Nature of correlation
one variable other variable

Increase (1) increase (1) Positive  (+)
Decrease (l) Decrease () Positive  (+)
increase (1) Decrease (l) Negative (-)
Decrease (l) Increase (1) Negative (<)

Linear and Non-linear Correlation

Correlation may be linear, when all points (X, Y) on a scatter diagram
seem to cluster near a straight line, or nonlinear, when all points seem to lie
near a curve. For example,

Linear correlation X 4 S 6 7
b 10 12 14 16

Non-linear correlation X 4 5 6 7
X 10 14 25 40

Simple, Partial and Multiple Correlations

In simple correlation, we measure the correlation between two
variables (of which one is dependent and the other is independent). For
example,

The correlation between amount of rainfall and production
The correlation between number of unit sold and price

192

Probability and Statistics for Engineering

6.2 COVARIANCE

Before we study the correlation analysis we introduce the concept of
covariance between two variables. Let Xi, X2, ... X, be n number of
observations of a random variable X and Y4, Y2 ... Yn be the corresponding
observations of another variable Y. Let the set of n pairs of observations be
given by (Xi, Yi), (X2, Yz2).-r... (Xn Yn). Then, the covariance between
variables X and Y denoted by Cov (X, Y) is defined by .+

L

\
Cov (X,Y) =%Z(X-X)(Y—Y) ik

XY 32X ZY
Tt
The value of covariance between two variables X and Y measures the
simultaneous changes between two variables. ‘

6.3 METHOD OF STUDYING CORRELATION

There are following three methods to study the correlation between two
variables.

a.  Graphical method or scatter diagram method
b.  Mathematical Method

6.3.1 Scatter Diagram Method

The first step in determining whether there is a relationship between
two variables is to examine the graph of the observed (or known) data. In this
method, one variable's values are kept in X-axis and another variable's values
are kept in Y-axis. The graph formed by plotting these pairs of values.of X and
Y is known as scatter diagram. If the plotted dots show some trend of upward
or downward, then the two considering variables are said to be correlated. If
the dots are close together and follow some trend of either increasing or
decreasing then there is a strong relationship between them. The following
scatter diagrams show different form of correlation.

Y ¥ T
o0 " ” at ., Y
..'-. ‘.’-
0 X 0 X X
Perfectly positive correlation perfectly negative correlation  High degree positive correlation

Y
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Low degree negative correlation No correlation
It is the simplest method of ascertaining the correlation between two
variables and not influenced by the size of extreme items, but it gives only
rough idea about the correlation and it doesn't give the exact extent to which
the two variables are correlated.

Merits and demerits of scatter diagram

Merits

i This is the simplest method to measure correlation.

ii. It is least affected by the size of the extreme values.

jii. Even a non-mathematical person can get idea about correlation.

iv. it ‘establishes the base line for fitting the appropriate regression
equation.

Demerits

i, This is graphical method. So, it does not give exact numerical value of
correlation.

6.3.2 MATHEMATICAL METHOD

Scatter diagram method doesn't give exact numerical value of
correlation; it only gives rough idea about correlation. So, to get the exact
numerical value of correlation between variables we use the following
mathematical methods. By following two methods correlation is measured in
terms of coefficients
i. Karl Pearson's correlation coefficient.
il Spearman’'s Rank correlation coefficient.
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6.4 KARL PEARSON’S CORRELATION
COEFFICIENT

The Karl Pearson's correlation coefficient measures the degree of
linear association between two variables. This method is popularly known as
Pearsonian correlation coefficient. It is unitless measure of correlation. It is
defined as the ratio of covariance between two variables to the product of the
standard deviation of the two variables.

Let X and Y are two variables, then Karl Pearson's correlation
coefficient between X and Y denoted by r.y or r(x,y) or simply ‘r" and is defined
as

- Cov (X, Y) d Cov (X, Y)
JVar (X)\Var (Y)  ox Oy

S S Y X
Where, Cov (X, Y) =% (X -X) (Y- Y}:—Eé:—_% TY

TX-XP I (2X)?
Var(x}=ci =.JT.)._ =_n-__(T)

SIY-YP IV (ZY)?
Var(Y)=c\2(=_{.Tl-=_n."(T)

Where X = The Arithmetic mean of values of variables X and

¥ = The Arithmetic mean of values of variables Y
and n= Number of pair of observations

6.4.1 Calculation of Karl Pearson’s correlation

coefficient

We use the following formulae to calculate Karl Pearson's correlation
coefficient
Direct method

Let X and Y are two variables, then Karl Pearson's correlation
coefficient between X and Y under this method is

o nEXY-EXZIY

\}nzxz— (Zx}! nzY* - (ZY)

This method is appropriate to calculate correlation coefficient of two
variables consisting small numerical size without any common factor.
Actual Mean Method

When deviations are taken from actual mean, the value of correlation
coefficient is defined by
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Where, x = (X -X ) deviations taken from Arithmetic mean of X and
y = (Y - ¥ ) deviations taken from Arithmetic mean of Y
This formula particularly convenience if X and ¥ comes out to be in
whole numbers and known as product moment formula.

Short Cut Method and steps deviation method

In this method we use the following formula to calculate the correlation
coefficient between two variables

> ntuy - Iu Iv
\nzu’ - (2u)* \/nEvé - (Zv)*
Where, n = number of pairs of observations
u=X—-Aandv=Y-B
A = assumed mean of variable X

B = assumed mean of variable Y This method is appropriate to

cglculate correlation coefficient of two variables consisting large numerical
size.

A , _Y-B
and v' = K , h and k are common factor of series

Also iru'=x;
XandY
_ nEuV-EIV

\anuz- (202 Ynsv2- (o)

This method is appropriate when there is common factor in X series or
Y series or both series.

6.4.2 Properties of Karl Pearson’s correlation
coefficient

following are the important properties of Karl Pearson's correlation
coefficient.

i Correlation coefficient lies between — 1 and + 1 i —1<r<+1

ii. The formula of Correlation coefficient is symmetrical i.e. My = Myx.

iii. Correlation coefficient is geometric mean between two regression
coefficient i.e. r =4/byy byx

iv. Correlation coefficient is a relative statistical measure and has no unit.

V. Two independent variables are uncorrelated but the converse may not
be true i.e. uncorrelated variables may not be independent.

Vi. Correlation coefficient is independent of change of origin as well as of
scale i.e. rxy = ruy.
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6.4.3 Interpretation of calculated value of
correlation coefficient
The calculate value of Karl Pearson's correlation coefficient may be
interpreted in the following manner.
i. If r = 1, there is perfect positive correlation between the variables.
ii. If r = —1, there is perfect negative correlation between the variables.
. If r = 0, there is no correlation between the variables.
iv. if r lies between 0.700 to 0.999, there is high degree positive

correlation.

V. If r lies between — 0.700 to — 0.999, there is high degree negative
correlation.

vi. If r lies between, 0.500 to 0.699, there is moderate positive correlation.

vii. If r lies between, — 0.500 to — 0.699, there is moderate negative
correlation.

vii. If r lies between, 0.001 to 0.499, there is low degree positive
correlation.

ix. If r lies between — 0.001 to — 0.499, there is low degree negative
correlation.

Example 1

if the covariance between the two variables X and Y is 6 and the
standard deviation of X and Y are 2.45 and 2.61 respectively. Find the
coefficient of correlation.
Solution

We have given Covariance (X, Y) =6, 0, = 2.45, s 2.61

Correlation coefficient (r) =?
Now, correlation coefficient between X and Y 'is given by

_Covixy _ 6
o .= 245% 261 =0.9383.

Thus, there is high degree positive correlation between Xand.
Example 2

From the following data compute the Karl Pearson’s coefficient of
correlation between X and Y

X series Y series
No. of items: 6 6
sum of variable: 160 116
Sum of square of variable: 4480 2462
Sum of product of variable is 3275

Solution
Here, we are given in usual notation n= 6, £X = 160, TY = 116,
SX? = 4480, LY = 2462 and XY = 3275
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Now , Karl Pearson’s correlation coefficient is given by
y nEXY-EXXIY
A n2X?- (2x)? \/nzY* - (ZY)*
) 6 x 3275~ 160 x 116 0
/6 x 4480 — (160)*\[6 x 2462 — (116)°
Thus, the value of 'r' indicates that there is high degree positive
correlation between two variables X and Y.
Example 3

Calculate the Karl Pearson's correlation coefficient between the data of
driving speed and mileage of a car.

Drivingspeed [30 50 40 55 30 25 60 25 50 55

Mileage bls el R e s vl e S )

Solution
Let, Driving speed = X and Mileage = Y

Calculation of Correlation coefficient
4 L

X Y X b8 XY
30 28 900 784 840
50 25 2500 625 1250
40 25 1600 625 1000
55 23 3025 529 1265
30 30 900 900 900
25 32 625 1024 800
60 21 3600 441 1260
25 35 625 1225 875
50 26 2500 676" 1300
55 25 3025 625 1375
420 270 19300 7454 10865

Here, n= 10, =X = 420, TY = 270, £X° = 19300, £Y* = 7554 and XY = 10865

Now, the value of Karl Pearson's correlation coefficient is given by
nZXY-EXEY

r -~ 2 il ] 2
. AlnZX?- (Zx)*4nZY?- (2Y)
10 x 10865 - 420 x 270

reee———— = _ (.91
10 x 19300 - (420)2 /10 x 7554 - (270)

Thus, the value of 'r' indicates that there is high degree negative
correlation between Driving speed and mileage.

Example 4 :
Calculate the Karl parson's correlation coefficient for the following data.
X 4 5 6 Fi 8 |
Y 9 11 12 15 18 \
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Solution

Letx=(X-X)andy= (Y-Y)
Table for the calculation of correfation coefficient

X Y x y x Y xy
2 9 B 4 4 16 8
5 11 1 7 IR 4 2
6 12 0 e 0 0
7 15 1 E 4 2
8 18 2 5 4 25 10
30 65 0 10 50 22
Here, n =5, X = 30, LY = 65, £ = 10, Iy’ = 50 and Zxy = 22
Then, means are as; X =7=§52 =6and Y =2:nl='6—55- =19

Therefore, the value of Karl Pearson's correlation coefficient is

e i T
VERZyY \10x4/50

Therefore, there is high degree positive correlation between two
variables X and Y.
Example 5

Find the correlation coefficient between age of marriage and number of
women in a certain locality
Age of marriage 10-151156-20|20-25|25-30 (30-35[35-40

Number of women 10 22 46 25 53 2
Solution
Let, X- Age of marriage, Y —-Number of women, A=22.5and B=25

X =22,
us= 525 andv=Y-25

Calculation of Correlation coefficient

Age | X X u v oV uv
10-15| 125 10 =2 -15 4 [225| 30
15-20| 17.5 22 =1 =3 1 9 3
20-25| 225 46 50 21 0 {44 0
25-30| 275 25 1 0 1 0 0
30-35| 325 5 2 -20 4 | 400 | - 40
35-40| 375 2 3 -23 9 |529 [-69

Total 3 - 40 19 | 1604 | - 76

Here,
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n=6, Tu=3, Tv=-140, 3’ = 19, % = 1604 and Tuv = - 76
Now, the value of Karl Pearson's con'e!aiton coefficient is given by
nZuy - LUZv
\[nﬁ.u2 Zu)? \]nzvz (Zv}
6 x (- 76) - 3 (- 40) - _0.366
T=6%19- (316 % 1604-(-40° ;
Thus, The value of correlation coefficient 'indicates that there is low
degree negative correlation between age of women and the responses in
marriage.

6.4.4 Correlation for Bi-Variate Frequency

Distribution

In bi-variate frequency distribution or in a two — way frequency table,
the values of one variable are in rows and values of other variable are in
columns, then values can be discrete or continuous. The frequencies in each
class are kept in the body part of table. The theoretical frame of tow—way
frequency table is as shown below.

X X Y1 Y2 o cia Yn Total

X1 f11 fi2 fin Zia

X2 f21 f22 e Y fon Sy

Xy fat fn2 N o fan 2hni
Total P37 X6 S iy Ty N

Where N is the total frequency, in the table x1, 2., Xo and 1, ¥2....... Ya
are the values of variables X and Y respectively and fis, fi2... foa are their cell
frequencies.

Then the value of Karl Pearson's correlation coefficient for bi-variate
frequency distribution is given by

= Cov(X, Y)
VVar (X) YVar(Y)
ZEXY  (ZRXO) (ZfY
coux 1 -2~ () (B
2 2
vmxp::i-%-( = ) And Var (Y) = ?,=z—g-(z—§*)

'y NZXY - ¥ X SFY
“AINEDE- (EX)2AINER? - (V)
- NZfuv - 2 fu Xfv
“AINZRE - (o ANER2- ()
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X-A Y-B
If u= P and v = K where A and B are assumed mean of

variables X and Y and h and k are common factor for variable X and Y.
Example 6

Calculate the correlation coefficient from the following bi- variate
frequency distribution.

Y
X 20 25 30 35
0 10 - 1M 3
1 - 13 - -
2 9 - 16 -
3 - 15 - 5
Solution
Calculation for correlation coefficient
XY 20 25 30 35 f fX | By
0 Lo [ B |
-5 ) 3 ; 21 0 0 0
| [E 3251 | |
1 . = 7 n 13 13 13 325
! [ 360 L -1 [.gse=] |
9 v 16 g 25 50 100 | 1320
3 | [ 1125 ] 5525
- 5 ! : 20 60 | 180 | 1650
f 19 28 27 5 79 123 | 293 | 3295
fYI 380 700 810 175 2065
Y 7600 17500 24300 6125 55525
f}_{Y 360 1450 960 525 3295
Therefore, Karl Pearson's correlation coefficient is
NZfXY - X ZfY

T NI (2X)2 NEIY2 - (2FY)

79 x 3295 - 123 x 2065

e e e
-\}?9 x 293 - (123)2\]79 % 55625 - (2(]65}2 Sl

Thus, r = 0.195 shows that there is low degree positive correlation
between two variable X -and Y.

Example 7
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Following data gives the marks in Engineering mathematics and
applied mechanics in B.E. final examination. Whether there is any association
between the marks of two subjects

Marks in Marks in Applied mechanics
math 20-30 | 30-40 | 40-50 | 50-60 | 60-70
25 - 35 5 9 3 - :
35 - 45 : 10 25 2 -
45-55 - 2 12 2 .
55 - 65 2 : 4 16 5
56 - 75 B 5 = 4 2
Solution

Let, X = Marks in Engineering mathematics, Y = Marks in applied
mechanics and A= 40 and B =45

X—=A X-40 Y-B Y-45
Hereu= Wi 40 andvs= 1 40
= Markin applied | 20-30 | 30-40 [ 40-50 [ 50-60 [ 60-70
3 vy [ 25 | 35 | 45 55 65
3=
el X ulv 2 -1 0 1 2 f | fu | f®|fuv
2535 (30| -1 15’” lgg 159-— L L7 [a2] 17 |1
| Lol Te o]l
35-45 | 40 0 - 7 A > —t 37|00 |0
{ S A R | R
45-55 | 50 1 - ; s > — 16 [16 [ 16 | O
| | [0 1 [=82 1720
55-65 | 60 2 - 3 % 5 ] 25 |50 [100] 52
6575 [70| 3 L L L Ltz [rs s |2
f 5 21 44 24 7 |101] 67 | 185] 95
fv -10_ | -21 0 24 P
v 20 21 0 24 28 | 93
fuv 10 7 0 46 32 | 95

Therefore, the value of Karl Pearson’'s correlation coefficient between
marks in engineering mathematics and applied mechanics is

L NZfuv - X fu Efv
NEfu® - (Zfu)® YNZFV - (Zfv)*
101 x95-67 %7

f = e = (0,792
\[101 x 185 - (67)2 /101 x 93 - (7)°

Thus, there is high degree positive correlation between marks in
engineering mathematics and marks in applied mechanics.
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6.4.5 Coefficient of Determination

The Square of the simple correlation coefficient is called the coefficient
of determination. It is used for interpretation of the value of the calculated
correlation coefficient.

If r is correlation coefficient then r? is coefficient of determination. If r =
0.8, the value of r* = 0.64. This shows that 64% of the total variation in
dependent variable has been explained by the independent variable and other
36% is due to other unknown factors. 1 - * is called coefficient of non-
determination.

Example 8

If the correlation coefficient between two random variable is found to be
0.9. Find the coefficient of determination.

Solution

the corelation coefficient (r) = 0.9 therefore the coefficient of
determination is r* = (0,9)2 = 0.81 i.e. the total variation in the value of
dependent variable is determined 81% by independent variable and remaining
other 19% is due to other unknown variable.

6.4.6 Probable Error of Correlation Coefficient

Probable error of correlation coefficient is an old measure for testing
the reliability or significance of an observed correlation coefficient. The
probable error of correlation coefficient is abbreviated by PE(r). Let, r be the
correlation coefficient calculated from n pair of sample observations, then the
probable error of r is defined by

PE(r) = 0.6745-17'-;3

It is used to interpret whether calculated value of r is significant or not. \

i If |r] < PE(r), there is no evidence of correlation i.e. the correlation
coefficient is not significant.

ii. If |r| > 6 PE(r), there is evidence of correlation i.e. correlation coefficient
is significant.

jil. For other situations except above two cases, nothing can be stated,

Moreover, the probable error of a correlation coefficient enables us to
find the limits within which the population correlation coefficient can be
expected to lie. The limits are r + PE(r).

Example 9 -

The correlation coefficient between the marks of 25 students in
Statistics and Economics is found to be 0.86. Test the significance of the
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calculated correlation coefficient;. And calculate: the  limits: of population
correlation coefficient.

Solution
Here, sample size (n) =25
Correlation coefficient (r ) = 0.86

2
The probable error PE(r)= 0.6745 o QB0 =0.0351
25

Now, 6 PE(r) =6 x 0.0351 = 0.2107

Here, |r] = 0.86 2 6 x PE =0.2107

Therefore, correlation coefficient is significant.

. The limits for population correlation coefficient (p)are
r+ PE(r)=0.86 +0.0351

. Lower limit =0.86 - 0.0351= 0.825 and
Upper limit =0.86 +0.0351 =0.895

6.5 SPEARMAN’S RANK CORRELATION
COEFFICIENT :

Karl Pearson's correlation coefficient is especially useful when data are
quantitatively measured; there are some variables like beauty, intelligence,
knowledge, honesty etc, which can't be measured quantitative directly. These
types of variables can be measured by assigning ranks or sorts of ratings.
Ranks are the assignments: of orders or priorities according to their status or
importance, then the degree of association that exists between the two sets of
ranks are known as rank correlation. There are some methods used to
measure rank correlation one of these methods is Spearman's rank
correlation coefficient. It is denoted by R

Let Ry and Rz be the ranks of individuals according to the attribute or
characteristic A and B respectively. If we assume that not two individual have
the same rank in a character then R and R takes:numerical values from 1 to
n, Now Spearman’s rank correlation coefficient is given by following formula.

i 6xd’
=t n(n®- 1)

Where n is numbers of observations and d = Ry — Rz is the difference
of ranks.

It is to be noted that -1 <R <1 And Zd = 0.

We can calculate the Spearman's Rank correlation coefficient in
following three cases.

Case l: When ranks are given

The formula for calculation of Spearman’s: ranic correlation coefficient
when the ranks are given is as
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R=1-52-)
Example 10

Twa Housewives asked to express their preference for 8 different kinds
of species gave the following replies. Find rank correlation coefficient.

Housewife A B C D E F G H
Prerana 2 1 4 3 76 8 6 5
Kusum 4 1 2 3 5 7 8 6
Solution
Calculation of rank correlation coefficient
. Rank by Prerana Rank by Kusum
Species d =Ry E
i (R) (Ry) T
A 2 4 -2 4
B 1 1 0 0
c 4 2 2 4
D 3 3 0 0
E 7 5 2 4
I 8 7 1 1
G 6 8 -2 4
H 5 6 -1 1
Total 18
Here n = 8 2d”= 18 and Spearman correlation coefficient R =?
" 6d> . 6x18 :
NowR =1 “nnZ-1) - 1 ~864-1) - 0.785

Thus, Spearman rank correlation coefficient R indicates that there is a
high degree association between preferences to spices of two housewives.
Case ll: When ranks are not given

In this case, firstly it is necessary to rank the given observations either
starting from the smallest value or from the largest value of both variables and
then we use the following formula to calculate rank correlation coefficient.

63d°

Rttt

Example 11

_ Calculate the Spearman’s Rank correlation coefficient between the
Prices of potato and average annual rainfall in'a region.

Year 1 2 S 4 5 6 T

Price 36 26 34 31 27 30 20

Rainfall 12 15 13 10 9 14 18
Solution

Let, Rank for price = Ry and Rank for rainfall = Rz
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Calculation of rank correlation coefficient

year Price R Rainfall | R2 | d=Ri-Rz ¢
1 36 1 12 5 -4 16
2 26 6 15 2 4 16
3 34 2 13 4 -2 4
4 31 3 10 6 -3 9
5 27 & 9 7 -2 4
6 30 4 14 3 1 1
T 20 7 18 1 6 36

Total 0 86

Here, n =7, 2d* = 86 and Spearman'’s rank correlation coefficient R = ?
R =820 8 80 - 0535

n(n* 1] T7(49-1)
Thus there is negative correiatlon between price of potatoes and
average annual rainfall

Case lll: When ranks are repeated

For some cases, when more than one item has the same value within a
series, a common rank is given to all such repeated items. Then common rank
is the arithmetic mean of the ranks, which these items would have got if there
were different from each other and the next item will get the rank next to them.
For example, if fourth and fifth tem have the same value, then the rank for
each of them fourth and fifth item is 4.5 and the rank of next item is 6.

For this case, the general formula for calculating rank correlation

2
AN ; ] g ) m(m*-1
coefficient is adjusted by adding a tie correlation factor —(—1"2—) to £d? and
then the formula for calculating Spearman rank correlation coefficient, when
more than one item has same value is as follows.

ﬁ{m2 m1(m1~1) _g!ﬂ:llzz*‘l] }

oy n(n-1)

Where m4, my. .. etc are the number of time that an item is repeated.
Merits of Spearman’s Rank correlation Coefficient
i. It is appropriate for qualitative data.
ii.  Itis easy to compute.
jii. It can be used when the data are highly skewed.
Demerits of Spearman’s Rank correlation Coefficient
i It is not suitable to compute in case of large number of observations.

iil It is not appropriate for calculating correlation coefficient of a frequency
distribution.

iii. It does not consider original values i.e. it involves ranks which is not
actual measure.
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Example 12

From the marks obtained by 10 students of BE in statistics and
Research methodology. Compute the rank correlation coefficient between
marks of them

Roll No. 1 2 3 4 5] 6 7 8 9 10

Statistics' |'62° 500 55 500 60 70 72 78 . 80 63

Research

202D

60

45 80

25

65

75

Solution

Let, Ry and R be ranks provide to marks in statistics and research
methodology respectively and d = Ry — Rz

Calculation of rank correlation coefficient

Rollno. |Statistics| R: | Research | R: d d
1 52 8 20 10 -2 4
2 50 9.5 25 8 1.5 225
3 55 F/ 60 4 3 9
4 50 9.5 45 6 35 12.25
5 60 6 80 1 5 25
6 70 4 25 8 -4 16
7 72 3 565 5 =2 4
8 78 2 65 3 -1 1
9 80 1 25 8 -7 49
10 63 5 75 2 3 9
Total 0 131.5
Here n = 10, £d” = 131.5 and Spearman's rank correlation coefficient
R=7?

Here marks 50 in statistics is repeated 2 times therefore m4 = 2 and the
marks 25 in Research is repeated three times then mz =3

Now Spearman rank corretatlon in repeated ranks is
- {z 2 o D(miZ=1) | mp (mp® — 1)

12 12
RS e n (n“=1)
o515+ 2450, 30:1
Tiw 10(100 - 1)
=0.188

Thus, there is low degree positive cor” between marks in Statistics and
Research methodology
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6.6 PARTIAL AND MULTIPLE CORRELATION

So far we have discussed the theory of correlation between two
variables only, but the value of a variable are often influence by several other
variables, Now we shall discuses three or more than three correlated
variables then there are two concepts one is partial correlation and other is
multiple correlation.

6.6.1 Partial Correlation

In partial correlation we measure the correlation between a dependent
variable and one particular independent variable keeping all other
independent variables as constant. For example, the correlation between
number of unit sold and advertising expenditure keeping price as constant.

The correlation between two variables (x, Xz) when the linear effect of
the other variables (xa, X, Xs, ...eevnns Xn ) in them has been eliminated from
both is called partial correlation between x4 and x; .

It is often important to measure the correlation between a dependent
variable and one particular independent variable when all other variables are
kept constants; that is, when effects of all other variables are removed. This
can be done by defining a coefficient of partial correlation. |f we denote by ‘r
123" the coefficient of partial correlation between X; and X» keeping X3
constant. We find that

I3 =13 f23 .
2 , similarly

r123= r"—"r‘-‘-'—z'(1_ r2) 1- o)

Ma-Tr2maz

TR 1 1)

s 23 - 21 Fa1
= N(1-r21%) 1-ra1%)

Similarly, riz.34 is the coefficient of partial correlation between X and Xz
keeping X3 and X4 constant then

B lM24-T3alzaq _ Na23-Taalas
1234 = -
V(1- riaa)( 1-r3a’) V(- raa ) - r2es)

The results are useful since by means of these formulae any partial
correlation coefficient can ultimately be made to depend on the simple
correlation coefficients riz, r13, rz2a.

The Square of Partial correlation coefficient is known as the coefficient
of partial determination and use to explain the total variation of dependent
variable due to independent variable when the effect of other variable kept
constant.

6.6.2 Multiple Correlations

Multiple correlation studies the relationship between a dependent
variable and combine effect of two or more independent variables. For
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example, the correlation between numbers of unit sold and joint effect of
advertising expenditure and price.

‘ In multiple correlations we study three or more than three variables at a
time. Let X, Xz and X3 be three variabies. Then thé Ry.2s denoted the multiple
correlation coefficient of the dependent variable X; on independent variables
X2 and Xz is given as

4 4
[rig+ rig” - 2iatuatsy .
R =
1,23 ‘\I 1= ros” , Similarly

Rilion [Ta1™+ r23” - 2rpiiaras
213F R

_ T3 et - 2rar
Ra.m—‘\]i_‘;zﬁml_ 5

The Square of Multiple correlation coefficient is known as the
coefficient of multiple determination and use to explain the total variation of
dependent variable due to combine effect of independent variables
Example 13

The following correlation coefficients between three related variables
Xi, Xzand Xaare given below
r12=0.98, ri3= 0.44, r.3=0.54

Calculate the Three partial correlation coefficient and three multiple
correlation coefficients

Solution
The three Partial correlation coefficients are calculated as follows
f2-f3fs  _  0.98-0.44X0.54
Tiza = = =0:
2 0 X 1) (I- 044 10645 00822
Ms-ripfp  0.44-0.98X0.54
r = e ————— e
B2t 1-r)  N(1- 0.0 1-0687 009257
r23 - 21 I3 ___0.54 - 0.98x0.44

B ) 1-red)  N(1- 0989 10445 00088

The Three Multiple Correlation coefficients are calculated as follows

Ry ,\/Hz“" r13° - 2r4arqar
1= RS

1-rz

_ .. [0:987+0.44% - 2X0.98X0.44%0.54
-\/ e =0.9857

o [T2it+ 122" - 2rgTearas
Rz13=

1- r13

0.98%+ 0.54° - 2x0.98X0.44%0.54
= 170447 =0.9875

. 31+ ra2® - 2raqragre
Ry =q 20800

1-r2
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0.44%+ 0.54” - 2x0.98x0.44X0.54
0 1- 0.98°

=0.7018

6.7 REGRESSION ANALYSIS

In general decisions are based on the relationship between two or
more variables. For example, after considering the relationship between
quality of cement and strength of concrete an engineer might attempt to
control the quality of cement production. An Economist might be interested to
predict the demand of particular product using the relationship between price
and the demand of the product. Sometimes a manager will rely on intuition to
judge how two variables are related. However, if data can be obtained, a
statistical procedure called regression analysis can be used to develop an
equation showing how the variables are related.

Regression analysis helps one determine the probable form of the
relationship between the variables. The objective of this method of analysis is
usually to predict or estimate the value of one variable corresponding to a
given value of another variable. The English scientist Sir Francis Galton
(1822-1911) first proposed the ideas of regression in reports of his research in
the area of heredity. Galton used the word regression to describe a tendency
of adult offspring, even those with short or tall parents, to revert toward the
average height of the general population.

In regression terminology, the variable being predicted is the called
dependent variable. The variable or variables being used to predict the value
of the dependent variable are called the independent variables. For example,
in analyzing the effect of advertising expenditures on sales, a marketing
manager’s desire to predict sales would suggest making sales the dependent
variable. Advertising expenditure would be independent variable used to
predict sales. Economists might base their predictions of the annual gross
domestic product, or GDP, on the final consumption spending within the
economy. Thus, the final consumption spending is the independent variable
and the GDP is the dependent variable. Generally, the dependent variable is
denoted by Y and independent variable by X.

6.7.1 Linear or Non-Linear Regression

If the graph of dependent and independent variables shows a linear
trend then it is called linear regression. But if it is not in a straight line then it is
called non-linear or curvilinear regression.

6.7.2 A simple Probabilistic Model of Regression

Let, Y=po + p1X is the deterministic mathematical model of regression
of dependent variable Y on independent variable X because a value of Y is
determined by putting a value of X. where fo is Y-intercept of line and p1 is
the slope of line
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But in reality for a given value of independent variable X, values of Y
varies from actual values by a random amount, which is observed by the
simple probabilistic model as

Y=Po+PiX+e

Where, e is an error terms, the difference between an observed value
of Y and the mean value of Y. the error term is normally distributed with mean
zero and variance o°.

6.7.3 Least square method of estimation of the
parameters of simple linear model

\ Cons_ider the simple linear model Y = o + B1X + e. Let there be n pair
of observations (x1‘, Ya)o (X2, ¥2)iieuinnnss (X, ¥a). In the above model Y is called
the dependenthvarlable and X, the independent variable and e is the random
error. For the i pair of observation Y; = fo + pXi + &;

Or e = Yi-fio + f1X may be positive or negative, to avoid the problem of sign

of error, square both side and also take the sum over all pair then we have
Q_=_ }:_ei2 = Z(Yi - Po - ﬁm}z to get the best estimate of B and B+ one

has to minimize Q = Ze", which amounts to minimize £(Y; - i - B1Xa)2.

Thus value of Bo and B1 which minimize Q are known as least square

estimator. To estimate parameters f, and B4 differential Q partially with

respect to fip and B4 respectively and equate to zero

AL IR
i.e. B0 = 0 and » 0 which gives
2Y; = nfo— BiZx and

XY = Bo ZX = B1ZX2
These two equations are known as normal equation. On solving these
two equations we obtain as
_nIXYi- IX XY

=Y - pB:X and =
Bo BiX an B4 XX

6.7.4 Lines of Regression

The lines of regression are the lines, which gives the best estimated
value of dependent variables for the
given value of independent variable's
value. Let X and Y are two variables
and there are two lines of regression.

i Regression line of Y on X and
ii. Regression line of X on Y.

Regression line of y on x
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The derivation and assumption of the two regression lines are quite
different. Where as these regression lines are not interchangeable and these
lines are of average relationship but not of actual relationship. The regression
lines of Y on X is obtained by minimizing error sums of square of estimation of
Y while regression line of X on Y is obtained by minimizing the error sums of
square for estimation X, This is the reason why there are two different

regression equations for a given set of a data.

a. Regression line of Y on X

The regression line of Y on X gives the best estimated value of Y for
the given values of X. The regression equation of Y on X is,

Y=a+bX s i)

Where 'a' is constant or y-intercept and ‘b’ is the slope of the
regression line or regression coefficient of Y on X which is denoted by byx. It
is a measure of average change in dependent variable Y corresponding to a
unit change in independent variable X.

In equation (i) knowing the value X, one can't estimate the value of Y
without knowing the values of constants ‘a’ and ‘b’ so; first we should estimate
the value of unknown regression parameters by using the Principle of least
square estimation (LSE). Using the LSE for equation (i) we obtain the
following two normal equations as;

ZY = na + bZX seas 1 (),

XY =asX+b EX? ... ... (i)

Where 'n' is' the number of pairs of observation, by solving these two
normal equations, we get
nIXY - IXZY

nZX - (ZX)?

Now, putting the values of ‘a' and ‘b’ in equation (1) we get the required
estimated regression equation of Y on X which is as follows.

a=Y -bX and b= X

A
Y=a+bX

A
where Y is estimated or calculated value of Y for given value of X.

b.  Regression line of Xon'Y

The regression line of X on'Y gives the best estimated value of X for
the given values of Y. and its equation is given by
X=A+BY ... (i)
Where A is constant or X-intercept and B is the slope of the regression
line or regression coefficient of X on Y which is denoted by bxy . It is a
measure of average change in dependent variable X corresponding to a unit
change in independent variable Y.
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n equation (i) knowing the value Y, one can't esti

: i 3 estimate the valu

m;hgu: knov.fmng the values of constants A and B so, first we should es?irr?;ti
alue of unknown regression parameters by using the Principle of least

Square estimation (LSE). Using th i i i
o o | e a% e LSE for equation (i) we obtain the

X = nA+ B Y oo (ii)
IXY = ALY + B 1Y? ... (i)

Where ‘'n’ is the number of pai i i
OO ooy s pairs of observation, by solving these two

nLXY- TXY X
nZY? - (ZY)?

Now, putting the values of ‘A’ and ‘B’ i ion (i
b ; in equation (i) we ge i
estimated regression equation of X onY which Gi‘.s;qas foiio(u)rs‘ -~

A
X=a'+b'Y,

A=X -BY and B = bxy

A
Where X is estimated or calculated value of X for given value of Y.

6.7.5 A!ternative Method of Fitting Regression
Lines ) poizzyies M g Eagot ;
The regression lines o>
PR s of Y on X and X on Y can be expressed
Y=Y = byx (X=X)
X=X =byxy (Y-Y)
o Tpis sh?ws that (5( and ?) is the common point of two regression lines.
ere, X and Y are the arithmetic means of X and Y series. byxand byy are

the regression coefficient of v i
: : on X and regression coefficient of X
respectively. The regression coefficients are computed as o

Direct method
by){:nrjX‘i’—E:X}:Y i nZ XY -ZX XY
nEX? - (2 X)2 T Y-y
Shortcut method

If we take the deviation from assumed mean A and B then

nZuv-%
Nonsli e u\zr u}::« o Macioibinas nZuv-Tuv
nZu’ —(Zy)* nL v’ -(Zv)?
Where, u=X-Aandv=Y-B,
Aand B are assumed mean of X and Y seri i
series res ively.
Step deviation method i

Under this method,
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b _k nZuv-Fulv _ Kk

Y X T T I e T

h nZuZ—(EIu)2 it
h nZuv—-ZuZv _h

o o e M

POLITR nZ\.fz—(Z\.!]2 A

Where, u =X;hA and v :‘\%B‘, h and k are the common factor of X

and Y series respectively.

Itis to be notated that byx=r1 X and bxy = r -X
Ox Oy

Also, r = -\}byx bxy , where ris the correlation coefficient.
Remarks

i The two regression lines coincides if there is perfect correlation
between the two variable i.e. r = 1

ii. The two regression lines are perpendicular to each other if there is no
correlation between the two variables i.e. r = 0.

6.7.6 Properties of Regression Coefficients
The following are the important properties of regression coefficients.

i. Both regression coefficients must have same sign and the sign of
correlation coefficient is same as the sign of regression coefficients.

ii. The product of the two regression coefficient must be less than or
equal to 1i.e. byx bxy < 1

iii. The correlation coefficient is the geometric mean between two
regression coefficient i.e. r =/byx bxy

iv. The two lines of regression intersect at the point ( X ,Y ), where X and
Y are the variables under study.

V. Regression coefficient are independent of change of origin but not of
scale
i.e. byy =byyifu=X-Aandv=Y-Band

; X-A Y-B
bxy # buv if u =Tand Ve Where A and B are assumed

mean, h and k are the common factor of X and Y series respectively.

vi. Arithmetic mean of regression coefficient is greater than the correlation
coefficient.

Proof: we have two regression coefficients as
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oy c
byx=r—- and bxy= r —X.Then we have to show that
ﬁx GY
byx + bxy
2

>r

Oy (s}
r—+r—5
Tx Oy

e
or, &+ 25y,
Ox Oy
Or, v +c*x>20oysx
Or, (ov— ax)? >0, which is aways true.
6.7.7 Angle between Two Regression lines

We have two regression lines as
Y2 s - X)
X-X =r== (Y-Y)

Now, slope of regression equation of Y on X (m) = r-r—x

Slope of regression equation of X on Y (my) =L

rox
If @ be the angle between two regression lines then we have
mi—m; ? -1 _oyox
T = =
ARz T+mime = 1 o’x + oty
. 1-— rz OYOx Ki . 5 : rz
i m [taking negative sign since r < 1]

G=tan"{ K. e }
r oxtoy
Casel :Whenr=0,0=n/2, it means if two variables are uncorrelated , the
two regression becomes perpendicular to each other.

Casell : If r=% 1, 8=0andn, it means if two variables are perfectly

correlated then two regression equations are either paraliel or
coincide.

Case lll : If tand > 0then O is acute angle and If tand <0 then 0 is obtuse
angle

Case IV : Correlation coefficient lies between — 1 to 1
Proof: The regression equation of Y on X is given as
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Yo i s 0= %)

212

Or, ox(Y-Y)= roy(X-X) ,onsquaring both sides
Or, o’x(Y-Y)*= r?c? (X-X)>2 taking expectation on both sides
Oor, o xE(Y-Y)=r%%EX-X)?

2

Or, G‘zx U2~(= g ‘32\" G:X
or, r?=1
or, Ir] =1 L=1srs1

6.8 CURVILINEAR REGRESSION

There are various relatonship between variables X and Y namely linear
and non-linear. The non linear relationship between variables X and Y is aslo
known as curvilinear regression. Some of commonly used crvilinear
regressions in engineering are as follows
i. Quadratic or Parabolic Regression Equation
iil Exponential Regression Equation
iii. Reciprocal regression equation

6.8.1 Fitting of Quadratic Regression Equation

A quadratic or second degree or parabolic regression is the simplest of
the curvilinear models. If future estimation of regresson is not properly drawn
by straight line regression, we use this method.

Let,y=a+bX+cX® .......(I), be a quadratic or parabolic line equation
of the given data.

Where a, b and ¢ are constant to be estimated by using the method of
least square for this we have to solve the following three normal equations as

TY =na+bEX +CEX% e (i)
XY = aZX + bEXZ + CEXC ..o oecininn (i)
DY = asx? + b +cX* (V)

By solving the above equations, (ii), (iii) and (iv), we get value of a, b
and c. Then the fitted second degree regression equation is

Y. =a+bX+cX’

6.8.2 Fitting of Exponential Regression Equation
An exponential regression equation is defined as
Y=ab" '
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Taking log on both sides we have
Log1oY = Logsoa + Logigh X.

This is the equation of straight line, log+Y is dependent on X and
Logipa and log+ob are constant obtained by method of least square.

Another form of exponential relationship is
Yizigd®

Taking log on both sides we have

LngY = Logma +Bb Long.

This is the equation of straight line, log«Y is dependent on logipX and
Logioa and b are constant obtained by method of least square.

6.8.3 Fitting of Reciprocal Regression Equation

We have the reciprocal relationship between two variables X and Y
commonly used in engineering as

5] 1
i a+bx

1
Or, a+b, =¥

) 1
Here for the points (X, 7) the graph is approximately straight Iine.-:;'

depends on Variable X and constant a and b are obtai
. ned by me
square by solving following twe normal equations as A=

1
27=na+b£}( and

i b EX?

by z
Example 14
famers-;hr; fg:l;\:r;r;gege:os:sremems show the respective height in inches of 10
father (X) | 67 [ 63 [ 66| 71 | 69 | 65 | 62| 70 61| 72
son(Y) [68 [66|65|70|67 6764|7162 63
Find the regression line of son’s height on father's heights

ii. Estimate the height of son for the given hei
vl g ght of father as the 70

iii. Find the regression line of X on'Y.
iv. At what point the two line of regression intersect,
V. Fine the correlation between variables X and Y

Solution
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i. The mean values of X and'Y

ii. The standard deviation of Y.

Solution
i. Since the lines of regression pass through the avera

(X.Y) so, 4x -5y +33=04and 20X -9Y -107=0

ge of X and Y i.e.

On solving two equations wegetX=13andy =17
ii. From equation 4X — 5Y +33 = 0
Y= % X+ 3—53' - which is regression equation of Yon X

4

so, bw =75

Again from equation 20X -9Y-107 =0

X= o 4 b i which is the regression equation of XonY

20 20
9

So, bxy = 20

Now, we have correlation coefficient is the geometric. mean of
regression coefficient thus

oy ’I 9
A=t bexbxyz -5"1-:'2'"6 =0.6

4
Again we have byx e

Or, rﬁ =% which implies oy =4
Ox ;
Therefore, the value of standard deviation of Y is 4.

Example 17 . A
The following data‘gives the experience of machine operators | .
and their perfonn:?wa as given by the number of good parts turned out per

100 pieces.
Operator | Il || \Y) v viowvib VIl

Experience (X) | 16 12 18 4 3% qus B 12
Performance(Y) | 87 88 89 68 78 80 75 83
Calculate the regression equation of performance rating on exparience
and estimate the probable performance if an operator has 8 years experience.

Solution e
Here we have to find the regression equation of pafonnaqce .ratlng (Y)
on experience (X) i.e. Yon X. The regression equation of Y on X is given by

Y-V =byx (X=X) .ooerne. (i)

Where ¥ is mean of Y , X mean of X series, and byx is the regression
coefficient of Y on X.
Let, u=X—-12andv=Y-83
Calculation of regression equation

X % u v u? v uv
16 87 4 4 16 16 16
12 88 0 5 0 25 0
18 89 6 6 36 36 36
4 68 8 A5 64 225 120
3 78 -9 -5 81 25 45
10 80 2 3 4 9 8
5 75 - -8 49 64 56
12 83 0 0 0 0 0
Total 16 16 250 400 279
Here'n'=8, Su=-16, Tv=-16, Tu® = 250, 5v* =400 and Suv = 279

X =a+%‘=12+%—§- =10 and

Y =b +'z',;‘£ =83+%§=B1

_nEuv-SuZv 8 x279-(-16)(-16) _
b = S - (zu)? . 8x250-(-16) - 1133

Now, Substituting the value of X , ¥ and byx on equation (i) then

Y —81=1.133(X-10)

Y = 1.133X +69.67 which is the required regression equation of Y on X
For estimation when X =8 year Y =7

Therefore, Y = 1.133 x 8 + 69.67 = 78.734.

Thus, if an operator has 8 years experience then his performance is
78.74 good parts turned out per 100 pieces.

6.9 MULTIPLE REGRESSION

Multiple regressions generally explain the relationship between multiple
independent or multiple predictor variables and one dependent or criterion
variable. A dependent variable is modeled as a function of several
independent variables with corresponding coefficients, along with the constant
term. Multiple regressions require two or more predictor variables, and this is
why it is called multiple regressions.

The multiple regression equation explained above takes the following form
y=a+ bixe+ baxg + ... + by
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Here, bis (i=1,2...n) are the regression coefficients, which repregent
the value at which the criterion variable changes when the predictor variable
changes. The constant a is the value of dependent variable Y when the values
of all independent variable is zeros. .

As an example, let's say that the test score of a studern in an exam w}II
be dependent on various factors like his focus while attending the class, his
intake of food before the exam and the amount of sleep he gets b_efore the
exam. Using this test one can estimate the appropriate relationship among
these factors. .

Let us consider three variables X1, Xz and Xa. The multiple regresssqn
equation of dependent variable X; ontwo independent variables _Xz and Xa is
an equation for estimating a dependent variable X from two independent
variables X, and X3 which is given below

X1=a+biXp +b2Xs (1)

Where by and bz are known as coefficients of regression. The three
constants are obtained by solving following three normal equations
simultaneously obtained by the method of least squares

ZX1 =nat+ b1EX2 + bzzx:j

TXi Xo = a5 Xz + b1 X + b3 Xs Xe

TX1 Xa= @ TXa* biFXe Xa + b2ZXs®

These equations can be obtained by multiplying both sides of equation
(1) By 1, Xz and X3 successively and summing on both sides

Similarly the multiple regression equation of dependent varigble 'X2 on
two independent variables Xi and Xs is an equation for estnmat:lng ‘a
dependent variable X; from two independent variables X; and Xs which is
given below

Xo=a + biXy +baXs (2)

Where by and bz are known as coefficients of regression. The three
constants are obtained by solving following three normal equations
simultaneously obtained by the method of least squares

YX2=na+ b Xy + bzzx:g_

T X1 Xo= a¥Xs + biEXe® + bo¥Xe Xs

TXo Xo= @ I Xa+ biT X1 Xs + b3 X"

Also, the multiple regression equation of dependent variable X3 on two
independent variables X1 and Xz is an equation for estim;ﬁng a dependent
variable Xz from two independent variables X1 and Xs which is given below

Xa=a+ biXy + baXa (3)
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Where by and bz are known as coefficients of regression. The thrae
constants are obtained by solving following three normal equations

-simultaneously obtained by the method of least squares

IXs=na+ b1y Xs + by Xz

TX1 X3 = @aFX1 + biZXi® + ba¥ X1 Xz

TXoXa=aFXo+t b3 Xy Xz + szXzz
Example 18

Following data reveals the sales of a company due to the number of
sales persons and the years of experience

Sales(Rs'000) 20 30 25 20 40 60 15

No.of sales person 2 3 5 4 2 1 4

years of experience 5 7 11 10 8 4 8

i. Estimate the best line of fit

. Estimate the sales of the company using one sales person with
experience of nine years.

Solution

To find the sales of the company, we should assume sales as
dependent variable. The multiple regression equation of dependent variable
X1 0on two independent variables Xz and X is given below

Xi1=a+biXa +b2X3 (1

Where b; and by are known as coefficients of regression, the three
constants are obtained by solving following three normal equations
simultaneously obtained by the method of least squares

SXi=na+biyXs +b2¥Xs

TXi Xo= aFXe + biEXo" + DT Xs Xo

TX1 Xg= @ TXg+ D13 Xz Xa + b¥ Xs?

Calculation Table
X1 Xz X3 X" X XXz | XiXs | XoXa
20 2 5 25 40 100 10
30 3 7 49 90 210 21
25 5 1 25 121 125 275 55
20 4 10 16 100 80 200 40
40 2 8 4 64 80 320 16
60 1 7 49 60 420 7
15 4 8 16 64 60 120 32
210 21 56 75 472 535 1645 181
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Substituting these values in above equations, we get

7a+21by+56b2=210

21a+75bs + 181 bp =535

56a + 181 by + 472 b, = 1645

On solving these three equations we get

a=21.22, by=-15.34 and b; = 6.85.
i. Thus the required estimated best line of fit is

X1=21.22 - 15.34X; + 6.85X3

ii. The estimated value of sales of company using one sales person Xz
= 1 and Nine years of experience X3 = 9 is given as

X1=21.22—-1534X 1 +6.85X9=67.43

Thus the estimated sales is Rs 67.43 (Rs '000)
SOME WORKED OUT EXAMPLES

Example 19
Find the coefficient of correlation between the age and playing habit of

the following students.

Age (year) 15 16 17 18 19 20

No. of students 125 100 75 60 50 40

No. of regular players | 100 75 45 24 15 6

Solution

In order to calculate the correlation coefficient between age and playing
habit of the students, let us convert the data of number of players with respect
fo total number of students in each age group with fixed base for this purpose,
percentage of players is calculated. Then the correlation between Age (X) and
percentage of player (Y) is calculated as follows. Percentage of player for year

15 =% x 100 = 80% and so on.
Let, u=X- 'v7,v=Y"560
Calculation of correlation coefficient
I e g u v uv u? v2
15 | 80 -2 4 -8 4 16
16 | 75 -1 3 -3 1
17 | 60 0 0 0 0
18 | 40 T —4 -4 1 16
19725 2 -7 -14 4 49
20|15 3 -9 =27 9 81
Total | Su=3 |Jv=-13| Yuv=-56 | L u?*=19 |¥ v3=171
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Now, correlation coefficient
i —— Y = SR~
VnZu2 - (Zu2 xAf(nxvz - (2v)2)
6%(-56) - 3%(-13)
\V6x19 - (3)2 :[6x171 - (-13)2

o0l
= 70,246 x 2907~ — 0-991

This shows that there is high degree of negative correlation between
age and playing habits of students.
Example 20

While calculating correlation coefficient by using Karl Pearson's
correlation method the pairs of observations (20, 65) and (18, 50) were taken

wrongly instead of (25, 60) and (28, 59) and the information while calculating
correlation are given as,

r=0.793, n=10, X = 220, 3Y = 590
X% = 4954, TY?= 35232 and XY= 13214

Calculate the corrected correlation coefficient.
Solution

To calculate the corrected value of r we firstly calculate the corrected
values as follows,

Corrected X = 220 — 20 — 18 + 25 + 28 = 235
Corrected XY = 590 — 65 — 50 + 60 + 59 = 594
Corrected TX*= 4954 — (20)* - (18)° + (25)° + (28) > = 5639

Corrected £Y = 35232 — (65) - (50) ° + (60) > + (59) > = 35588

Corrected ZXY = 13214 — (20 x 65) — (18 x 50) + (25 x 60) + (28 x 59)
= 12314 — 360 — 3250 + 700 + 3540 = 13844,
nEXY-IXZIY

e SN
e InEXE - (2x) NEYE- (ZY)
: 1013844 - 235 % 594
V10x5639—(235)2 [10x35588— (5942

_ 138440-139590
34.132x55.1724

. —1150
34.132x55.1724
Therefore, the required corrected correlation coefficient is — 0.610.

=—0.610
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Example 21

From the following bi-variate distribution, compute two regression

ients, coefficient of variation, coefficient of correlation and estimate the
value of Y when value of X is 45.

coeffici

v X1 10-20 20-30 | 30-40 | 40 —50
10-20 20 26 = =
20-30 8 14 37 -
30-40 - 4 18 3
40-50 - o 4 [
Solution
Let, A=25B=35andy= x;-025 and
-Y-35Y-35
T 10
Class|10-20{20-30/30-40(40-50
X | 15|25 |35 | 45
Class] }& A 10 |8 T 2 [ f Ao hesd
7 46 | g2 | 184
10-20{ 15 2 20 26 g " 9
20-30 - Lk 59 | -59 | 59
2 s insh | 14 |37 =t
4050/ 45 | 1 M U200 [0 | 10
iy -1 - 14 16
f |28 44 [ 59 | 9 [140-141]253
fu |28/ 0 [59 | 18 |49
fu2| 28 10 [59 | 36 |123 ]
fuv | 48 0 33 12, | 27

Here, N = sf= 140

Hu=49, Sfy=-141

I =123, 52 = 253, Sfuy= 27 ;
We have correlation coefficient for bi-variate distribution is,
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i NZfuy - $fu Sy
———-__._._________
'\}NEfu2 (Zfu) \/ ENAZ - (Zfv) 2=

5 140 x 27 - 49 x(-141)
V140 x 123 - (49)*4/140 x 253 — (-141)°
3780 + 6909

\/17220 248135420 — 19881
=0.706

For coefficient of variation, first we calculate the means and standard
deviation of X and Y.

10689
121.404 x 124,655

fu 49
Mean of X, X = A*Tq"‘h 25+140x10

=25+35=285.

Ifv 141
Mean of Y, ¥ = B+"I'\'|—><k 35-140x10

=35-10.071 = 24.929
/z:ruz Sfu)’ 123 (49
S.D. of X, o, = —N-——('-N—) x h= 140 — m) %10
=\IO.8785-0.1225 x 10 = 8.695

[567 (3hv)? _ A [253 141
S.D,cuf‘:’,c;,,r = —ﬁj__(-ﬁ') slc= :ﬁa 140 x 10

=1/1.80714 - 1.01434 x 10 = 8.904.

<. Coefficient of variation of X _T x100 %
X

= 32‘2955 %100 % = 30,519

Coefficient of variation of Y "—_— x100 %
Y

=0 100 % = 36.72%
The regression coefficient of Y on X is
Oy _ 8.904
byx —r'o_—x 0706):8695—0723

And, the regression coefficient of Xon Y is
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O 8.695 _
b =r— = 0706 x g4 = 0.689

iv. To estimate the value of Y when value of X is given, we have to find the
regression line of Y on X as,
V.- NS K-
Y —24.929 = 0.723(X— 28.5)
Y = 24.929 + 0.723X — 20.6055

-

Y =0.723X +4.3235
Which, is required regression line of Y on X
Then, value of Y when, X=45is

Y =0.723 X 45+ 4.3235

5 Y =36.858
Example 22

In two sets of variables X and Y with 50 observations each the
following data were observed.

X =10, Y =6, 0,=3, 0x=2

Coefficient of correlation between X and Y is 0.3. However on
subsequent verification it was found that one pair (X = 10, Y = 6) was
inaccurate and hence waived out. With the remaining 49 pairs of values, how
is the original value of correlation coefficient affected?

Solution
We aregiven,n=50, X =10, Y =8, 0,=3, 0x=2, 1y =03
We have,
T2 IR .
K= b
X )
10— 50 R 50
X =500 TY = 300
= 1
o =% X)) oy’ = ~ FV=Y )
2 » ZYZ =
ot S =T (V)
ncxz=2)(2-n3(2 =Y onY?
=X =n(ox’+ X3 Y2 =n(oy’+Y?
=50 (9 + 100) =50 (4 + 36)
= 5450 = 2000

Also, the value of Karl Pearson's correlation coefficient is
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_Cov(X.Y)
" oxov

XY - -
“roxoy=Cov(X, V) =2 _X ¥
iJ,3x3x2=%{'—10x6

2. ZXY =50 %61.8 = 3090

One pair of observations (X = 10, Y = 6) is wrong. Omitting this pair of
observations we have,

n=50-1=49

Now, the corresponding correct values are

IX =500-10 =490 XY =300-6 =294

£X? = 5450 - 10°=5350  LY®=2000- 6° = 1964

IXY= 3090 — 10 x6 = 3030

Now: putting the corrected values of X, Y, 2X?, TY? and XY in the
following formula we get corrected correlation coefficient

ek nEXY=EX ZY

AIn 2X° — (EX)* \/n ZY* - (ZY)*
49 x-3030 — 490 x 294

~ 49 x 5350 - (490)2\/49 1964 — (294)2

v 148470 — 144060 & 4410
/262150 — 240100 /96236 — 86436 /22050 x 9800

LA

=Ta700 =03

Therefore, the corrected correlation coefficient is 0.3. Thus, in this
case, the original value of correlation coefficient is not affected.

Example 23

A computer while calculating correlation coefficient between two
variables X and Y from 25 pairs of observations obtained the following results.

n=25, £X =125, £X* = 650, LY =100, £Y*>=460, £XY =508

It was however discovered at the time of checking that two pairs of
observations were not correctly copied. They were taken as (6, 14) and (8, 6)
while the correct values were (8, 12) and (6, 8). Prove that the correct value of

the correlation coefficient should be%.

Solution

We have to add the correct values and subtract the wrong values as in
all sum values. The corresponding corrected sum values are
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Correct EX = 125-6-8+8 +6 = 125 4 2
- 0.085 = 0.6745 x =07\
Corrected Y =100-14 -6+ 12 + 8 = 100 %
Corrected £X* = 650 — 6° — 8° + 8° " 6° = 650 0.085/n = 0.344
Corected TY? = 460 —14% — 6%+ 12° + 8 = 436 7 =034
Corrected EXY=508 -6x 14 -8x6+8 x12+6 x 8 =520 ~ 0.085
Corrected value of r is given by \n =4 047
nEXY — (£X) (£ n = 16 (approximatel
Corrected r = _—___(._)_{._n__._—. y)
4 nEX? — (EX)W nzY? - {}:Y)2 Example 25
2 25 x 520 — 125 x 100 For the following information
25 x 650 — (125)°~[25 x 436 — (100) 0 3
= /16250 1?2225_\; 123330 10000 e & 8
T (17 Standard deviation (in R
.. 500 500 __ 500 fnfn) 5 40/3
\[625x900 25*30 " 750 Correlation coefficient between X and Y is 8/15.
2 LI Find  a. The regression coefficient of Y on X and X on Y
=3 Thus verified b. The two regression equations
Example 24 sLH % The most likely value of Y when X = 100 rupees.
A student calculates the value of r as 0.7, when the value of n is 5 and Solution :
he concludes that r is highly significant. Does he correct? Calculate the limits We have,
for population correlation coefficient. If the calculated value of PE (r) = 0.085 X=8,Y =8 0.=5 0,=40/3,r=8/15
forr =' 0.7 find the value of n. o Regression coefficient of Y on X s
Solution
=% _8 403
Wehave,r=0.7,n=5 byx—rm =15 * 75 =1422
-~ 1-(0.7)° e ‘
PE (r) = 0.67451Tnr2 =0.6745 x—(\{%—]— =0.154 Similarly, regression coefficient of Y or Y is
: % 8 5
And, 6 PE (r) =6 x 0.154 = 0,924 By = T8~ 20502
Hence, this shows that r is not greater than 6 PE. b.  The regression equation of Y on X is
Thus, we can not make any decision about the significance of Y-Y =byx (X=X )
correlation coefficient. It is seen that his conclusion becomes wrong. Y-8=1422 (X-6)
Limits for population correlation coefficients are R i
r+PE () =0.7 +0.154 Y_=1-422 X —0.532
Upper limitof r = 0.7 + 0.15 = 0.854 Similarly, the regression equation of X on Y is
Lower limit of r = 0.7 — 0.154 = 0.546 X=X =by(Y-Y)
Now, if PE(r) = 0.085, r =0.7,n = ? X-6=0.2(Y-8)
1= .~
We have, PE(r) = 0.6745 - 3( 0.2Y+44
7 : ¢ Y =2 WhenX=100
A
Y =1.422 x 100-0.532

=142.2-0.532
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‘Example'23 L LA
~Forthe followmg mformatlo

‘A'rith'metic‘"mean(in 6 8
Standard devratlon (inv Rs) G R 5 40/3 ;
Correlatlon coeﬁ" cr nt"betweerr X a :‘, |
Find & - : 4
. o The most hkely value of Y when X : 100 rupees. : 5.
i _ 'Solutlon P ' : .
! N ‘We have, S >
X =6, Y -8 cx 5 6y 40/3 r g
S’imila'rtbyii,:‘regre’ss‘ion‘Cbefﬁ‘cie'nt,of Yf'dr'Y.is e o
CbgEr 15 “FoBT2
b, - The regressron equatlon of Y on X' .

TN LY =byx (X=X)
D YE8=1.422 (X=6) -

X-X'= bxy(Y Y)
SX-6= 02(Y 8) -

R =02v+44
¢ ¥ =7 WhenX=100
Y =1422%100-0532
= 142.2-0.532
= 14167

Thus the most hkely value on is, Rs 14 67 " 13.

126

" -Define the’ term regression’. DISCUSS tow: regressron Irnes

, 10." '

11,

12. G

" Probability and Statistics for Engineering

o vanables'? Explam brreﬂy

- Explarn the concept of srmple multrple and partral correlatlon:‘
“coefficient. - I : )

) Det" ne Karl Pearsw ;

; Def ne Spearman’s correlatron coeffrcrent and mterpret»’the result of |ts

coefficient.

Mentlon the propertles of regressron coefficients:: .
Draw a scatter dlagram fromithé fallowing data.

Helght(lnch) 60 67 “70: 64 65 60 70:"‘

: Xsenes Ysenes

S efvaﬂons A6 16

The tdlowrng table grve the age and blood pressure of 10, patrents

Age 42 ¢ 49 .42 80 7:2.%:,‘:63 .85,

Presstre 147 1251118 'j v 145 ~140 . 155 - 160 1491 150

’ Compute the coefficient ‘of corrélation -assuming 49 ‘and 140 ‘as, the
_ assumed means ‘of ag 'nd3 :

ssure respectrvely

» 12'7;'::;-_';' :
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20. . xFrom the data: glven below: Find: the ‘coefficient of :
‘the driver's age and the umber of accidents made. by h'xm>
Be ._-,NQ- of o © , :Drivers-age - :
r acheNS»;25-3 o 35 35-40 - 40 45
g

below .
o LA Expenses
R Sales ‘

62,00 62 75.- 25 95 36 78
56 86 62 68 60 91 51 84

T Pearsons method. : p : ;
R R e A1 9 g” 7
. ) ‘Arrthmetlc means of X and Y.series-are 6 and 8 respectlvely
ol .16 - Calculate:“the "Karl Pearson’s’ coefflment ‘of correlatlon from th
! - foIIowmg data: ' .
' .. Sum’ of deviation-of X =5
- Sum of.deviationof Y. =4
; Sum of squares of devratlon of X\—4O
oo + 1 .+Sumiof squares of deviation of Y'=50 -
i Lo S "fn”'vSum of product of deviation of X'and:) £
| R - Number of pairs of observatlon =1
AT _,Calculate,th' ‘coefficient of con '
S0 pass percentage givenbelow: ..\ :
b Age(year) : %pass Age(year) A
: B9 1818
©19:20 v;’»i-t:*,f;_; G 4
v 20921 T
21-22

21, -

23. iif

2.

18,

500-300__300-400__ 400

e e s L s 1 = A e e

represent the
arks in Statist

" Marksin |

Math
2535 |
35-45
45-55
55-65.

,'_’:Ten competltors |n
following ordered
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28.

29,

30..

31

35,

36.

37.

_the nearest approach’ to common finking in 1Q:

‘Demand .. | 15 25 18 - 20 16 21 10 12
| Supply . | 8- 10 126 9. 14 18 16
. Calculate Spearmans coefﬂcrent of rank correlatlon for-the followmg
.data. : -
X [115 22 148 251 83 47 325 92 70 1ﬂ
Y | 84 385 200 110 292 152 86 '>120‘ 321 ~144°

" person and bIood pressure. - ¥ “

IPressure| 145 125 118

Use the method of rank.correlation to gauge-which pair of judge has

Calculate the coefficient: -of rank correlatton between demand and
supply of the cement in ‘000 metric tones. - .

A company took an examination of eight apphcants for an engtneenng
post. From the marks obtained by the applicant in the mathematics and
Statistics papers, compute the rank correlation coefficient.

Applicant .| 4 2 & 4 5 6 78
Mathemiatics | 156 20 28 12 40 60 20 80
Statistics ~ ~ [ -40°. 3050 30 20 " 10 30 60

Quotations of :index number of equity share prices of a certain joint
stock.compahy and of prices of preference shares are given below. . °
Years 1999 2000 : 2001 .2002 2003 2004 2005
Preference Shares.|. 732 858 .,,789 758 . 772 ..812 . 838"
Equity Shares | 978 992 988 983 983 967 971
Use the method of rank correlatton 1o - determine the relattonsht )

between equity share and preference share prices.
Calculate Spearman's rank correlatlon coefF cient between the age of

Age .| 56 42 36 47 49 42 60 T2 63 - 55
128 145 145 155 160 149 15
Obtain Spearman's rank cotrelation coefficient for the following data.
X 68 64 .75 50 64 80 75 40 55 B4
Y 62 58 68 45 81 60 68 48 - 50 70
A sample of 12 fathers and their eldest son gave the followmg da
about their heights in inches. :
Father :| 65 63 67 64 68 62 70 . 66 68 67 69 71
|Soen 68 66 - 68 65 69 66 68 65 71. 67 68, 7
Calculate the correlation coefficient by rank method. :
The coefficient of rank correlation of the marks obtained by- 10 stude
in probabtltty and theory of structure was. found to be-0.8. It was la

of the student was wrongly taken as 7 tnstead of 9. Find the corn
coefficient of rank correlation. _ .-
Fit the regression line of Y on X from the followmg data f
X 57 . 58 59 .89 . 860 61 62
Y] 67 68 65 68 72 72 :| 68
‘Find the regression equations from the following data. ..
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38.

39.

40.

41.

’ Estlmate the blood pressure of a wonten whose age is45 year

" Probability and Statistics for Engineering

X 11 12 13- 14 15
Y - 11 13 15 ’ 17 : 19

From the data giver below, estimate the most hkely height of a brother

whose sister's hetght is 50 cm.

Brother . Sister
Mean hetght 170 Cm- 75Cm
Standard deviation of height 5.22 ©.3.85

The. coefficient of corretatron between the heights of brothers and
sistersiis 0.60.

Find the most likely price in market A corresponding to the Price of Rs.
75 at market B from the following data

Average Price in Market A = Rs. 67

Average Price in Market B = Rs. 65

 Coefiicient of Variation in Market A = Rs. 5.22

Coefﬁcient_‘of Variation in Market B = Rs. 2.85
The coefficient of correlation between them = 0.82

Estimaté the loss in Production in a day when the number of workers in
strike is 18,000 from the following information.

 Mean number of workers on strike = 800 : -

Mean loss of daily praduction in ‘000 Rs = 35

- Standard deviation of number of workers on strike = 100~

Standard deviation of daily production in ‘000 Rs =2
The coefficient of correlation between number of workers on stnke and
daily production was = =0.80 : .
The gquation of two re jression lines between two variables are
expressed as 3X~4Y +30=0and 5Y -2X + 8 =0.
i. Identify which of the two can be called regression equatton of Y on
. Xand X'on Y. o
ii. Find the mean of X ard Y and correlation coefﬂCIent
In a partially destroyed record of the foltowmg data avattable
Variance of variable' X = 25 .
Two regression equations are:
56X =Y ~22 =0 and 64X - 45'Y — 24 = 0 Find the

- Mean value of variable X andY

ii.. Coefficient of correlation between variables X and Y

iii. - Standard devtatton of Variable Y. :

The following table gives the ages and blood pressure of 10 women
Age 56 42 3647 49 42 60 72 63 55

Pressure | 14 12 11 .12 14 14 15 16 14 15'

From the data given below,  ~ . :

Marks in Research ' | 25 28 35 32 31 36 29 381 34

Marks in Probability | 43 | 46 |49 [ 41 [ 36 [32 [ 31 | 30 | 33
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Find, C ) -S | o
“ i, Two regression equation o , SR
ii. The coefficient of correlation betwe,en the mgrks in probability-and
research methodology: S . -
i, The most likely marks in Probability when a mark in research is 30
45 From the follbwing data between <age: of ’-hgsbandsrand- wives
' Calculate the two regression equations and find the husbgnds age
when wife's age is 20. ' Sl : ,
Wife'sage - | 18 20 22 23 27 g? 22 i
Husband's age 23 25 27 30 3? . 3

Probability and Statistics for Engineering

Chapter 8 S

_Theory of Probability

Origin of Probability

. An ltalian mathematician, -Galileo- (1564-1642) was the: first man to
attempt at a quantitative measure of probability .while dealing with s0me
problems related to the theory of dice in gambling. " Lo w

ot
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Two: French mathematicians, B. Pascal (1623-62) and P. Fermat

o (1601-65) were laid the first foundation of the mathematical theory “of
Answers: - probability. Other main contributors are : T. Bayes, P.S Laplace (1749 — 1827)
’ v B L ' who after extensive research, over a number of years finally published "Theory
8. Positive ' R r=0.40 of inverse probability". In addition to these; other outstanding contributors are
10. r=083% o M nn 0967 Levy, Mises and R A, Fisher.. - SR
12. r=0725 . 13. r= 0'0 9 g 'Russian mathematician also havé made very valuable contribution to
14. ~ r'=0.7804 ; , 1,5', r - 6 7'225 - modern theory of probability. Chief-contributors, to maintain only a few of them
16, r=0704 , A= 0301 are Chebyshev (1821 ~ 1894) who founded the Russian school of
18. r=-0438 _ 19 rE0S Statisticians, A. Markoff (1856 1922), Liapoundoff (central limit theorem), A.
20. r=-0.699" u Limitzjlo 76'5"””‘“ o Khintchine (faw of large numbers) and A.-Kélmogoroy who axiomised the
B oo Limit = 246 and Upper Limit = 0.654 caloulus of probabilty. LT e L
23.  PE=0.054, Lower Lir § 25.  R=0.46 The. ‘probability’ is the ‘chance’ or ‘possibility’ of occurrence or-non-
24, Yes,R=0.25 : v IR occurrence of any event under $tudy. The words ‘possibility’, ‘chance’,
26. R=0.8232: . = 0297 1{stand 3rd ‘probable’, ‘odds’ etc are usgd in tfie sense of “uncertainty”. Some examples
97. - R12=-0.212, R13=0.636, - R23 =-0.297, : oD oEn A e . ,
27. " R12 i e . o9 R=-0.72%1 - where these terms are used\are, 1t is not sure that | will attain the class. The
28. R=-0405" C 31" R=0.1425 chances of winning' the game of the ‘two teams A and B are equal.. It ‘is
30. R=0 8606 . a3 'R=0545 possible that he may not be able to join the B.E. program. etc. R
gi 2:82722 - 35. . -R:=0.606 A numerical measure of uncertainty of an event is known as probability
: . o o ‘ ‘ : ' with values from 0 to 1. In engineering the use of probability is very essential
36 Y =29+067X L 38, 155¢cm in every field where there-is risk bearing such as. calculation of flood
37. X=55+05yAndY=—-11+ 2x SR _ distribution, estimate of earthquake recurrence time, 6 calculate the average
39. Rs.78.46 ; o . number of telephone calls in a certain switching point and many more.
;= +222, Rs.310200 . o P ' |
2‘1]: ,Y 3x0;02$ 3,(302= OisYonXand5Y-2X+8=0isXonY Definition of various termsw_~ o _
i - Meanof X=2and meanof Y =9 and r=0.5477 . Before defining probability - we' should  understand the following
42. i.6and8 ii. 0.533 ii. 13.33 o : important terms related to probability. - '
43, ¥ =83.756+1.11X and Blood pressure = 13§.708 Experiment R . :
pang ' B R 0.664X An action or operation which produces results or outcomes is called an
44. i. X=40.88-0.2337 Yand Y =59.146-0. experiment. - In -other word experiment is the process of observing a
" ir=-0394 jil. 39.23 year phenqmenon‘ that “has variation in its outcomes. When _Wwe perform .
ST o534 . ‘ experiments in science and engineering repeatedly under identical condition, .
45. Husband's age = 25. o

we get almost the same resulis.
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experiments in science and engineering repeatedly under identical condition,
we get aimost the same results.

7.2.2 Random Experiment

If in each trial of an experiment conducted under homogenous
condition the outcomes is not unique but may be any one of the possible
outcomes. Then such an experiment is called a random experiment, in a
random experiment, the outcomes of each trial depends on a chance which
can't be predicted with certainty.

In other words an experiment is said to be random experiment i it
satisfies the following three conditions the first condition is that all outcomes of
an experiment is known in advance, the second condition is the outcomes of
each trial depend on a chance which can't be predicted with certainty and the
third condition is that the experiment could be conducted under identical and
homogenous condition.

For example, if we toss a fair coin we may get either head or tail. If we
through an unbiased die which has six faces marked with 1, 2, 3, 4, 5, 6, then
any one of the faces may come up, it is not possible to say which face will
come up.

7.2.3 Outcomes

The results of a random experiment are called outcomes.

'7.2.4 Trial and Event

Performing a random experiment is called a trial and the collections of
possible outcomes are termed as events. For example; if a coin is tossed
repeatedly, the result is not unique, we may get any of the two faces head or
tail. Thus tossing of a coin is a random experiment or trial and getting of a
head or tail is an event. Similarly, throwing of a die is a trial and getting any
one of the faces 1, 2, 3, 4, 5, 6 is an event. In the same experiment the
possible events could also be stated as ‘odd number of points’, ‘even num ber
points’, ‘getting a point greater than 3’ and so one.

7.2.5 Sample Space

The set of all possible outcomes of a random experiment is called
sample space. The possible outcomes are called sample points. The sample
space is usually denoted by the letter 'S".

For example: In a tosses of a single fair coin the sample points are
head(H) and Tail (T) and sample space isS ={H, T}

# If two unbiased coins are tosses simultaneously , the sample space is
S ={HH,HT, TH, TT}
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ii. ;f three unbiased coins are tosses simultaneously , the sample space
is S = { HHH, HHT, HTH, THH, TTH, THT, HTT, TTT}

. In throw of single fair die the sample spaceis S ={1, 2, 3, 4, 5, 6}
iv. In throw of two fair dice the sample space is

(1.1) €12 (1.3) (1.4) (1.5) (1.6)
(2500 C(2a2) k25390 (240 (2.5, (2560
G B0 63,20 635390 0SS LS 20)
(4 )2(4:2) = (43) 1 (44) :(4D) 9(4:6)
(5SS TIES 29T (5,310 (5 S sEs sy iesye)
(6.1), (6.2), (6,3) ' (6,4)  (6.3) (6.6)

7.3 TYPES OF EVENTS

7.3.1 Simple or Compound Events

An event having only one sample point is called sim

It havin ple or elementa
event. Othen_wse it is known as compound or composite event. Thus lrr}\(
loss{lng of a single die the event of getting ‘5’ is a simple event but the event of
getting an odd number is a compound event.

7.3.2 Mutually Exclusive Events

Events are said to be mutually exclusive or disjoint if the occurrence of
one p_recludqs the occurrence of other i.e. one and only one of them can occur
g‘l a smmgie"tnal. F;)r example in tossing of a fair coin, the events head and tail

re mutually exclusive events since if the coin fall with head i i 3
turn up and vice-versa. SR EY

There is one qrucial question to ask in deciding whether events are

rgally mutually exclusive or not. If two or more events can occur together at a

time they are not mutually exclusive. For example, if we draw either a king or

? Ogla:glong from a pack Oftd 52 cards then event king and diamond can occur
ether because we could draw the king of diamond, the kin i

are not mutually exclusive. e

7.3.3 Exhaustive Events

The total number of possible outcomes of a random experiment is
knpwn as tht_a exhaustive number of event. For example, in tossing of a fair
coin exhaustive cases are head and tail. In tosses of two fair coin at a time the
exhaustive cases are (HH, HT, TH and TT)
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7.3.4 Favourable Events

The number of cases Favourable to an event in a trial is the number of
outcomes which entail the happening of the event. For example in drawing a
card from a pack of cards the number of cases Favourable to drawing of a
king is 4, for drawing of diamond is13 and for drawing a black card are 26.

7.3.5 Equally Likely Events

Outcomes of a trial are said to be equally likely if none of them is
expected to occur in preference to other i.e. happening of all event has equal
and independent chance. For example in throwing an unbiased die, all the six
faces are equally likely to come; in a random toss of a fair coin head and tail
are equally likely.

7.3.6 Independent and Dependent Events

Two or more events are said to be independent if the occurrence or
non-occurrence of one event doesn't affect the occurrence or non-occurrence
of the other events. Otherwise said to be dependence. For example, if we toss
2 coins together, the occurrence of head or tail on first coin doesn't affect the
occurrence of head or tail on second coin. let E1 be the event of occurrence of
head or tail on first coin and E2 be the event of occurrence of head or tail on
second coin , so E+ and E are two independent events.

If we draw a card from a pack of well-shuffled cards and replace it
before drawing the second card, the result of the second draw is independent
of the first draw, but, however, if the first card drawn is not replaced then the
second draw is dependent on the first draw.

7.4 BASIC PRINCIPLE OF COUNTING

If an event can occur in ‘'n’ different way and corresponding to each of
these ‘n' ways a second event can occur in ‘m ‘different way. Then the two
events together can occur in 'm x n' different ways, this rule can be extended
to any number of events.

Example 1

There are 12 buses running between two places A and B , In how
many ways can a man go from A to B and return by a different buses.
Solution

as the man go by any one of the 12 ways. Since he can't return by the
same bus, he can return by an 11diffrernt ways
Therefore the total number of ways in which he can go to B and return
=12x11 =132 ways.
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Example 2

Three students enter in the Class, whether there are 6 vacant seats. In
how many ways can they seat themselves?

Solution

'Clea'riy, the f_frst student can occupy any of the 6 seats so: there are 6
ways in which the first student can sit himself. Now , the second student can
occupy any of the remaining 5 seats , so., he can sited in 5 ways , similarly
the third student can occupy a seat in 4 ways X '

Hence, by the fundamental theorem of counting the required n
ways =6 x5 x4 = 120 ways. g eq umber of

7.4.1 Factorial Notation

Let 'n' be a ‘natural number. Then the continued product of natural
number from 1 to n is called factorial n and it is denoted by n! .Also we define
O'=1andnl=1x2x3x.......(n-2) (n-1) x n.

Here n! = n(n-1)!

7.4.2 Permutation and Combination

Alpermutation of a given set of thing is an arrangement of some or all
o_f them in some order. When 3 letter p, & r are arranged by taking two at a
time there will be 6 permutation as pq, ar, rp, gp, rq, pr.
The process of selecting things from set is called combination, any different
groupls afe formed and the order of the thing is not considered. For example
combination of 3 letters p, q and r taking two at a time is Pa. gr and rp.
The permutation of ‘n’ different things taking ‘' at a time is denoted by "P,

.

orP(n, r) = n-ni

Similarly, the combination of ‘n" different things taking 'r' at a time is

denoted by "C. or C(n, r) =ﬁ%

Example 3
How many numbers of 5 different digits can be formed with digit 1, 2, 3,

4,5 67
Solution

Heren=6andr=5
Ny — B 2 5__.' _g =
Pr="Ps= (6-5)1 11 = 120 ways.
Example 4
In how many ways can a committee of 3 persons be chosen out of 77
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Solution

Heren=7,r=3and 'Cx=7
~ n!
Hence required numbers of ways = "C, = W

7! 7!
. ?C = =
S RIT QU7 -3) T 3hx 4

= 35 ways

7.5 DEFINITION OF PROBABILITY

ili i likelihood that a

The probability can be defined as a measure of a ;
particular event will occur; it is a numerical measure of chance factor which
value lies between 0 and 1. |

The following is the broad classification of the different schools of
thought in probability. .
i Classical or mathematical or Priori approach.
ii. Relative frequency or statistical or Empirical approach.
iii. Axiomatic Approach
iv. Subjective approach.

7.5.1 Classical or Mathematical or Priori Approach

If S is a sample space having ‘n’ points wh?ch arise out of all possible
or exhaustive , equally likely and mutually exclusive outcomes of a random
experiment and ‘m' points in a S are Favourable to an event ‘A’, then the
probability of the event A is given as

Favourable Cases _m,
P(A) = Total exhaustive number of Cases ~ n *

This definition was given by James Bernoulli, Who was the first person

to obtain a quantitative measure of uncertainty.

Properties of Classical probability of an event A

i. It is clear from the definition of probability that n and m are positive
integer , thus , we have
0<m=<n

0<m<n

m
PR

.. 0<p(A) < 1, hence the probability of an event A is a number which

is always lies between 0 and 1.

il If P(A) = 0, then A is called an impossible or null event and
If P(A) = 1, then A is called a certain or sure event.

i Probability is @ pure number, it has no unit.

iv. Let A be event of non- occurrence of an event A then,
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Number of favourable cases for non-occurence of A
Total cases

I L
= -1-n—1-P(A)

PA)=

.. P (A) +P (A =1, ie total probability is always equal to unity.

V. We can compute the probability of an event A, i.e. P (A) by logical
reasoning without conducting any experiment, since, the probability,
P (A) can be computed prior to obtaining any experimental data, and
it is also termed as a priori or mathematical probability.

Limitations of Classical Definition of Probability

Classical probability approach can't be adopted if any of the following
situations exists.
i. If it is not possible to enumerate all possible outcomes. For example,
the sample space of all even numbers.
ii. If the outcomes are not independent.
. If each and every outcomes are not equally likely.

7.5.2 Statistical or Empirical or Relative Frequency
Approach

The definition of statistical probability goes after the name of Richard
Ven Mises. Many limitations of classical definition could be removed by
introducing the relative frequency approaches. It is defined as “If an
experiment is performed repeatedly under essentially homogenous and
identical conditions, if out of a large number of trials. Only ‘n’ are conducted
under essentially homogenous and identical condition desultory into n
outcomes , out of n outcomes m are Favourable to an event A , then the
probability of A is defined as

lim ¢m

P(A) = n—x\n )

Since; in the relative frequency approach, the probability is obtained
objectively by repetitive empirical observations, it is also known as ‘Empirical
probability’.

This definition removes some of the deficiencies of classical probability.

But n is always, finite in physical experiments. Hence it is not definite that
such a limit always exists.

7.5.3 Subjective Approach to Probability

The subjective probability is purely individualistic in nature in this
approach; the probabilities of occurrence of an event are assigned by
individuals and are based on their personal judgment, wisdom, intuition and
expertise. These probabilities are called the subjective probability and
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represent the degree of belief and the confidence one has in the occurrence
of the respective event. Such probability can be calculated in all the cases
though the probability assigned by different persons to the same event may
vary from person to person.

Example 5

One of the cards ‘of an ordinary deck of 52 cards is lost. What is the
probability that a card lost is spade?

Solution

Here total number of possible cases when one card is lost (n) =52 and
Favourable number of cases for spade (m) =13

. Probability that a lost card is spade

1
5

w

__ Favourable Cases _m _
P(A) = Total Number of Cases ~ n

115
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Example 6

An urn contains 4 white, and 6 black balls. What is the probability of
drawing a black ball?

Solution
Here total number of exhaustive cases when one ball is drawn is (n) =

4+6 = 10, Also the event of interest is drawing a black ball, therefore
Favourable cases for black ball (m) =6

i i Favourable Cases _m
-Required Probability = P (A) = 5 TNumber of Cases _ n

Example 7

In 150 tosses of a coin, 84 heads were observed. What is the
probability of getting a tail in the next tosses?

Solution

Since 84 heads were observed in 150 tosses the remaining (1 50-?4} =
66 outcomes must be tail, The probability of getting a tail in the next toss Is

['. here N is large]
lim m _ 66

=—= =044

. Required Probability is P(A) = e e AR

Example 8

What is the chance that a leap year selected at random will contains 53
Saturday.

Solution

In a leap year (366 days), there are 52 complete weeks and 2 days
over. The following are the possible combinations for these two ‘over' days:-
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“(Saturday, Sunday), (Sunday, Monday), (Monday, Tuesday), (Tuesday,
Wednesday), (Wednesday, Thursday), (Thursday, Friday), (Friday,
Saturday)”.

In order that a leap year selected at random should contain 53
Saturdays , one of the two ‘over' days must be Saturday, since out of above 7
possibilities, 2 viz (i) Saturday, Sunday and (i} Friday, Saturday are
Favourable to this event

y AT Favourable Cases m
.. Required Probability is P(A) = Total NUmboE of Cases. ~n.

2
7

Example 9

An ordinary fair die is rolled at random. Find the Probability of getting (i)
a 4 (ii) Not 4 (iii) greater than 3 (iv) 2, 4, or 6
Solution

The sample space when a single die is rolled is S {1, 2, 3, 4, 5, 6},
therefore total number of possible outcomes (n) =6
i. Total number of favorable cases of getting 4, (m) = 1
Favourable Cases m
n

~-required Probability P(4) = 3 =m0 o Cases -

ii. ‘Total number of favorable cases not getting 4 (m) = 5.
e Favourable Cases m
Probability is P(not 4) = 35 Number of Cases - n
iii. Total number of favorable cases getting a number greater than 3, (m) =
23
.. Required Probability = P (greater than 3)
__ FavourableCases m _3 _1
" Total Numberof Cases n ~ 6 2
iv. Total number of favorable cases for getting 2, 4, or, 6 (m) =3
Favourable Cases o 1

- Required probability = 5arNumber of Cases . n 6 2

D=

3
6

Example 10

Three unbiased coins are tossed simultaneously .Find the probability of

getting (i) exactly 3 head (i) at least one head, (i) one Head , (iv) at most one
Head, (v) exactly 2 Head.

Solution

Here sample space when three coins are tossed simultaneously is
given as;

S = {HHH, HHT, HTH, THH, HTT, THT, TTH and TTT}
. Total number of possible outcomes (n) =8
i. Let A be the event of getting exactly 3 Head , Then A ={HHH},

“-Total number of favorable cases getting exactly 3 Head (m) = 1
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Favourable Cases m
n

Required Probability P(A) = F5erNimber of Cases ~

il Lel B be the event of getting at least one head then
B = { HHH, HHT, HTH, THH, HTT, THT, TTH}

- Total number of favorable cases getting at least one head (m)

Favourable Cases m

n

. Required Probability is P(B) = T5-r N imber of Cases —

. Let C be the event of getting one head then C ={TTH, THT, HTT}
- Total number of favorable cases getting one head (m) =3
. g Favourable Cases _m
. Required Probability is P(C) = Foial Number of Caiss. n
iv. Let D be the event of getting at most one head then
D={TTH, THT, HTT & TTT}
.- Total number of favorable cases getting at most one head (m) = 4

5 BNy Favourable Cases
.. Required Probability is P(D) = Total Number of Cases

=

7

4
8

3
8

_m_2
TplEg

Example 11

Three electric bulbs are chosen at random from 15 bulbs of which 5 are
defective. Find the probability that (i) None is defective, (i) Exactly one is
defective (iii) At least one is defective.

Solution

Three bulbs can be chosen from 15 bulbs in °C3 ways = 455 ways.

i. Again the number of selecting 3 non defective bulbs from 10 non
defective bulbs = '°C3 = 120 ways

. r : Favourable Cases
. The probability that none is defective =—=_ 7~

Total Cases
_J20 24
T 4557 91

ii. The number of ways of selecting one defective from 5 Qefective bulbs
and 2 non-defective from 10 non-defective bulbs = *C, x '°C, = 225
Favourable Cases
Total Cases
_225
T 455
_ 4
T o9
il The probability of at least one defective = 1 — probability of no defective
24
T 91

.. The probability that exactly one defective =

%1
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87
T 91

7.5.4 Axiomatic Probability

The modern theory of probability is based on the axiomatic approach
introduced by the Russian Mathematician A.N. Kolmogorov in 1930's and it is
defined as , For a given sample space (S) of a random experiment , the
probability of occurrence of any event A is defined as a set function P(A)
satisfying the following axioms.”

i. Probability of an event A defined as P(A) is real and non-negative
functioni.e. P(A) 2 0 (Axioms of positiveness).

ii. Probability of Sample space is unity i.e. P(S) =1 ( Axiom of certainty)

il. If A, Ao ... A, . is any finite or infinite sequence of disjoint event of
sample space S then

5 n
PLU&] = LP(A)
i=1

i=1

P[UA.-J - TP@A)
e

i=1
7.6  THEOREMS OF PROBABILITY

We have two theorems of probability by which the calculation of
probabilities can becomes easily and be facilitated to a great extent, the
theorems of probabilities are
i. Additive theorem of probability

ii. Multiplicative theorem of probability
7.6.1 Additive Theorem of Probability

There are two cases arise for addition theorems or rules of probability,
these are (i) when the cases are mutually exclusive and (ii) when the cases
are not mutually exclusive

Case |: - Addition theorem of Probability for not mutually exclusive events.
Theorem A

The probability of occurrence of at least
one of the two events A and B is given by P(A U
B) =P(A) + P(B)-P(Arn B)
Proof

Let us suppose that a random experiment

results in a sample space S with N sample
points, then by definition

£

M

—). ANB

[V 4]
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_Nn(AUB) _ n(AUB)
P(AUB) = nS) - N
Where n(A U B) is the number of occurrences favorable to the event
(A UB) . From the adjoining diagram we get.

PaU ) s LHALNAN B+ NACB) + {0(B) - (AN B

_Nn(A) +n(B) - n(An B)
= N

=ﬂ($l +ﬂ{$1-m%l =P (A)+P (B)-P(ANB)

Case II: Addition theorem of probability for mutually exclusive events: If the
events A and B are mutually disjoint ie (A n B) = ¢ then

P (Ar\B}=ﬂ{%l=ﬂ{31 =0

~ P(AUB)=P(A) +P(B).

Therefore probability of happening of any one of the two mutually
exclusive events is equal to the sum of their individual probabilities.

This theorem can be extended to n mutually disjoint events as
PAY:Aldi. vvciiisanion U Ay = P(Ay) +P(A2) +........... +P(Aq)

Example 12

If a card is drawn form a pack of cards, What is the probability of
drawing a queen or king from pack of 52 cards ?
Solution

Let A be the event of drawing a queen and B be the event of drawing a
king , then P(A) = the probability of drawing a queen = % =52°13

And P(B) = the probability of drawing a King = % 52" -1:]5

Since the two events are mutually exclusive, the probability of drawing
either a queen or king is given by

P(A or B) = P(A U B) = P(A) + P(B) = 11_3+11_3=%

Example 13

In a class of BE first year. There are three sections each including 20
students in first section there are 10 boys are 10 girls, in second section there
are 15 boys and 5 girls and in the third section there are 12 boys and 8 girls.
Five students are selected from each group to form a committee of 15
students. What is the probability that all the 15 students selected are girls ?

Solution
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' Let A, B and C are the events that 5 students selected from section
first, second and third are girls.

i 5 students can be selected from 20 students in 2°Cs ways
. Total exhaustive cases (n) = °Cs = 15504
The Five girls students can be selected from 10 girls in '°Cs ways
~. Favourable cases of 5 girls students drawn form section first
(m1) = °Cs =252
Therefore, Probability that the 5 girls students selected from section

first P(A) = Tt = 1—%—4

ii. The five girls students can be selected from 5 girls in °Cs ways
. Favourable cases of 5 girls students drawn form section second
(m2) = °Cs=1
Therefore, Probability that the 5 girls’ students selected from section

second P(8) = 2= ==l

lii.  The five girls students can be selected from 8 girls in °Cs ways
. Favourable cases of 5 girls students drawn form section third
(m3) = ®Cs=56
Therefore, Probability that the 5 girls’ students selected from section

g m 56
third P(C) ‘—-—m—3 # T580%

Therefore, all the 15 students selected are girls is given as
P(AUBU C)=P(A) + P(B) + P(C)

p 8820 o fep 56
15504 * 15504 T 15504
= 0.01977

7.6.2 Multiplication Law of Probability

There are two cases (i) when events are indepe i
events are dependent. T

Theorem B
. The probability of simultaneous happening of two events A and B is
given by P(A~B) = P(A) P(B/A); P(A) # 0
_Ff{A N B) = P(Q) P(A/B); P(B) # 0, where P(B/A) is the conditional
probability of happening of B under the condition that A has already
happened.

Proof

Let A a_nd B be the events associated with the sample space S of a
random experiment with exhaustive number of outcomes N ie n(S) = N, then
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by the definition P (A n B) = ﬂ(%l . For the conditional event A/B, the
Favourable outcomes must be out of the sample point B. In other words for
i B) = NANB) Similarly
the event A/B, the sample space is B and then P(A/B) = nB) ° .

B A
we have P(B/A) =E("—n")

n(A)
P(AnB)=ﬂ{-ANﬁ—Bl =Q‘Nﬁl ,2@:{_2)3) =P (A) x P (B/A)
A B) nBAA
Similarly, P (A ~ ap—"‘%l =ﬂ(,¢1 xﬂ(}ﬁ—l =P (B) xP (A/B)

For independent event

If A and B are independent, so that the probability of occurrence of or
non—occurrence of A is not affected by the occurrence or non-occurrence of
B, then we have P (A/B) =P (A) and P (B/A) =P (B)

Therefore, P (A~ B) =P (A) P (B)
Example 14

Each of the two Persons A and B throw a die, what is the Probability
that A get 4 and B gets a multiplication of 37
Solution

Let E4 and E; are the event of getting 4 and a multiplication of 3 thrown
a die by two Persons A and B respectively. Then E1={4} and Ez= {3, 6}

1
.. P (E4) = the probability that A get 4 =%

: 2
And P (Ez) = the probability that B get a multiple of 3 =5 .
Since these two event E:& E; are independent then the required
1 — —
probability P(A and B) =P(A ~ B) =P(A) xP(B)=5X5 =35 =7g

Example 15

i % of cases in what
A speaks truth 70% of cases and B‘m 85% o' ‘
percentages of cases are they likely to contradict and don't contradict each
other in stating the some facts

Solution

P (A speak truth) = 70% = 0.7 and P (A don’t speak truth) = 0.3

P (B speak truth) = 85% = 0.857 and P (B don't speak truth) = 0.15
i. The probability that both are contradict to each others

P(AandB orBandA)=P(ANB)+P (B nA)
=P(A)P(B)+P(B)P(A)
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obability and isti
=0.7x 0.15+0.85x% 0.3
=0.36
Thus, they contradict in 36% of cases
il. The probability that both don't contradict to each other is

P(AandBor AandB)=P (AnB)+P (A N B)

=P (A)P(B)+P (A)P(B)
=0.7x 0.85+0.3x 0.15
=0.64

Thus, they don't contradict in 64% of the cases

7.6.3 Probability of Happening of at Least One Event

If there are n independent events and the probability of their
occurrence are p1 pz ........... Pn then the probability of non of them happening
is P(non of them) = (1 - P1) (1- p2)..........(1- pa). Hence, the probability of
occurrence of at least one of them is;

P (at least one of them) = 1- P(non of them)
; =1-[(1-p) (1-p2) ... (1-pu)]
Example 16

A drawer contains 50 bolts and 150 nuts. Half of the bolts and half of
the nuts are rusted. If one items is chosen at random. What is the probability
that it is rusted or a bolt ?

Solution
Let, A be the event of drawing a rusted item and B be the event of

drawing a bolt. Now, total number of bolts is 50 and number of rusted bolts is
25, total number of bolts is 150 and number of rusted nuts are 75,

So, total of items is 200 and total number of rusted items is 100. The
events A and B are not mutually exclusive events

P(A) = P(rusted items) =300 = :
P(B) = P(Drawing bots) = - =
; 25 1
P(A n B) = P(Drawing rusted bolts) = 200°3
- P(AUB) = P(Drawing rusted or a bolt) = P(A) + P(B) ~ P(A ~ B)
s e
2 88
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Example 17
Rice and Milton are asked to solve a problem, the probability of Rice

solving it is 2/3 and that of Milton solving it is %. Find the probability that at
least one of them will solve it?

Solution
Let A be the event of solving problem by Rice and B be the event of

2 3
solving problems by Milton. Then P (A) = 3 and P (B) = 7

W=

- P(A ) = Probability that Rice can’t solve Problem = 1-P(A) =

b ; : 1
And P(B) = Probability that' Milton can't solve Problem = 1-P(B)= 1

-. Required probability that at least one of them will solve it is
P(at least one of them) = 1—P(non of them solve it)

b 1
- P(Non of them) = P(A ~B) =P(R) xP(B) =3x 7 =73
11

KO
. P( At least one of them solve |t}-1—12~12‘

Example 18

The probabilities are 0.7, 0.3 and 0.2 that a potential investor will
purchase shares in Banking sector and non-banking sector or both. Find the
probability that the investor will purchase shares in

i. At least one of the sectors.
ii. Neither of the sectors.
Solution
Let A be the event that the investor purchase Banking share and B be
the event that the investor purchase non-banking share.
Then P (A) = 0.7and P (B) = 0.3 and P(A~B) = 0.2.
. P(Investor purchase at least one of the shares)
P(AUB) =P (A) + P (B) - P(A"B) = 0.7 +0.3 - 02=08
P(A ) = Probability that the investor will not purchase banking share
=1-P(A)=1-0.7=03

P(B) = Probability that the investor will not purchase non-banking
share =1-PB)=1-03=0.7
. Required probability that at neither of the share purchase by the

investor =P(A~B) =P(A) xP(B) =0.7x0.3 =0.2
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il CONDITIONAL PROBABILITY

) Man)f times the information is available that a event has occurred and
one is requu(ed to find out the probability of occurrence of another event B,
u1|||zmg Ithe information about A , such a probability is known as conditional
probability and is denoted by P(B/A) i.e. the probability of the event B given A.
_For example, suppose we know that a accident will happen (A) then one is
interested to know the probability of death of patient (B) i.e. we want to
calculate P(B/A) ,
The formula is P(B/A) = a-2) 2{2)5
If A and B are independent, then
P(AnB) P(A)P(B) _

PBA= =pa) = p@  =P®)

7.8 INDEPENDENT EVENT

Definition: An event A is said to be statistically independent of another event
B if the conditional probability of A given B ie. P (A/B) is equal to the
unconditional probability of B i.e. If P(A/B) = P(A) provided that P(B) # 0.
Similarly an event B is said to be statistically independent of event A if

P(B/A) = P(B)

Therefore, for independent events the probability of occurenceo of two
events simultaneously is defined as

P(A and B) = P(A~ B) = P(A) P(B)

7.8.1 Theorems of INDEPENDENT
Theorem: If two events A and B are independence then prove that
i. Aand B are independent

i A and B are independent

i, A and B are independent

Proof
If two events A and B are independent then we have
P (A~ B)=P(A) P(B)

Taking P (A~ B)=P(A)—P (A B)
=P(A) - P(A) P(B)
=P(A) {1 -P(B)}

=P(A)P(B)

Which, implies that the events A and B are independent
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i  TakingP (A ~B)=P(B)-P(ANB)
=P(B) - P(A) P(B)
= P(B) {1 - P(A)}
=P(B)PA)
Which, implies that the events A and B are independent
ii. TakingP (A ~B)=P (AJB
=1-P(AUB)
=1-{P(A) + P(B)—P(An B)}
1-P(A) — P(B) + P(A) P(B)
{1-P(A)} - P(B) {1-P(A)}
=P(R) P(B)
Which, implies that the events A and B are independent

Example 19

Two Urns contains 3 white, 7 red, 15 black and 10 white, 6 red._§! black
balls respectively. One ball is drawn from each Urn. Find the probability that
both the balls are of the same colour.

Solution

, Let W, R and B denote respectively the event of a white, red and black
ball being drawn from the Urn so.

P (W) = 3/25; P (W2) = 10/25
P (R1) =7/25; P (R2) = 6/25
P (B1) = 16/25; P (B2) = 9/25
Now P(both balls are white) = P(W1n W)

=P (W1) P (W2) = 3/25 x 10/25 = 30/625
[ Since W1 and W are independent] )
Similarly, P(both balls are Red) = P(R1 n Rz)

=P (R1) .P (R2) = 7/25 x 6/25 = 42/625

[ Since R4 and R: are independent]
And P(both balls are black) = P(B1 ~ Bz) =P (B4) .P (B2)

= 15/25 x 9/25 = 135/625
[ Since B4 and B; are independent]
Hence the required probability is
P (both balls are of same colour)
P {(W1n W32) U [R1n Rz) v (B1n B2)}
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=P[(Wi nW2) + P[R1~Rz) + P(B1~B2)

[since (W1 nW3), (R1 n R2) & (B1n Bz) are mutually exclusive]
= 30/625 +42/625 +135/625 = 207/625
Example 20

The following information was obtained concerning 1000 employees of
an industrial concern.

Gender
aepaltment Male Female bz
Manufacturing 280 220 500
Production control 175 125 300
Quality Control 115 85 200
Total 570 430 1000

If an employee is selected at random, what is the probability that
i. Employee selected is male given that belongs to production control
department.

ii. Employee chosen is Female from manufacturing department.

Solution

Let M denotes the event that employee chosen is male.

Let P denotes the event that employee chosen from production control
department.

Let F denote the event that employee chosen is Female.

Let D denote the event that employee chosen from manufacturing
department.

' 13 _P(MoP) 175
B IORTY e S .
175
=300 ~ 0.583
.. P(Male/Production Control) = 0.583
it. [P(FD) = —]202000 =0.22
Example 21

The probability that a management trainee will remain with the
company is 0.6 and the probability that the trainee will earn more than Rs.
5,000 per year is 0.2. The probability that an employee is a management
trainee who remained with the company or who earned more than Rs. 500 per
year is 0.5. What is the probability that an employee earned more than 5,000
per year given that he remained with the company ?

Solution
Let R = event of a management trainee will remain with the company.
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M = event of a trainee will earn more than Rs 5,000 per year.
Therefore,

P(R)=0.6 P(M)=0.2
P(RUM) =0.5 P(M/R)="7
We know,

P(RUM) = P(R) + P(M) - P(R~M)
0.5=0.6 + 0.2 - P(RNM)

- P(RmM)=0.3
.. required probability
P(RAM) 0.3
PMR)==5 Ry =06~ 0-5
Example 22

In a survey of 1000 customers about the quality and timely,
deliverance of "The momo world" Marketed by a company following
information prevailed.

Timely deliverance
Yes No Total
c
E'ﬁ Yes 500 . 225 725
R
o No 200 75 275
Total 700 300 1000

i What is the probability that a customer satisfied with quality but timely
not delivered ?

ii. What is the probability that a customer timely delivered but not
satisfied with quality ?

iii. What is the probability that a customer timely delivered and satisfied
with quality ?

Solution
Let T = the event of selecting the customers timely delivered.

S = The event of selecting the aésztgmers satisfied with quality.

: P(SATN) 1000

i P(S/TN) =_{FW1=W= 0.75
1000
200

iii P(TINS) =ﬂI’.1'§l§l=.1_@E 200

o

=0.75

P(NS) ~ 275 - 275
1000
i P(TAS) =-1-55%% =0.5
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Example 23

In an examination 70% of students have passed in Hydraulics, 30% of
the students have passed in Hydrology and 20% have passed in both. A
student is selected at random. What is the probability that the student has
passed in Hydraulics of it in known that he has passed in Hydrology.

Solution

Let A and B be the events that a student selected at random pass in
Hydraulics and pass in Hydrology respectively.
Then P(A) =0.7 P(B)=0.3 P(A~B) =0.2
The probability that student selected has passed in Hydraulics given that he
has passed in Hydrology is
P(AnB) 0.2 _2

P(A/B) =W=63=§

7.8.2 The Rule of Total Probability

The general multiplication rule leads to an alternative rule called the
rule of total probability. An event A can occur either when an event B occurs
or when it doesn't occur. That is, A can be written as the disjoint union of two

events AnBand A B
Consequently, P(A)=P (AnB)+P(AnB)

=P (B)P (A/B)+ P(B )P (AB),
This is obtained by the general multiplication rule applied to each of the
two terms involving the probabilities of intersections.

7.9 BAYES’'S THEOREM

Bayes' Probability is also known as inverse probability. The idea of
inverse probability was given by Sir Thomas Bayes in 1763 which was
reprinted in Biometrika in the year 1958. The problem of inverse probability
arises when we have an outcome and we want to know the probability of its
belonging to specific trial or population out of many alternative trials or
population.

Statement: If E1Eo............ E. are n mutually exclusive and exhaustive event
n
of sample space “S” such that UEi =Sand P(E)>0fori=1,2...nAnd if A
i=1

is any arbitrary event which is associated with Ei's such that P(A) > 0 . Then
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the probability that A has occurred and given
by the event Ei is given as P(EVA) i.e.

P(AVE) P(E)
P(E/A) = — .

2. P(AE) P(E)
i=1

Proof

The events Ej,Ea............ E, are mutually exclusive events and A is
any arbitrary event which is associated with Ei's and P(A)>0 & P(E;)> 0. Then
from the conditional probability of two events A and E;

P (An E) =P(A) x P(E/A) = P(E;) x P(AVEj)

Or P(EJA) = ﬂ% (i)

The event A is defines as
A= (AnEs) U(AnE)U... UANEn).
Taking probability on both sides we get
P(A)=P (AnEs)+ PANEz) +... + P(An Ey),
Since each Ej's are mutually exclusive and thus
(AN Eq), (AnE2) ... (AnE,) are also mutually exclusive.
o P(A) = P(E4) x P(AJEq) + P(E2) x P(AJE2) + ... + P(E.) x P(A/Es)

P(A) = .%P{Ei) x P(AJE) <es (M)
=
From aquation (ii) equation (i) becomes.
P(EIA) = nP!NEi[PjEi!
i=E1F'(NEi) P(E)
For 3 mutually exclusive and exhaustive events,

P(E1) P(A/Ex)
PEV/A) =PE) P (A/Er) + P(E2) P (A/Ey) + P(Es) P(A/E3)

P(Ez) P(A/Es)
PE2/A) =PEy P(A/E;)+P(§2)P (A/ég) + P(E;) P(A/Es)

P(E;) P(A/Es)
P(Es/A) =B(E) P (A/E:) + P(E2) P (A/E) + P(Es) P(A/Ey)
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Example 24

In Kathmandu city, 25% of all cars emits excessive amount of
pollutions, If the probability is 0.99 that a car emitting excessive amount of
pollutants will fail the city’s vehicular emission test and the probability is 0.17
that a car not emitting excessive amount of pollutions will not nevertheless fail
the test. What is the probability that a car which fails the test actually emits
excessive amount of pollutants.

Solution

Let E; be the events that cars emits excessive amount of pollution and
E2 be the events that cars not exits excessive amount of pollution. Then
according to question P(E1) = 25% = 0.25and P(Ez) = 0.75

And A is the event that car fail the city's vehicular emission test. Then
P(AVE4) = 0.99 and P(A/E2) = 0.17. The car which fail the test actually emits
excessive amount of pollutant i.e. P(E1/A) =7

Then form Bayes's theorem

P(A/E4) P(E4)

- PEVA) = BNET) P(E:) + P(NES) P(ES)
3 0.25 x 0.99 L
=025%099+0.17 %075 - 066
Example 25

In a college, there will be three candidates for the position of Principal.
Mr. Chettrii, Mr. Thapa and Dr. Singh whose chance of getting the
appointment are in the proportion 4:2:3 respectively. The probability that Mr.
Chettri would start electronics department in the college is 0.3. The
probabilities of Mr. Thapa and Dr. Singh doing the same are respectively 0.5
& 0.8 (i) what is the probability that there will be electronics depariment in the
college? (ii) If there is electronics department in next year, what is the
probability that Dr. Singh is the Principal?

Solution

Let us defined the following events, A be the event that to start of
electronics department, E1 is that Mr. Chettri is selected as Principal, Ez is that
Mr. Thapa is selected as Principal, Ea is that Dr. Singh is selected as
Principal, then we are given P(E1) = 4/9, P(Ez) = 2/9 and P(Es) = 3/9. P(AVE1)
= 0.3, P(A/E2) = 0.5, P(AJE3) = 0.8
i. The required Probability that there will be electronics department in the

college in next year is given by

P(A) = P(A~E4) + P(An E2) + P(Am E3)

= P(E1) x P(A/E+) + P(E2) + x P(A/E2) + P(Es) x P(AVE3)
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=4/9%x0.3+2/9x05+3/9x0.8
= 23/45.
ii. The required probability that there is electronics depariment in next
year that Dr. Singh is the Principal is given by Bayes's theorem

(e < PESLX PAED)

P(A)
_3/9x08 _12
T 2845 28

Example 26

In a test, an examinee either guesses or copies or knows the answer to
multiple choice questions with four choices. Only one answer being correct,

the probability that he makes a guess is %and the probability that he copies
the answer is % The probability that his answer is correct, viven that he coies

it is % Find the probability that he know the answer to the question, given that
he correctly answers it.
Solution

Let, A: the event of answering by guess work.

B: the event of answering by coping.

C: the event of answering by knowing.

D: the event of answering correctly.

1
Then P(A) =3, P(B) z%
As the question is answered by either guessing or copying or knowing

1
P(C) =1—P(A}~P(B)=1_%”E z%

1
Now, P(D/A) = Probability of answering correctly by guessing =7
[Since there are 4 choice of only one of them is correct]
P(D/B) = probability of answering correctly by copying = % , given

P(D/C) = probability of answering correctly by knowing = 1
[Since if he know, he certainly answer correctly]

We have to find the probability that he know when he answered
correctly i.e. P(C/D) by using Bayes'’s theorem as

182

P(C) x P(DI/C)

P(C/D) = P(A) = P(D/A) + P(B) x P(D/B) + P(C) x P(D/C)
_ 0.5 x1 24
B

3 4 682

Example 27

There are three machines A, B and C producing 1000, 2000 and 3000
articles per hour respectively. These machines are known to be producing
1%, 2% and 3% defectives respectively. one article is selected at random
from an hour production of the three machines and found to be defective.
What is the probability that the article is produced from (a) Machine A (b)
Machine B (c) Machine C.

Solution,

Let E1 be the event of drawing an article produced by the machine A
E» be the event of drawing an article produced by the machine B.
E3 be the event of drawing an article produced by the machine C. and
D be the event of drawing a defective article produced by either machine
AorBorC.
n = 1000 + 2000 + 3000 = 6000, Total number of articles.

Then,
1000 _1
P(E1) = 5000 = 5
2000 1
P(E2) = 5000 = 3

3000 _1
P(Es) = 5000 2
P(D/E1)= 1% =%

2

P(D/ Ez2) = 2% =700

P(D/E3) = 3% r‘i%ﬁ

By using Bayes's Theorem

P(E:) P(DIE;)
PE) P {E?I!Eq) : P(E2) P (D/Ez) + P(E3) P(D/E)

P(E+/D) =

x

6 100

183



Theo bility

l

_600 _ 1
"1 -

600

P(Ez) P(D/E3)
P(E2/D) ="B(E) P (D/Ey) + P(E2) P (DIE2) + P(Es) P(DIES)

g

6100 4
TH

600

A P(Es) P(D/Es)
P(EJ/D) =B(E,) P (D/E) * P(E2) P (DIE2) * P(Es) P(D/ES)

|eo

2
6

pury
(== |
o

Rlo

- 18
600
Example 28
Two urns contain 1 white 6 red and 4 white, 3 red balls one of the urn is
selected at random and a ball is drawn from it. Find
i, The probability of drawing a white ball.

ii. The probability of drawing the ball from first urn of the ball
drawn is white.

Solution

1
Probability of random selection of urn = P(E{) = P(E2) =3
Probability of white ball from First urn = P(A/Eq) = %

Probability of white ball from a 2™ urn = P(A/E;) =';-

I Probability of drawing a white ball = P(A)

= P(E1) P(A/E4) +P(E2) P(A/E2)
1 x 1 +
2 T -
LB
T 14

ii. The probability of drawing a white ball from first urn is

W
7

M=
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P(E1) x P(AE2)

PEVA) = BlE ) < P(AEY) + P(E2) x P(NES)
1 34
2T Wil
i TS
% 14

Example 29

In a bolt Factory, machines A, B and C manufacture 60%, 25% and
15% respectively. OF the total of their output 1%, 2% and 1% are defective
bolts. A bolt is drawn at random from the total production and found to be
defective. From which machines the defective bolt is expect to have been
manufactured ?

Let E;, E; and E; bolt events of choosing order A, B and C
respectively,
Then,
P(E1)=60% =0.6
P(E2)=25% =0.25
P(E3) = 15% =0.15
Let A be the events producing defective items, then

P(AEy) =1%= 100

2
P(AVE2) =2% =700

1
P(AVEs) =1% = 700

To find which machine produce more defective bolt we need to find out
the value of P(E1/A) , P(E2/A) and P(E3/A)
P(E1) P(A/E4)
= P(E) P (AVEy) + P(E2) P (AVE2) + P(Es) P(AVE3)
e 1,
100 * 100

P(E+/A)

100 * 700 *100 700 * 700 7100

“60+25+15 100 5
10000
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10.

11.

- nurnbers on the dice is greater 1

Exercise - 8

lusi indepent nt
What do “you understand by mutually ex_clL_lswe and ,lndepende. _
a .

nts? e » - . = e
‘Z\l/e idate the approabhe to probability and explain the classic
uci . ty .
approach to probability. ' '
What do you understand by axiomatic de
are the axioms of probability?

finition of probability? What

State and prove the addition theorem of probability. .
.‘ Whatis a condiﬁbhal prabability and indgpendent event? ‘

State and proof the Bayes’s- theorem of probability. . | e
A restaurant has 6 different desserts. Find the number f

" customer can choose 2 of the desserts.

hooks. Fi ays a
A store has 8- different mystery bovoks. Find the number of way .

customer can buy 3 of the books.
A box containis 6 blue socks and 4
when two socks can be' drawn for
restrictions. (ii) they are dn‘fgrent colour,
colour - . o
Aclass contains 9 boys and 3 girls. Find humbe
select a committee qf 4. 5
A woman has 11 close ffiends. Fin
5 of them to dinner.. ERTET . . .
Two unbiased ‘dice are thrown. Find the prob_abll‘ltys-th(an’fl)(}[)h_’;h; {;S‘t) gl:he
wn6, (if). the tof bers on the dice is 8, (ii
shown8, (ii).the total of the num o O et of he numbore on
i of the numbers on the dice is

white socks. Find tHe number of way
from the box. (i) There are no
(iii) they are to be the same

rof ways a teacher can

is13 and greater, ) the tota
mberfom2to12. .. . L Sbility that.
’ F‘ ‘ur cards are drawn from a pack of 52 cards. Find the probability tha

" Four: , 0 v

0T re a king, : , . ire two
. E:Z/(;I’ :\2{ grueeens ‘ ?ﬁi) Two are black and two are ret;l, (Ix) There a

' arts-and two cards of diamon : 3

g sis to be appointed from 3 students of the C|r\\”l
f the ‘computer department 2 students_ of the
tion department and 1 from- -archlt.ectu_rg
“of forming the committee In “tht'a
be ohe_frqm each department, (ii) it

A committes of 4 students
department, 4 studentsrof_ {
Electronics and communica n
department.. Find the probability
following manner. (i) There must
shduld have at least one from_
architecture must be in the commlttee_, -
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i. - Oneis of each colour

9., - In a group of 100 en

o of-wawsshe'can invite » ] 7 - - R
d_rt_he number of way ' o {iv)at least one of them will solve it (v) only one of themvsol\‘/

- company will get both the contract is 1/8.

SRUSETR ii) Two are Kings and - = o1 Stud
a quéen, a-Jack and a ace, (W) ~are _fair:complexioned. What is the probability -of -selecti
‘ 'complexiqned rich girl? - : R B

- is selected at random and ‘a ball is drawn at random is white. Find the

- A’ manufacturing

the computer department, (iii) The . volume of 500, '10/0(»:)"ah‘d 2000 units respectively. According to past

_ Probability and Sfaiistics for El;gineering
An urn contains 6 white; 4 red and 9 black balls,,'ifb3 balls are"'dra\'/v,n at
random ; find the probability that - - e e

Two of the balls drawn are white -

None is red,
-At least one is white.

A person is known to hit the target 3 out of 4, where as another person
is known hit it in-2 out 'df3 shot. Find the probability of the target hit at ~ -
alt when they both try. : o
There are two machines in.a factory. The prdbability of machine X
- works' 24 hours without failure is 0.8 and the probability of machine Y.
" working 2£§;{hours without failure is 0.5, Find the probability that
Both machines will work for 24 hors without failure .
Only one machine will work for 24 hours without failure. -
‘The odds are 7:5 against A, a person who'is now 40.years old living till
he is 80 years and the odds are 2:3 in favour of B who is now 30 years
of age living till he is 70 years. Find the chance that at least one of

these two persons will be Alive 40.years hence.

) gin ers 1'0j'ar bachelors and other are married,
what is the prob"_"av y ofselecting a 'sample of 20 engineers: out. of .
which 5 are bachelors, if the sample is selected at random =~ ‘

. The chance that A can solve acertain problems is 2/3 the chance that -
B can solve it is %. If they both try, find: he probability that (i) A S‘olyes:/it‘ -
. but B can't, (ji) B solve it but A can't ,(iii) Both.of them cariit:go '

A construction company is bidding for- two' cohtracif A-and
probability that the compa’ny,will ‘get contract A is.3/5, I |
that the company will get contract B is 1/3:and f:jghe’p,rdbablhty that th

e . .
isthe probability that

“company will get contract A or B7 -

A cla,s‘sv'consists of 100 students out 'of fheSQ 25 are glr ‘n I"75-are
boys, 10 of them are rich, remaining poor. Out of 100 studehts .only 20" -

ll'.j}’

There are 3 bags, each containing 5 white balls and 3 bla  balls. Also
there are 2 bags, each contairiing 2 white balls and 4 black balls. A bag’

probability that this white ball is drawn from a bag of the first group: -

‘produces steél»’pipe in ‘the planits with daily'
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e expenence it:is-known that the fractlons of defective outputs produced
by the three plants are respectwely 0.005::0.008:and 0.010. If a pipe is
selected from a day’s total productlon and. found: to. be defective. From
whlch plant the defective pipe is expected to have been produced”

' 25. . There are three machines A, B and C. producmg 1000 2000 and 3000

articles per hours respectively, these machings are known to be '

producing 1%, 2% and 3% defective respectively. One article. ‘is
. selected at.random: from an hour: -production of the:three machines and

“found :to ‘be . defectlve What -is the probablhty that -the article is

produced s

(1) machlne A, (if) machlne B, iii) machlne C .

Ina certaln unnversuty of Nepal the: percentage of Himali, Hilly and Terai

26,
- region students‘is 20, 40 and 40 respectively. If 90%of Himali; 50% of

hilly and 80% of Terai students are smokers. Findthe probabrllty thata

" randomly selected smoker student is a hllly student.

27. The chance that doctor A will dlagnose a disease X correctly is60%.
dragnosrs is 40%, and the chance of death by wrong dlagnOSIS is- 70%
A patient of doctor A, who had d|sease X, dred What is the probablllty
" that his disease was dlagnosed correctly '

28.' ~In a cértain college of Kathmandu valley the geographlcal di istribu
Vstudents is as follows 40 % come from the Central development regron
30% come from Eastern region, 20% come’ from’ western regron 8%

from  Mid-western' “region ~and -2% from Far -western. region.: ‘ The

- ‘followmg proportlon of students Have black hair, '80% of Central , 70%
.-of Eastern’, 60%: of Western | 65% of the mid western and 75% of the
‘Farzwestern: Find-the’ probablllty that a: student who has black harr

. comes from the central region. .. oo duen

T290
'balls each of the other three contains 9 white and 1: black balls and of

" the* remammg four “each contains 5 white and 5 black balls. One of the .

urns is chosen at random and a ball taken: fromv it is white. What is the
2 probablllty that an.urm contammg 1 white.. and 9. black balls ware

o selected RN W
~30.

"~ _machines produce 1%, 2% and 1% defectives radios respectively. One

radio is selected at random from a day’s. productron of the three d
_machines and found to be defective. What is the probablllty that this ©

radlo is produced from first machine.? 77

A mail .order. firm sends 60% of its orders: by a’
. delivers late 2%. of the time. It sends the other 4(
bus servrce and local transportatlon that delrvers lat 1.76:0f

-3
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"~ from -

-The “chance that a patient will die by. his* treatment after correct ‘

of -

. There are-ten Urns of which each of three contalns 1 white and 9 black -

In a factory producing portable radro there are three machmes_
producing 1000, 2000, and 3000 radio per days receptively. These

‘ erwce that:

.33,

36.-

37,

32. -

34,

35.
- -and 3 red books. One book/

_t,_‘be gmeer during their Jobs is 0.01,
- the: msured englneers meets wrth

\ probabrlrty that the studentis a grrl ?

Probabzlzty and Statzstzcs Sfor Engmeermo . 5

will e delivered late; Also using: Bayes =
at.an-order dellvered late was: sent by

Fmd the probablhty that an order
~ theorem to fi nd the probabrlrty th
the parcel servrce

B .

these g
o a(,::"fn ;e;:l; in tc;]ustomer complaints. The other 20% of the service
ot Flyd eir own employees and these cails.have a. 5%
kil thr; pthoeb ;)lr;c[:‘t;;\t;rrlllty of a complamt Also usrng Bayes
.. whose service was provided by th:tcgn(t:ggtglamt Wa? fr0m a CUStomer
A box containing-5000 IC chif
‘company A and the rest by co
" eompany A and 5 percent of t
randomly chosen Chlp are fou
it comes from company A.

an;f;ﬁatz:lr:ag factory has two plants Plant A manufactures 70%
M manufactures 30%. At plant A, 80% of cars are
etedof and quality and at plant B, 90% of cars are: rated - of
quality: A car is picked -up ‘at random and-is found o be of -

_ staridard quallty ‘what i rs the
& d (') plant B probablhty that'it has ‘come’ from (|) plant A

ps, of which 1 000 -are manufactured by
mpany B. Ten pe ant of ChlpS made by
he chips by comp%n y B are defective. If a
nd to be defective, frnd the probabllrty that

and is found to be: the red
‘rack B. S :

e/:r; | :]r;s;rsan::dc%mpany rnsured 2000 ClVll engmeers 400 o
acc'dent‘ | 000 Mechanrcal engineers. The probabrlrty" of o
, nvolving Civil .engineer,’ Electrical. engrneer and- Mechanrcaal :

0.03 and 015 respectively, One of |

an accrdent -What

in 'college 4% of the bo
ys and 1% of
;t7§ meter. Furthermore, 60% of the students are gir No
udent'j is selected at random and is taller than 1. 72 met Wh

P : A
he probability that a contractor will get a plumbing contract is 23 and—".‘

the
probability that he will not get an.electric contract: is 5/9. If the -

probability of getting at least o
ne cont 1
that he wrll get both the contracts ? pRcts 4/5 Whetls the PfObab"lfy g
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What is the probability that a family has two cars and an income over
Rs 35000 a year

ANSWERS:
£ 15 ways 8. 56 ways
9. 45,24 and 21 10. 495
1. 12.  1/6,5/36, 5/18, 0, 1
56 “C, “cz 26c o L
13. [ G, e, NG, G, ]14. 435, 13/14, 2/5
6 13 6 4 13
C2 *Cy "C4"Cy “Cy Ca 1n 3
15. [—ma—m? l-wg.| 16 35 17. i 04,i.06
13
18 35 19. 0.022
R s ol e 97 1
2. 52121272 2120 22200
3 14
23. 0.29,0.18 24 3 25." 7%
45 | 1. 2.9
26. B1 27. From third plant 28. 13714
2 6
29. 3 30. 73 31. 04423
3 1
2. & 33. 3
34. P(Late) = 0.040 and P(Parcel/late) = 0.30
35. P(Complaint) = .018 and P(Contractor/complaint) = 0.4444
1 .. 56 27
6. 3 37. ig3 ii. 53 38. 0.5833
39 g 40. i.0.0245, il 0.551

41.  i.0.3623, ii. 0.4058, iii. 0.6378
42, i.0.3478, ii. 0.3846, ii.. 0.2857, iv. 0.459 and v. 0.255
43. 0.45

00
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CHAPTER 8

8. Random Variables and Distribution Functions

8.1 RANDOM VARIABLE

A rule that assigns a real number to each outcome of a random
experiment than the set of this real number is called a random variable (r v).
Thus random variable associates numerical values with each elementary
outcomes of an experiment. It can take any one of the various possible values
each with definite probability.

For example, in a throw of a die if X denotes the number obtained then
X is a random variable which can take any one of the values 1, 2, 3, 4, 5, 6,

1
each with equal probabilities B

A random variable is usually denoted by any of the Capital Latin letters
X, Y, Z, U, V... etc and particular values which the random variable takes are
denoted by the corresponding small letters.

Let us consider a random experiment of three tosses of a coin then the
sample space S consist of 2° =8 sample points given as

S ={HHH, HHT HTH,THH, HTT,THT, TTH, TTT}.

Let us consider the variable X, which is the number of heads obtained,
then X is a random variable which can take any one of the values 0, 1, 2, 3.

Outcomes HHH HHT HTH “THHR "“HTT="THT T TIT
Values of X 3 2 2 2 1 1 1 0

8.1.1 Types of Random Variables

There are two types of random variable namely.
a. Discrete random variable
b. Continuous random variable

8.1.2 Discrete Random Variable

A discrete random variable takes a finite number of values or an infinite
number of values that can be arranged in a sequence that can be counted
with positive integers 1, 2 .... And so forth. Further if there is a natural gap
between two values of the variable then the variable is discrete random
variable. For example, if we toss a coin, the variable can take only two values
0 and 1 assigned to tail and head respectively.

Lo xo fO  ifxisTail
0% ‘{1 if x is head
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In a rolling of a die, only six values of the variable x, ie. 1, 2, 3, 4,5
and 6 are possible, hence the variable x is discrete, here the variable

X={xxis 1,23, 4,5and 6}

The other example are i) The number of people in queue in a Cinema
hall for ticketing, i) The number of children in a family, iii) number of run made
by a Cricketer in a match etc.

8.1.3 Continuous Random Variable

A random variable X, which can take all possible values in Real line R
or between certain limits is said to be a continuous random variable. For a
continuous random variable the probability at a point is zero. For example the
weight of middle aged people in Kathmandu lying between 40 kg and 150 kg
is a continuous random variable.

Symbolically X = {x: 40 = x =150}, the other example of continuous
random variable are measurement of weight, height, temperature, electric
voltage, rainfall, hardness of steel, distance covered by a vechile etc.

Properties of Random Variable

The important properties of random variable are as follows

i. If Xis a random variable and a and b are any two constants, then aX+b
is also a random variable

ii. If Xis arandom variable, then X? is also a random variable

ii. [If Xis a random variable then 1/ X is also a random variable

iv. If X and Y are random variables defined on the same sample space S
then, X+Y, X-Y, aX, bY or aX+bY are also random variables with a and
b are non negative constants

v. |f Xy, Xa......... X are n independent random variables then
Un = min(Xy, Xoo........... Xn ) and V, = max(Xi, X2 X,) are also
random variables

8.2 PROBABILITY MASS FUNCTION (P.M.F.)

If X is a one —dimensional discrete random variable taking at most a
countable numbers x;, X2 ... X, with each value of the variable X , we
associate a number

P(x)= P(X=%):i=1,2,...,n.

This is known as the probability of variate values x; and satisfying the
following two conditions

i. EachP(x)=P(X=x)20ie.P (x)are all non-negative and
i. XP(x)=1i.e.the total probability is unity.

Then P (%) = P(X = x) is called probability mass function of random
variable X. The set of ordered pairs {x, P(x)} i = 1, 2, ...,n is called the
probability distribution of the random variable X.
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8.3 PROBABILITY DENSITY FUNCTION (P.D.F)

In case of continuous random variable, we do not tak of probability at a
particular point, which is always zero, i.e, P (X = xi) = 0, but we always talk of
probability in an interval.

If X is continuous random variable and f(x) is a continuous function of
X. Then f(x)dx gives the probability of the event that random variable X lies in

the interval (x -% and x + d?x)
i.e. f(x) dx=P (x% = X< x+%) :
Then f(x) is called probability density function (p.d.f.). It is also known

as frequency function because it also gives the proportion of units lying in the

interval x - d—; and x + %S . If X has the range [a, b], i.e. a < X < b then the

probability density function of random variable X must satisfy the following two
properties
i. f(x) = 0 for every x€ [a, b]

i f f(x) dx = 1,

it implies that the total area under
the frequency curve is always unity.

v

fix) dx
Example 1

If probability functions of a variable X is defined as

f(x) = % x(2 - x), 0 < x < 2, , test whether f(x) is p.d.f. or not.

Solution

If given probability function is probability density function then we must
b
have j fix) dx =1

a

2 3I2
3 3 r2¢ x
L.H.S‘—“[",_1>c(2-3<)dx—4 2 ~3lo

0
Hence the givenfunction f(x) is probability density function

8.4 DISTRIBUTION FUNCTION

A function Fx(x) of a random variable X for a real value x giving the
probability of an event (X <x) is called a cumulative distribution function (cdf)

3 4
_4x3_1
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or simply distribution function, symbolically, Fx(x)= P(X <x), obviously X lies in Lrobability and Sestistics for Enginger]

the interval [x] Pr‘operties

i. O0<F(x)<1,-wo<x<w

p dF :
8.4.1 Properties of Distribution Function i P =—d{xﬁ =f(x) > 0, f(x) being pdf

Some importance properties of distribution functions are.

i. If a and b are two constant values such that a < b and F is the
distribution function then P(a < X < b) = F(b) — F(a)

Proof :The events 'a < X < b’ and 'X<a' are disjoint and their union is the
event ‘X< b'. Hence by addition theorem of probability
Pla<X < b)+P(X<a)=P(X<b)
P(a<X < b)=P(X<b)-P(X<a)
P(a<X < b)=F(b)-F(a)

i. If F(x) is-the distribution function of a mono-variate X, then

i Pl o) =t e = Grand Floo) = me = F(x) = 1

T Xsy =0
b
iv. P(a::)(sb)=f f(x) dx

a

b a
= ff(x) dx - j'f(x)dx

=P(X =b)-P(X <a)=Fb)-F(a)

0<F(x) <1 E le2
iii. If F(x) is the distribution function of mono-variate X , then SR
_lim ¢ _ lim 3] A random variable X has the following probability function
)= f(X)=0And F(e) = "= f(X)=1

X EUR 2 3 4 5 6 Fi 8

8.4.2 Discrete Distribution Function

If discrete random variable X takes sample points X1, X2, X, and
the number p; is the probability function satisfies the property

p, 20 and

Pl kit 3k = F5k 0 Fie 19k Atk - 13k 15k 1k
i. Determine the values of k.

ii. FindP(X<3),P(X=3)andP(0< X <5).
iii.  Find the distribution function of X.

iv.  Find the smallest values of x for which P(X < x) >% and

Solution
i. if given probability function p(x) is probability mass functin then total

o0
probability must be unity thatis > p(x) = 1
i=0

o0

Y pi= 1 such that F(x) = Y piis called the

i=1 i X<x F(x
discrete distribution function of random variable X.

For example; If x; is just the integer i, so that 0123456 X

P(X=i)=Pi=i;i=1,2.......... n, then F(x) is a
Step function having jump p; at i and being Constant between each pair

or, 8tk =1,

Therefore the value of constant k = =

of integers. 81
ii. P(X<3)=P(X=0)+PX=1)+P(X=2)
; : g . . 1 N
8.4.3 Continuous Distribution Function =37 *B1*8 %
If X is a continuous random variable with the pdf f(x) then the function Now, P(X>3) = 1 - P(X<3)
X
F(x) defined as F(x) = P (X<x) = ff{x} dx is called the distribution function — -% =%
-o0 And P(0<X<5) =P(X=1)+P(X=2)+P(X=3)+P(X=4)
(df) or sometimes the cumulative distribution function (cdf) of the random I A )

variable X. =&T*87 Y87 *a7
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_24
81
iii. The distribution function F(x) of random variable X is given in the
adjoining Table
X P(x) F(x)=P (X<x)
0 0.012 0.012
1 0.037 0.049
2 0.062 0.111
3 0.086 0.198
4 0.111 0.309
5 0.136 0.444
6 0.160 0.605
7 0.185 0.790
8 0.210 1.000

iv. By trial, we get from table such that the smallest values of x for which
P(X<x) >% is;x=6

8.4 MATHEMATICAL EXPECTATION

Once we have constructed the probability distribution of a random
variable, we often want to compute the mean or expected value of the random
variable. The expected value of a discrete random variable is a weighted
average of all possible values of the random variable, where the weights are
the probabilities associated with the corresponding values.

If X is a random variable which can assume any one of the values xi,
______ X with respective probabilites P (xs), P (x2) ... P (%). Then the
mathematical expectation of r v X usually called the expected value of X and
denoted by E(X) and it is defined as

E(X) = x1 P(x1) + X2 P(x2) +......... + X% P(%1) = Zx P(x)

n
Where Y p(x) = 1i.e. total probability is unity
i=1

Similarly, if X is continuous random variable with probability density
function f(x) then mathematical expectation of r.v X is defined as

b b
E(X) =J'xf{x) dx ; where f(x) = 0 for every x€ [a, b] andff(x) dx =1

a a
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8.4.1 Physical meaning of Mathematical

Expectation
Let us consider the following frequency distribution of the discrete
random variable X as follwos
% i X1 X2 Xa
il fq fa fa
Then the arithmetic mean of the discrete random variable is given by

=_h " oo
X SN XNy Xt ¥ Yo

We observed that, out of total of N cases f; cases are favourable to
each of x; events.

Therefore P(X = x) =% =P ), 151,20
s i fa fn
Which implies that, 7 = P(x1), [y = Rlaylea N = P(xn)

Therefore, X = x1P(x1) + %P (X2) + ......+ XP(xq) =Zx P(X) = E(X).

Hence, mathematical expectation of a random variable is nothing but
its simply arithmetic mean of random variable.

8.4.2 Properties of Mathematical Expectation

i If 'k’ is a constant then E(k) = k

n n n
E(k)= 2. kp(x) =k 2. p(x)=k [since 2. p(xi)=1]
i=1 i=1 i=1
il.  The mean of random variable Y defined as Y = a x + b with mean of
random variable Xas pis=aE(X)+b=ap+b
‘a’ and 'b’ are two constants then E (aX +b) =a E(X) + b
E (aX +b) = E(aX) + E (b)
=aEX)+b
=aE(X)+b
iii.  The mathematical expectation of the sum of random variables is equal
to the sum of their expectation, provided all the expiation exists.
Symbolically, Let X, Y Z ... T are random variables then
E(X+Y+ 4+ . fT)=E(R)FELY)+ELZ)HF el T
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iv. The mathematical expectation of product of number of independent

random variables is equal to the product of their expectation.
Symbolically, if X, Y, Z .... T are n independent random variables then

EEXMZe. . D)= ERCVELE(Z) s (1)

Example 3

An unbiased dice is thrown at random, what is the expectation of the

number on'it ?
Solution

Let X denotes the number on the dice. Then X is a random variable

1
which can take any one of the values each with equal probability g as

X 1 2 3 4 5 6

1 1 1 1 1 1

e 6 6 6 6 6 6
Therefore, mathematical expectation of number on dice s,

1 1 1
E(X]=22xP(x)=1x% *2%5 +3x% +4x% +5x5 +6x5
21

T 3.5

Therefore, expected vale of number on a dice is 3.5

8.4.3 Expected Value of Function of a Random
Variable

Consider a random variable X with probability density function f(x). If
g(x) is a function of random variable than by definition it is also a random
variable. Then, expected value of function of a random variable g(x) i.e.E{g(x)}
is defined as:

b
J‘ g(x) f(x) dx, for continuous random variable
Efg0)]1 =Y a
Y.a(x) P(x), for discrete random variable
X

8.5 VARIANCE OF RANDOM VARIABLE

The square of standard deviation (o) is known as Variance. If X is a
random variable then the variance is denoted as Var (X) = o° and defined as
Var(X) =E{X - E(X)}*
=g -2 X E(X) +[EX)
=€ (%) - 2E (X) E(Q + [EX)Y = E(X) ~ (E(X)*
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. 3
Where E(X%) = ¥ x7 p(x), If X is discrete random variable and
i=1
b
= f % f(x) dx , If X is continuous random variable

a

8.5.1 Properties of Variance of Random Variable

i. If k is a constant then variance of constant is always zero i.e. V(k) =0

ii. If ‘a’ and ‘b’ are two constants, then the variance of random variable
Y defined as Y = a X + b is defined as
Var {Y) =V (a X +b) =V (aX) +V(b) = a* V(X)

jil. If ‘a’ and ‘b’ are two constants and X and Y are two random variables

then the variance of random variable Z defined as Z = a X £ bY is
defined as

Var (2) =V (a X £bY)
=a® V(X) +b® V(Y )+ 2 ab Cov(X.Y)
=a? V(X) +b% V(Y)
[if X and Y are independent then Cov(X,Y) = 0]

Example 4

A random variable X has the foliowing probability function
X 0 1 2 3 4 5 6 7 8

PX) | k 3k Bk 7k 9k 11k 13k 15k 17k

i.  Determine the values of k.
i. Find the Mean Value and Variance of Random Variable X
Solution

i From Example Number 1 the value of constant is k = 81—1

ii. The mean value and Variance of Random variable X is calculated as

follows

X P(x) X P (x) X P (x)
1

0 81 0.000 0.000
3

1 81 0.037 0.037

2 S
81 0.123 0.247
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7
3 81 0.259 0.778
9
4 81 0.444 1.778
11
5 81 0.679 3.395
13
6 81 0.963 5.778
15
7 B1 1.296 9.074
17
8 81 1.679 13.432
Total 1 5.481 34.519

Therefore, Mean value of random variable X is

E(X)=ZXP (x) =5481
And for the variance of random variable first we calculate E(X?) as
E(X*) =T P (x) = 34.519
Now, the variance of random variable X is
Variance(X) = E(X%) —{E(X)}*
=34.519 - (5.481)
= 34,519 — 30.046
=4.472

Example 5

ini i bell rings to
A college professor never finishes his Iecture_r l_)efore th_e
end of the period and always finishes his lecturer within one minute after the
bell rings. Let x is the time that elapse between the bell and the end of the
lecturer, and suppose the probability density function of x is as

k@, 0<x<1
1) = {0, otherwise
i, Find the value of constant k
ii. What is the probability that the lecturer ends within 2 seconds of bell
rings?
iii. What is the probability that the lecturer continuous beyond the bell for

between 20 to 40 seconds
Solution

I If the given function is probability density function then we must have
b
f f(x) dx =1
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4
Or, f kxdx = 1
0

Or, kl

3.7
Or,k=3
ii. For Probability that the lecturer ends within 20 seconds upper limits of
20 1
X= 60 - 3 Seconds

4. 1,033 033
P(Xs3)= f 19 ax= f 3% dx=0.037
0 0

ii. For Probability that the lecturer continuous beyond the bell for between
20 to 40 seconds upper limits of X = %&' = %seconds

0.66 0.66

1 2

PGasX<3)= f f(x) dx = f 3%’ dx =0.2593
0.33 0.33

8.6 MEDIAN OF RANDOM VARIABLE

Median is the point which divides the whole data in to two equal parts.
It is a positional average, which is defined for continuous random variable with
probability density function (x) as
M b

Median = ff{x] dx =f f(x) dx = 1

2
a M

8.7 QUARTILE AND DECILES OF RANDOM
VARIABLE

Quartiles divide the data into four equal parts therefore there are three
quartile namely Q; Qs and Q; but value of Q2 is equal to Median so values of
and Q; and Qs are calculated as

Q4 1 Qs 3
Q= ff(x) dx=7 and Qs= J"f(x) dx=z
a a

Also there are nine deciles which divide the whole data into ten equal
parts which are calculated as follows
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Di '
D= ff(x) dx=7g:wherei=1,2...9

a

8.8 MODE OF RANDOM VARIABLE

Mode is the value of variable X which maximizes the probability density
function f(x). Therefore, value of mode is given by the relationship

f(x) = 0 and f (x) < 0 provided it lies in [a, b]
Example 6

In three tosses of a coin, Let X, be the number of heads. Tabulate the
possible outcomes with the corresponding value of X. By simply counting &
derive the probability distribution of X and hence calculate the expected value
and variance of X.
Solution

Let H represents a head, T a tail and X, the random variable denoting
the number of heads. Then the following table shows the value of random
variable with sample points.
S. No. outcome

1 HHH

HHT
HTH
THH
HTT
THT
TTH
B

The random variable X takes the value 0, 1, 2, 3. Since from the above
table, we find that the numbers of cases favorable to the coming of 0, 1, 2 & 3
heads are 1, 3, 3 and 1 respectively.

Therefore, P(x=0) =3, P(X=1)=3, P(X=2) =5, P(X=2)= 3

No. of heads

~NO e WK

O = NN W

[e+]

Then, probability distribution of X can be summarized as follows.

X 0 1 2 3
7 1 1 1
P() 8 8 8 8

Then, Expected value of random variable X is
E(X)=ZxP(x)=0 x%+1 x%+2 x% +3 x% =—1§2— =1.5
We have Var(X) = E(X*) — [E(X)]?

2 e WA A 7 T L T
Now, E(X%) = 5x°P(x) = 0 mefass s v Pus
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e M -t

=0+§ +“'8-' +§ =3

Hence, Var(X) = E(X?) - [E(X)]
=3-(1.5)=0.75.
Thus, expected value of random variable X is 1.5 and its variance is

0.75
Example 7

A continuous random variable X has the Probability density function
defined as

kx(1-%%0<x<1
0, otherwise

i. Find the value of constant K.

ii. Also Find the mean and Variance of Random Variable X
Solution.

i. If the given function is probability density function then we must have
b
f f(x) dx = 1
a
1
or, f kx(1-x)%dx =1

0

f(x) =

1
Or, k 12 =1
Or, k=12
Thus the required probability density function is

_f12x(1-%%0<x<1
fx) =40, otherwise
il. The mean of the random variable is calculate as
b 1
= = 2 ﬁ
E(X) f x f(x) dx f 12 X(1 - x)%dx =35

a 0
. 15 oiby 1 12
Now, For variance E(X?) = f $ f(x) dx = f 12 (1 - x)%dx =50
a 0

Thus the value of variance is
Variance(X) = E(X?) = {E(X)}?

=0.20 - (0.4)%
=0.20- 0.16
=0.04
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Exercise -9

12,

Random Variables and Distribution Fungtlons

Let X, Y, Z be three random variables taking values 1, 2, 3, 4, 54 6
“with corresponding probability distribution as; .. :

—

10.

11,

Define Probability mass funct}on and probability denSity fun(;g;

Define random variable, what are the types of random varia :

What do you -understand by discrete distribution function and

continuous distribution function?

Define mathematical. expectation of a random variable Show that
mathematical expectation of a random variable is an arithmetic mean

of-a.random variable. .

If a discrete. random variable has the probability function as _
X |0 1 2 3 4 5 6 -~ 7- 8
P()i) Tk 2k 3k 5k 5k 4k 3k 2k -k

(i) Determine the values of k. i.

(i) - Find P(X<4),P(X=4), P(0<X <5)

(iii)

(iv) Find the distribution function of X.

A random variable X has the following probability function. Find the
.expectation and variance of the random variable. -

Find the smallest values of x for which P(X £ X) >z and -

r.v 1 2 3 4 5 6
-P(x) | 0.03 05 | 004 | 0.06 0.1 0.2
Py) 0.02 0.4 0.3 0.05 | 0.03 0.2

P(Zy | 004 | 06 04 0.6 - 0.1 0

Whether P(x), P(y) and P (z) are probability mass function and why?

13. State with reason; if the followmg probability distribution are admiSSible or not

X . -1 0

i X 0 1 2

‘ P(x) 0.3 0.2 0.5

i X -1 -0 1

. Px) | 04 0.4 0.3
jii. X |0 1 772 3
P(x). 02 | 03. 0.3 0.1 ;

iv. X 2 -1 0 1 2

. P(x) 0.3 - 04 | 0.2 0.2 0.3
14. A random variable X has the followmg probability function- . .
X 0 1\2 3 4 5 6 - T
P(x) 0/ k J2k 2k 3k K - 2K 7Kk
Find (i) value ot\k,/(ii) evaluate P(X 28), (i) P(X < 6)

(iv) P'(0 <X <5)and (v) Find mean and variance of X.

1

P(x)

3.

8

1

o= s

wl= | N

15. A bakery has the following schedule of daily demand for cakes. Find the

expected number of cakes demanded per day.

lt the probability density. functions.of a variable X is defined vas
. fex(2-x);0sxs2
)= 0, otherwise

. Find . the- valueof ‘constant c. Also, fine the mean - and variance of

random variable X. ~ P
[f a random variable X forms the followmg function. v
X | 3 2 1 0 -1 :
P(x} 0.1+ 0.2 3k -k 2k~ 0
Find the value of k Also find the mean and variance of. X

X > Q m:r
Let X be a random variable with f(x) - {0 otherwrse

J-2 - _3
+ 0.1

Find the value of K and its mean and variance -

A’random variable X is defined as the sum of faces when'a fair dice is .

thrown twice. Find the expected value of X-and its variance.
Ar.v X has the following probability function ‘as;

No. of cake

O-

1

2 3

4

5

6

7

8 9

Probability

0.02..0.07 0.09 0.12: 0:20 0:20 0.18 0.10 0.01 0.01

16.

coin. Hence find the mean and variance of the distribution:

Obtain the probability distribution of ‘number of heads’ in three tosses of a

17. The monthly demand for transistor is known fo have following probability
distribution. -
Demand 1 2 3 4 5 6 .
P(x).. 0.1 0.15 02 025 018. 0.12

" Determine the expected demand for transistor,
-18. For the following given the probability function Find the mean and -

variance of random variable X

X

0

1

2

3.

Px)

0.1

0.3

0.5

0.1

19.

X

-2

-1

0

1

-2

P(x) |

0.1

k

02

2k

03"

Find the value ofk, and calculate the mean »and variance of r.v.-
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Suppose a fair coin is tossed 6 times and heads lS called a success then
the binomial distribution is given'as

X | 0 1 2 3 4 5 6
P(x) | 1/64 6/64 1564 20/64 15/64  6/64.  1/64
Find the mean number of success.and its variance.
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20. A random variabie X is distributed at ra_nd‘om between _f(h.ebvalqgs 0 gnd 1
so that its pdf3isk_ 2' A -
fx) = k x* (4 - %) | e
Where, k is a constant. Find the value of k; using this value of k find mean
and variance of distribution. - . -
21: A variable X is distributed at random between the value 0 and 4/and its
'pdfisgiv_en'by O b S
fx)=kx (4-x7% T
- Find the value of k, the mean and variance of the distribution .
22. Arandom variable X ha§ pdfas - L
(X)) =kx(2-x); £x<2
0, otherwise : o : |
Find the value of k, mean and variance of random-variable.

23. Find thé expected sales (‘000Rs) of Toyota car in Kathmandu city in a

Probability and Statistics for Engineering

Chapter 10

Joint probability Distribution

Bi-variate Random Variable B

, In many situations, a scientist (or a statistician) has to measure more
than one factor or character at a time on the same item or some adjustant
items. These measurements may have different units of measurements and
moreover the range or the domain of the variables may also be different. If
two variables are studied simultaneously in respect of their_distribution, they
are known as bi-variate random wvariable. Two or more variahles studied
concurrently with regard to their distributions are known in general muitivariate
studies. The variables may be discrete or continuous or the mixture of the two.

But in this chapter we have dealt with the situations when both the variables

. week from the following 'informatiqn'. - SR - are either discrete or continuous. \Just like ‘uni-variate variables, the two
I pav . ~Tsun |Mon" Tue ‘Wed -} Thu Fri variables have also to be studied, Wwhich behave after differently than uni-
Hay ——= i T 90 - |50 |75 |55 variate because of the impact of one yariable over the same sample space? In
Sales-. 90 160 - T, 02 this situation the variables can b jointly discrete or jointly continuous. Here,
Probability || 0.25 0.18 012 1005 [02 : - we are dealing with two dimensional space or planes. C
Ans L Definition
nswers: )

“Let X and-Y be two fandom variables defined on the same sample
space S then the function (X)Y) that assigns a points in R? , is called a two

1515 )a 6. Mean=0.5,var=1.583 _ v
2600 T S EE dimensional random variables Let A = {a < X < b), B = {c <Y < d} be two

R e )
5, (l)ig,(ll)'zf;’f.gsv

3 i 1 8. " k >=711—0 , 0.5, aﬁd 285 events of sample space S. then the evgnt v
'y o . fa<X<bc<Y<d={a<Xsbln{c<Y<d}=AnB
9. k=g.Mean=3 var()=z 10 E()=y andVar (x)=31.89 - Pla<Xs<bin{c<Y<d]=P[AnB] S

11. ‘- k= 01 Mean =:0.8, var(x) = 2.16 12 Y o
13, (i) Yes, since ZP(x) = 1, (ii) No. since ZPx)>1

(iii) No, since T P(x) < 1, (iv) No, P(x) never negative

Two dimensional discrete random variable

Arv (X Y)is said to be a two dihd,ens‘ional' discrete r.v If it can take
only countable number of points (x, y) in a two-dimensional space. The r.v X
Y} is also said to be joint discrete.r.v. For example, Let us’.consider ‘an

: 4 . <6 _1. P(o <x <‘ 5)@=1_9 experim‘ent of tossing a coin three: times and take the variable X as the
14. " () k=0.10 (i) P(x26)=3, (i) P(x<6) =5, P(0<x" 100 number of Heads in first tossing and Y the number of tails in three tosses. In
o b 3 03 - this - problem our ‘bi-variate r.v is the ordered pair (X, Y). Also both.the
15. 4.36 S 16." Mean 5 and "a”.a,“?e 4. . 7 variables X and Y are discrete, the possible outcomes are L
17. 3.62 © 18 16084 _ S {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}. The pairs of variate
T o _30 422 o oos values (x, y) are (x,.y) : {(1, 0), (1,1), (1,1), (1,2), (0,1) , (0,2), (0,2), (0.3)}.
19. Mean =3, variance =1.5 .20. K= 77 +53g anduuese. L

Two dimensional continuous random variable ‘

"Arv (X, Y)is said to be a two dimensional continuous r.v if it can take
all thé values between — ' tow ina two dimensional space. The r. v (X, Y)
is also said to be joint continuous r.v. For example, we may measure the
weight and the hardness of a rock, the volume and pressure of a gas, the -

L : R B 23, Rs. 72600
21. 15/1024, 16/7, 2\[6 17 2.z B S
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ility Distribution
8. The marginal probability mass functions are:

X 0 1 2 3
P(x) 1/32 3/32 9/32 19/32
y 0 i)
P(y) 14/32 18/32
9. The conditional distribution of Y when X =xis as
X
v 0 1 2
0 0 1/6 2/9
1 1/3 2/6 3/9
. 22 . 213 3/6 4/9
- X + 3.(3F
10. f(x) =K '((m;};0<x<w,f(y}z I(%T:';%,Oﬁyﬁao
100Xy =6 il g <y <o

(1+y) (3+2x)

1 o 1
11. c=1/4,f(x) = 2 (4x + 2), f(y) = 2 (1 +y) (iii) dependent
12. Marginal probability density function of X and Y is

X 1 2 3 y 1 2 3
p(): | 1 1 7 |and | Ply) | 11 7 L
103 27 27 2 27 3
And the conditional distribution of X givenY =2 is
X: 1 2 3
p(Xiy=2) 17 37 37
1 8
: 1 =% =2y
13, k= ii.f{x)={4x‘0‘x<2'f(y)=J3'2y"2‘=y(2
0, otherwise 0, otherwise
; g 2l 4(1-x);0<x<
14. i k=8 = N S i
hag O i, {0, otherwise
eyt o<y<1 2x
) =0, otherwise 0¥ =?'° et i

iv.

2
f(yfx}:ﬁi'x<y< 1,0<x<1
X and Y are dependent

(o)do o
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CHAPTER 10

J0.  Theoretical Probability distributions

10.1 INTRODUCTION

The experimental or observed or empirical frequency distributions
studied earlier are based on actual sample observations, which are drawn
from a population. The main features of sample frequency distribution are
averages, dispersions. Skewness, kurtosis, correlation etc but their knowledge
is not sufficient if complete information about the distribution is necessary. If
we take a large number of observations of an actual distribution a more
scientific way of drawing conclusions about the population characteristic are
through the study of theoretical distributions. In the theoretical probability
distribution, the value of the variable may be distributed according to some
definite probability law which can be expressed mathematically.

A theoretical probability distribution is a systematic arrangement of
probabilities associated with mutually exclusive and collectively exhaustive
elementary outcomes where as a frequency distribution is listing of the
observed frequencies of all- the: outcomes of an experiment. Probability
distributions are related to frequency distribution. It is likely that if the number
of experiment is increased sufficiently, the empirical distribution may approach
very closely to theoretical probability distribution. The main goals of theoretical
distribution are to provide a logical basis for making decisions and predictions
on the basis of limited information on theoretical considerations.

In statistics, we come across many distributions either experimentally
or theoretically. We have two types of theoretical probability distributions.

a. Discrete theoretical probability distributions.
b. Continuous theoretical probability distributions.

10.2 DISCRETE THEORETICAL PROBABILITY DISTRIBUTIONS

Following are the commonly used discrete theoretical probability
distributions.
i.  Uniform distribution
ii. Bernoulli distribution
ii. Binomial distribution
iv. Poisson distribution
v. Negative Binomial distribution
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vi,l Geometric distribution
vii. Hyper-Geometric distribution

10.3 DISCRETE UNIFORM DISTRIBUTION

A discrete random variable X i i
£, i D) is said to have a discre i
distribution over the range [1, n] if its probability mass function is exp{?e:;gg r;:

follows.
1
P ( X=x) = P(x) = {n formh2 Mdacnah
0, Otherwise
Here n is known as the i
e n is parameter of the distribution and lies i
of all positive integers, For example, the outcomes of rolling a fal?r tz‘?esglt‘

drawing cards successivel
rawing cards successi y from a well shuffled deck of cards f i
distribution, in this distribution, probability at any point remainss tr(]){lalzv;ilt;mfom

Mean and Variance of uniform distribution

1 n
M fo. b ._n(n+1 n+1
ean = E(X) ni_z{,_..(.z?_l =£Tl all

E(X%) =E(X2)=% % i2="("”é£2“”) _(n+ 1}é2n+1)
i=1

Therefore Var(X) = E(X) — [E(X) = e 1122n =

The moment generation function of uniformly distributed. rv X is

n p
Mt = E(e%) = = 21 o 3_6: ((11 = ;1
=

10.4 BERNOULLIDISTRIBUTION

pmbabm‘ran;lfom variable X, marked by only two values of 0 & 1 or -1 & 1 with

fBSDedivgly Where rf\;)(n>(<:e1 )p b i et i L R
SNy =1)=pand PX=0)=qi i vt

and its distribution is called Bernoulli dis(tribu?k)m b

i o;f \:ﬁ ﬂg{a &GII’I. it will shc_:w e]_lher head or tail on the upper face, the

st pected baby \{uull either be male or female (exclu'cﬂn

= ), @ manufactured item will either be defective or non-defecti .
some of the examples of Bernoulli distribution. T

Definition: A discrete random variable X which assumes only two values 0

and 1 is said to have a Bernoulli distributi : Y
mass function is given by B ey (S BT ety
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fq' *forx =081 s
S = <1
P(X=X) =1 0, otherwise where:0/<p

Thus The probability mass function of the Bernoulli distribution can be

. pifx=1
written as P(X=x) = {q, #X=0

10.4.1 Mean and Variance of Bernoulli distribution

Mean=E(X)= . XP(x) = 0xq+1 xp =pand
x=0,1 .
gpd)= Z. X2 P(x) = 02 xq+1> xp=p
x=0,1
Therefore Variance of X, Var(X) = OG-l El[)()]2 =p’—p=pa
Moment generating function of gernoulli distributed of random variable
Xis
M) = E(e¥y= Y e P(x) =@t pe)

x=0,1

10.5 BINOMIAL DISTRIBUTION

Binomial distribution was discovered by James Bernoulli (1654-1 705) ?n
the year 1700 and was published posthumnusly in 1713, eight years after his
death.

Let a random experiment be performed repeatedly, each repeat being
called trial and let the occurrence of an event in a trial b2 called a success and
it's non —occurrence @ failure. This distribution can be used under the

following conditions.

i. The random experiment iS performed repeatedly @ finite and fixed

number of times. In other words number of Bernoulli trials is finite and
fixed. For example if 2 coin is tossed 12 time then n=12.

li Each Bernoulli trial has only two possible outcomes success.or failure,
head or tail, yes or no. for example, if @ coin is tossed then either head
or tail is received

il All the trials are statistically independent. By this we mean that the
results of a particular trial are not going to affect the result of any other
trial. For example if @ coin is tossed, the trials would be independent.

iv. The .probability, of success ‘p' remains Same for each trial and
probabilty of failure q="1=p- '
v. The sum of probabilties of success and failure is unit.
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vi.  The probability of success vis-a-vis failure is not very low
Vi, The random variable X denotes a number of successes in n-trials.

Any experiment which satisfies the above conditions is known as
Binomial Experiment.

Flip a conin12 times, A manufacturing of pen drive machine produce

2% defective pen drives in a batch of 100, etc are the example of binomial
trial.

10.5.1  Probability.Mass Function of
Binomial Distribution
The probability of x successes and consequently (n-x) failures in n’

independent trials, in a specified order say FFSFSSSF............ SFS, where S

represent success and F represents failure, is given by the compound
probability theorem as

P(FFSFSSSF..SFS)
=P (F) P(F) P(S) P(F) ... P(S) P(F) P(S)

=qgpq ... Pgp: [Since trial are independent]
=pPpPP .. P 9g9gq .. qqgq

( x successes) (n-x failures)
= Pl- qn-x

But x success in ‘n’ trials can occur in "C, ways and the probability for
each of these ways is same (say) =p* q"".

Hence the probability of x success in n trials in any order is given by
the addition theorem of probability by the expression "Cx p* q™.

Here "C, p* q™*is the (x+1)" terms in the binomial expansion of (p+ q)"
Definition: A discrete random variable X is said to follows binomial

distribution with two parameters n and p if it assumes only non-negative
values and its probability mass function is given by

T s Ll o] o s o N |
P (X=x) = Q,otpqise ,0<p=<1, qg=1-p

10.5.2 Properties of Binomial Distribution

The following are the important properties of Binomial distribution.
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vi

| distnbutton are
i ndent constants nand p in the binomial

Inownhe Mc;;ntdh?;arameters of the binomial distribution , sometimes n' is
also known as the degree of the binomial distribution.

Binomial distribution is a discrete distribution as X can take only the
integral values viz 0, 1E2Z53 e ruonrrese etk

Any random variable which follows binomial dnstrbu‘lm is known as
binomial variate.
We shall use’the notation X = B(n, p) to denote that the random
variable X follows binomial distribution with parameter n and p.
The P(x) defined in binomial distribution is probability mass function
because %P(X) = E“Cx pra™t = (@) " =1

x=0 *x=0
Mean and Variance of Binomial distribution
Let X follows binomial distribution with parameters n and p then

"Cepg" % for x = 0,12, oo N
P{x=xy= 0, otherwise

“Mean=E(X)=ZxP(x) = Z xP(x) = on ilo=dv il

n

B o ()| B
E (n- ,‘}1\| 1 (ﬂ X)Ix(x - bl i
=10 x=0

n p z 1Cx1 x=1 n %
=1
—np(q+p)"‘=np
Thus, mean of binomial distribution is ‘np’
Similarly, Variance of X = Var (X) = E(X"‘) [EXF

Then, EQ®) = ¢ P(X) = g{x(x- 1) + %} P(x)

Zx(x el zxp(x)
x=0 x=0
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Xi

10.5.3

7heoretical Probability Distribution

n

iy Z!Hﬂ-‘i}{n-ms p* g™

E (n-x)!(x-2p  *np
X=0

n
nin-1) pz b n'zcmz p"‘2 q> o+ np
X=2

n(-1p%a+p)"?+np=n(n-1)p2+np
Therefore, Var(X) = E(X%) [ E(X)]?

=n(n-1) p* +np - {npy?

=np(1-q)=npq
Therefore, the valte of Mean and variance of binomial distribution is
‘np'and'np q'
For the binomial distribution, variance is less than mean.

Since q is the probability of failure, i istributi
i q p y for binomial distribution we always

0 <q <1, muttiply by np on all sides we get
O<npq<np

]

0 < variance < méan

Thus, for binomigl distribution mean is greater than that of variance,
If p=q=1%, the binomial distribution is symmetrical .

If p < %, the binoMial distribution is positive skewed.

If p > %, the binomMial distributicn is negative skewed.

Binomial distribut®N is unimodal if ‘np’ is a whol
e n
mean and mode 4'€ equal, each being ‘np’ MRS

Recu_rrence Relation of Binomial
Distribution

Let X follows binor™al distribution with parameters n and p then
P (X=x) = "C, p* ¢ “and
P (X =x+1) ="C,.1P*"" q" %!

iy, n X+T1 -
Henceﬂ&j-r—l: c:,“r1“;:) X r?-x ‘= (n'x)p
P(X=x) Cxp’ q (x+1)q

X
L P(X = x+1) %:{%"%
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This relation is used to calculate the probabilities of binomial
distribution when probability of X = 0 is known

If a Binomial trial is repeated N-times the theoretical frequency or
expected frequency of the binomial distribution is given by

e(¥)=f.=N p(X=x)=N."Cxp"q"x=0,1,2...n
This is known as the fitting of Binomial distribution

Moment Generating Function of
Binomial Distribution

Let X = B(n, P) then probability mass function is given as

s TMCkp" " for x= 0,12, ....
B 0, otherwise

Then the moment generating function is defined as

10.5.4

"n05p51,q=1-p

n
Mx(t) = E(e") = 2e* P(x) = X 6" "Cip*q™
x=0

n
= L o (Pe)"d" " = (a+pe")’
x=0

Example 1

Whether the following is binomial distribution or not? The mean of
distribution is 3 and its variance is 47

Solution

If the given binomial distribution has parameters n and p, then we have
given mean = np = 3 and variance = npq = 4

”. g = 4/3 >1, which is impossible, since probability can't be exceed
unity. Hence the given statement is not binomial distribution.

Example 2

Suppose we have 10 balls in a bowl, 3 of the balls are red and 7 of

them are blue. Define success S as drawing a red ball. If we draw samples
with replacement. Let's say n =20 i.e. if we draw 1 ball at a time with
replacement 20 times. Find the probability of drawing 5 red ball and expected

number of red balls.
Solution

Three balls are red out of 10 balls so probability of selecting a red ball
is P(S) = 0.3 for every trialand n=6
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X~B (20, 0.3) and
P(X=5) = (§°) 0.35(1- 0.3

= 15504 x (0.3) °(0.7) * = 0.1789
E(X) = 20(0.3) = 6,
Variance (x) = 20(0.3) (0.7) = 4.2
Example 3

Nine coins are thrown sim i P
least six heads. ukaneously. Find the probability ‘of gefting at

Solution
Let p- probabilty of getting a head in throw of a coin = %.
And q — probability of not getiing a head = /4.

Let x be number of heads then the probabili i ‘
random throw of 9 coins is given by bimmiaﬂaw a; o Sl il

POGX) ="C, p = ="C (12 )™ = *C.(112). x=0,1,, 9

Therefore, probability of getting at least six head is given by

P(X=6) = P(6)+P(7) +P(8)+ P(9) = (1/2)° {*Cs + °Cr + °Cs + °Cg} = 0.254
Example 4 ‘

The incidence of occupational disease in a industry is such that the

workmen have a 20% chance of sufferi i 2
ring from it .what is th ;
out of 8 workmen 5 or more will contract the disease? bR

Solution
Let suffering of a disease is success thenp =20% =0.2,q=0.8
andn=8 : ‘
Therefore, x-success from n frial is given by binomial distribution as
P(X=x) ="Cx p*q™* =%C; (0.2) (0.8)**= ,x=1,1,.. 8

Then the probabilty that five ;
kg anddoins y or more workmen will contract the disease

P(X = 5) = P(5) + P(6) + P(7) + P(8)
=*C5(0.2)%(0.8)**+C5(0.2)%(0.8)**+°C(0.2)(0.8)*"+C4(0.2)%(0.8)**
=0.0104 )

Example 5

What is the probability of guessin
; ' ‘ g correctely at least sev
answers in the multie choice onjective test with four choic?;; Oi;th:a:;ﬁ
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yestions ? Also calculate the mean number of guess correct answers and its
yariance

golution
In multiple choice objective test with four choices in each quesitons, the
probabilioty of guessing an answer correltely is givnen by

1 3
P=% and q=7
By Binomial probability law, the probability of guessing x-answers ina
42 questions test is given as
P(X=x)="Cxp'aq™ ;x=0,1,...12

L 120 (%)x (%)12 X
P(At least seven correct answer) =P(X=7)
= P(X=7)+P(X=8)+P(X=9)+P(X=10)+P(X= 11) +P (X = 12)
= 12G,(0.25)(0.75)'* 7 + *Cs (0.25)% (0.75)'%®
+ 120, (0.25)° (0.75)" ¥ %+ "*Cao (0.25)'°(0:75)'* "
+1204,(0:25)'1(0.75) """ + 126.,,(0.25)1%(0.75) "% "
=0.0115 + 0.0024 + 0.0004 + 0.000035 + 0.0000021
=0.01434
Therefore, (At least seven correct answer) = P(X=27)=143%
Also mean number of correct answer = np = 12 x0.25 =3 and

ji.
Variance of correct answer = npg = 12%0.25%x0.75=2.25

gxample 6
Fit a binomial distribution to the following information.
X: 0 1 2 3 4
f: 5 10 20 30 15
golution

With the usual, we have n=4, N = 3f =80
If P be the parameter of the binomial distribution, then
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il g
p:F =T :‘g &q=1-p=3/8
Let x be the number of successes in the experiment then, the expected
frequency of getting x success is given by.

f(x) = NyP(x = x) = N"c, p* g™, whenx=0, 2, .....
Here, N=80,n=4,p=5/8&q=23/8

" 5 x 3 4-x
- f(x) =80 x r;(-g) (-é)  wherex=0,2,2 3,4

Fitting of Binomial, distribution

X | f(x) =N XP(X=x)
0 | f(0) = 1.588 ~2 ‘Hence, the fitted binomial distribution
1] f(1)=10.5~ 11 is as
2 | f(2) =26.36=26 X: 0 -1 2 3 -
3| f(b) =29.29 ~29 f: 207 $100228.0,1291 =12
4 | f(4)=12.20~12
Example 7

12 dice were thrown 4096 times and a throw of 6 was recorded as

success, the observed frequencies ware as given below. Fit a binomial
distribution.

Success: 0 1 2 3 4 5 6 7 and over
Frequency: | 447 1145 1181 796 380 115 24 8
Solution

We know that if the dice are unbiased, then probability of getting a 6 with one
die is 1/6 then.

1 i)
P=%5 andq=1-p.—.§

If getting a face six is success then x success from n trial is given by
P(X=x)="cap*q" "

And expected frequencies are calculated as using the formula

e(x) =NPX=x)=N."¢e,p"q"™"

Here N =4096, n =12

- 1 0

. e(0) = 4096 "’Cq (1/6)° (5/6)'** =459.4 = 459
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Fitting of a binomial distribution is
X e(x) =N P(X =x)
e(0) = 459.39 = 459
e(1) = 11102
e(2) =1212
e(b) =808
e(4) = 364
e(5) = 116
e(6) =27

G o B WM = O

7 or more

e(7 or more) = 8

10.6 POISSON DISTRIBUTION

Poisson distribution was discovered by the French mathematician and
Physicist Simeon Denis Poisson (1781-1840) in the year 1837. when the
probability of success of an event is very small so that q = 1.-p. the probability
of failure is almost equal to unity and ‘n"the number of trial is v_ery lgrg_e SLfCh
that the average number of series is a finite number, the ra_u.;ltmg d!strl?mlon
is known as Poisson distribution . It is also a discrete probability distribution.

This distribution deals with the evaluation of probabilities of rare events
such as

i. Number of car accidents on road

il Number of earthquakes in a year

il Number of printing mistakes per page
iv. Number of blind children born in a city
. The number of twin births in a city hospitals etc.

The Poisson distribution is good ap_proximation _ of the Binomial
distribution when ‘n' is greater than or equal to 20 and p is less or equal to
0.05. it is also noted that if n 2 100 , the approximation is generally excellent

so long as np < 10.

10.6.1 Conditions of Poisson distribution

Poisson distribution is a limiting case of binomial distribution under the
following conditions.

I The discrete random variable X is the number of occurrence of an
event in an interval of time.
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ii. The occurrences of the events must be random.

iii. The occurrences i
Lich of the events must be rare and independent of ech

iv. T::doccurrence must be uniformly distributed over the interval being
used.

V. The number of trials ‘n' is indefinitely large i.e. n—w

ii. The constant probability of success ‘p’ ial is i
! p’ for eacht ini
v rial is indefinitely small

iii. The product of n and p i.e. n p = ) (say) is finite so that

_A A
BT and q=1- 'ﬁwhere J is read as lambda.

10.6.2 Derivation of Probability Mass
Function of Poisson Distribution

The probability of x-successes in a series of nii ial is gi
by Binomial distribution as T 300 & Bkl To.

o LGP QT forx = 0,12, .....c.
e ) {O,Gtherw‘cse -

Here we want to obtain the probability mass function as limiting cases
as n—w an = = ‘& A
d p»0suchthatnp=iP = nandq= 1 o Hence

am = M (3 (1)

L lim nn-1)(n-2) ..{n- (x-1} (n-x)! (&Y'
4

N—=»o0 o (n-x)ix!

x 1 2 x-1 g
_fim n (1~n) (1-n) (1-“-“—' }\.“(1-%)
N—w
il 1oAY
xn (1 'n)
e-Alx

Fath 1 XF 02 e s R

a

{ lm ¢, @ A g fm a
S x) =¢2 x—)w'(1 +-§) =1.wha'e‘a’isnotfmctionofx}
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10.6.3 Definition of Poison Distribution

A discrete random variable X is said to follows a poison distribution with

single parameters X if it assumes only non-negative values and it's
probability mass function is gi)ien by

e’h
P{x}=P(X=x]={ 2 ,forx=012, ..., . g
0, otherwise

10.6.4 Properties of Poisson distribution

vi.

Following are the important properties of Poisson distribution.

The Poisson distribution depends upon the value of & , the average
number of success per unit, 2 is called the parameter of the Poisson
distribution.

Like binomial distribution Poisson distribution is a discrete probability
distribution, it is concerned with occurrence that can take integral value
0,1,2.:. o=

Any random variable which follows Poisson distribution is known as
Poisson variate.

We shall use the notation X~ P(1) to denote that random variable X
follows Poisson distribution with parameter X

The probability of success P(X=x) = P(x) defined in the Poisson
distribution is pmf because

0 ER s -

- x - 1!
P = ey o
£ x=0 x=0

Mean and Variance of Poisson distribution
Since X~P(%), then probability mass function of Poisson distribution is

A AX
PRy = S x=0.1, ..
® Dxetht T 2
Mean = E(X) = X xP(X) =Z g L Z -
x=0 o
x=0 x=1

=gt et =2
Thus mean of Poisson distribution ish

Simitarly,
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EX°) = T¥P(X) = X {x(x-1)+x P(x)
x=0 x=0

o
o

=) - X
= Z X(x- 1) ex':a + 3 xP(x)
k x=0
x=0

- 2
g X!X'T!lx-
= E:x{x-‘i)(x-'z}! i
x=0

(-2}
4 %2

= ¢’ J.ZZ (;—23; =" el +a=a% 42
x=2
Therefore, V(X) = E(X*) = [E(X))? =A%+ A-A2=)
Thus, for Poisson distribution the mean and variance is equal toA
vii.  Poisson distribution is independent of trial n.
ix. Poisson variates are independent to each others,

X The Poisson distribution is a positively skewed distribution. As A
increase, the graph of Poisson distribution would get closer to a
symmetrical continuous curve.

Xi Poisson distribution is unimodal if 4 is not an integer and unique modal
value is integral part of 1 and it is bimodal if % is a integral and models
value being A and (i -1)

10.6.5 Moment Generating Function of
Poisson Distribution

Since X~P(1), then probability mass function of Poisson distribution is
'1 X

P{x}=ex!l ,x=0,1,2 Al -

Then moment generating function of random variable X which follows
Poisson distribution is defined as

@ 0
A oaX *®
Mx(t) = E(e%) = E e e,dl =g* E ILEL = g? M= ghte'- )
X= x=0

246

Probability and Statistics for

AMK(t) _ooafeh ) it |
Therefore, Mean = E(X) =~ w, At e|t=0 FA
5
Myt aneteh e‘\
2, _ M A
And E(F) = \::o 7 ik
2 )_{)_e"‘et'“ eel)+ le”el‘”e‘|l=0 =22+

Therefore, V(X) = E(X3) = [E(X)® =22+ A -2 =2

10.6.6 Recurrence Relation of the Poisson
Distribution
For a Poisson distribution with parameter 2. we have,
ko X
Po=0 =2 %20,

A 5 X+

e
And, P(X=x+1]=(x—+.r)'!*,x=0‘1. 5.0

PX=x+1) _ A

PX=x) —(x+1)

A
Which implies P(X =x+ 1) = =+ P(X=x)

Which is the required recurrence formula for Poisson distribution used
to calculate the probability of Poisson distribution when probability of X =0 is
known.

If an experiment, satisfying the requirement of Poisson distribution, is
repeated N-times, then an expected frequency or theoretical frequency of
getting x-successes is given by

<k X

ex
e(x)=f. =N P{X=x)=N—x'!—; x=0, 1, ...0.

If & is known we can easily calculate the different probabilities of variate
values and its expected frequency, If i is unknown we use the relation

Mean of Poisson data = x = A to estimate the value of &

10.7.7 Some Example of Poisson Distribution

Following are the instances where Poisson distribution may be
successfully employed.
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i. Number of deaths from a disease such as heart attack, HIV Aids,
Cancer or due to snake bite in'a year.

ii. Number of twin births in a hospital.
iii. Number of suicides reported in a particular city.

iv. The number of defective materials in a packet say, pins blades etc.
manufactured by a good concern.

V. The emission of radioactive (alpha) particles.

Vi. Number of accidents taking place per day on a busy road.

vii. ~ Number of printing mistakes per page of the book:

vii. Number of telephone calls coming:in a:switch board in a particular
minute.

ix. Number of plane accidents per week.

Example 8

A manufacturer of cotter pins knows that 5% of his product is defective.
If he sells cotter pins in boxes of 100 and guarantees that no more than 10
pins will be defective. What is the approximate probability that a box will fail to
meet the guaranteed quality?

Solution

We are given sample size n = 100, probability of a defective pin=5% =
0.05. Since 'p' is small and n is large we may use Poisson distribution

- = =mean number of defective pins =n p=100x0.05=5.

Let the random variable X denote the number of defective pins in a box

of 100. Then by Poisson probability law, The probability of x defective in a box
is given as

Ay X Sy

Px=x =SB

X!= X! ,X=0,1...:c

Therefore probability that a box will fail to meet the guarantees quality

107 . -5;p4x 10 ax
P(X> 10) =1+ EO%FL =1-P(Xs10) = 1 - & zog_?
X= i

Example 9

A company has two machine of mixture of concrete, which it hires out
day to day. The number of demands for a mixture on each day is distributed
as a Poisson distribution with mean 1.5.

Calculate the proportion of days on which
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i Neither mixture is used, and
i The proportion of days-on which some demand is refused
Solution

Here the random variable X, which denotes the qumber of _demands for
a mixture on any day following Poisson distribution W|tr_1 mean % = 1.5. The
proportion of days on which there are x demands for a mixture is given by

prx=r =L €T 01,2
i, proportion of days on which neither mixture is used is given by
P(X=0)=¢"*=0223
ii. Proportion of days on which some demands are refused is
P(X>2) =1-P(x<2)
= 1-{P(X=0) + P(X=1)+P(X=2}}

1.5 15%
=107 (14 5 y)
=0.19115

Example 10

An insurance company insures 4,000 people against loss of both eyes
in a motorcycle accident. Based on previous data the rates were comguted on
the assumption that on the average 10 persons in 1,000,000 will 'have
motorcycle accident each year that result in this type of injury: WI.'lat |s_ the
probability that more than 3 of the insured will collect on their policy in a given
year?

Solution
Number of insured persons (n) = 4000
g 10
Probability of loss of both eyes in a motorcycle accident = 700000

Since p is very small and n is large, we may approximate the given
distribution by Poisson distribution. Thus the parameierﬂ. of the Poisson
distribution is A= n p = 4000 x0.0001=0.4

Let, the random variable X denotes numbe_r‘ of motorcycle accident In
the batch of 4000 people. Then by Poisson probability law

' _e™o4
i S A

K= 2 0

Hence the required probability that more than 3 of the insured will
collect on their policy is given by
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P(X>3)=1-P(x<3)
=1-{P(x=0)+P(x=1)+P(X=2)+ P(X=3)}
L (0.4) (0.4 (0.4)°
_1_90,;(1 L4 047 (04) )

21 3!
=0.0008
Example 11
After correcting 100 pages of the proof of a book, the proof reader finds

that there are on the average 2 error per 5 pages. How many pages would

one expect to find with 0, 1, 2, i i i
e . 3 and 4 errors, in 1000 pages of the first print of

Solution

Let the random variable X denoted the number of errors per pages
then the mean number of error per page is givenby A = 2/5=0.4

Using Poisson probability law, probability of x errors per page is given by
e™*
P(X=x)= TR ,x=0,1,2... =

Expected numbers of pages with x err :
‘ors per page in a bo '
page are calculated as using the formula as s e

e(X =x) =N P(X = x) = 1000 emx?"‘x Jx=0,1, 2. %
Calculation for expected Poisson frequencies
No of error per pages digg)

% Probabilities P(x) Expected Frequencies f(x)
0 P(0) = 0.6703 670.3 ~ 670
1 P(1) = 0.2681 268.12 ~ 268
2 P(2) =0.0536 53.624 ~ 54
3 P(3) = 0.0071 7.129~7
4 P(4) = 0.0007 0.71~1
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10.8 NEGATIVE BINOMIAL DISTRIBUTION

One if interested in the probability of ™ success after a number of
failure say x- failures, then negative Binomial distribution will be used, it is also
known as Waiting time distribution or Pascal distribution after the French
mathematician Blaise Pascal (1623-62) because he contributed to develop
the mathematical model.

In sampling procedure sample size is fixed, but in negative Binomial
experiment sample size is not fixed but is determined as the sample size
required to achieve xfailures 1" successes. This is known as inverse
sampling. Negative Binomial distribution basically depends upon the binomial
distribution but the last trial must be success in Negative binomial experiment.
The negative binomial experiment consists of independent trials which are
repeated until a desirable number of success are occurs, with the probability
of success that remain constant at each trial. In fact a negative binomial
distribution is the converse of a binomial distribution. In binomial distribution,
the number of trials is fixed and the number of successes to occur is random
variable but in case of negative binomial distribution the number of successes
is fixed and the number of trial is a random variables.

Negative binomial distribution can be used under the following
conditions.

i The experiment consists of sequence of independent trials.
ii. Each trial has only two possible outcomes; a Success and a failure.
iii. The probability of success is constant from trial to trial.

iv. The experiment continues until a total of ' success have been
observed with last trial success

v, We count the number of trials before the ' success occurs.
10.8.1 Derivation of Negative Binomial
Distribution

Let the probability of success of an event A ie. P(A) = p and the

probability of failure of an event Afie. P(AY) =q=1-p.Assume that trials
are independent and the probability of success 'p' in a trial remains constant
from trial to trial.

Also, let us assume that x-failure preceding the ™ success in r+x
independent trials. In this situation the last trial must be success with
probability p. Here the probabiiity of x- failures is q.9.9.q..... toXx times = ¢
and the probability of " successes =P PP D-...... tor-times = p'.
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The ™ event to be success implies that there should be x-failure
preceding the " success that is there must be (r-1) success out of (x +r -1)
trial and x-failure can be chosen from (x+r-1) events. This can be selected in
x+r-1 c, ways.

Therefore the probability of (r-1) success among (x + r -1) trial is given
by binomial distribution as
e X1 1 th*r-ﬂ—[r—n: X4

Cr—1 1C(.1 p‘“‘ q 3

Since the last trial is success whose probability is p. By the
multiplication theorem of probability, the probabiiity of x-failure preceding the
" success is given as

p(x e X} - xir—1cr-1 qx pr-‘!. p
P{K - X) = !:*r-‘lCH pr qx
P(X = X} = x*r-1C* pr qx [SII"K}B )nr-1c|_‘1 =x+r—1c’]

We also have,

X+r=-1 X+r=-1)
(T Nrrerni

T(xFr-1-x)0 Xl

=&r- Dx+r-2) ... (r+1)rfr-1)!

(r- 1) xt
={:1)"(-r}{-r-1}.....{-r-x+2} (cr-x+1)(-r-x)
(-r=x)1'x
I .
i (—r-;]! X

« [T
()
g £ I
P(th)=(.x) P gt | x=0,1020 . !
: This is:h the probability of x-failure preceding the rth success. Also which
is the (x+ 1) term in the expansion of p’ (1—p)” ,a binomial expansion with a

negative index, hence the distribution is known as negative binomial
distribution.
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10.8.2 Definition of Negative Binomial
Distribution
A discrete random variable X is said to follow a negative Binomial

distribution with parameter r and P if it assumes only non negative values and
its probability mass function of x- failure preceding the ™ success is given by

X+ %
CiPi g forx=0,12 ...
RicsOReS { Ox, ; otherwise

or, P(x) = (x’) Q). x=0,1,2...

10.8.3 Properties of Negative Binomial
Distribution
i. The negative binomial distribution depends upon ' and ‘p’ then 'r’ and
‘p’ are called the parameter of the negative binomial distribution.

ii. Negative binomial distribution is a discrete probability distribution. It is
concerned with occurrence that can take integral values as 0, 1, 2 ...

iii. Any random variable which follows negative binomial distribution is
known as negative binomial variate.

iv. We shall use the notation X~NBD(r, p) to denote the random variable X
follows negative binomial distribution with parameters 'r' and 'p'.

V. The P(X=x) defined in NBD is pmf because
ZP(x) =ZC (- =p X g (@ = p(1-9 "= 1ie total
X X :
probability is unit.

Vi. Mean and variance of negative binomial distribution are r—;l and p%
respectively.

Let x follows negative binomial distribution then the probability of x-
failure, preceding the r' success is given by

POXx=x) = P() = *C.p'q"= () #' (o

o Mean=E(X) = Ex P(x)
x=0

x=0 x=0
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viii. ~ Variance of Negative Binomial Distribution is greater than its mean |.e.
39-4
By ruiP

= p <1, which is true.

—p(r)Z( rL xl (x N (-q)*

e ”Z (-r Y ) G b 10.8.4 Moment Generating Function of
= - - - =i - = - . - . - -
<t sk Negative Binomial Distribution
xX=
Now, variance of Negative Bi Id _ Let x follows negative binomial distribution then the probability of x-
Variance(X) = E(X ;zg [ E?x)]lmmia o oion & failure, preceding the r'" success is given by
XH- yige . =T r X
Now, E(X?) = )::8 P(x) = z{x(x.1) +x) P(x) P(X=x) = P(x) =*"'Cxp'q —(x) p (-q)
= i The moment generating function of random variable X which follows
NBD is given by
Zx(x (%) p(ca+2xpm -
x=0 Mx(t) = E(e™) = £ e*P(x) =X & "'Cip (- o)
x=1 X
o0
_(...._)_(__'1 & .)I r x -T, X f o1
=Zx(f.-_x)] ;! p (-q) +Lpg =prY "Cy(qe) =p(1-qe)
X
Alternatively, we can obtain the mean and variance by partial derivative
Z of moment generating function with respect to 't' as '’ tends to 0 as
=p' (-)(-r-1) (-q)* 2 (-q)
(vr= x)!' (x 2)1 " _ Mt
Mean = E(X) = X Lewo
-~k ¥ -r-1 { =rpf | b -r-1
~ y - -2 2. 1q =p'(r)(1-ge) (—q9)|l=0 rp" ge(1 - ge) | i
=qr (r+1)pz (x_ 2) (-q)+ p r -1 _I9
x=2 =r1p Q(1-q) T p
= qr (r+1)p' (1 -q)-‘-2+%l= I ;” +~’§ E(X? 2t 1= = TP alelr- 1) (1- ae)"* (- ae) + e!(1 - ae) |
* Var(X) = EO¢) - [ E(X)P? ; b oty o IQ(T %
o = @ gfa(r+ 1) (1-9*2 + (1-g"y = LA L 1
LHUEH) Jrei grg :
g ‘(p) r r
=+ 1)+p) = ar+1)
r p P
> 9 e - (D) -3
= A% 2= - =
vii. In Negative Binomial Distribution the number of success is fi xed and TR T e P i (p) P

number of trials is a random variable.
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Example 12

An item is produced in a large numbers. The machine is known to
produce 5% defectives items. A quality control .inspector is examining the
items by taking them at random. What is the probability that at least 4 items
are to be examining in order to get 2 defective?

Solution

If 2-defectives are to be obtained then it can be happen in 2 or more
trials. The probability of defective (success) is p = 0.05 for every trial. It is a
negative binomial situation with r = 2 success, and p = 0.05 and x replaced by
(x-2) and the required probability is given by

P(X=4) + P(X=5) +......

o0
= ¥ ®-2+2-%c . (0.05)% (0.95)2
x=4
3
= ¥ *'Cy-2(0.05/(0.95)2
x=2

=1 —{(0.05)* + 2 (0.05)? (0.95)} = 0.9928
Example 13: Banach’s Matchbox problem

A statistician carries one match box each in his right and left pockets,
suppose initially each box contains N match sticks, each time he wants a
match stick, he selects a box at random, consider the moment when the
statistician finds a box empty . Show that the probability that there is exagtl;r; r

match sticks in one box when'the other is found empty is ﬁr\lr r) (%)
Solution

Lets denote two match boxes by A and B . Let the choice of box A be
regarded as failure and that of box B is regarded as success

Since he selects the match box at random, Probability of selecting of B
box=p=%andq=1-p=1%, probabmty of selecting A box. The box B will be
found empty if it selected (N+1)* time . At these stage the A box contains
exactly r matches’, if (N-r) matches have already been drawn from it.

Hence B box will be found empty at the moment when A box contains
exactly r matches iff (N-r) failures precede the (N+1)s' success. Thus in total
(N+1+N-r) = (2N-r+1) Trials, the last one must be success and out of
remaining (2N-r) trials, we should have (N-r) failures and N successes.
Therefore Probability that B box is found empty while there are r matches in

another box A is ﬁN ; |.) p*T g™,

Probability and Statistics for Engingetiig
Then the probability that A box is found empty when there are r
2N.-
matches in box B is also (N " r() e sl

Therefore required probability is

(2NN_ 1) g (2N r) G g
iy oo B

*Z(N-r (%)'(‘é)
6

10.9 HYPER-GEOMETRIC DISTRIBUTION

When the population is finite and sampling is drawn without
replacement, so that the events are statistically dependent, although random,
we obtain hyper geometric distribution. Consider a box with N balls, M of
which are white and N-M are red, Suppose that we draw a sample of n balls at
random (without replacement) from the box. Then the probability of getting x-

My fN-M
f X 2 ( n-x !
N .
(v)
Since x-white balls can be drawn from ‘M' white balls in “C, ways and
out of the remaining (N-M) red balls, (n-x) balls can be chosen in e 3 ways,

the total number of favorable case is Mc, “Mc.k. And total numbers of
exhaustive cases are "C.. Therefore the probability of x-white ball out of M is

white balls out of n balls is

given by

My /N-M
PX=x)= N
(n)
Binomial distribution is applicable in which the probability of success is

same for all trials. However, if it varies from frial to trial, hyper-geometric
distribution is more suitable.
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Under the following condition we use hyper-geometric distribution.

I the population or universe where the sample drawn consist of N finils
individual, objects or elements.

ii.  Each individual con be characterized as a success or failure and thers
are M successes in the whole population.

ii. A random sample of n individuals is selected without replacement In
such a way that each subset of size n is equally likely to be chosen.

10.9.1 Definition of Hyper Geometric Distribution

A discrete random variable X is said to follow the hyper geometric
distribution with parameters N, M and n if it assumes only non-negative values
and its probability mass function is given by

My /N-M -
‘x!!n-x ! J (8
P(X=x) = N x=0,1,2..min(n,M); M=<N; n=zN
(n)
0, otherwise

Where N is a positive integer, M is a positive integer not exceeding
and n is a positive integer that is at most N,

10.9.2 Properties of Hyper-Geometric
Distribution

The following are the important properties of hyper-geometric

distribution

i.  The three independent constants, N, M and n in the distribution are
known as the parameters of hyper geometric distribution

ii. Hyper geometric distribution is a discrete distribution as X can take only
the integer values viz, 0, 1, 2...... min (n, M). y

iii.  Any random variable which follows hyper geometric distribution is kna ._ -
as hyper geometric variate.

iv. We shall use the notation X~HG (k; N, M, n) to denote that the random
variable X follows hyper geometric distribution with three parameters N
M and n.
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Probability and i

= x) defined in the hyper geometric distribution s the pmf
N-M

X n-x

because (N)

v. The P(X

n

G (20 60-0)

Vi, Mean and variance of the hyper geometric distribution is

Mean = E(X) = Z x P(X =X)
x=0

(n)

xt (M- x}'

I
g
b4

=

=

—
am

n
LS (M) )

x=1

M /N-1y .OM
< E(X) =n5;(n_1) N

Therefore, Mean of Hyper geometric distribution is 7y

M
(G m_ﬂi(_)_

X
TR e el

7) (3¢

_M(M-1 (N-2)= M(M- 1) n(n - 1)
___(n.__lcn

Similarly,

MM‘! (
Cn =2

o N(N- 1)
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N--M .
" | ) (22) = ()
2 G)o) [y ey g - (-
x=0 ( ) =0

Mean and variance ofthe hyper geometric distribution is

vi.
Mean = E(X) = %xP(X?x) o -
x=0 . .
Yoo R
= 3 X = 30X
x=0 ( ) - x=0 X (M - x)'( )
-2 (i N
M M-y N-1-(M-1)
~"Cn (xf1 (n-1”-(x{-v1)

Tﬁerefore, Mean of Hyper geométric distribution is. N

Similarly, . "
. M - N -
n ' M N n M n-x

E(X1) =X§0 X (-1 ( ) »=x§o b .x| M- x)u( )

Mg 2) (i
_MMC-1 (N22 _ M(M'\I&)ngr)r-n,
__(N——)n N !

MM -1)n(n-1) ,

L EQ®) = BN “EME = ToNN- 1) N

nM (nM)

9 M(M- 1) n(n - 1)
Hence, V(X) = E() - [EQF = = N - 1)
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Variance = IM(N - M) (N - n) ’ o )
ariance = NZ(N-1)
vil.  Hyper geometric distribution tends to binomial; distribution if N — 0 and
M ' .
NP
Example 14

A lot consnstmg of 50 bulbs is mspected by taking at random 10 bulbs
and testing them. If the number of defective bulbs is at most 1, the lot is
accepted, otherwise it is rejected. If there are, in fact, 10 defective bulbs in the
lot, the probability of accepting the lot is given by hyper geometric distribution

10\ /40 40\ -
as P(X=1) + P(X=0) = ( )( ) ( ) =0.34871

()(

In an mtematlonal film festival, a panel of 11 Judges is formed to }udge
the best film. At least two films Fa and Fz were considered to be the best
where the opinion of the judges got individual. Six Jjudges were in favour of Fp
whereas five in the favour of Fg. A random sample of five judges was drawn -
from the panel. Calculate the probabrllty that out of five judges three are in
favour of film Fa. ‘ ; .

Example 15

Solutlon

In the given problem total number of judge in populatlon N = 11
Number of favorable cases for film Fa (M) =6 !

Number of favorable cases for film Fg (N - M) = 5, random samplé
without_replacement (n) = 8 and k 3, then by using hyper-geometric
distribution v E v S :

i MY /N-M
( )gn X }
P(X—x)— : .

1l
o
“

S
w
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10:

1.

12.

13.

~of Poisson distribution - : 7
- What do you understand by Negatlve B|nom1al drstnbutron fi nd.-its

A machlne produces 10 percent defect:ve |tems ten |tems are selected_j,

. defectlve

-« Suppose 10 percent of: the itemns produced by a factory are defectwe
~ Suppose 4 items chosen at random: Find the probability: that

- these data

Exercise 11

) 14,
Define Bmomtal dlstnbutlon and ﬁnd its mean and variance.
Define Poisson d|str|but|on and “Show - that mean and variance of
Poisson dlstnbutlon lS equal to A ~ : B

Define Blnomlal dlstnbutron and wnte down the lmportance propertles :
of Binomial. dlstnbutlon e : e . .
Define Poisson dlstnbutlon and wnte down the lmportance propertles_

15.

mean and variance also states the. |mportance properties of Negatrv
binomial distribution.

What do you understand by hyper—geometnc dlstnbutlon fine its‘mean.
and variance also state the lmportance propertles of hyper—geometnc

dlstnbutlon

16.

17.

at random. Flnd the probablllty _ofnot. more than two ftems. being .

The chances of a number hrttmg the target and m|ssmg the target are 18.

3:2. Calculate the probablhty that the target wrll be hit at least once.in;
five softs..

The' incidence ‘of occupatlonal disease in- an lndustry is such that
workman have a 10% chance' of - suffering: from 'it. What ‘is the
probablhty that in a group of 7, five or more W|ll suffer from it?

i. 2 are defective ii. 3 are defective iii. None are defective. =« E 19.

Assume that on the average one: telephone number out of 15 called
‘between 4 pm to 6 pm-on Saturday is busy, What is the’ probability that
if 6 random selected telephone numbers are called J

20.
i. Not more than 3 called will be busy ?
ii. At least 3 of them will be busy?

i . .3
If mean of Binomial distribution is 3 and variance is 5. Flnd the

probability of obtaining at least 4 success ?
Five unbiased coins are tossed 640 times. Flt a Binomial dlstnbutron to
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|Noofheads| o 1 - 3 g L .}
Frequency | 16~ 98 o0 f.,‘zoa.ﬁ o4 2

In 800 families with 5 children each wrth the assumptlon that probablllty |

for boy and girls birth is & ual how many f
- to have q y amilies would be expectedl .

2 boys and 3 glrls ‘
: At the most two glrls

Calculate the expected frequencxes from the followi
m d
: Brnomlal | probability law - 9 .dam by usmg

i. 3 boys and 2 girls S
il Nogis. v

No. ofsuccess(X) 5 4 3 2 1 0
Frequency _ | 190 | 500 | 900 | 960 | 500 | 150 .

- If the'sum of mean and’ vanance of a Binomial dlstnbutlon i$4.8 for five
trials. Find the probability distribution of it ?

 The probablllty that a-bomb dropped from a ﬁghter plane wrll sttike the
: target is — lf srx bombs are dropped Fmd the probabrllty that

i. Exactly two wrll strrke the target ii. At least two wrll stnke the target 2

I 6.0f 18 new burldlng ina- crty violate the burldlng codé. What is the

probability that a building| mspector who randomly selects 4:.0f the new
burldlng for mspectlon wrll catch’

A None of the nNew burldlng that vrolate the: burldlng code :

ii. 1 of the new. burldmg that violate the burldrng code

~ il 2 of the new: burldmg that violate the burldlng code
"2 At Ieast 3 of the new burldrng that violate the burldmg code

The mean of Porsson dlstnbutron is 4. Find the probablllty that the
variate takes the value ] less than or equal to 3 (u) equal to 5

g1 2% of electric .bulbs manufactured by a certain company are

defective, find the probabrlrty that ina sample of 200 bulbs

a. - Less than 2 bulbs are defective.

‘ b.,, Atleast two bulbs are defectlve

Suppose 220 mlsprlnts are dlstnbuted randomly through out a book of
200 pages. Find the probability that a given page. contains (a) no

kmlspnnt (b). 1. misprint (c)2 mlsprlnt (b).2 or more misprint

‘Suppose 2 percentages of the people on the average¥are left handed.

Find the Probability of 3 ormore left handed among 100 people
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23.

26; '

27.

28.

29,

30.

31.

Probab:hty and Statlstlcs for Engmeermg :

The probability that the noise level of a W|de-band amplifier will exceed A shipment of 20 tape recorders contains 5 that are defective. If 10 of
- 2 dB is 0.05. Find the probabilities- ‘that among 12 such: amplifiers the} " them are randomly chosen for |nspect|on what is thé prob. p
noise level of (a).one will exceed 2dB. (b) At most two will exceed] “of the 10 will be defective? By hyper geomet probability that 2
2dB. () Two or more will exceed 2dB. 32 Ameng the 500 e - \1 >y TYPET 920 rlc,pv_l’obahmty law.
: : em P g . . .
A certam screw maklng machine produces on an average 2 defectlve while the others arepn?tleisalgf ?.°°Wpa_nv 340 are union members,
! screws out of 100 and packs them in boxes of 500. Fmd the probability serve on the o of the ‘employees are chosen by lot:to
=%hat a box contains 15 defective screws. . robabily th tognn;lt[tree which administers the pension fund: Find the
a o]
From the past experience it is known that ina certam |ntersectlon_, - not. By using the h ezm will be union members while the others are
there are on the average 4 traffic accidents per week. Find the it | 23 yper-geometric distribution. . ,
v probablhty that, ina given week there will be: g S - 't';\ocille]?e lrbrary has 15 copies of certain rntroductory Statlstlcs text
I R _ Less than 2 accrdents ii.. Exactly 2 accidents i ok of which elght are first edition and seven are second edmon The
i More than 2 accidents T f:::rfe tTfai::ch:s reQUested that five books be put on two days
: les are se ected
If the probablhty of a bad reaction from a certain rnjectron rs 0. 001 that the book selected are (X = 0, 1at2 rzn(iorg what s the probability
‘Determine the chanice that out of 200 rndeuaIs More than two experiment is repeated in 60 college libra } Setcond edition. If such
get a bad reaction. : : dlstnbutron : ry fin the hyper-geometric
Suppose it:is known that.in a certain area ofa large city the averag 4. A- commrttee of 5 is to be selected from »
~number or rats per quarter block is five. Assummg that the number: ) women. If the selection is. made randomly vihgtcj:pthof 6’ :ebn and 9
e proba
ratls fctallgws P{frssbtl)n irstnbu’non find the. probability that in a rando ’ the commrttee consists of 3 men and 2 women. p ility that
selected quarter bloc! , . 3. An ex .
: . periment succeeds twice as often as -
" it falls What
- There are exacﬂy five rats. "-‘.-‘-,_, There are fewer than five. rats probablllty that in next five trials there will be three successes.? ® the
jiii.. There are rats from five to seven inclusive. o :
~Fita Poisson distribution to the followrng data glven the number of cel
per square for 400 squares : ‘
INo.ofcells . |01 2 03 4 5 6 7 8 9 'Answers -
No. of squares | 103 143 98 42 8 4 2 0 0 O _ T
7. 0. 929 8. 0989, 9. 0.00018
Data was collected over a Jperiod of 10 years. Showing numner - :
deaths from horse kicks in each of the 200 army corps. The distributi 10. i 0,0486, ii. 0.0036, iii. 0.6561, 1 Tl s el L -
~ of death was as follows B _ ’ ’ T 561f 11. 1. 0.9997 ii. 0.005 .
Noofdeath O 1 2 s 2 T
frequency 109 65 22 3 1R BN
Fit-a Poisson dlstnbutlon o the data and calculate expected theoret Expected frequencies are .
frequencies ? A ' . o ) e _ S
Fit a Poisson dlstnbutlon to the followrng data. f()-() ' 420 : 2 .3 A4 5
i - 100 . 200 ... 200
: 0 - 1 2 3 -4 . I , 0 . . 100 20
X N 5 . ‘o 14. i 250 250 ii.25 iv. 400 ‘ ;
f: 120 - 60 - 15 - 4 ' :
T 15. Expected frequencies are P
x| o L 2 '3 4 5|
223 '
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16.

18..
19.
21.
23.
25.

26.
' 28.

29.

30.

31
33.

34.

ny I 100 500 1000 _ ‘10‘901“: 500 100
] 2 =5 1T. i.0.246 ii. 0.345

P=3 .475 and n , 5

i 0497 i 0395 il 0206 iv.0.111

0.4335, 1563, 20. a.0.0916, b. 0.9084,

0.333, 0.366, 0201, 0301, 22. =~ 0325
a.0.3413,b. 0.9805,c.0.1183  24. 9.035

i 0.0916 ii. 10.1466 iii. 0.7618 o
(;.32 27.i. 04755 ii. 0.616 Hiii. 0.426,

Expected frgquencies are.

x{o0l1]213

1| o
£ {107 141 93 {4113} 4 |1

. Expected frequencies gre.

X ... 0 1 2{} 3 A: ‘
ev(f) 109 66 20
Expected frequencies are.
X |0 1 2 4
e(f) 118 62_' v ‘17 :
0.348 32, 0.189

0.0186, 0.163, 0.391, 0.326, 0.0932, 0.00?

Expected frequencies are.

X 0 . 1 2 3
o 1 10 ’ 23 . 20
80
0.2398 C 3. a3

BB
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For continuous random variables we have
probability distributions some of important Continy
distributions are listed below. But here we discuss
and Chi-square distribution in brief.

i. Continuous Uniform of Rectangular distribution.
ii. Normal distribution;

iii. Gamma distribution. .

iv. Chi-square distribution.

number of theoretical _
ous theoretical probability
Uniform; Normal, Gamma

v. Beta distribution.

vi. Exponential distribution.
vii.  Weibul distribution,”

viii.  Logistic distribution,

ix. Cauchy distribution.
UNIFORM DISTRIBUTION

Definition: A continuous random variable X is said to have a continuous
rectangular or continuous Uniform distribution over an interval (a, b)
ie.-o<a<x<b< o) if its probability density function is given by

f(x) =f(x,a, b)=1b-a fa<X<b
0, otherwise

Properties of Uhiform distribution

The following are the important properties of Rectangular distribution

i The two independent constants ‘a’ and ‘b’ in the distribution are known
as the parameters of the distribution. The distribution is called uniform
distribution on (a, b) since it assumes a constant (Uniform) value for ajf
xin (a, b) ‘

ii. The distribution is also known' as rectangular distribution, since the

curve y = f(x) describes g rectangle over the x-axis and between the
ordinates at x = a,andx=b,

iii. It is continuous distributi;m as X can take the any values between

(a b)ie.a<x<b. ,

iv. Any random variable which follows uniform distribution is known as
uniform variate,
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vi.

vii.

viii.

The distribution is also known as rectangular distribution, since the
curve y = f(x) describes a rectangle over the x-axis and between the
ordinates at x=a, and x = b.

It is continuous distribution as x can take the any values between
(a,b)ie.a<x<b.

Any random variable which follows uniform distribution is known as
uniform variate.

A uniform or rectangular variate X on the interval (a, b) is written as
X~U(a, b) or X~R(a, b)

b
The f(x) defined is pdf because f f(x) dx = 1

b
o [t

The cumulative distribution function F(x) is given by

0. X<a
F(x) =% b' a<x<b
1,Xzb

Since F(x) is not continuous at x = a and x = b, it is not differentiable at

: dF(x
these points, Thus—d'ftt-l = f(x) # 0, exist everywhere.

The graph of uniform pdf f(x) and the corresponding distribution
function F(x) are given below.

i-{‘: '{:l

For a uniform variate X in (-a, a) the pdf is given by

4 f-a<x<a
f(x) =423
0, otherwise

Mean and Variance of uniform distribution;

270

Probability an i

b b 2 2
1 (b2 - a+b
Mean=E(X]=fxf(x)dx=fxb_a( 23) =%
a a
2
AndE(Xz)—fxzf(x)dx fxz"——'d -%
a
" _a?+ab+bt® fa+b\’_ /(b-a)
Therefore V(X) = EO?) - [EX)? =5—3 ( . ) = ( o )
Xi. Median of uniform distribution is _asz , which is same as mean

b
xii. ~ Mean deviation about mean MD- =% = f]x»ﬂf{x)dx

11.2.3 Moment Generating Function of Uniform

Distribution
Moment generating function of uniform is given as
1 e”- e
M(t) = E(e )-fe f(x) dx = fe = L
a a

11.3 NORMAL DISTRIBUTION

The most important continuous probability distribution used in the
entire fields of statistics is the Normal distribution. It was first discovered in
1733 by English Mathematician De-Moiver, who obtained this continuous
distribution as a limiting case of the binomial distribution and applied it to
problem arising in the game of chance, It was also known to Laplace, no later
than 1774 but through a historical error it was credited to Gauss, who first
made reference to it in the beginning of 19" century (1809) as the distribution
of errors in Astronomy. Gauss used the normal curve to describe the theory of
accidental errors of measurements involved in the calculation of orbits of
heavenly bodies, throughout the eighteenth and nineteenth centuries, various
efforts were made to establish the normal model as the underlying law ruling
all continuous random variable, thus the name Normal. These efforts,
however, failed because of false premises. The normal model has,
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nevertheless, become the most important probability model in statistical
analysis.

11.3.1Definition of Normal Distribution

A continuous random variable X is said to have a normal distribution
with parameters pcalled mean and o called variance, if its pdf is given by the
probability law as

X - 2

20" io<xcw; —w<pu<w&o>0

f(x) = F(x: 1, a):m;ﬂ "G

11.3.2 Important Characteristics (Properties) Of
Normal Distribution and Normal Probability
Curve

The normal probability curve with mean p and variance o° is given by
x -

the equation f(x) = cr\;2_ e 29" and has the following properﬁes.
bis

i. The graph of probability f(x) of normal distribution is famous ‘bell-
shaped’ curve. The top of the bell is directly above the mean p and tails
of curve of a normal distribution curve extended indefinitely on both
sides of X = pand never touch the x- axis. For large value of o, the
curve tends to flatten out and for small value of o it has a sharp peak.

ii. Mean, median and mode of the distribution are coinciding.

iii. The two independent constants p and o in the distribution are known as
the parametars of the distribution.

iv, Normal distribution is a continuous distribution as x can takes any value
inthe realline Rie. -w<x<wm

V. Any random variable which follows normal distribution is known as
normal variate..

vi.  We shall use the notation x ~ N (1,0% to denote that the random
variable X follows normal distribution with mean u and variance &°.

vii.  The probability function f(x) defined in the distribution is pdf because

x - )’
[ o=tie ?U\;z_e-‘—**zc i
¥4
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viil.

Xi.

xii.

xiii.

XiV.

XV.

*Vi.

-0
As x increase numerically, f(x) decrease rapidly the maximum
probability occurring at the point X = p and it is given by

P(X}I max = 0"_\[_;

The normal curve is symmetrical about the line X=p,th
- 0 and s = 0. the normal distribution is masokurtic

us coefficient

of skewness [}
thus
po=3and22=0 :
Since f(x) being the probability, can never be negative, no portion of the
curve lies below the x —axis.

Linear combination of independent normal variates is also a normal

variate.
X-axis is an asymptote to the normal curve.

e

Fig; normal probability curve

2 4
Mean deviation about mean = '\j‘; 6=¢ O (approx.)

Quartiles are Q; = u—0.67450 ,Qz=p +0.6745
Qz- Qs
2

2
Quartile deviation Q.D. = =30 (approx).

F-3

2 ’
Therefore QD: MD: SD = 305 fojadle1

Which implies QD:MD:SD = 10: 12:15
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11.3.3 Standard Normal Distribution

If X is a normal variate with parameters 1 and o then random variable
Z defined by Z = 5—:;2‘ is a Standard normal variate with mean zero (0) and
variance unity (1) and the pdf of Standard normal distribution is given by

4
f(z) = '\!_11; e 2 <z <0

11.3.4 Normal Distribution as The Limiting Case Of
Binomial Distribution

Normal distribution is another form of binomial distribution under the
following conditions.
i The number of trials n is indefinitely large i. e n' | « and
ii. Neither p nor q is very small.

The pmf of the binomial distribution with parameters n and p is given

PGk pigt M or x=10,1.2.5.000 |
by P (X=x) = {0' D e EA Y i
X-E(X) X-np
Let us consider the standard binomial variate: Z =
\!Var( \} npq
Whenx=0,Z = ;EE' '\/_andwhenx nzZ=—— = (il
\anq )

Thus when n— o, Z takes the values from - e to oo,
Hence the distribution of X will be a continuous over the range - « to .
We want the limiting form of the equation (i) under the above two
conditions
I' lim nl  nlp”
P{x) oo (- X! (n-x)! Xl using Stirling's approximation to

5 1
i e g 7
rl for large r as ¢ h=+2ne'r
When n — « & consequently x — e«
1

N lim e .Jé; o n +a p‘qn'*
" N—oo P(x) = .

1

il n-x+5
V2re*x *\2ze®™ ¥ (n-x) 2
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N) =
|§Jgzn[p ]+ zA[npg +1/2) log {{1+Z\va’np +{np -

=(np+z

oy
=

> n-x+3
T 1 r:q rlq-l n.x+32'
\]’2_1: p “ 2(n X)

B e A
Also from equation (i)

X n-x L2
\/npa nd =1- Z'\['
x=np+ZNN «-1+Z\]'pa

ential of the distribution of Z, in the limits is;

Hence the probability differ

im (11
46(2) = 9(@) 9z = ‘m( 4 N) o

w3 (nX) % 2 which implies
Where N = (np)

Inq}
(x + 1/2) Log (x/nP) + {n x+1/2) Lc;g {(n- x: o' m - -

{Ep?;ﬂzz){zﬂn—p ( )+— z"( .....

\ \ 02z
+{np - z\/NPq +112}{ zAlp/ng - ( ) (
\npa -z'-“-p—-—r— —7lp/na - 37_ p/ng + ...
{ Z q. B o)
— +o{n' }
= -32-Zz(p+q]+22(p+q}+2\ﬁ-‘(p+q)

= {Z; + O(n'"z]} = {%2'} as n—:a
M og(Ny = _zj SN =82,

n—w
Substituting the vaiue of logN in equatson (i)

1
= dz="17 e dz,

We getd G(z) = 9(2) e
‘J- is as follows,

ility function of Z ¥
Hence, the prntzfnbxhty
. z </ <w
I T
9(@= T :
This is the pro_babll
zero and variance unity.

ity density function of normal distribution with mean
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If X is normal variate with mean p and standard deviation o, then
X - : ! .
Z= —E. is standard normal variate. The Jacobean of transformation
afizealbie
o (a3
Hence the random variablze X with mean E(X) = p and variance = o is

1(5;2

- 1 W) )
gwenbyf(x)=T e = -<X ®
2n

Remarks: Normal distribution can also be obtained as a limiting case of
Poisson distribution with the parameter 1— =

11.3.5 Continuity Correction to Improve the
Approximation

The addition of 0.5 to the upper limits and subtraction of
0.5 to lower limits of the discrete random variable X when the
continuous distribution is used as an approximation to the
discrete distribution is called continuity correction and the
factor 0.5 is called continuity correction factor.

Here in this book we consider Normal distribution as the
limiting case of Binomial and Poisson distribution so the
following are some of the examples of continuity correction.

i P(X =20) = P(19.5 < X < 20.5)

i. P (X <20) = P(X < 20.5)

ii.  P(X<20)=P(X< 19.5)

iv. P (X >20) = P(X220.5)

V. P (X220)=P(X>19.5)

vi. P (20<X<25)=P(20.5<X<24.5)
vii. P (20<X<25)=P(19.5<X <25.5)

11.3.6 Area Properties Of Normal Curve

The most important property of the normal probability curve is the area
property. If the means and s.d of a normal distribution are # and/

respectively then area under the normal curve between the ordinate at
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P Pl xss N =RES

Probability and

X= p-—ocand X=p+ o is 0.6826 that is
= 0.6826,
Plu-c<X<p+o0) o
SE;II".i!.arly Pu-2c<X<p* 20) = 0.954_4 o oty
P(p-3c<X<ut 30) =0.9927, whichis a 3

' =X B yhen we have

The standard normal variate (SNV) defines as i3
When X =p-0.Z=-1
When X=u+o, Zz=1
Whenx=p‘2cr.2=-2
When)(=1.L+Zo-.Z=2

=u-30,Z2=-3 s
s : # +3;C:s 7 = 3 Hence area under the standard normal curve 1s
When X = 1 . A

REL 1 = Pl sl By Wy ) = 010820
o

Xl gg) = Pl ~20< X < i +20) = 0.9546

AR S RRE RS

o F x g El )

i ili rve
These area are shown in the following normal probability cu

standard normal distribution curve

o =1+ 30
s STl S Xz proX=pr20 X
Xt~

= = Z=3
z=3  Z=2 Z=1.Z=0 2=l z=2

on the values
Since the location and shape of normat: i‘:f‘;‘zg:ge :fri:: with different
ifferent bell-s
; ters (. o), there are d : icated task of
i pae:ra\dmz:;nd::‘d deviations. In order fo avpld the cforf\r;?:::! :istributioﬂ
n"iear\iIn tables for each value of u and g a §pecnal fomsioandardized it By
Preﬁsaed gto convert this normal distripution In to_ onealled andard ol
ke : tion, which is ©
: very simple transformation, curve. The areas
?arr;bn?m:n an?; corresponding curve as Stanq?m nﬂnzaa; be obtained from
w the normal distribution denoted probability an standé “diged normal
under d of table prepared with reference 10 Sl{ch' o the end ol tis
pis 'll;ﬁ‘on The slandered normal distribution table is give
distribution.

book.
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Ci wous Theoretical Probability Distribution

The table area und
which ; er standard normal cu i
bl l)l'-;r;vldes the area (Probability) between "']';e hggeﬂ at the end of book,
=7 (say) ie. P (0 < Z <Z). ordinate at Z = 0 and

If we have to find th
P (0< Z < 2.33) = 0.4901 AR RENRRN = 0idnd k5355 hendrom S

Remarks: The total
- area under n ili i
orma;l probability curve is unit i.e.

@ o0 X=
fix)=1ie. L‘zi
-£ i fc'\lz e & dx=1
-0

And P (0 < Z < o) =
symmetrical] ) = P(- w< Z < 0) = 0.5 [since the normal curve is

11.3.6 Moment G .
enerating F g
Distribution g Function' Of Normal

The mome 3 ) :
definad a8 nt generating function of normal probability distribution is

o e © £-o
() = E(6) = ['e"f(q dx= CE
=00
And the mo i i
A ment generating function of standard normal distribution is

M.(t) =e -12—

11:3.
3.7 IMPORTANCE OF NORMAL DISTRIBUTION

Normal distribution
la i
Pecauseofthe following rea?‘.0£ a very important role in statistical theory
- For large values of : o
S n, calculations of P .
distributio e probability for dis =
gemﬂetricnd gﬁgﬁsummnat distribution, Poisson dis;:rr'ritu'ati:))r:m:b]Ilty
n etc,) become quite tedious and time congur:iﬁ?;r

In such case
s, normal approximati
convenience. pproximation can be used with great ease and

i. For large value of n (i
= n (i.e. n—x)
distribution L edietrbit » almost all of the ex
distributi e.g.- t-distribution , f-distribution and . = mpling
ion conform to normal distribution nd the chi-square

i.  The whole th
RN bg:zé t;fne:c:ct sampie‘{small sample) tests namely t, f,x*
R e L e assumption that the parent populati e B
ple are drawn follows normal distribution pulation from

i\f'. For lal‘ge Va|ue Of .
n (i.e.n —>® L
normal distribution. ), the central limit theorem follows
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yii. It finds many applicatio

It is extensively used in large sampling theory, 10 find the estimatos ol
tistic and confidence limits etc.

parameters from sta
Many of the distributions which are not normal can be m

simple transformation.

ade normal by

ns in statistical quality control and industrial

experiments for setting control limits.

Example 1

Find the area when the value of Z is known.

a.Z=0andz= 210 (i.e. area of Z=2.10)
Solution
From the standard normal table, the area between Z=0andz= 2.10is
denotes the area between.

0.4821. The shaded portion in the following figure

Z==Gandz=2.10

7=0 Z°7 2.10
7 - axis and the ordinate Z =

Thus, area pounded by the Z —curve,
g21. Symbolically it can be

0and Z =210 from the normal table is 0.4
written as P (0 <Z<2.10) = 0.4821

b. Z=-253 and Z =0 (i.e. area of Z =-2.53)

The table gives at the end of

the book doesn't contain entries

corresponding 10 negative value of

7 But, since the curve is

symmetricai we can find the area
between Z = -2.53 and Z = 0 by z=-258 Z=0
corresponding Z = 0 and Z=253. The shaded portion shown

looking the area

in the above figur
Thus, area betweern Z
Symbolically, it can be written as P(253<Z< 0

(by symmetry of normal Curve)

e represents the area between Z = 253andZ=0.
_ 253 and Z = 0 from normal table is 0.4943.

y=P(0<Z< 2 53) = 0.4943

Example 2
Find the area
i) Right of Z=0
Solution
the area under normal curve to th

In order to find
right from the positive value of Z) , we proceed as,

under the normal curve to the,
98 and (ji) Left of Z=-1.05

e right of Z = 0.98 (i.e.

—P(0<Z< 0.98) =05~ 0.3365 = 0.1635

P (z>098)=PO<Z<®)
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AAAAAAA

The Above shaded portion r :
S epresents the i =
Similarly, area leftto Z=-1.05is areadaithe doht of Z =y

P(Z <-1.05) =P (- %< Z <0) - P(~1.05 < Z < 0)

=P(0<Z<w) -P(0<Z<1.05) i
=0.5-0.3531 = 0.1469. (By symmetry of normal curve

3

Example 3

Find the area under the normal curve td the left of Z = 1.35
Solution ‘

The area leftof Z=1.35is
represented by the above figure
and calculated as '

P (Z < 1.35)

=P (-xw<Z<0)+P(0

1.35) : g
=P(0<Z<w)+P(0<Z2<1.35)
=05+04115=0.9115.

Z=0Z2=1.35

Example 4

The time required to assemble i
1 U ast a computer is a random varia '
approximately a normal distribution with mean 129 minutes a:db];::;ai?rgl

deviation 20 minutes. What are t iti
i it he probabilities that the assembling of a

i At least 124 minutes.
ii. Any where from 121 to 138 minutes.
Solution

The time required for assembl
ne required f e of a computer is a random i
(;é)f;l_iov:s nprmal d:stntzuhon with mean 129 minutes and standard d:?;;;?c:?:
inutes i.e. X~N(u,57), where n = 129 minutes and ¢ = 20 minutes.

i. The probability that tim i
) e required to asse i
124 minutes i, P(X >124). mble a computer is- at .least

For X = 124, let Z =X_'l-£ o
G

standard normal variate then
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Z= 128 =2 242'01 29 — —0.25, therefore the require probability is

p(X2124)=P (22-025)=P (-
_P(0<Z<025)+P(0<Z<=)bysym
- 0.0987 + 0.5 = 0.5987

P (121< X < 138)

0.25<Z-¢0}+P(O<Z<w}
metry of normal curve

ForX =121,letZ= x—;& is standard normal variate then

- 129

121
Z = 20 == 040

And X =138,2= 1382'0129 - 0.45, therefore the require probability is

P(121< X< 138)=P (- 0.4 < Z < 0.45)
=P (-040<z< 0)+P(0<Z 0.45)
=P[04240.40)+P{0<Z
0.45) by symmetry of the
normal curve.

=0.1554 + 0.1736 = 0.329.

0.155

=_0.42=0 2=045
Example 5

Students of a class are g
distributed with mean 60 and standard

students scored?

i. More than 60 marks.

ii. Less than 56 marks.

iii. Between 45 and 65 marks.

Solution g !
Let X denote the marks secure by student then X is a normal variate with

mean = 60 and standard deviation (o) = 5. Let Z be the standard normal
variate with mean O and variance 1 defined as

iven a test. Their marks were normally
deviation of 5. What percentage of

X - x - 60
ThenZ = =" 5
c
- x - 60
L ferpesen =P CoE> T8 )50

5 P(X>60)=P(Z> 0)=P(0<Z<®)= 0.5.
Therefore 50% students get marks more than 60

X -1 56 - 60
{0. <" 5

. P(X<56)=P (Z<-08)

ii. P(X<56)=P )=—-08

0,2119!
=-0A/Z=0
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=P (-0 <Z<0)-P(-08<Z<0)

=P(0<Z<®0)-P(0<Z<0.8)

=0.5-0.2881 =2119

Therefore, 21.19 % of students gets marks less than 56.
iii. P (45<X<65)=?

ForX=45Z= 320, 86-00 <o
5 B
X-60 865-60
ForX=652= g ® g =1,

. P(45<X<65)=P(-3<Z<1)
=P (3<z<0)+P(0<Z<1)

=P (0 <Z<3)+P(0<Z < 1) by symmetry of normal curve
= 0.4987 + 0.3413=0.84

Therefore, 84 % of students get marks between 45 to 65.

Example 6

The marks obtained by students in B. E. entrance examination are
normally distributed. The mean and standard deviation of the distribution are
50 and 10 respectively. |f 674 appeared in the examination and out of these
550 are to be declared passed. What should be the minimum pass marks?
Solution

Let X denotes the normal variable marks. Let Z be standard normal

: - X -50
variate of X. Then Z = )(0 yherep=50ando =10 .. Z= 35—
Let minimum pass marks be x; .

Then P(X > x1) = g%g' =0.816.

- 50
Let Z; be the corresponding SNV of x; then Z; = x110
Now P (X > x1) = 0.8186.
Or P(Z>-2z1)=0.816
Or,P(-z1<Z<0) +P(0<Z<x)=0.816.
Or,P(-z1<Z<0)=0.816-0.5=0.316
Therefore the value of z; at probability
0.316is - 0.9
ie.z;=-09
0!’,2(% =-0.9

X1 = 41. Hence the minimum pass marks = 41.
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Example 7

The mean and variance of height of 500 engineering students wers
found to be 165 cm and 25 cm® respectively. Find the range of height of
middle 80 % of the students.
Solution

Let X denotes the normal variable of height of engineering students
and Let Z be standard normal variate of X. Then

X- 5
z="% heren=165ando =25 040 1N\ 0:40

. 7o 22165 010 0.10

5 ‘ ,/\

Let x1 and xz be the lower and upper limit
of height of middle 80% of the students. Then 7=-2,2=0 2=%
P(x1 < X <x2) =0.80 ... (i)
Let Z, and Z» be the SNV of x; and xz respectively
Then,-Z; = 4 -5165 and Zp = XET%
" P(x1< X < x2) =0.80
or, P{- Zi<Z< Z3) = 0.80
or,P(-Z1<Z<0)=P(0<Z < Z;)=0.40 and
P (0<X < Z5) =0.40

. The value of Z; at probability 0.40 is 1.28 . Z;=1.28.

- 165
Or, %: —1.28, Which implies X; = 158.6 cm And the value Z, at

probability 0.40is 1.28 .". Z>=1.28.

¥
or, 22182 _ 408

Which implies X2 = 171.4 cm, Therefore, required range of height of
middle 80% students is equal to 171.4 — 158.6 = 12.8 cm.

Example 8

The probability that an electronic component will fail in less than 1,000
hours of continuous use is 0.25. Use the normal approximation to find the
probability that among 200 such components fewer than 45 will fail in less
than 1,00 hours of continuous use

Solution
let X be the continuous normal variable adn X be its corresponding
-
Standard normal variate then Z =—0E

Here Mean = np = 200 x .25 = 50

Standard Deviation ¢ = npq = 200 x 0.25 x 0.75 =37.5

Here We have to calculate the P (X < 45), for Normal Approximation of
Binomial distribution we use the continuity correction of 0.5
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44.5 - 50
Here, Z = 375
S0P (X <45)=P (X<44.5) =P (Z <-0.146)

= 0.4404,
[from Area under normal table]

=0.146

11.4 GAMMA DISTRIBUTION

Before defining the gamma distribution it is essential to introduce a
function called gamma function which plays an important role in many ranches
of mathematics, which is as follows,

oo

I'(n) = fe"‘x”"dx
0

foralln>0

The most important properties of gamma function are

i Foranyn>0Owehave F'n=nT n-1)

ii. For any positive integer n we have I'n = (n-1)!

iii. r‘%:'\/;

11.4.1 Definition of Gamma Distribution With Two
Parameters

A continuous random variable X is said to have a gamma distribution
with two parameter X and «, if it assumes only non- negative values and its
probability density function is defined as
ul. e-ux x?. -1

—F(r,osxmo

F(x) = f(x, o, 1) ={ A>0, « O,

0, otherwise
If we take o = 1 then pdf is reduces as

X!
f(x, l}={ L)

0, otherwise

L>0,0 sx<w

284

Probability and Statistics for Englneering
11.4.2 Definition of Gamma Distribution with Single
Parameter

A continuous random variable X is said to have a gamma distribution
with single parameter &, if it assumes only non- negative values and its
probability density function is defined as

e*xt!

f(x) = f(x, ).):{ )
0, otherwise

A>0,0 sx<w

11.4.3 Properties of Gamma Distribution

Following are the important properties of gamma distribution.

i The Game distribution depends upon the two constants o and A are
called the parameter of the Gamma distribution.

. Like normal distribution gamma distribution is also a continuous
probability distribution.

iii. Any random variable which follows gamma distribution is known as
gamma variate.

iv. We shall use the notation X =~ G(w, 1) to denote that random variable X
follows Gamma distribution with parameters « and X and also X = G(%)
for single parameter .

iv. The f(x, %) defined in gamma distribution is pdf because

=2 1= 72 (.
ff(x, A) dx=ﬁi—)fe‘.x""dx :F&% =1
0 0
vi. The cumulative distribution function, called incomplete gamma function
is defined as
- 1 2 . S L |
F(x)=P(X<sx)= f f(x, A)dx = F(_ﬂ f e’ x" dx, x>0
0 0
vii.  Mean of Gamma distribution with two parameters
l]'.?' e-ax x}\ -1
NER T ; 0,0<
We have f(x, o, J\):{ r(.) A>0,as oo
0, otherwise
b Xk graX (AT
Mean = E(X) = J'x f(x) dx =fdex
a 0
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A

e & 1 gy
oy S
0

Let, a x=y Then, dx = %1
a+l=1

Mean = E(X) = ?‘ﬁ—)f e“*(ii) E!=%

0
Variance(X) = E(XZ) {E(X))
“uX 11

Now, E(X?) = fxzf(x} dx ff“—i——dx

0:). aX A+2 -1
—rmfe XSS hdK
0

Let, . x = y Then, dx =%¥
Ao A+2=1
B S *vea dy AA+D)
(X%) l“(l)fe o
0

. variance(X) = E(X?) — (E(X))~ 7“'1 (&) ;ﬁ

Mean of Gamma distnbution with single parameter

X =1
We have f(x, 2) = { Ty *>0.0 sxsw
0, otherwise
b ® X -1
Mean = E(X) =fx f(x) dx zfxmx
a
etk O M) -

=) RO =

Variance(X) = Eo(x"‘) —{EX)P

2 b 2 e
Now, E(X®) = fx f(x) dx = fxz 0 dx
a
o0 B-X xa\+2-1 _(1.4-2)

=f r(v) dx = r() —-7\.(7&.+1}

]
<+ Variance( X) = E(X®) —{E(X)? =4 (A + 1) =27 =2
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viii.  As A—o gamma distribution tends to normal distribution.

iX. If X1, X2, ... X, are identically independently distributed (iid) gamma
variate with parameter o, 4 i=1,2.......... nthen Zxi= G(a, Zh)

Remarks:

Like Poisson distribution, the mean and variance of gamma
distribution are also equal. However Poisson distribution is discrete while
gamma distribution is continuous one.

11.4.4 Moment Generating Function Of Gamma
Distribution
The moment generating function of gamma distribution is defined as
follows
o0
My(t) = E(e™) =fe"‘ f{x)dx—r—{ﬁfe e*x*' d
0

il A
= g e M dx
FEOM I

0

(R -
m) -gp= -

Mean and variance of gamma distribution by using gamma distribution

fo )

. Mean = E(X) =

Again E(X?) = _fﬂ;éu| N

", Var(X) = EX®) - [EXX)P = (L +23) - 2% =2

*. Mean and variance of gamma distribution is equal to A

e Al oy
t=0 M1 =Y “)l_t:{}

- A= 1)[ o =HU+H)

Example 8

If a random variable has the gamma distribution with & = 2, & = 2, find
the mean and the standard deviation of the distribution. Also find the
probability that the random variable will take on a value less than 4.

Solution
X follows gamma distribution with two parameter o = 2, 4 = 2 then its pdf is
defined as
Y ) a). e-ax xl-l g 22 e-ex x2-1 5 22 e-Zx x2-1 e )
C=""ri) T M2 e evigh
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D
i.  Mean=E(X)= J‘ x 46 x dx = 1
0

N[}

oo
And E(X?) = f X 4e® x dx =
0

Then var(X) = E(X®)- [E(X)]* = 6/4 —(1)*= 0.5
ii.  The probability that the random variable will take on a value less than 4.

4
P(X <4)= f4e'2“ x dx = 0.247
0
Example 9

The daily consumption of milk in a city in excess of 20,000 liters is
approximately distributed as gamma variate with parameter 1/100,000 and 2.
The city has a daily stock of 30,000 liters. What is the probability that the stock
is insufficient as a particular day?

Solution

If the r.v. x denotes the daily consumption of milk (in liter) in a city then
r.vy =x- 20,000 has a gamma distribution with p.d.f

ot L “10,000
%) ay Al _ o 10,
gV =Ta)¢" Y ={wo0007T2Y218
y e-y/10,000

=10,0002 05 y<=®

Since the daily stock of the city in 30,000 liters, the required probability
'p' that the stock is insufficient on a particular day is given by

P (x > 30,000) = P(y > 10,000)

3o & e-yﬁ0,000 2
= f gly) dy = f (10’000)2 dy e

10,000 10,000

11.5 CHI- SQUARE DISTRIBUTION

The chi-square distribution was first discovered by Helmert in 1876
and later independently by Karl person in 1900. It is denoted by %°.

The square of a standard normal variate is known as a chi-square
variate (pronounced as ki - sky without s) with 1 degree of freedom (d.f.).
Thus if Z is SNV with mean Q and variance 1 than Z° is known as the chi-
square variate.

Further, If x = N( , 6°), then Z = "—GE ~N(0,1) and Z2 =(x—65) 2isa
chi- square variate with 1 degree of freedom
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obability and st

... X are n independent normal variates with

Lif X1, X200 L
i e i oo Zn a@re independont

mean y; and variances. i (i =1, 2....n), then Z;, Z...
SNV &

2
X Ui
RRFPLIPY +zn2=>:z-.2=z(—&f‘-')
is a chi-square variate with n. df. and it's p.d.f. is defined as,

it ol

-
e () ;osy’<x

]
) =3
2 [N

If we suppose the chi
function can be written as

-square variate 7 = x then, the probability density

1 T2z
f(x) = e X
2 I'of2

11.5.1 Derivation of the Probability Density of Chi-
Square Distribution
I X:. Xo........%n are independent N(ui, oi°) we want the distribution of
2 i
=X (5—*‘—) =¥ z” where z;= 5—6”—* ~ N(0,1)
T i
Since x; are independent then z's are also independent. Therefore,
MA(t) = My 2(t) = TTMa? (1) = (Mo
[Since z are identically independent distributed N(0,1)]
i 2
Also MZA(t) = E(e®) = f &% f(x) dx;
ol v )« JEE
=j' o —= ¢ 257 ax
\[2x

-w

x 2 }: Xi=
s fei'etan  wherez 50
‘\, 2n -

i 2 % 22
=\f_1_- ,—%T =(1-20 " SinceJ’ (el t:bt:n)aB
2n (1 - 2
(=) .
LMY =(1-2
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Which is the moment generating function of a gamma variate with

1 n
parameter3 and 3 .

Hence by uniqueness theorem of moment generating function of chi-
square distribution as

s "—&)2

; - 1 n
xz = is a gamma variate with parameter 5 and P

1 £
-1 1 % S

-t )——e OF )= e ()
2 Iz

;Oszcoo. .

a
-1

"2‘ 22 2
e (1) ;osy <w.

1
%) =3
2 Iz

11.5.2 Properties of Chi-Square Distribution

i. A random variable X which follows chi-square distribution is also known
as chi-square variate.

ii. A chi-square variate X is continuous random variable which assumes

non-negative variables only i.e. 0 < x < w.

iii. We shall use the notation X = xz(n) to denote that random variable X

follows chi- square distribution with n- degrees of freedom.
iv. Mean and variance of chi square distribution are n and 2n respectively.

We have the probability density function of chi-square distribution with
n-degrees of freedom as

X n
Sl
!{x):g'—;s"— o<x<w
o' e
x o, X n
F 2
b © o’ x Al
Meaan(X}:fxf(x)dxzfx——;— dx:j‘ 3 dx .
2 2
= s 2 g2

Lets = y which implies dx = 2 dy
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3
o Y 2
E(X) = j‘—-—(—n-e 2 dy

2!k
2

0 2713

3, (B41)
B At i Ll

=2f o =2
0

Variance(X) = E(X?) — (E(X))°
b -32(. %‘ ) o '% ‘;'-I'“
X e X
Now, EQC) = # f) dx= =g de= (77 7, o
“ 0 2 T8 0 2 1%

Let-:; = y which implies dx = 2 dy

-...1 2+1
2
2 I? 0
n
[ \5+2
=4 (?"5 )=4n(%'g) .."21 =n(n+2)

- Variance(X) = E(X®) —{E(X)¥ =n (n+2)- n*=2n
Thus, mean and variance of chi-square distributions with ‘n’ degrees of

freedom is n and 2n respectively.
- Variance = E(®) - E(x)? =n® + 2n -n® =2n
- Mean & variance of chi-square distribution is n & 2n respectively

Mode of the chi-square distribution curve is lies at the point xa =n-2

forn>2
E8 e
Measure of Skewness is b and Kurtosis is =

Therefore, Chi-square curve is positive Skewness & Leptokurtic

The chi-square distribution curve with 1 and 2 degree of fraadom s
hyperbolic in shape where as for n > 2, the curve is un-symmatrio bull

shaped.
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T n=1

Probability curve of chi-square distribution

V. If X1,X2) e Xk are k iid chi square variate with n; d.f then Ix; in also a
chi-square variate with Tn; d.f. this is known as additive property of chi-
square.

vi. It X & Y are two independent distribution chi square variate the with n;
& nz d.f. then (X £ Y) is also a chi-square with (ny £ nz) d.f.

vi.  If nis large then HJim #n° = N(n, 2n). This is known as the limiting
property of the chi-square.

vii.  The chi-square distribution is used to test whether a hypothetical value
of the population variance is true or not.

iX. Itis used to test a test of goodness of fit.

X. Itis used to test the independent of attributes.

Xi. Itis used to test the homogeneity of several population variances.

Xi. It is_ used to test the equality of several population correlation
coefficients.

11.5.3 Moment Generating Function of Chi-Square
Distribution
We moment generating function of chi-square distribution as

n
Mx(t) = (1- 2t) 2

Here, we alternatively find the value of mean and variance by using
moment generating function.

AM(t n 2.
Mean = E(x) =—(iu |,=0 =- -2-(1 - 21) s (.2}|I=0 =n

: ~2
Mi(t
And E(x2)=Lal"zula=o=n(-‘g'-1) (1-2+1)

=n(";2)2=n(n+2)

niz

(-2)|=0
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EXERCISE 11

Define the term Normal distribution, Standard normal distribution and
state the importance properties of normal distribution.

Define normal distribution, standard normal distribution, Gamma
distribution and Chi- square distribution.

Numerical of Normal Distribution

Suppose the temperature during may in Kathmandu is normally
distributed with mean 35% and standard deviation 4°. Find the
probability that the temperature during may in Kathmandu is (a) less
than 32 (b) between 38 and 47

In a photo graphic process, the developing time of prints may be
looked upon as a random variable having the normal distribution with a
mean of 16.28 seconds and a standard deviation of 0.12 second. Find
the probability that it will take

i.  Anywhere from 16.00 to 16.50 seconds to develop one of the
prints.

ii.  Atleast 16.20 seconds to develop one of the prints.

iii. Atleast 16.35 seconds to develop one of the prints.

Extruded plastic rods are automatically cut into normal lengths of 6
inches. Actual lengths are normally distributed about a mean of 6
inches and their standard deviation 0.06 inch. What percentages of the
rods exceed the length of 6.05 inches?

The weekly income of a group of 10,000 persons was found to be
normally distributed with mean Rs 750 and standard deviation of Rs 50

i If 5% are the poorest find the minimum income of the rich people.

ii. If 5% are the richest find the minimum income of the richest
people.

ii. What was the lowest income among the richest 100 ?

Suppose the average length of stay in hospital for a certain chronic
disease of a patient is 60 days with standard deviation of 15 days. If it
is assumed that the length of stay is approximately normally
distributed. Find the portability that the randomly selected patient from
this group will have a length of stay

i More than 50 days. ii. Less than 30 days.

iii. Between 30 and 60 days
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Xii.

It is used to make the homogeneity of several population variances.
It is used to test the equahty of several populatlon correlation
coeffcxents

Moment generating functlon of chl-square dlstrlbutlon

We moment generatmg function of chi-square dlstrlbutlon as

 Mie(t) = (- 2t)f.E

Here, we alternatively find the value of mean and variance by using

moment generating function.

Lo
Mean = E(q = 220 |, 0—-2(1 -2ty? (2o
And EG) O—“%Qlto-n( )(1 2+1) (-2)It=o

)2=n(n+2) ~

" Exercise 12

Define the term Normal distributio'n, Sta'ndard normal distribution and
state the importance properties of normal distribution.

Define normal - distribution, 'standard normal disiribution, Gamma
distribution and Chi- square dlstrlbutlom '

Suppose the temperature dunng may. in Kathmandu is hormally‘
" distributed with mean 35° and standard deviation 4°°. Find the

probability’ that the temperature during may in Kathmandu is (a) less

- than 32 (b) between 38 and 47

In.a photo graphic process, the developing time of prints may be
looked upon as a random variable having the normal distribution with a
mean of 16.28 seconds ‘and a standard deviation of 0.12 second. Find
the probability that it will take -

i.  Anywhere from 16.00 to 16.50 seconds to develop one of the
prints. .

Cii. - Atleast 16.20‘ seconds to .develop one of the prints.

iii. Atleast 16.35 seconds to develop one of the prints.

246

» Prabablhty and Statistics for Engineering
Extruded plastlc rods are automatically cut into- normal lengths of 6

‘inches: Actual lengths are normally distributed about a mean of 6

inches and their standard deviation 0.06 inch. What percentages of the
rods exceed the length of 6.05 inches?

. A fair die is tossed 180 times. Determine the probablllty that the face 6

will appear (a) between 29 and 32 times. inclusive (b) between 31
and 35 times |nclusxve(c) less than 22 times. .

{Hints ; P(29 < X < 32) = P( 28 5<X<31 .5) convert X values (BD) to
standard units}

The income of a group of 10,000 persons was found to be nomtally
distributed with mean Rs 750 per month & standard deviation of Rs 50
of this- group show that.

i. About 95% had income exceeding Rs 668.
ii. ~ Only 5% had income exceeding Rs 832,

i, What was the lowest income among the nchest 100 ?

Suppose the average length of stay in_hespital for a certain chronic -
disease of a patient is 60 days with standard deviation of 15 days: If it
is assumed that the length of stay is approxumately normally
distributed. Find the portability that the randomly selected patient from

this group will have a length of stay

i. -~ More than 50 days. ii. Less than 30 days.
iii. - Between 30 and 60 days ’

In a.normal distribution, 31% of the items are under 45 and 8% are |
over 64. Find the mean and the standard deviation of the distribution.

In a normal distribution 7% of the items are under 35 & 89 %.are under
63. Find the mean and the standard deviation of the distribu_tion. )

A manufacturer known from experience that the resistance of resistors
he produces is normal with mean p = 100 and standard deviation ¢ =2
ohms. What percentages of resistors will have resistancé between 98
ohms and 102 ohms ?

A sample of 100 mobile battery cells tested to find the length of Ilfe
produced the following results as mean 13 months and standard
deviation of 3 months. Assuming the data to be normaily dlstnbuted
what percentage of battery cells expected to have life?

“i. More than 15 months. ii. Lessthan6 months.

The rnean inside diameter of a sample of 200 washers produced by a
machine is 0.502 cm and the standard deviation as 0.005 cm. The
purpose for these washers are interned .allows a maximum tolerance in
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the diameter of 0.496 to C.
considered defective. Determine the. percentage of defective ‘washers

produced by the machine. Assummg the- dlameters are ‘normally
distributed. ) - .
The mean helght of 500 male studéents in a college is 151 cm and the

)8 “cm, othenNrse the washers are .

14.

“standard deviation'is 15 cm. Assuming helghtQ aré normally dletnbuted
Find how many students' have heights between 120 cmto 155 cm.

15.  Suppose “the duration of trouble" free operation: of a new vacuum
cleaner is normally distributéd with mean 530 days and standard
devratron of 100 days : : ‘
i ‘What is the probability that the vacuum cleaner will work for at

"~ Jeast two years without trouble. ‘
ii. The company wishes to set the warranty penod so that no more
than 10% of the vacuum cleaners would need repair services while
k under warranty How long a warranty period must be set ?

16. ‘The number of calories in a salad on the lunch menu of a hostel of a
' college is normally distributed with- mean 200 and standard deviation of
5. Frnd the probability that the salad you select will contain
i. More than 208 calories - ii. Between 190 and 200 calorres

17. Let Xis a normal variate with mean 25 and Standard dev‘.iation 10.°Find
the value of constant ‘b’-such that the probability of the-interval [25, b]’
is 0.4772. 3 -

18. The mean of normal dlstrlbutron is 500 and 16 percentage of the values

are greater than 600. What is the standard deviatidn of the dlstnbutlon’?
- R B -‘1
V o
Answers: .
3. 0.2266,0.2253 v _
4, i. 0.9568.ii.-0.7475, 1. 0.7201 5.~ 0.2033
8. 0.3094, 0.3245, 0.0446 7. 8665
2. i. 0.7487ii: 0.0228, iil.¢ 0.4772 9. 50; 10
10. 50.5 and 10.33 ~ ‘ oM. 68.26%
12. i. 15.87 ii. 2.28% _ o
13. 23.02% . 14. ?00 R
15, i. P(X >730) 0023 ii. 658 days' 16. i. 0.0548 it. 0.4772
17. 45 ‘ 18. 100~

BB
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Sampling-

Sampling is a part of our day to day life which we use advertently or
inadvertently. For example, a housewife takes one or two grains ofrice from
the cooking pan and decides whether the rice is cooked or not . A guality
controller takes a few items and decides whether the ot is in -accordance with

the desired specifications or.not. A pathologist takes a few drops of blood and

tests for any change in’blood. of the whole body then normal. In all these
situations sampling is inevitable and gives satisfactory results.

Even.in those cases where complete enumeration is possible ; it is not
preferred due to the facts that it is much more time ‘consuming and expensive,
requires more skilled and technical persénal, more érrors are-causéd due to
greater volume of work, measurement error. etc. Complete enumeration is
used only for various censuses or in case of small population -

Sampling is a part or-fraction of a population selected on some ‘basis,

Sample consists of a few items of a population, in principle a sample should

be such that it is a true representative of the population: Usually a random-
sample ds selected. If the populatlon is. reasonably homogenous a simple

" random. sampling is most preferred one. But the moment one start identifying
sampling_using on. the ‘basis ‘of their characterlstrc it glves rise’ to different -

sampling methods.

The foremost purpose of sampling is fo gather maximum- mformatlon
about theé population under consideration.at minimum cost, time and human
power. This is best achieved when the sample contarns all the properties of
the population. :

In many statistical studies, data are to be collected from the population. .-

under study. The population consists of @ number of units, usually very large,
and sometime infinitely many. In many cases it is practically not possible to
include all unity of the populations to study. Therefore a few of the population
units are. selected as a representative of the whole, population, the few
selected unit is called sample and the method of selecting the sample is called
the samplmg technigue. .

Parameter

The statistical constantgeof whole population are called parameter such
as population mean (), population variance (Gz) population proportion (P).
Population correlation coefficient (p), population regression coefficient (Bvx)..

etc. out of various parameters mean and variance are largely used. In a .
. theoretical probability distribution- by parameters one means those population
g constant which appear in probability density (mass) function.

249



Theory of Estimation and Samplin,

12.3 STATISTICS

According to Ronald A. Fisher the statistical constants of the sample
seiec.tecl from the population are called statistics; in general statistics are the
function of observable random variable and doesn't involve any unknown

parameters. For example sample meanx , sample variance (S2 or 52]
sample correlation coefficient (r) etc. ‘

Name Parameter Statistics
Size N n
Mean =
| Proportion = - |
P p :
Variance a* S%ors® [
Correlation coefﬁc;iem p r
Regression coefficient fvx Dyx !

!:b practice parameters values are not known and their estimate based
on sample values are made, Thus statistics can be regarded i

; , as the e

of population parameter. o

12.4 ESTIMATOR

f\n estimator is a rule or a function of variates for estimating the
populatton. parameters. It is expressed as a function of sample variates. An
estimator is itself a random variable and can have any value within its domain

.For example the estimator for mean is Zx/n , which depends on the sample

value of x of a variable X, Similarly, the estimator of variance is %ﬁﬁ
n-1)

J&s parliaflar value of an estimator from a fixed set of values of a random
sample is known as estimate , An estimate stands for the value of a

parameter, For example sample mean X is an estimate of population mean p
and sample variance s? is an estimate of population variance o where as

the functions for X & o are estimators.

12.5 SAMPLING DISTRIBUTION

If we draw a sample of size n from a given finite population of size N

N!

then the total number of possi R R e
possible sample is "C, = N-nn = k ( say)

298

RO T ) T o e e e e

For each oF these k samples we can compute some statistics 1, a function of

n observations, in particular the mean x , the variance Setc are given below

Sample no tn Statistics
4
X et
1 ts T S
2 tz T(z 822
oy k tx T S

The set of the values of the statistics so obtained, one for each sample,
constitute what is called the sampling distribution of the statistic. For example
the values t1 to . t determine the sampling distribution of the statistics t,. in
other words , statistics t, may be regarded as a random variable which can
takes the various statistical constants ke mean, variance , skewness,
kurtosis, etc for its distribution. For example the mean and variance of the
sampling distribution of the statistics t, are given as

_ + Zh
t"=t——-——.l "21 i :T and
s B

Var (tn) = K :

To bring the sample mean (x) close to the population mean u , @
number of random samples are taken from the population and the mean of
each sample is computed which give the number of several sample means.
The probability distribution of all possible sample mean of a given size
selected from a population is known as the sampling distribution of the mean.
Similarly, the probability distribution of the sample variance and the probability
distribution of the sample proportion of ail possible random sample of a fixed
size n is called the sampling distribution of the proportion.

12.5.1 Properties of the Sampling Distribution of

the Mean

i The mean of the sampling distribution and the mean of the population
are equal, if all possible samples of a given size are taken from the
population.

ii. The spread of the sample means in the sampling distribution is small
than the spread in the population values.

jii. The shape of the sampling distribution of the sample means tends to
be bell-shaped and approximates the normal distribution even when
the population is not normally distributed; provide that the sample size
is reasonably large.
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12.6 STANDARD ERROR (SE)

: The standard deviation of the sam pling distribution of sample statistics
is known as standard error (S.E.) of the statistics. The standard deviation of
distribution of sample mean is called the standard error of the sample mean. It

is denoted by O - or S.E.(x). Standard error of the mean is a measure of the

distribution of sample mean, it measures the likely deviation of sample mean
from the grand mean of the sampling distribution.

12.6.1 Standard Error of the Mean

If the random sample is drawn with replacement from large population,

i.e. x~ N (l,0%) then we have E(x) = W and variance(X) = ” , Now the mean
of sample mean is defined as

E(X) =E('E'%:"—) =ﬁ E(x1 + Xo# ... + X,)

[E(xi) + E(x) + ... + E(xa)]

=21

DR +R+p s pyp=p

ThusE(X) =p
Now the variance of sample mean is

Var (x) =Var{"£-x'n‘—] =F1!2 var (X + 3+ ... + %)

= [var (x:) + var (x) + ... + var (x))] [Since x's are iid]

n
2  ;

P L Lo N o
s A

Thus, The standard error of sample mean for large population is given
— O. ) : ;
by SE(x) = “\/—; . Wwhere G is population standard deviation.

I_f tha_ random sample is drawn without replacement from a finite
population size N, the standard error of sample mean for finite population is

; e B N-n
given by S.E.(x) =:j_; \/ﬁ-ﬁ—1 , where n is the sample size.

N-—n
The factor ~ /N p

: arek gty B
population multiplier, the fraction N s called the sampling fraction. When the

sarr:jpling fraction is less than 0.05 the finite population multiplier need not be
used.

is also known as finite correction factor or finite
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12.6.2 Standard Error of the Proportion
The selection of the sampling distribution of proportion is known as the

standard error of the proportion. It is denoted by o, or S.E.(p) if the random
sample is drawn without replacement from a finite population size N then the
standard error of the sample proportion for finite population is given by

SE.(p)=A /% ! /—:}:?

Where P-is the population proportion of success and the Q=1-P and
the standard error of the sample proportion for large population is given by

SEpE\[T2

Similarly the S.E. of the various statistics is given below.
i For random sample drawn from a normal population with s.d. ¢ The

e
standard error of sample S.D. (s) is given as S.E.(s) =‘\/2__n'

ii. If ;c| and ;C'z denote the means calculated from independent random
sample of sizes ny and nz and drawn from two normal population with
S.D. 6y and o, respectively the S E of (X; — X2 ) the S.E. of difference
between two mean is

S E(x1 —X2) =\ /“—n';«»%;- in particular .if the population have the
= e fia]
sameS.D=0ie. 0] =0;=0thenSE(X) —X2)= n_1+E

iii. If py and p; denote the sample proportion calculated from independent
random samples of sizes n; and nz drawn from two independent
population with proportion Py and P2 respectively then the S.E. of
difference between proportions is given by

SE(p1—p2) = _F’_:\_?_i_‘_?_:?@_z in particular i it is assumed that the
two population proportion Py and P; are equal say Py = P, = P then

i
SE. (p1=p2) =\ [PQG-+10)

iv. If sy and szdenote the sample standard deviations calculated from
independent random sample of sizes ni and nz and drawn from two

population with $.D o, and o, respectively then

S.E(s1—52) A\ [ o+
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The standard error indicated not only to observe the variability in the
sample means but also the accuracy of the estimation population parameters.
A distribution of sample means having larger S.E. is a better estimator of the
population mean than a distribution of sample means having smaller standard
error. Following table shows the different statistics with corresponding
Standard errors

S.No. | Statistics Standard error

1. | Sample meanx

2. Sample Proportion (p)

o {5
\n
PQ
n
3. Sample s.d (s) »\/:5;

4. | Sample Quartiles 1.36263 %
B Sample median 1.25331 ﬁ
6. Sample correlation (r ) 1- %
n
3. [96 ‘
7. | Sample Moments fi, 3 o ‘
4. |96 '
8. | Sample Moments £, c '\]*_n—
' P cv 2(CV)’ cV
9. Sample cf}efﬁcnent of variation —@ Uar 04~ NG
10. - — o, o
X1 =Xz \[ P
11. S )iay Gaip:i0a
2“; Zﬂ;
12. p1-p2 _\/_.P_I(ﬁ +w_'-'
ny s

12.6.3 Utility of Standard Error

' Standard Error plays vital role in the large sample theory and forms the
basis of the estimation and the testing the hypothesis it is extensively used.
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i. To determine the precision or reliability of the sample estimate of some

population parameter. Thus if ; is a sample mean and to estimate the

population mean L, the precision of ; is o

SE(&x)

ii. To test if the sample statistic differs significantly from the corresponding
hypothetical value in the population i.e. to test the significant of the

difference (} - u). For large sample, the Z-statistic is as Z= _(.__E)_SXE‘ =
A5

If calculated Z is less than or equal to tabulated Z , it is not significant at
alevel of significance and null hypothesis is accepted . This means that
there is no significance difference between observed and expected
value of statistics. If calculated Z is greater than tabulated Z, it is
significant at o level of significant and null hypothesis is rejected . This
means that there is significant difference between observed sample
value and the hypothesized population value.

iii. To test the significance of the difference between two independent
sample estimates of the same population parameter.

iv. To obtain the point estimates of the population parameters.

V. To obtained interval estimates of the population paramefer i.e. to obtain
probable limits between which the true value of the parameter may be
expected to lie.

Example 1

There are 60 students in the B.E. class .Their average score in their
semester end exam were 70 with a standard deviation of 10. A sample of 40
of these students is taken at random calculate the Standard error of the mean
for this sample.

Solution

Here we are given, Population size (N) = 60, Sample size (n) = 40,
Population standard deviation (¢ ) = 10 then the standard error of mean =?
Here sampling fraction /N = 0.6 is greater than 0.05 , the standard error of
mean is given as

SE(S)oq. =% o [N=0_ 10 6040
Elx)=0; =5 \IN=1"ag \ 60-1

=0.8512

Example 2

Simple random sample of size 20 is drawn without replacement from a
finite population consisting of 60 units. If the number of defective units in the
population be 8.Find the standard error of the sample proportion defectives.
Solution
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HMere we are given Population size (N) = 60, Sample size (n) = 20,
Number of defective in the population(X) = 8. Then the Population proportion
of defective unit (P) = X/N =8/60 =0.134 and Q = 1- 0.134 = 0.866. The
required Standard error of sample proportion of defective is

PQ [N-n
SE(P)=0s=\7 \IN-1

N-1
_ [0 x0866  [60-20 _
“\] 20 \/60-1 F AR

Note: When the sampling fraction % is less than 0.05, the finite population

multiplier -\ f s _-.? need not be used.

12.7 SUM AND AVERAGE OF RANDOM VARIABLE

12.7.1Random Variable

A rule that assigns a real number to each outcome of a random
experiment is called a random variable (random variable.) . It can take any
one of the various possible values each with definite probability. For example,
in a throw of a dice if X denotes the number obtained then X is a random
variable which can take any one of the values 1, 2, 3, 4, 5, 6, each with equal
probability 1/6.

A random variable is usually denoted by any of the Capital Latin letters
X, Y, Z, U, V... etc and particular values which the random variable takes are
denoted by the corresponding small letters. Let us consider a random
experiment of three tosses of a coin then the sample space S consist of 2%=8
sample points given as

S ={HHH, HHT.HTH,THH, HTT,THT, TTH. TTT}.

Let us consider the variable X, which is the number of heads obtained,
then X is a random variable which can take any one of the values 0, 1,2, 3.

Outcomes | HHH | HHT | HTH | THH | HTT | THT | TTH | TTT
Valuesof X | 3 2 2 2 1 1 1 0

12.7.2 Types of Random Variables

There are two types of random variable namely. (a) Discrete random
variable, (b) Continuous random variable,

12.7.3 Discrete random variable

A random variable, say X, which can take a finite or a countably infinite
numbers of values in an interval of the real line is called discrete random
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variable. For example, if we toss a coin, the variable can take only two values
0 and 1 assigned to tail and head respectively. ’

S 0, if X is Tail
¥ {1, If X is Head
In a rolling of a die, only six values of the variable x, i.e. 1,2,3,4,5&86 are
possible, hence the variable X is discrete , here the variable

X={x:xis1,2,3,4,5and 6}

12.7.4 Continuous Random Variable

A random variable X, which can take infinite and uncountable set of
values in an interval of real line is said to be a continuous random variable ,
the probability of a point x is zero i.e. P(X=x) = 0. But the probability is
ascribable in an interval. for example the weight of middle aged people in
Kathmandu lying between 40 kg and 150 kg is a continuous random variable .

Symbolically, X={x:40< x < 150}

12.7.5 Properties of Random Variable

The important properties of random variable are as follows,

i, If X is a random variable and a and b are any two constant, then aX+b
is also a random variable.

ii. If X is a random variable, then X’ is also a random variable.

i [f ¥ is a random variable then 1/ X is also a random variable.

iv.  If Xand Y are random variables defined on the same sample space S
then, X+Y, X-Y, aX, bY or aX+bY are also random variables with a and
b are non negative constants. ;

V. If Xy X5... X, are nindependent random variables then,
Un = min(Xy, Xz... Xs ) and
Vi, = max(Xy. Xz... Xa) are also random variables.

12.7.6 Sum of Random Variables

Let Xi X2... X, are n random variables then their sum as
n
Xi# Xo# ...+ Xy = 2 xisalsoa random variable.
i=1

In normal distribution let, X¢ Xz ... X, are n independently normally
distributed random variables with mean p4 and variance o then their sum £x;
is also a normally distributed random variable with mean np and variance n o
for large value of sample size n.
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12.7.7 Average of Random Variable

1) £ S < S Xn are n random variables then their simple average
X =% is also a random variable.
2 In normal distribytion let ‘X1, LT Xnaren indegendemly normally
distributed random variables with mean p; and variance ;" then their simple
. n Xi
average X = % is also a normally distributed random variable with mean p
2

S , ) o’
and variance = for large n. i.e. E(X) = p and Var (X) = 1,

12.8 CENTRAL LIMIT THEOREM

The central limit theorem in the mathematical theory of probability may
be expressed as follows “If Xy Xo. ... . Xa are n independent random
vari?bles following any distribution with mean E(X;) = p, and variance Var (X)
= o, than under certain very general conditions, the random variable i.e. their
sum Sp = Xo+ Xot + Xn = Xx is asymptotically normal distributed with
mean y and standard deviation ¢ Where p = 2y and o’ = Zov i.e. Sn =~ N(y,
c)asn— '

This theorem was first stated by Laplace in1812 and a rigorous proof
under fairly general conditions was given by Liapounoff in 1901. .The general
conditions or assumptions are as

i.  The variables are independent and identically distributed.
ii. E(XY),existsforalli=1,2............

12.8.1 Application of Central Limit Theorem

If xi.’ Xo........ X%, are nidentically independently binomial distributed
random variables with parameter r and p. then their sum
n
Sn = X+ Xo+. ..+ X2 =2 X is normal variate with mean E(S,) =

i=1
ZE(Xi) = Zrp = nrp. And Var(S,) = V(ZXi) = (ZV(X) =nrpq

Example 10

Let X, X2 ... X, be aidentically independently Poisson variate with
parameter A Use the central limit theorem to estimate P(12 < S, < 160)
where Sy = Xi+ Xo+  + X, and A =2and n=75.
Solution
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Since X/'s are iid Poisson variates with parameter A then E(X) = A and
V(X) = & and hence E(S,) = SE(X) = nk and V(Sy) = var(Xi+ Xot.....* Xn)
= $V(X) = nh [Since X's are iid] Hence by Central limit theorem for large size
of n

Sy~ N(nk, nk)

Sp = N(u = 150,6° 150)

[PrA=2&v=50]

120 - 150 160 - 15
2. P(120 < S, < 160 =P( <Z<
(i ) \/150 150

=P(-2.45<Z<0.82)

Z = N{0.1)
=P(-245<Z<0)+P(0<Z<0.82)
=0.4929 +0.2939
= 0.7868 from standard normal table.

Thus 78.68% values lies between 120 and 160 of sum of Poisson
variate

12.9 ESTIMATION

The theory of estimation was founded by Prof. R.A. Fisher. Estimation
is the process by which population characteristics are estimated from
characteristics of the sample studies with desired degree of precision. The
main objective of estimation is to obtain a guess or estimate of the unknown,
true value from the sample data or past experience. There are many
situations in our daily life where we make estimation. When crossing a road,
we estimate the speed of taxi that is approaching, the distance between us
and that taxi and our own speed. Having made these quick estimates, we
decide whether to wait, walk or run. We must make quick estimates to save
the accidents, some times, a decision maker make rational decisions without
complete information and with a great deal of uncertainty about what the
future will bring.

In estimation, the sample statistics are used to estimate the population
parameters. For example a principal makes the estimates of enrollments next
year in B.E. from current enroliments in the same college. The civil engineer
estimates the strength of soil, Strength of rod, strength of brick from the past
records. A businessman estimates his future sales of computer and electronic
goods from the past records, in each case; some one is trying to draw
conclusion about population from sample information.

The estimation of population parameter like mean, variance, proportion

etc from the corresponding sample statistics with reasonable accuracy is very
common problem of statistical inference. The sample distributions of a
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slatislics and its standard error have played a vital role in both the estimation
of parameters and the testing of statistical hypothesis.

12.9.1 Types of Estimates

A random sample of a given size is selected from a given population
and then computes a statistic which is a characteristic of the sample and this
becomes an estimate of the similar characteristic of the population. There are
two types of estimates about a population parameter namely a point estimate
and an interval estimate.

12.9.2 Point Estimation

A point estimate of a parameter is a single numerical value compute
from sample information. For example a sample mean {;) and a sample

variance s’ is the point estimate of population mean L and population
variance G~ .

We write as point estimator of [tis x as fI =x and that of 0" as

fuite ) 2

G =5

12.9.3 Interval Estimation

A range of values used to estimate a population parameter is called an
interval estimate. There are two ways for indicating error by the extent of its
range and by the probability of the true population parameter lying within that
range. Faor example

P(a<pu<b)=0.095

Example of interval estimation are given in the chapter of hypothes;is
testing and exact sampling test.

12.9.4 Properties of Good Estimator

A good estimator is one which is as close to the true value of the
parameter as possible. The following are the some of the criteria that should
be satisfied by a good estimator.

a. Unbiasedness
b. Consistency
c. Sufficiency

d. Efficiency
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12.10 UNBIASEDNESS

An estimator or statistics t, which is a function of the sample
observations Xi, Xz, ... % is said to be an unbiased estimator of the

corresponding population parameter 0 if E(t, ) =60 .. (i)

For example, sample mean (x ), sample median (My) and sampie Mode
(M,) are unbiased estimator of population mean

ie. E(X)=E (M) = E(M,) = .

Similarly, sample proportion p is unbiased estimator of population
proportion (P) i.e.E(p) =P
But E(S?) # o where as E(s°) = ¢°

b . T 2
n n-

If E (t.) = 0, then the statistics ( t,) is said to be biased estimator of 6.
Let E (t,) - O = B(t,) then B(t,) is called the amount of bias. If B (t,) >0
i.e E(t,) > 0. Then t, is said to be positive biased and
If B(t,) <0 i.e E(t,) < 0. it is said to be negative biased,
Therefore, Amount of Biased is B(t,)= E () - 6
Example 3
Let X1 X 2,............% IS @ random sample from a normal population
N(LL,1) show that t, = %z‘x,? is an unbiased estimate of (1+ u?)

Solution

We are given E(x) = > and V (xi) = 1for ,i= 1, 2,.. see
Now E(x’) =V {XJ + [E{x)] = (1+ W)

- E(t) = ; (¢ ) =; 51+ =1+
Hence t, =%in2' is an unbiased estimate of (1+ p?)

Example 4

If T'is an unbiased estimator of @, show that T is a biased estimator of o°
Solution

Since T is an unbiased estimator for 0, we have E(T) =0
Also Var(T) = E(T%) HE(M} = E(T) - 6
Which implies E(T?) = 0%+ Var (T)  [since Var (T) > 0]
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Since E(T9) = 02, T? is a biased estimator of 67

Example 5

Show that —ﬁ{(r%l is an unbiased estimate of 07 , for the sample
3 U Ny L %, drawn on which X take the value 0 or 1 with respectively
probability (1- 8) and 6.
Solution

Since X1, X2 ...... X, is @ random sample from Bernoulli population with
parameter 6, Now T= Ixis a binomial distribution with parameter n and 0
=E(T)=nBandV (T)=n0 (1-0)

Therefore E i(iLl) £ (T(T 1)\ _ [ET?) - E(T)]

n(n-1) (n-1)) "~ n(n-1)
[{var(T)+(E(T))2} E(M)]
nin-1)
_[n6(1-8) +r*0%) -n0] _nb(n-1) _ o
n(n-1) ST e

Which shows that {ZNM 1 )1 is an unbiased estimator of 62,

12.11 CONSISTENCY

A statistics t, based on sample of size n is said to be a consistence
estimator of the parameter 0 if it converges in probability to 0

ie. ifts —> 0 as now,

I
Syrnbohca[ly. P(tn->9) = 1. In other word statistics t, is said to be

consistent estimator of the population parameter 0 if as the sample size
increase the value of the sample statistics become very close to the value of
the population parameter.

For example a sample mean ( x ), a sample proportion (p) and sample
variance (s ) comes closes to the respective consistence estimator of the
population mean p, population proportion (P) and population variance (o'z) if

lim lim N lim D 1
SAU E(x)=LL. s E(P) =P and E(s) =o'

n—»w
For calculation purpose of consistency of an estimator we use the
following relation.

A statistics t, is a consistence estimator of the parameter 6
FE(Mt)=0andV (t)=0asno>w
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Example 6

Prove that in sampling from an N (L, az) population, the sample mean

X is a consistent estimator of LL.

Solution
In a sampling form a Nz”'l' uz) population the sample mean x is also

o
normally distributed as N (1, 7~ ) i.e. E(x)=pandVar (x) ="
Thus as nlfnm E(x) = pand Var (x) = 0. Hence Xis a consistent
estimator for population mena L,
Also sample median is normaily distributed with mean L and variance

o no
on e E(Mg) = pLand Var (Mg) =75 .
Thus as ni_n:w E(Mg) = W and Var (Mg) = 0. Hence My is also an

unbiased and consistent estimator for |L.

12.12 EFFICIENCY

Even if we confine ourselves to unbiased estimates there will in general
exist more than one consistent estimator of a single parameter. Thus there is
a necessity of some further criteria which will enables us to choose between
the estimators with the common property of consistency such a criterion which
is based on the variance of the sampling distribution of estimators usually
known as efficiency.

An unbiased estimator t, based on sample of n observation is said to
be efficient estimator than any other unbiased estimator t, of population

parameter 8 if and only if Var(t, ) <Var(ty ).

Also the relative efficiency of t, as compared to tn is given as

_ Var (1)
RE. = Var (%)
Example 7

Sample mean (x) and sample median (M) are unbiased and
consistent estimator ?f population mean pie. E(x) = p and E(Mg) = j but we

also have Var(x ) =%'and
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ol
Var (Md) = 5~ Here Var (% ) < Var (My).
Therefore X is more efficient than Mg,

g J A Var (X &in
Also the relative efficiency of M ; = —(-)*= AR
b iency of Mg is RE (Ma.) Var (My) = 7o2/2n

_Therefore, the relative efficiency of My is 63.7% as compared to
meanx.

Example 8

A random sample (x1, Xz. X3, Xe, and xs) of size 5 is drawn from a normal
population with unknown mean p. Consider the estimator to estimate K.

. Xi+Xo+ X3+ Xg + . + ¥ .
ity ==t = % i tgzx'z + Xa, fil. ta:———uﬂéz'*l

‘Where A is such that t3 is an unbiased estimator of . Find &, Are t' and
tsz -.ir:‘tt);ased‘ State giving reasons, which estimator is best among ty, tzand ta'
olution

Since X~ N (u, o”) then E(x) = p and V(x) =6°,i=1,2: .5
and Cov(x, x) =0i#] ) '

1
Now E(t) = 5 ZE(x) = p ,which implies 7, is an unbiased estimator of u

2 1
ii. E(t:) = EE{X‘ + %) + E(xs) = 2y, which implies t; is not an unbiased

estimator of p.

iil. - Given that E(ts) = p, = SXitXtix)

3 = [ ts is unbiased
estimator of u]
or, 2u+p+ipn=3u=%=0

iv.  Also, var(t)) = % (V(x1) +V(x2) + V(xs) + V(xa) + V(xs)

(S
= X1) + V(% T 3 2
var (t;) = 2 +V(x) =50 +c'2=§<3
V. Andvar{h}=ﬁm)gim=gcz

Since var (t1) is least therefore the estimator t; is the best estimator.
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12. 13 SUFFICIENCY '

A statistics t, based on sample of n observation is said to be sufficient

for a parameter O if it contains all the information in the sample regarding the
parameter. For example the mean use all the sample values in its
computation while median uses only information of two class intervals and the
mode uses only information of there class intervals. Thus the sample mean
X is sufficient estimator of the population mean L.

Also, A statistics 1, based on sample of n observation is sufficient for
the parameter O of a density function f(x, 8) if the conditional distribution of x4,
________________ X, given value of t,=k is independent of parameter. 0

ie. Py, Xem M Xl t,=k) = h(x) , where h(x) is function of x, not

contain 0

12. 15 METHOD OF ESTIMATION

So far we have been discussing the requisites of a good estimator.
Now we shall briefly outline some of the important methods for obtaining such
estimators. Some of the most commonly used method for obtaining the point
estimates are listed below

i. Method of maximum likelihood

ii. Method of moments

jii. Method of least square

iv. Method of minimum variance
V. Methed of minimum chi-square

vii.  Method of inverse probability
vii.  Bayes' estimation procedures

12.15 .1 Method of Maximum Likelihood

Method of maximum likelihood estimator (MLE) was initially formulated
by C.F. Gauss but as a general method of estimation was first introduced by
Prof. R. A. Fisher and later on developed by him in a series of papers.

Let xi, X2............. X» be a random sample of size n drawn from a population

with pdf f(x, 0) where 0 is the unknown parameter. The principle of maximum
likelihood consists in finding an estimator for the unknown parameter 8 which

maximizes the likelihood function ‘L' of X 2. ... X, defined as
n
L = f(x1, 8) f(x2, 0)............ f(x, 8) = I'T f(x; 6)
i=1
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Here we maximize L to find an estimator of 8. Thus for Maxima and
minima,

a FL
2 Oand—z-:o

16 dloglL _
OrLae—O 20 =0

Here Log L is a non-decreasing function of L and also L and Log L
attains their maximum values at the same value therefore

@Bg—l' = 0 is known as the likelihood equations for estimation of parameter 6.
Example 9
L S il %, is a random sample of size n drawn from a Poisson

population P (i) where A is unknown parameter. Find the MLE of i.
Solution

'A X
Since each x = P(A)then f(x, &) = l . then likelihood function of x;,
X2, . Ko 18
et et @tah
L= fxa, &) 0 &) e 0 M) =7 T - Tl
e™ Xk
L =——=——, taking log on both sides

Tx!
LogL=-ni+ Zxilog A x + IT (x:!)
And the likelihood equation to estimate the value of parameter & is

= Z
SRR

< NEX
Therefore, Maximum likelihood estimator of parameter A is X
Example 10

A random sample of size n is drawn from a normal population N(, az).
Estimate the parameter p and o” by the method of MLE.
Solution

................ %, is a random sample of size n drawn from a normal
population N (1, o°) where p and o” are unknown parameter then

3
e

Then the likelihood function of samples x1 Xz . X is

f(x, p, o%) =
g
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2 2 2

1 fx- 1 fx- 1 % -

ok ] o R W b e i
o\2n o'\}Zn U‘JZ‘H’

}.-—u')

o

n

(ST

™
B a
V2=

n 1 %i - 3
o -5
“\o'(2n)
Taking Iag on both sides, we get

1
LogL=-3log(2m-3 5 log o= =2 Z(x- )’

The likelihood equation to estimation of parameter p is

alogl _,
op

3

= Z(x-w) =0
R =X

Therefore Maximum likelihood estimator of parameter y is x
Similarly, likelihood equation to estimate the value of parameter s
¢loglL <0

T(xi- X )?
Or, -"ﬂz(z- In =0

3

Therefore Maximum likelihood estimator of & Yis s"’

Example 11

If n sample are drawn from Binomial population with parameter r and P.
find the Maximum likelihood estimator of P
Solution ot

Let x1, Xo.. X, is a random sample of size n drawn from a B(r, P)
then probability mass function of bmom|al distribution is -

fix, P) ="C,P*Q"*
Then the likelihood function of samples X1, X2........... % IS
L= f(xs, P) f(x2, P) ... f(xa, P)
=rcx PXIQ'-X‘ !'C Px; Ql'lxz'”rcxnpx‘.Qr-x“

X _;(r-‘(l‘r
=R c‘il }p
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Taking log on both sides,
Log L = Zlog Cy, + Zx logP + Z(r - x) log (1 - P)

The likelihood equation to estimate the parameter P is

aloglL _,
i
Zx or-3Ex
or, O P~ N
o Zx _Zx
o 1-P " P
or, nP-PEx=Zx-PZx
_X
L P=5

Therefore Maximum likelihood estimator of P is

"'llxl

Properties of MLE

Following are the important properties of MLE
i A MLE is not necessarily unique.

ii. A MLE is not necessarily unbiased.
iil. A MLE may not be consistent in rare cases.
iv. A MLE may not be uniformly minimum variance unbiased estimator.

V. If a sufficient estimator exists, it is a function of the maximum likelihood
estimator.

Vi. If tn is a sufficient statistics for parameter 0 and a unique then MLE of
0 exist and function of t, and vice versa.

vii.  Ift, is a MLE of @ and (D) is a one to one function of 0. 1(t,) is a MLE

1(0) of .This property is known as invariance property of MLE.

viil. ~ Under very general conditions, Maximum likelihood estimators are
consistent. The general conditions are

a. The first order and second order derivative viz Q'%QL and 32—‘5;’%
exists and are continuous function of 8 in a range of R.

b. The third order derivative exists such that < M(x), where

|63Lo

E(M(x)) <k , a positive quantity.
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ix. Under certain conditions, it has been observed that MLE is consistent
but it is not generally unbiased. |
X When MLE exists, it is most efficient for large samples under the
assumption that the distribution of the estimator tends to normal.

12.15.2 Method of Moments

This method was discovered and studied in detail by Karl Pearson in
1894. It is the oldest method of estimating the parameter of a distribution. The
method of moments consists of equating the sample moments to the
corresponding moments of the distribution, which are the function of unknown
parameters .Here we equate as many sample moments as there are unknown
parameters.

Solving the simultaneous equations, one obtains the estimates of the
moments of the population in terms of sample variates.

Here population moments are py = E(X), p2 =E(P), ps =SE(X3) etc and

the sample moments are m(1)= ~— 2 X, m(2) =ZT , m(3) =EXT etc.

12.15.3 Properties Of The Estimation Obtained By
The Method Of Moments

i: Under the fairly general conditions, the estimates obtained by the
method of moments will have asymptotically normal distribution for
large n.

ii. The mean of the distribution of estimate will differ from the true value of

the parameter by a quantity of orde:Jr;" .

2
iv.  The variance of the distribution of estimate will be of the type % .

V. In general, the estimates obtained by the method of moments are less
efficient than the maximum likelihood estimation. In particular cases,
they are equivalent.

Example 12

Let X1, X2 ......... Xa @re n samples drawn from a Binomial population with
parameter r and P. Estimate the parameter r and P.
Solution

We have the population morr{ents of Binomial distribution are
p1 =E(X)=rP and
p2 =EQ) =P P? +rP
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g

n '

Now sample moments are m(1)= 'Z;)S =X and m(2) =

According to method of moments 11, = m(1)
Or, r P =X which implies

*\IXI

P=

Also, ip =m(2) or, PP P? + P =¥
Frr oinTag
i e

x|

Or, X

~|

nx 2
nx 2- £ + nx

Example 13

Find the estimate of the parameter A of the Poisson distribution by
method of moments. .
Solution

R k?t Xi=Xa o) see Xa is a random sample of size n drawn from a Poisson
dls{_nbmlon P(x, &) we know in case of Poisson distribution its mean and
variance are equal. Then theoretical moments is

. Y
i =E(X) =Zx—— =Aand
Now sample moments is m(1) = ):sz‘ =X
According to method of moments s = m(1)
Or, A=X

Therefore estimate of A is X

Example 14

Estimate the parameter 1 and o° of the normal distribution by the
method of moments

Solution

Let x;, x2....... X is @ random sample of size n drawn from a normal
population N(L, o°)
We have thtla population moments of normal distribution are
M1 =E(X) = W and

M2 =E(4) = Var(X) + [EQF = o? + 2

318

Probability and

X =

Now sample moments are m(1)= = = X and m(2) = e

According to method of moments ]J.1. =m(1)

Or, H=x
Also, H2 =m(2)
or, o + = Txm
"OF, o’= IT¥n-X2

12.15.4 Least Square Method

Least square method of estimation of the parameters of simple linear
model

Consider the simple linear model Y = g + B4X + e. Let there be n pair
of observations (x1, y1), (%2 ¥2)..iiuenns (%a. ¥n). In the above model Y is called
the dependent variable and X, the independent variable and e is the random
error. For the i pair of observation Y; = fo + BiX + e
Or e =Yi- o + p1X may be positive or negative, to avoid the problem of sign
of error, square both side and also take the sum over all pair then we have

Q=3e? = £(Y; - Po- P1x)°

To get the best estimate of o and B4 one has to minimize Q = se’,
which amounts to minimize £(Y; - fo - B1X)%
Thus value of o and B1 which minimize Q are known as least square
estimator. To estimate parameters Po and B4 differential Q partially with
respect to Bp and p1 respectively and equate to zero

Lo AQ o
ie. o 0 and B~ 0 which gives
TY, = nPo - Bx and

%Y= Po X - [312)(3

These two equations are known as normal equation. On solving these
two equations we obtain as ;
i nEX.-Y-,- Ex. EYi

nZXZ - (ZX)*

{The best example of least square method is to estimate the
parameters 'a’ and 'b' of the regression line which is done in correlation and
regression chapter}

Note: The Question for interval estimation are Dealt after the hypothesis
testing at the end of each of the test.

Bo=Y -p:iX and B4
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EXERCISE 12

What are the properties of good estimator? Discusses in brief.
2 Define the Central limit theorem, sum of random variable and
average of random variable.

3 What are the properties of good estimator? Write about method of
maximum likelihood estimator to find the point estimator of a
parameter.

4 What do you understand by the method of moments of estimation of
the parameter?

5 Find the maximum likelihood estimator of mean (L) of Poisson
distribution.

6 X1, %, xsis a random sample of size 3 from a population with mean
uand variance o’. Let Ty, T; and Ts are the estimator used to
estimate mean value 1 where

Tt =X1+X- X3, T2 = 2x1+3x%p- 4x3and Ty = % (Ax1 + %2 + x3)
i) Are Ty and T2 unbiased estimator?

i) Find the value of A such that Ts is unbiased estimator for L.

i) Which is the best estimator?

X -1
LA
a where A is taken to be a unknown constant
8  Estimate the parameter of the exponential distribution
f(x, 1) = he™for 0 <x <o by the method of moments.

7 For Gamma distribution f(x, o, ) = &

, find the MLE of

ANSWERS
6. i.yes, il.A=1,iii.T; 7. fpaka 8 Rek
rAX X

Probability and Statistics for Egd”n.
CHAPTER 13

13. Statistical Inference

13.1 INTRODUCTION

The theory of testing of parametric statistical hypothesis was originally
set forth by J. Neyman in 1928 and Karl Pearson in 1933.

There is always some contention about the values of a parameter or
the relationship between parameters. When parametric values are unknown,
we estimate them through sample values. If the sample value is exactly the
same as per our contention, there is no hitch in accepting it. And it is far from
our contention; there is not reason to accept it. But the problem arises when
the sample provides a value which is neither exactly equal to the parametric
value, nor too far. In that situation one has to develop some procedures which
enables one to decide whether to accept a contended ( hypothetical) value or
not on the basis of sample values. Such a procedure is known as testing of
hypothesis

There can be more than one procedure to test a hypothesis, If so,
which one to choose out of man tests at hand. For this purpose, many
properties of tests have been put forward. A test with maximum virtues is most
preferred one. so we have to deal with hypothesis test procedures and their
properties.

A statistical test of a hypothesis is a rule or procedure which makes one
to decide about the acceptance or rejection of the hypothesis. .

13.2 STATISTICAL HYPOTHESIS

A gquantitative statement about the population parameter is called a
hypothesis. A statistical hypothesis is a statement about a population
parameter or parameters of two or more populations. In other word, a
statistical hypothesis is a statement about the distribution of one or more
variables. For example, the life of the electric bulb in general is 2,500 hours.
Two bulb manufacturing processes produce bulbs of the same average life
etc. i.e.u =2,500 hours, p1 = pa.

13.2.1 Types of Hypothesis

In general Statistical Hypotheses are of two types. Null hypothesis and
alternative hypothesis
Null and alternative hypothesis
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Such a hypothesis, which is usually a hypothesis of no difference is
called null hypothesis and is usually denoted by Ho. According to Prof. R.A.
Fisher, null hypothesis is the hypothesis which is tested for possible rejection
under the assumption that it is true.

For example, in case of a single statistics, the null hypothesis Ho will be
that the sample statistics doesn't differ significantly from the hypothetical value
of population parameter, and in the case of more than two statistics, the null
hypothesis Hq will be that the sample statistics don't differ significantly.

Having set up the null hypothesis we compute the probability 'p’ that

the deviation between the observed sample statistic and hypothetical
parameter value might have occurred due to fluctuation of sampling. If the
deviation comes out to be significant, null hypothesis is refuted or rejected at
the particular level of significance adopted and if the deviation is not significant
null hypothesis may be accepted at that level.
Any hypothesis which is complementary to the null hypothesis is called an
alternative hypothesis, usually denoted by Hi, In other words, alternative
hypothesis is a statement about the population parameter or parameters
which provides an alternative to the null hypothesis within the range of
pertinent value of the parameter. The idea of alternative hypothesis was
propounded by J. Neyman. If Ho is accepted, H; is rejected and vice versa.

For example, if we want to test the null hypothesis that the population
has a specified mean o (say) i.e. Hg : p = pg then the alternative hypothesis
could be,

i Ho: p # po (i.e., p > po or p < po)
il Ho:p< o
jii. Ho: p > po

The alternative hypothesis (i) is known as a two tailed alternative
hypothesis and the alternative hypotheses (ii) and (iii) are known as left tailed
and right tailed alternatives hypothesis respectively. The setting of alternative
hypothesis is very essential since it enables us to decide whether we have to
use a single tailed (right or left) or two tailed test.

13.3 ERRORS IN SAMPLING

The main objective in sampling theory is to draw valid conclusions
about the population parameters on the basis of the sample results. In
practice we decide to accept or reject the lot after examining a sample from it.

There are the four possibilities in the testing of statistical hypothesis,
i Accepting the null hypothesis when the null hypothesis is true.
ii. Rejecting the null hypothesis when the null hypothesis is true.
iii. Accepting the null hypothesis when the null hypothesis is false.
iv. Rejecting the null hypothesis when the null hypothesis is false.
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The above decisions can be presented in the following table

Decision from sample
Accept Ho Reject Ho
y Caorrect decision Wrong decision
R e ( No error) (Type | error)
v Wrong decision Correct decision
When ta s)Faiss (Type Il error) ( No error)

In the testing of hypothesis, we may commit two types of errors. The
error committed in rejecting null hypothesis Ho when it is true is called type |
error or the error of the first kind and its probability is denoted by o (alpha).
The error committed in accepting null hypothesis Ho when it is false is called
type Il error or the error of second kind and its probability is denoted by f
(beta), thus

Type | error = Reject null hypothesis when it is true.

Type Il error = Accept null hypothesis when it is wrong i.e. accept null
hypothesis when alternative hypothesis is true.

o = Probability (Reject null hypothesis when it is true) = P (reject Ho
when Hy is true)

# = Probability (Accept null hypothesis when it is wrong) =P (accept Ho
when H is true)

Where aand B are called the size of type | error and type Il error
respectively.

In practice, type | error amounts to rejecting a lot when it is good and
type Il error may be regarded as accepting the lot when it is bad.

Thus, P (reject a lot when it is good) = a
P (accept a lot when it is bad) =3

Where, o and B are referred as producers risk and consumer's risk
respectively

Let us consider a practical problem. If a medicine is administered to a
few patients of a particular disease to cure them and the medicine is curing
the disease, but it is claimed that it has no effect or has an adverse effect and
hence it is discontinued, This is type | error on the contrary, the medicine has
adverse effect and is claimed to have good effect and the treatment is
continued, this is type Il error. If we delve into the consequences of both types
of errors, we find type |l error is more serious than type | error, Hence o may
be relatively large than B. In view of these facts effort is made to minimize
 even for certain risk of type | error usually 0.01 or more.
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13.4 POWER OF A TEST AND POWER FUNCTION

For testing a hypothesis Hp against H,, the test with probabilities o and
{3 of type | and |l errors respectively, the quantity (1 - p) is called the power of
the test.

The power of the test depends upon the difference between the
parameter value specified by Hp and the actual value of the parameter. 1 - B
can be expressed as a function of the true parameter, say 0 , If T is a test of
Ho , the power function of T is defined as the probability of refection of Hp
when the distribution, from which the sample is drawn, is parameterized by 0
and denoted by Pr(0) . In terms of second kind of error, the function 1 - B(8) is
known as the power function, whereas the function B(0) is known as the
operating characteristic function or OC function.

13.5 LEVEL OF SIGNIFICANCE

The level of significance may be defined as the probability of type of |
error which we are ready to tolerate in making a decision about Ho,
l.e. P (reject Howhen Hg is true) = a.

It is our endeavour to carry out a test which minimizes both type of
error; unfortunately for given set of observations, both the errors can't be
controlled simultaneously. Hence it is a general practice to assign a bound to
type | error and to minimize type Il error, Thus one choose a value of & lying
between 0 and 1 which is known as the level of significance . Hypotheses in
general are tested at 1% or 5% level of significance. But the most commonly
used level of significance in practice is 5%.

13.6 CRITICAL REGION OR REGION OF
REJECTION

Let S denote the sample space of observations. Then sample space S
is specified by the test statistic under null hypothesis Ho.

PR
,.’ .\‘ lr."
[ Acceptan 25%
X H Rejection region
Rejection region ! z

The space S is divided into two types of region © and S-o . The level of
significance is the size of the critical regionw. The critical region is also known
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as the region of rejection. The region of rejection may be situated on both the
tails or on only one tail depending on the alternative hypothesis, also the
region(s- @ ) is called the acceptance region. If the value of the test statistics
lies in the acceptance region, the null hypothesis Hg is accepted and if it is lies
in the critical region Hy is rejected.

13.7 ONE TAILED AND TWO TAILED TEST

if an alternative hypothesis is such that it leads to two alternatives to
the null hypothesis, it is said to be a two tailed test. For example, Test Ho: p =
20 verses Hi: i # 20 leads to two sided test as p can be greater than 20 or
less than20. In this situation half of the area of critical region lies on the left tail

and the half on the right. If « is the area of the critical region % is the area one

both the tails.

b \\
S )
i L L
Rejedlion W i
25% /£ g S
B H z

Two tailed test diagram

(/r\
Rejecti eakn \
o S;F Acceptance region
oo -,
o _sslx R
v 4 # z
Lef tailed test

Right taited test

Again, if the alternative hypothesis provides one sided alternative to Hg
e.g. Ho: n =20 verses Hy p =20 or Hy: pu <20, the critical region or size « lies
only on one tail. Specifically an area equal to & lies on the right tail given by
w:Z >Zo. when Hyis 1 >20 and on the left tail when Hi is p< 20, an area
equaltoa givenby o :Z<Za -

The significance or critical value of Z for a single tailed test (left or right)
at level of significance a is same as the critical value of Z for a two —tailed test
at level of significance ‘2o’

We give below, the critical value of Z at commonly used levels of
significance of both two tailed and single tailed test, these values have been
obtained from the normal probability table.
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Critical valie (Z.) level of significance (Z,)

1% 2% 1% 5% 10%
Two tailed test | |Z.|=2.58 | |2.]=233 | [2.|=2.05 | |2.|=1.96 | |Z.|= 1.645
Right tailed test Za=2.38 Z,=2.05 Za =198 « =1.645 Z., =128
Left tailed test Z,=-233| Z,=-205 | Z,=-1.75 |Z.=-1.645 | Z,=-1.28

Remarks: the above critical values are provide for large samples (n > 30). If n
is small (i.e. n < 30) then the sample distribution of the test statistic Z will not
be normal in that case we can't be use the above significant value. For small
samples (n < 30) we use the significant values base on the exact sampling
distribution of ‘t' statistics detail of this is given in next chapter of this book.

13.8 PROCEDURE FOR TESTING OF
HYPOTHESIS OR TEST OF SIGNIFICANCE

We now summaries below the various steps on testing of a statistical
hypothesis in a systematic manner,

i. Set up null hypothesis H.: for example there is no significance
difference between sample statistics and population parameters or
there is no significance difference between two sample statistics.

ii. Set up alternative hypothesis Hi: for example there is significance
difference between sample statistics and population parameters or
there is significance difference between two sample statistics.

iil. Choose level of significance: Determine the level of significance o at
which the hypothesis is to be tested.

iv. Test statistics: Choose a appropriate test statistics under null
hypothesis Hg such as t-test, Z-test, f-test, 7,2 -test etc based on sample
size and the Hp based on parameters.

V. Critical value: for o level of significance find the critical value from
table for choose test such as t,, z, etc.
vi. Conclusion: If calculated value of test statistics under Hy is less than

tabulated value of the test we accept null hypothesis. If calculated
value of test statistics under Hy is greater than or equal to the tabulated
value of the test we reject null hypothesis and accept our alternative
hypothesis at level of significance ¢t .

13.8.1 Test of significance for Large Sample

Large sample test is generally used when the sample size 'n' is greater
than 30. The test statistic which is applied in case of large sample is called
difference _t - E(t

SEy SEQ)
Where S.E (t) is the standard error of the sample statistics 't'.

Z-test or normal test and is defined as Z =
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The test of significance of parametric tests for sampling of variables and
sampling of attributes of large sample are given by
a. Test of significance about the mean of a normal population.
Test of significance of a single mean.
Test of significance of a difference between two means.
Test of significance of a sample proportion.
Test of significance difference between two sample proportions.

In this chapter, we will discuss the test of significance when samples
are large. We have seen that for large value of n the number of trials. Almost
all the distribution e.g. binomial, Poisson, negative binomial etc are very
closely approximated by normal distribution, Thus in this case we apply the
normal fest which is based up on the following fundamental property (area
property) of the normal probability curve.

If X=N(u, o°) then Z =X—(;J‘l ~ N(0, 1)

L= 2 o

Thus from the normal probability table we have P(- 3 < Z < 3) = 0.9927
i.e. P(|Z]) < 3) = 0.9973,

Which implies P (jZ]) > 3) = 1- P(1Z] P(Z)) < 3) = 0.0027 i.e. in all
probability we should expect a standard normal variate to lie between + 3,

Also from the normal probability table, we get

P (-1.96 < Z < 1.96) = 0.95i.e. P(|Z] <1.96) = 0.95

Which implies P(|Z] >1.96) = 1- 0.95 = 0.05 and

P (2] < 2.58) = 0.99 which implies P (|Z| >1.96) = 1 —0.99 = 0.01

13.8.2 Test of significance about the mean of normal
population

Following steps are carried out for the test of significance of mean of

normal population

i Set up null hypothesis Ho: sample are drawn from the normal
population with mean

ii. Set up alternative hypothesis Hi: sample are not drawn from the
normal population with mean p

iii. Test statistics: Compute the Z- statistics under Hy as

X-u 2y SN : ; :
Z ==, follows normal distribution with mean 0 and variance 1 i.e.

N(O, 1)

iv. Conclusion: If |Z| >3, Hp is always rejected and If |Z| < 3, we test its
significance at certain level of significance, usually at 5% and some
times at 1% level of significance. Thus for a two tailed if
|Z] > 1.96 Hy is rejected at 5% level of significance.

Similarly if |Z| > 2.58 HO is contradicted at 1% level of significance and
if |Z| <2.58 Hp may be accepted at 1 % level of significance.
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From the normal table we have
P{Z > 1.645) = 0.5 - P(0 < Z< 1.645) = 0.5 -0.45 = 0.05 and
P(Z>233)=0.5-P(0<Z<2.33)=0.5-0.0.49 = 0.01
Hence, for a single tail test (Right or left tail test) we compare the
computed value of |Z| with 1.645 at 5% level of significance and 2.33 at
1% level of significance and accept or reject Ho accordingly.

13.8.3Test of Significance for Single Mean for
Large Sample
We have for random sample xi , Xz ... % of size n from a normal
population with mean pand variance o’, then the sample mean ;is
distributed normally with mean p and variance ol ie. X= N(p, 52). However,

this result hqlds even in random sample from non-normal population provided
the sample size 'n' is large (Central Limit Theorem). Then for large sample the

SNV corresponding to X is
X-p
Z= ~N(0, 1
“Eh (0, 1)
Following are the steps for test of significance of si i
L g single mean in large

i. Sgt up null hypothesis Ho: 1= po (say) or Ho : u = X i.e. population
mean has specified value say po or there is no significance difference

between population mean p and sample mean X

i Set up alternative hypothesis Hi @ p# po (say) or Hy: p# X (two
tailed test) there is no significance difference between population mean

wand sample mean X
Or, Hy: i > po (say) or Hy: p>X (right tailed test) population mean pt is

greater than sample mean X

Or, Hy: p < po (say) or Hy: p <X (left tailed test) population mean p is - .

less than sample mean X .

iii. Choose level of significance: Determine the level of significance &
at which the hypothesis is to be tested.

iv. The test statistics: under the null hypothesis Hy - u=po the test

=~ N(0, 1)

statistics is given by Z = Ko,
oh/n
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If the population standard deviation is unknown then we use its

estimate provided by the sample variance given by §2=¢*=>6=s
(for large samples size) i.e. Z= i<___p_ ~N(0, 1)
& hn
V. Critical value:- for « level of significance, find the critical value of Z

form standard normal table as Z,
vi. Conclusion:-If calculated value of Z L.e. |Z| is less than Z, we accept

our null hypothesis Ho at o level of significance and reject otherwise.
And at last draw valid conclusion on the basis of hypothesis testing.

13.8.4 Confidence Limits or Fiducial Limits

The approximate 100(1 — «) % confidence limits for estimation of

population mean p from large sample at o level of significance is given by the
definition of critical region.

P(=Z,<2<Z) =1-a

X-U 3
P (- Z“(cf'\fﬁ <Z)=1-a

The next step is to rearrange the terms in brackets so that the mean
remains alone in the center. The probability statement then becomes

i o (2] o (o}
P'(X Sl —iC e Si "-—) =l=u
Bl el e
This probability statement yields the confidence interval. The probability
is 1 — « that the random interval from W Z; ZtoX+ Zs < will cover mean.
yn Vn'

The observed value of this interval is called a 100(1 — a)% confidence interval
for mean
. Upper limit for population mean () = X+ Zﬂ% and

Lower limit for population mean (1) =X - Z“;}E%
Thus the 95% and the 99% confidence limits for population mean [ are
T o gy g
X+1,96—= and X2 58 =
\n Vn

However, in sample from a finite population of size N, the
corresponding 95% and 99% confidence limits for mean p are respectively

= g N-n = G N-n
X t1'96\fF1’\’N'1 Eu*u:l)(é:Z.Sf.’uﬁ'\HN_1
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Example 1

A sample of size 400 was drawn and the sample mean was found to
be 99. Test whether this sample could have come from a normal population
with mean 100 and variance 64 at 5% level of significance.

Solution
We are given population mean p = 100 and population variance o’= 64,

sample size n = 400 and sample mean x =99.

We use the following steps to test the significance of mean as

i. Null hypothesis Ho: p = 100 i.e. samples are drawn from a normal
population with mean 100 and variance 64.

ii. Alternative hypothesis Hq: p# 100 i.e. samples are not drawn from a
normal population with mean 100 and variance 64.

il Choose the level of significance o as 5%.= 0.05

iv. Test statistics: under The null hypothesis Ho: p = 100, the test

X-p
statistics is Z = = N(0, 1
SR /
Zo B0
8 AJ400
(Z| = 2.5

V. Critical value: For o = 5% level of significance and two tailed test the
critical value of Z ie Z, = Zoos = 1.96

Vi, Conclusion: Here |Z| = 2.5 is greater than Za = Zogs = 1.96, we reject
our null hypothesis Hg: p = 100 at 5% level of significance and accept
our alternative hypothesis and conclude that sample are not drawn
from the normal population with mean 100 and variance 64.

Example 2

Each days, Nepal customs service has historically intercept about Rs.
28 thousand in contraband goods being smuggled in to the country, with a
standard deviation of Rs. 16 thousand per day. On 64 randomly chosen days
in 2005, the Nepal's customs service intercepted an average of Rs. 30.3
thousand in contraband goods. Does this sample indicate that the customs
commissioner should concerned that smuggling has increased above its
historical level at 5% level of significant.
Solution

We are given sample size (n) = 64 and sample mean X = Rs. 30.3
thousand, population mean = Rs 28 thousand and population standard
deviation o = Rs. 16 thousand.

We proceeded to test of significance of mean as following stages
i The Null hypothesis Ho: 1 = 28 i.e. average contraband goods being

smuggled in the country per day is Rs.28 thousand with variance

Rs.16. thousand.
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ii. Alternative hypothesis Hi: p > 28 (right tailed) ‘i.e';. average
contraband goods being smuggled in the country per day is increased.
iii. Choose the level of significance o = as 5%.=0.05 L
iv. Test statistics: under the null hypothesis Hg: jt = 28 the test statistics

X -
i = =~ N(0, 1
152 GI‘\!I:I { )

230.8=08) Lupys

Z= =1.
16 /64
Z=1.15 NI VS : :
V. Critical value: For a = 5% level of significance and right tailed test the

critical value of Z i.e. Z, = Zoos = 1.645

Vi. Conclusion: Here |Z] = 1.15 is less than Z, = Zoos = 1.164, we accept
our null hypothesis Ho: 1 = 28 at 5% level of sign.ificance and conclude.
that average contraband goods being smuggled in the country per day

is not increased.

Example 3

A sample of 100 light bulbs from a manufacturing lot had average life of

1416 hours with standard deviation of 30 hours.
i, Calculate the Standard error of the mean. ach
li. Set up 95% and 99% confidence limit or fiducial limits for the true

population mean.
Solution i
We are given sample size (n) = 100 and sample meanx = 1416 hrs,
sample standard deviation's’ = 30hrs.

o Gy 2SOh, Sh
i. The standard error of mean is given by S.E.( X ) =-'; _\F‘l_ 100 3

Since for large sample & =s . ‘ ‘
ii. The (1 - @)% confidence limits for estimation of population mean p IS

given by X + Za S.E.(X)
Thus for 95% confidence limits (1 - a)% = 95% = o = 5% =0.05
- Z,= 1.96 from table, Hence 95% confidence limits for estimating
population mean are given by X + 1.96.S. E(X)=1416 £ 1.96 x3

imi i = - 3=1421.83 hrs.
Upper limit for population mean p = 1416 1.96 =
Lower limit for population mean p = 1416-1.96 x 3 = 1410.12 hrs.

Similarly 99% confidence limits for population mean p are

X +258S.E(X)=1416+258 %3
-.Upper limit for population mean p = 1416 + 2.58 x 3 = 1423.74 hrs.

Lower limit for population mean p = 1416 - 2.58 x3 = 1408.26 hrs.
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13.8.5 Hypothesis Testing Using Binomial
Distribution

Here we shall consider sampling from a population which is divided into
two mutually exclusive and collectively exhaustive classes one class
possessing a particular attribute say A, and other class not possessing that
attribute and then note down the number of persons in the sample of size n
possessing that attribute. The presence of an attribute in a sampled unit may
be termed as success and its absence as failure. In this case a sample of ‘'n
observations-is identified with that of a series of n independent Bernoulli trials
with constant probability ‘P’ of success for each trial. Then the probability of x-
success in n trials as given by the binomial probability distribution as

Po=Cia s g 1 s n

If x is the number of success in n independent trials with constant
probability p of success for each trial then E(X) = n P and V(X) = n PQ where
Q =1 - P is the probability of failure. It has been proved that for large n, the
binomial distribution tends to normal distribution, hence for large n

_X-E(X) _X-nP

X=N(nP, nPQ) i.e.z= W \’-— = N(o,1)

And we can apply the normal test by using the following steps
i. Set up null hypothesis Ho; Samples are drawn from Binomial

population.

ii. Set up alternative hypothesis Hi: Samples are not drawn from

Binomial population.

iii. Fix the level of significance a.
iv. Test statistics: Under the null hypothesis Ho , the test statistics for X

X-nP
success is Z= N(o,1
Jen - e

V. Critical Value: For level of significance w find the critical value of Z
from table as Z...

vi. Conclusion: If calculated value of Z is less than Z, we accept our null
hypothesis, reject otherwise. And draw a valid conclusion on the basis
of test.

Example 4

A die is thrown 9,000 times and a throw of 3 or 4 is observed 3,240
times. Show that the die can't be regarded as an unbiased one.
Solution

If the coming of 3 or 4 is called a success, then in usual notation we are
given (n) = 9,000

X, number of success = 3240,

Probability of success = P (of getting 3 or 4) =

d)[—l
CDI—‘
w|=
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We proceeded in following stages to test the unbiasedness of the coin
i. Null hypothesis Ho: is that the coin is unbiased one i.e. Probability of
« EOREG g
success = P( of getting 3 or 4) = ¥ =3

ii. Alternative hypothesis Hi: the die is biased i.e. P#1/3

ii.  Choose that the level of significance a = 5% = 0.05.
iv. Test statistics; Under the null hypothesis Hp , the test statistics for X

: X-nP
success is Z= —_’_ﬂnPQ =~ N(o,1)
3240 - 9000 * 1/3
V. Conclusion: Since |Z| > 3, our null hypothesis is rejected and we
conclude that the die is almost certainly biased.

=5.36

13.8.6 Test of Significance for Single Proportion
In a sample of size n, let X be the number of persons possessing the

- - X
given attribute. Then observed proportion of success == = p (say)

E(p) = E(?S ): > E(X) = % = P, which showed that sample

n n
proportion ‘p’ is an unbiased estimate of the population proportion “P”.
nPQ _PQ
Also, V(p) = Ve() V(X) =

fPQ
Now standard error of p = S.E.(p) = Vi) = TR

X. 5
Thus for large n, x and consequently his asymptotically normal, the

normal test for proportion of success being
PR ~N(0, 1)

i

In order to test whether there is significance difference between the
sample proportion ‘p’ and the population proportion ‘P' we proceeded as
follows
i. Set up null hypothesis Hq: P = Pg (say) i.e. population proportion has

specified value say Po.

ii. Set up alternative hypothesis Hi: P # Pg (two tailed) i.e. population
proportion is not equal to specified value say Po.

Or Hy: P > Py (right tail tailed) i.e. population proportion is greater than

specified value say Po.

Or H;: P < Py (left tailed) i.e. population proportion is less than specified

value say Po

333



Testing of Hypothesis
iii. Fix the level of significance a.
iv, Test statistics: Under the null hypothesis Hy : P = Py, the test
statistics for proportion of success(p) is
Z= B-El) = _LP:S N(0, 1), If we have sample from a finite
VW) (m
n

population of size N, then S.E.(p) = \}V{p) = M?

N-1
A Critical value: For o level of significance find the critical value of Z as
Z, from normal table.
vi. Conclusion: If |[Z|< Z, we accept our null hypothesis at& level of

significance and If |Z| = Z, we reject our null hypothesis and accept
alternative hypothesis.

13.8.7 Confidence Limits for Population Proportion

Since the probable limits for a normal variate X are E(X) = 3 S.E(X),
the probable limits for the observed proportion of success are

E(p) = 3S.E(p)i.e. P+3~ f%

If population proportion P is not known taking sample proportion p as
an estimate of population proportion P, the probable limits for the population
proportion are p £ 3 \/%
And the approximate 100 (1 - &) % confidence limits for estimating the

population proportion are p * Zo Pf

In particular, the 95% confidence limits for ‘P' are given by p & 1.96'\/%

And 99% confidence limits for 'P" are given by p = 2.58 '\/%

However, in sample from a finite population of size N, the
corresponding 95% and 99% confidence limits for population proportion P are
respectively

pg. [N-n pa. [N-n
pi1.96-\/: N_1andpi2.58'\/: N-1

Example 5

In a sample of 1,000 people in Kathmandu valley 540 are MO:MO
eaters and the rest are Piazza eaters. Can we assume that both MO: MO and
Piazza are equally popular in Kathmandu valley at 1% level of significance.
Solution
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In the usual notation, we are given sample size (n) = 1,000
Let MO:MO eaters are success X-The number of MO:MO eaters = 540,

p = sample proportion of MO:MO eaters =§ =0.54

To test the significance of single proportion we proceeded in the
followmg stages,
i Null hypothesis Ho: P=0.5=Q i.e. Both MO: MO and Pizza are equally
popular in Kathmandu valley. So that P = population proportion of MO:
MO eaters in Kathmandu = 0.5 = Q = 1-P=0.5.

ii. Alternative hypothesis Hi : P + 0.5 (two tailed test) i.e. MO: MO and
Pizza are not equally popular in Kathmandu valley.

ii. Given the level of significance o = 1% = 0.01.

iv. Test statisgics: Under the null hypothesis: P= 0.5=Q, the test statistics

- _L
0 54 0.5
25 0.5 x 0. 5/1000 o

V. Critical value: Here for o = 1% level of sngmficance the critical value
of Z for two tailed testis Z,, = 2.58

Vi. Conclusion: Here |Z| = 2.529 is less than Z, = 2.58, we accept our null
hypothesis Hq: P = 0.5 =Q at 1% level of significance and conclude that
Both MO: MO and Pizza are equally popular in Kathmandu valley.

Example 6

Forty people were admitted in a B.E. Civil department and only 36
passed. Will you reject the hypothesis that the Pass rate is 85% in favour of
the hypothesis that it is more, at 5% level of significance?

Solution

In the usual notation, we are given sample size (n) = 40

Let the students who passed the B.E. exam is success, X- number of
students who passed the B.E. exam = 36, p = sample proportion of students
passed the exam= X/n = 36/40 = 0.9

To test the significance of single proportion, we proceeded in the
following stages, '

i. Null hypothesis Ho,: P = 0.85 i.e the proportion of students passed

B.E. exam is 85% = Q = 1- P=0.15.

il Alternative hypothesis Hy : P > 0.85 (right tailed test) i.e. passed
proportion is increased
iii. Given the level of significance o = 5% = 0.05.
iv. Test statistics: Under the null hypothesis: P= 0.85, the test statistics is
.p=P
z Fam N(0, 1)

0.9-0.85

Z=Jo85%0.15@0 88
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V. Critical value: Here for a = 5% level of significance , the critical value
of Z for right tailed test is Zy s = 1.645

vi, Conclusion: Here |Z| = 0.885 is less than Z,= 1.645, we accept our
null hypothesis Hq: P= 0.85 at 5% level of significance and conclude
that passed proportion of student in B.E. exam.is 85%.

Example 7

A random sample of 500 compact discs (CDs) was taken from a large
consignment and 60 were found to be defective. Obtain the 98% confidence
limits for the percentage of defective CDs in the consignment.

Solution
In the usual notation, we are given sample size (n) = 500
Let, the defective CDs are success then, number of defective - CDs X =60

p = sample proportion of defective CDs =§ = % =0.12

Here for 98% confidence limits the level of significance is 2% and from
table the critical value of Z is Z, = Zy > = 2.33
Therefore 98% confidence limits for population proportion of defective

CDsis pt 2.33\/%
[0.1 2x0.88
0.12+2.33 500

Here, P is unknown so P is estimated by sample proportion ‘p’
. Upper limit = 0.12 + 2.33 x0.0145 = 0.154 and
Lower limit = 0.12 - 2.33 x0.0145 = 0.086
Hence 98% confidence limits for percentage of defective CDs in the
consignments are (8.61, 15.4)%.

13.8.8 Test of Significance for Difference of Mean
for Large Sample

Let two samples of sizes ni and np are drawn from two normal
population with mean p1 & iz and variances crf & o7 Let X & % be sample
means of two samples , then for large sample X; & x: is normally distributed
with means ps & p» and variances cf ny & ag /nz Also( X1 - X2 ) , being the
difference of two independence normal variate also a normal variate the value
of Z(SNV) corresponding to ( X1 - X2 ) is given by

2o (K- %) E(%- %)

SE. (Xi- %)

Then the stapes for test of significance of difference between two

means are as follows.

= N(0, 1)
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i. Null hypothesis Ho: p1 = pz i.e. two population means are equal or

samples are drawn form two population having equal population mean.
iil Alternative hypothesis Hi: i # pp (two tailed test) i.e. two population

means are not equal or samples are drawn form two population having

different population mean.

Or Hy: py > o (right tailed test) i.e. population mean of first is greater

than second '

Or Hi: gy < p (left tailed test) i.e. Population mean of first is smaller

than second
iii. Fix the level of significance o.
iv. Test statistics:- Under the null hypothesis Ho: py = o the test
statistics is Z = 21— %2) __E {x_1 “X2) NG, 1)
SE (X1- %)
_(i-%)-E(xi)-E(%) __Xi-X

z

=Xl —2— ~N(0, 1)
SE R ) ,\/U_uﬁ_z
m nz

[VE(X1)=E(%)=pand

2 2
s 3 — 2o g 02 .
SE. (X1- X2) =Var (x1) + var ( X2) =~—rf1— +n—‘2, the covariance term
vanishes since the sample mean are independent

Remarks 1

If (:n2 = 0'22 = o° ie. if the samples have been drawn from the
population with common variance then under null hypothesis

Xi- %

Ho: 1y = pa the test statistics is Z = ﬁ
e da f — el
ny Nz

Remarks 2
If ois not known, then its estimate based on the sample variance is
used .if the sample size are pot sufﬁcien& large then an unbiased estimate of
2 _(n1-1)8:"+ (n2- 1)S2
) n+n -2
But, since sample size are large S+° = s1%, S2° = 82°, (N2 - 1) = ;pand
(nz - 1) = n,, therefore in practice for large sample , the following estimate

2 2
2 ~2 _ M8y + NeSo
of 6" isused as ¢ —m o

2 2 o
c'is given as &

Remarks 3

If 54> # o> and are not known, then they are estimated from sample
value. This result is in some error which is practically immaterial; if samples
are large these estimates for large samples are given by
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0y’ = 8"~ s,” and o, = S~ 5%, since sample are large, thus under null
hypothesis Ho: 1 = p2 the test statistics is
Faene N(0, 1)
$1” | 82
Ny _n;'
V. Critical value: For o level of significance find the critical value of Z as
Z, from normal table.
vi. Conclusion: if |Z| less than Z,, we accept our null hypothesis Ho: iy =
p2 at a level of significance, reject otherwise.

13.8.9 Confidence Limits for Difference of Means
The approximate (1 - «)100% confidence limit for estimation of the
difference of population mean is given by ( X1 — X2 ) £Z, S.E. (X1 — X ) i.e.
P{(Xi— %)= Zi SE(¥1— %) < (L1 = H2) < (%1 - %) +Z, SE(X - %2 )} =(1- a)
In particular, the approximate 95% confidence limits for difference of
meanis (X1 — %)+ 1.96 SEE (X1— X)
The approximate 99% confidence limits for difference of mean is

(Xi=X%)+2.58S.E (X — X )

Example 8

In a certain factory there are two independent processes manufacturing
the same items. The average weight in a sample of 250 items produced from
one process is found to be 120 grams with a s.d. of 12 grams, while the
corresponding figures in a sample of 400 items from the other process are 124
and 14. Find the S.E. of the difference of means and also test whether two
mean weights differ significantly or not at 10% level of significance.

Solution
With the usual notation we are given

Samplel:  ny =250 ¥X; =120 grams s1 =12 grams

Sample Il:  n, =400 X =124 grams s, = 14 grams
Then we proceeded in the following stapes for test of significance of
difference between two mean weights as follows.
i Null hypothesis Ho: |11 = L; i.e. there is no significance difference
between two mean weights.

ii. Alternative hypothesis Hi: L1y # L (two tailed test) i.e. there is
significance difference between two mean weights.
il. Given the level of significance . = 10% =0.10
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iv.  Test statistics: Under the null hypothesis Ho:ply = K2 the test

Sy - X1 - X; X1 - Xz
statistics is Zm—mmt— = —A22— < (0, 1)
\jﬂ_uci dhl

L Uil m N2

Here for large sample size 51> ~ Si?~ si> and 0% = S;° = 577
__120-124
e 144 _ 196 vy
250 400

£ I
Where SE. (¥ - %) = \[ o + 3= = \[780 *7og = 1032

V. Critical value: For « = 10% level of significance the critical value of Z
as Zo.10 = 1.645 from normal table.

vi. Conclusion: Here |Z| = 3.87 is greater than Zg.10 = 1.645, we reject our
null hypothesis Hq: p1 = 2 at 10% level of significance and accept our
alternative hypothesis Hi: u1 # pz and concluded that there is significant
difference between two mean weights.

Example 9

If 60 B.E. Civil students are found to have a mean height of 63.6 inches
and 50 B.E. Computer students have a mean height of 69.51 inches. Would
you conclude that the computer students are taller than civil students?
Assume the standard deviation of height of B.E. students of the college is 2.48
inches.

Solution

We are given as, Mean height of B.E. Civil students (X;) = 63.6
inches. And number of B.E. Civil students ny = 60,

Mean heights of B.E. Computer students (X>) = 69.51 inches. And
number of B.E. Computer students n2 = 50
Population standard deviation height of students of B.E. students is
G = 2.48 inches
Then we proceeded in the following stapes for test of significance of
difference between two mean herg hts as follows.
i Null hypothesis Ho: p1 = pz i.e. mean height of B.E. Civil students and
B.E. Computer students are equal.
ii. Alternative hypothesis Hi: i1 < po (Left tailed test) i.e. mean height of
B.E. Civil students is less than that of B.E. Computer students.
iii. Let the level of significance o = 5% = 0.05
iv. Test statistics: Under the null hypothesis Ho: py = pa the test statistics
is
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x,-" __636- 6951

=-12.44

-—+ - 2.48 %+§0_

V. Critical Value. For o = 5% level of significance and for left tailed test
the critical value of Z as Zyos = 1.645 from normal table.

vi. Conclusion: Here |Z| = 12.44 is greater than Zyos = 1.645, we reject
our null hypothesis Ho: py = p2 at 5% level of significance and accept
our alternative hypothesis Hi: p1 = pz and concluded that B.E.
Computer students are taller than B.E. Civil students.

Example 10

The means heights of two samples of 1000 and 2000 individual are
67.5 inches and 68 inches respectively. Find the 95% confidence limits for the
difference of population mean if two samples are drawn from the population
having s.d. of 2.5 and 2.7 respectively.

Solution
With the usual notation we are given
Sample | Sample Il
Sample size n; =1000 nz =2000
Averages X; =67.5inches X, = 68 inches
Population s. d. c1=25 62= 2.7

We have the approximate 100(1 - )% confidence limit for estimation
the difference of population mean is given by (X1 - X2) * Z,SE (%1 - X2),
here critical value of Z for 5% level of significance is Zoos = 1.96
Therefore 95% confidence limits for difference of mean is

B + a1 o2
(Xi- %) 196'\’14»!12

(2.5 i )
(67.5-68) * 1.96\ | 3555 * 2000

(—0.5) + 1.96 x0.0995
Lower limit for difference of mean = — 0.305
And upper limit for difference of mean = — 0.695

13.8.10 Z-tests for Difference Between two

Population Proportions
Suppose we want to compare two distinct populations with respect to
the prevalence of a certain attribute, say (A) among their member. Let x; and
X2 be the number of persons. Possessing the given attribute A in random

Probability an
sample of sizes ny and n; from the two population respectively. Thus sample

proportion are give by p; = i':' and p=—

If P4+ and P2 are population proportion then
E(p1) =Py and E(p2) = P2

V(p1) =

Since for large sample, p; and p; are independently and asymptotically
normally distributed then (p1 — p2) is also normally distributed. Then the
standard variable corresponding to the different (ps - p2) is given by

_ (p1-p2) - E(P1-p2)
Z= = N(0,1
\var (p: - p2) (4

_(P1-p2)- (Py- P,

2 PiQi 4 P2Q2
mny nz
Where var (p1 - p2) =V(p1) + V(p2) - 2 Cov (p1.p2)

Since sample proportion are independent therefore Cov (p1,p2) =0

Q;  PQ
- Var(ps - p2) = VI(Pi) + V(pa) = ot +728

Following are the steps in test of significance for difference of two
proportions for large sample size are as follow

i. Null hypothesis H; = Py = P; = P(say) i.e. two population proportion
are same in other words there is no significance difference between
two sample proportion p1 and p;

ii. Alternative hypothesis Hy = Py # P2 (Two tailed test ie. Two
population proportion are not same or two samples are drawn from
difference population or
Hy: Py > P (right tailed test)i.e. population proportion of 1% population
is greater than that of second or
Hi: Py <P; (Left tailed test)

That is population proportion of first is less then that of second

i, Fix level of significance «

iv. Test Statisticr Under Ho : Py = P; the test statistics is

‘Jvaf {m- Dzl
_(LE}_ I P, = Pz—P}

In general rf common population proportion of two populations is
unknown, then an unbiased estimate of the population proportion P,
based on both the sample is given by

P2Q2
nz
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) _prtmepy X1t Xe
= i n+n2

v.  Critical value: For a level of significance we find the critical value of Z
from Table as Za.

vi. Conclusion: If |Z| < Za we accept the null hypothesis Ho at o % level of
significance and If |Z| > Za we reject the null hypothesis Ho and accept
the alternative hypothesis Hi.

13.8.11 Confidence Interval for Difference of

Population Proportion

The approximate (1 - «) 100% confidence limits to estimate the
difference of population proportion (P4 - P2) is given.
(p1 - p2) £ Za S.E.(p1- p2)
P{(p1- p2)- Za SE(P1-p2) < (P1-P2) < (p1-p2) + Za SE (p1-p} =1-a
The 99% and 95% confidence limits are calculate using the formula
(p1 - p2) £2.58 S.E (p1- p2) and
(p1-p2) +1.96S.E.(p1-p2)

Example 11
Random sample of 400 men and 600 women were asked whether they

world like certain T.V. program. 200 men and 325 women were in favour of
the proposal. Test the hypothesis that proportion of men & women in favour of
the proposal are same against that they are not, at 5% level.
Solution

We are given ny = 400, X;- number of men favoring the proposal = 200

n, = 600 & Xzber of women favoring the proposal = 325.

: ; ; iy iy = 200 _ 0.5
p1 - proportion of men favoring the proposal in sample = e =00 ~ O
. X2 325
p2- proportion of women favoring the proposal = T, 600 0.541

i, The Null hypothesis: Ho: Py = P2 (say) i.e there is no significant
different between open in man and women as for as proposal of certain
T.V. program is concerned

ii. The Alternative hypotheses Hq: P = P> (Two-tailed test).

ii. The level of significant @ = 5% = 0.05

iv. The Test statistics: Under Ho: Py = P2 the test statistics is given by
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S 2 S
P

1-1 2 - = N(0,1) Here population pr.oportion is not given
A F’Q(— + —)
N m

and it's value is estimates as IP\ = %}% =0.525
Fal Fay

L Q=1-P =1-0.525=0475

.7 ol 0.5-0.541 -0.041

= =-1.269
11 0.001039
\/ 0.525  0.475x (—400 + _soo)

v.  Critical value: Critical value of Z for a= 5% level of significant is 1.96.

vi. Conclusion: Here |Z| = 1.269 < Z 05 = 1.96. We accept Hy at 5% of
level. Thus we conclude that men & women do not differ significantly as
regards proposal of certain T.V. program concerned.

Example 12

A machine produced 20 defective articles in a batch of 400 items. After
overhauling it produced 10 defective articies in a batch of 300. Was the
machine improved ?

Solution
From the question we are given that
The sample size before over hauling ny = 400 item
Numbers of defective items before over-hauling x; = 20

: ; %1 02059

p1 proportion of defect before over hauling = Ny - 400 - 20
Sample size after over hauling = n; = 300
Numbers of defective after over hauling x2 = 10

p2 proportion of defect after over hauling = ﬁi— = % = ;—0

And estimated value of population proportiOon of machine is
o Xakxe  20#100 300 &
“m+nz ~ 400 +300 T 700 T 70
P 3 _67
Q=1 “70 =70
i.  The Null hypothesis Hg: Py = Py i.e. there is no significance difference
between proportion of defective item before & after over hauling
fi. The alternative hypothesis Hi: Py > P; i.e. the quality of machine is
improved.
ii. The level of significance o = 5% = 0.05
iv. Test statistics: under Ho: Py = P2, the test statistics is

castte DY -
Z= ~ N(0,1)

1 2
, {
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7= 0.05-0.033 =1.103

G
'\/0.043 x 0.957 (m + Eﬁ)

v. Critical value: the critical value of Z at o = 5% for one tailed (right tailed
test)in Za=2Zoos = 1.645 i
vi. Conclusion: Here |Z| = 1.103 is less than that of Zgos = 1.645 |
We accept null hypothesis Ho : Py = P2 & we conclude that the quality of
machine is improved.

Example 13

A candidate for election made a speech in city A but not in B. A sample
of 500 voters from city A showed that 59.6% of the voters were in favour of
him. Whereas a sample of 300 voters per city B showed that 50% of the voter
favoured him. Find the 95% confidence limit for difference of proportion.in city

A and B.
Solution
Forcity A nqy = 500, p1 = 59.6% = 0.596.
Forcity B nz= 300, p2 =50% = 0.50
o [PaQi  PQr  [piGs  PaQ2
S.E (pi-p2) —\/ NI | SR
’ \/0.592;00.404 i 0.2;{;}.5 .

The 95% confidence interval for difference of population'proportion is

p1- P2 £ 1.96 S.E.(p1-p2)

(0.596 - 0.5) + 1.96 x 0.0362

0.096 £ 0.0710509

. Lower limit of population proportion is 0.02495 = 2.49%

. Upper limit of population proportion is 0.16706 =16.70%

Thus, there is 2.49% to 16.7% difference in the city A and B at
confidence level 95%

10.

11,

12

13.

14.

Probability a

EXERCISE - 13

Define standard error and what the utility of standard error are.

What do you understand by statistical hypothesis? What do you know
about the testing of statistical hypothesis?

Define null hypothesis alternative hypothesis. Write about the error in
sampling, what you know about type | and type Il error.

What is the power of test and level of significance in testing of statistical
hypothesis?

What is critical region or region of rejection? Differentiate between one
tailed and two tailed test.

Write down the Procedures for testing of hypothesis.

What are the steps for test of significance of single mean for large sample?
What do you know the hypothesis testing using the binomial distribution
and write down the steps for this test.

Write down the steps of test of significance of difference of mean for large
sample. g

Numerical for single mean ;

The breaking strength of cable produced by a manufactures have a mean
of 1800 pounds and standard deviation of 100 Ibs. by a new technique in
the manufacturing process, it is claimed that the breaking strength can be
increased. To test this claim, a sample of 50 cables is tested and it is found
that the mean breaking strength is 1850 Ibs. can we support the claim at
the 0.01 level of significance.

Dairy Development Corporation claims that the mean volume of its milk
packets is 500ml. A random sample of 50 milk packets gave the mean
volume of 490 ml with a standard deviation of 10.89. Test the
Corporation's claim at 5% level of significance.

An educator claims that the average 1Q of city college students is at most
110, and that in a study made to test these claim 150 city college students,
selected at random, had an average |IQ of 111.2 with a standard deviation
of 7.2. Use a level of significance of 0.01 to test the claim of the educator.
The average commission charged by full service brokerage firms on a sale
of common stock is Rs. 144, with a standard deviation of Rs. 52. A random
sample of 121 traders is taken and determined that they paid an average
commission of Rs. 151. Can it be conclude that the client's commission is
higher than the industry average?

The quality control engineer at a light bulb factory needs to estimate the
average life of a large shipment of light bulbs. The process standard

deviation is known to be 100 hours. A random sample of 64 light bulbs
indicated a sample average life of 350 hours. Calculate the standard error
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found that the mean breaking s{rength- is 1850 Ibs. can we support the
claim at the 0.01 level of significance.

Dairy Development Corporation clainis that the mean volume of its milk
packets is 500ml. A random-sample of 50 milk packets gave the mean
volume of 490 mi with a standard deviation of 10.89. Test the
Corporation's claim at 5% level of significance.
An educator claims that the average 1Q of city college students is at most
110, and that in.a study made to test these claim 150 city college
students, selectedat random, had an average 1Q of 111.2 with a standard
deviation of 7.2. Use a level of significance of 0.01 fo test the claim of the
educator. ' :

A company claims that its Ifght bulbs are superior to those of a competito
on the basis of a study which showed th&F a sample of 40 of its bulbs had

an average life time of 628 hours of continuous use with a standard «
deviation of 27 hours. While a sample of 30 bulbs made by the competitor

had an average life time of 619 hours of continuous use with a standard
deviation of 25 hours. Test at 5% level of significance, whether this claim
is justified. : ‘

A random sampleof boots worn by 40 combat soldiers in a Himalayan',"

region showed an average life of 1.08 years with a standard deviation o
0.05 years. Under the standard conditions the boots are known fo have

an average life of 1.28 years. Is there reason to assert at a level of :
significance of 0.05 that use in the Himalayan cause the mean life of such .

boots to decrease ?

If the standard deviation of pulse rate in adults of the age group 35-40 is:
9.9 and the normal average pulse rate is 69, would you conclude a.;
significant difference at 2% level of significance if a group of 81 people of
the same age group suffering from a disease were found to have average

pulsetate of 747
The quality control engineer at a light bulb factory needs to estimate th

average life of a large shipment of light bulbs. The process standard’
deviation is known fo be 100 hours. A random sample of 64 fight bulbs -

indicated a sample average life of 350 hours. Calculate the standard error

of mean, set up 95 % and 99 % confidence interval estimate of the true:

average life of light bulbs in this shipment. ,

In a random sample. of 64 of 600 road crossing in a town, the mea
number of automobile accidents per year was found to be 4.2 and th

sample standard deviation was 0.8. Construct a 95% confidence interval

for the mean number of automobile accidents per crossing per year.

A ketchup manufactures is in the process of deciding whether to-produce -

new exira spicy brand. The company’s marketing research department

uses a national telephone survey of 6,000 households and found that the”

extra-spicy ketchup would be purchased by 335 of them. A more

extensive study made two years ago showed that 5% of he households”.

would purchase the brand then. At a 2% significance level. Should the
company conclude that there is an increase interest in the: extra-spicy
flavor? '
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A manager of a certain bank claims that at least 80% of the auslomarm

Probability and Statisilex for Erglieeitng

are satisfied with our new credit policy. A sample of 200 cualamers Wie
taken and out of these 160 showed their satisfaction to tha naw oragil
policy. Determine if the manager's claim is legitimate at 1% laval af -
significance. )

A random sample of 500 apples is taken from a large consignment arnel
65 were found to be bad. Show that the S.E. of proportion of bad onea In
a sample of this size is 0.015 and deduce that the percentage of bad
apples in the consignment almost certainly lies between 8.5 and 17.5.

In a random sample of 300 households in a city 223 have computer. Set
approximate 95% and 99%. limits to the true value of proportion of
households with computer in the whole city. ,

" In a random sample of 400 items from a large consignment, 20 items

were found to be defective. Estimate the standard error of the proportion

-of defective items. and find 95% and 99% ‘confidence interval for the

percentage of defectives in the consignment.

In a survey of buying habits, 400 women shoppers are chose at random
in super market 'A’ located ‘in Kathmandu, their average weekly food
expenditure is *Rs. 250 with a standard deviation of Rs. 40. For 400
women shoppers chosen at random in supermarket 'B' in Lalitpur, the
average weekly food expenditure is Rs. 220 with a standard deviation of
Rs. 55. Test at 1% level of significance whether the average weekly
expenditure of the two populations of shoppers are equak. :

India’s Theaters knows that a certain hit movie ran an average of 84 days
in each city and the corresponding standard deviation' was 10 days. The
manager of certain company in Bombay was interested in comparing the
movie’s popularity in his region with that in all of India’s other theaters. He
randomly chooses 75 theaters-in his region and found that they ran the
movie an average of 81.5 days. Test whether there was a significant
difference in the length of Picture’s run between theaters in the Bombay
and all of India’s others theaters at 1% level of significance.

" The average hourly wage of a sample of 150 workers in Pokhara was Rs.

25.6 with a standard deviation of 10.8. The ‘average hourly wage of a
sample of 200 workers in Biratnagar was Rs. 28.7 with a standard
deviation of Rs 12.8. Can an applicant safely assume that the hourly
wage paid in Biratnagar is higher than those paid in Pokhara.

The meap height of 50 male students who showed above average
participation in college athletics was 68.2 ‘inches with a standard
deviation. of 2.5 inches. While 50 male students who showed no interest
in such participation had a mean height of 67.5 inches with a standard
deviation of 2.8 inches. Test the hypothesis that male students who
participafe in college athletics are taller than other male students.

A sample of 100 electric light bulbs produced by manufacturer A showad
a mean lifetime of 1190 hrs and a standard deviation of 90 hrs. A sample
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of 76 bulbs produced by manufacturer B showed a mean: of 1220 and a

standard deviation of 80 hrs. Is there a significant difference between the

mean lifetimes of the two brands of bulbs at 5% level of significance?

28. Onan elementary school examination in spelling, the mean grade of
32 boys was 72 with a standard deviation of 8, while the mean grade of
30 girls was 75 with a standard deviation of 6. Test the hypothesis that
the girls are better in spelling than the boys.

29.  The average commission charged by full service brokerage firms on a
sale of-common stock is Rs. 144, with a standard deviation of Rs. 52. A
random sample of 121 traders is taken and determined that they paid
an average commission of Rs. 151. Can it be conclude that the client's
commission is higher than the industry average?-

30.  The mean yield of wheat from Lalitpur district was 210 Ibs with a
standard deviation of 10 Ibs. per acre from a sample of 100 plots. In
Kathmandu district, the mean yield was 200 lbs with S.D. 12 Ibs from a
sample of 150 plots. Assume that the standard deviation of yield in the
entire Bagmati.zone was 11 Ibs. Test whether there is any significantly

. difference between the mean yields of crops in the two districts.

31.  in a certain. factory, there are two -independent processes

manufacturing the same item. The average weight in a sample of 250

-items produced from one process is found to be 120 gram with. a
standard deviation of 12 gram, while the corresponding figures in a
sample of 400 items from the other process are 124-and 14. Find the
standard error of the difference of means and also test whether the two
mean weights differ significantly or not at 10 percent level of
significance. ) _

"32. A whole sale dealer wanted to buy a large quantity of light bulbs from
two brands label A and B. He bought 100 bulbs from each bulbs brand
and found by testing that brand A had mean life time 1120 hours and
standard \lanon 75 hours and -brand B had mean life time 1062
hours and standard deviation 82 hours, Find the 99% confidence limits
for the difference in the average life of bulbs from the two brands.

33.  Two groups, A and B, consist of 100 people each who have a disease.

A serum is given {o group A but not to group B {(which is called the
control), otherwise, the: two groups are treated identically. It is found

that in groups A and B 75 and 65 people respectively recover from the -

disease. At 1% level of significance, test the hypothesis that the serum
helps cure the disease.

34. A sample pole of 300 voters from district A and 200 voters from district
B showed that 56% and 48% respectively were in favour of a given
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candidate. At 5% level of significance; test the hypothesns that there Is

. a difference between the districts.

A random sample of 200 bolts manufactured by machine A and of 100

4 bots manufactured by machine B showed 19 and 5 defective bolis

respectively. Test the hypothesis that machine B is performing better
than A at 5% level of significance.

Two urmns A and B, contain equal number of marbles, but the
proportions of red and white marble in each urns in unknown. A sample
of 50 marbles selected with -replacement from each of the urns
revealed 32 red marbles from A and 23 red marbles from B. using a
5% level of significance test the hypothesis that A has a greater
proporﬁon of red marbles than does B.

In Kathmandu city out of a random sample of 700 peoples 420 were
found below poverty level while in Biratnagar out of 500 peoples 325
were found below poverty level. Is there any significant difference in
the poverty level of the people in the two cities? ’
It is claimed that both tea and coffee are-equally popular in Kathmandu
district. If' in a random sample of 600 persons, 310 were regular

" consumers of tea, is the claim justified at 1% level of significance?
" Consider the case of Pharmaceutical Manufacturing Company testing

two new compounds intended to reduce blood-pressure ‘level. The
compounds are administered two different sets: of laboratory animals.
In groups A, 71 of 100 animal tested response to drug first with lower
blood-pressure levels. in group B, 58 of 90 animals tested respond to
drug second with lower blood pressure level. The company wants to
test at 0.05 levels whether there is a dn‘ference between the

- efficiencies of these two drugs.

The following results were obtained when two sets of items were
subjected to two different treatments X and Y to enhance their tensile
strength. Treatment X was applied on 400 items and 80 were found to
have gained in strength. Treatment Y was applied on 400 items and 20
were found to have gained in strength. Is treatment Y superior to
treatment X.

Random sample of 400 villagers and 800 municipal people were asked
whether they would like certain TV program, 250 villagers and 540
municipal were in favour of the proposal. Set up the 95% and 99%
confidence limits for the difference of proportion in whole country.

An student of a college select a random sample of 90 male and 80
female from a certain village and asked whether they would smoke or
not, 63 male and 28 female said they smoked. Set up the 95% and
90% confidence interval for difference of Population propgr_ﬁon of
smoker in that particular village.
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43, - - A sample of 100 engrneers from small constructlon companies an
" sample of 100 engineers. from : large: construction: anies. W :
interviewed-about. having: -expense controls |n kplace for. use of»cellular;
phones. Of the small.gompanie: had,control
of he large compames had:controls. Determine the 95 y
population proportion in expense: ont A;place for la_'g V,and smal
companies’ engineers.. :
0. Z= 355 Slgnlfcant | ,.,,rzt,--649 Slggflca;rétam
12.. .Z=2.04, Not Significant. . ,Z— 1.44, Not |gn|; £y
14. "Z——25 298, Slgnlt'cant . ,Z 455 Srgnlfcan
?lg o ."er= 2.07, Srgnrfcant, E
19. Z=1 54 not Slgm’r‘cant0 80745l s e
210 0694 0 792») (0:6785,.0, : »
3; ( 7 2.19%; 781%) ‘ ;
23, 24, [z = 2161 Not Slgnlfcant
ol g 7= 4132, Not Srgnrﬁcant
g? T : E B -2‘8;,;Z~.— -1.677; Significant -
29" e 48 Not Slgnrflcant R 530 fZ _t 7:05, Srgnrﬂcant
=1.032; Z———387 ignificant. -
gl §9E3?Exz136 é(72) 7T 5s. 2= 472, Significant
34, Z7=1.75, Not Si 35, 7= 1.35, Not Significant
6. Z 1, Significant” Z=-1.
38. \Z—» “Not: Slgmﬂcant 39 2= ;’173 Not Slgnlﬁcant
40, Z =414, Significant . - - R .
- 0266) and 00227 00272); e a LT
P ey ) : ,(0,.1,86,' 0506} e #

(0 20 0: 50) and (O 223, 0, 476)
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Exact Sampllng Drstrlbutron

STUDENT “+ DISTRIBUTION_/

Student’s t-distribution was-given. and used frrst by W S Gosset in 1908
The statistician W. S Gosset is better known by his’ pseudonym student (Pen
name) and later on developed and extended ‘by Prof. R.A. Fishér (1 926)

In the developments of Iarge sample test for mean-we drscussed that the

statrstrcs Z X -l ~ N(O 1)

e

E; the populatlon variance is- unknown then for Iarge samples ‘its
estrmate provrded by sample variance s?is used and normal test is apphed

For small sample an unblased estrmate of populatlon vanance o’

82 Z|X X! and 2 Z(X X!

is.given by

whtch rmplres ns? —(n 1)s

lt was' customary tor replace 0‘2 by S for small samples and then applles
the normal test even for small sample W S Gosset who wrote undervthe pen

use {- test

Deflnltron Lé(\ xZ ,,,,,,,,,,,,,, xn be a random sample of sizé n drawn from a

normal populatron wrth Mmean uand varlance 62 Then student ‘t’ statrstlcs is

defined as. - ~ :

’ b= _—E Or, t= —”— | Follows student t—dlstnbutlon wrth n-1
TR T ).

degrees of freedom and where x S2 gi‘(__—);)— and s X o X
And the probabrlrty densnty functron of Statlstlcst is defrned as

1
f(t) ;-oo<t<oo_ Db

And v= (n 1) degrees of freedom
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Exact Sampling Distribution
14.1.1 Properties of t-Distribution

The important properties of t-distribution are given as follows
I.  Like Z-distribution, t-distribution is a continuous distribution having symmetrical
and bell shaped curve. The value of 't ranges from.-otowie. -o<t<w

il. We use the notationf ~f, to show that the statistics't’ follows student's t-
distribution with n degrees of freedom.
ii. Ifv=1ie.degrees of freedom =1we get
1 1 1
f(t) = == - <t<ow
11 © (1+) '
B(32) (1+6)

This is the pdf of standard Cauchy distribution. Hence when degrees of freedom
is one, Student's t-distribution reduces to Cauchy distribution.
iv.  As n—o the t-distribution tends to standard normal distribution.

v
v-Z'V>2

v.  Mean of the t-distribution is zero and variance is equal to
vi.  The t-distribution is symmetrical i.e. 1 =0= Ay =0.

o AR =2
vii. For t-distribution g = 3 (:—4) for large degrees of freedom 2 = 3, hence for

large degrees of freedom t-distribution tends to normal distribution.

viii. ~ The t-distribution curve is unimodal with mean = mode = median = 0.

ix.  The t-axis is the asymptote of the t-distribution.

X.  The t-distribution is flatter than the normal distribution and there is a different t-
distribution for every possible sample size. For example a t-distribution for a
sample size of 15 is different than the t-distribution for a sample size of 2 and so

on.
,'/\/Nnrmll curve

istribution for n =15

striibution for n =2

Fig: of i-distibution as compared with normal curvae

xi. The t-distribution can be used even in case of large sample but the large
sample theory can't be used for small sample.

xii. The very interesting property of the sampling distribution of t is that it does not
depend on the population parameter and depends only on degrees of freedom
(v) =(n—1) i.e. on the sample size n.

14.1.2 Degrees of Freedom

The number of independent observations in a set is called degrees of freedom
(d.f)

In_other words, degrees of freedom may be defined as the number of
observations in a set minus the number of restrictions imposed on it. It is denoted by
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v(nu.) or d.f with the help of degree of freedom, we know something about samples.
For example, we are selected two samples values x4 and x; such that their mean is

30 then % = 30. How can we find what value of x; and x2 can take on in this

situation?

The answer is that x; and x; can be any two values whose sum is 60 because
60 + 2 =30.

Suppose x; has value of 20 then x. is no longer free to take on any value but

+
must have value of 40 i.e. if x; =20 then = 5 X2 230 or 20 + x; = 60 then x; =40.

This example shows that when there are two elements in a simple and we know
the sample mean of these two elements; we are free to specify only one of the
elements to find the other elements. So, we can say that there is one degree of
freedom.

So with two sample values, number of degree of freedom=2-1=1.

If we have three sample values, number of degree of freedom =3-1 =2,

If we have four sample values, number of degree of freedom =4 -1 =3

In general for n sample values, number of degree of freedom =n -1.

For t-distribution in estimating population mean, the number of degree of
freedom = n-1 where n is the sample size and for estimating correlation coefficient
and regression coefficient the degrees of freedom is (n — 2) here we are given sum of
variable x and y respectively.

14.1.3 Assumption about t-Distribution
For derivation of student’s t-distribution following basic assumption are made

i. The parent population from which the samples are drawn is normal with mean p
and variance c°.

ii. All observations in the sample are independent i.e. one item selected in the
sample doesn't effect the other items included in the sample.

iii. The sample size is small i.e. less than 30 as a usual practice. Also the sample
should not certain less tan 5 observations.

iv.  The hypothetical value o of p is a correct value of population mean of parent
population form which the sample are drawn.

v.  The sample values are correctly measured and recorded.

vi.  The value of population standard deviation & is unknown.

14.1.4 Critical Value of t-Test

The critical (or significance) value of t atcx level of significance and L degree
of freedom for two tailed test are given by the equation P(Jt| > tv (o)) =a and P{jt| >
to()}= 1- @
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The value {, (o) have been tabulated in t-table for different values of & and

v and are given at the end of this book
Since t-distribution is symmetric about t =0 we get
P(t>t.(a)) +Pltv-t(x)]=a

P>t (@) =5 - Pt>t(20) =«
Then t, (2a)) from the table at the end of this book gives the significance value

of ‘' for a single tail test (right tail or left tail, since the distribution is symmetrical
curve) at level of significance « and v degree of freedom.

14.1.5 Application of t-Distribution

The student's t-distribution has wide number of application in statistics, same of
which are enumerated below

i.  Totestit the sample mean (X ) differ significantly from the hypothetical value p
of the population mean, Population variance being unknown.

ii. To test the significance of the difference between two independent mean, The
population variance being equal but unknown.

ii.  Paired t-test for difference of two means.

iv.  Test of significance of an observed sample correlation coefficient

v.  Test of significance about the slope parameter B, of regression equation

vi. Test of significance about the regression coefficient Byx.

14.2 SMALL SAMPLE TEST FOR SINGLE MEAN

We can use the student t-test under the following two cases

a. |If random samples xi,X......xa Of size n has been drawn from a normal
population with a specified mean say po

b. if the sample mean differ significantly from the hypothetical value po of the
population mean. f
Following are the steps for test of significance of a single mean in small sample

(i.e. for t-test for small single mean)

i. Set up the null hypothesis Ho: |t = [ig i.e. the sample has been drawn from
the population with mean o or there is no significant difference between the

sample mean X and the populations mean po.
ii. Set up Alternative hypothesis H; : = po (Two tailed)
or, Hi: p > g (right tailed)
or, Hi: p < po(left tailed)
i.e. there is significance difference between the sample mean and population
mean
ii.  Fix the level of significance o
iv. Test statistics: Under the null hypothesis Hp : p = po the test statistics

Probability and Statistics for Engineering

t=x—éE =X , follows student's t-distribution with (n-1) d.f.

Vn o
X

Where X = in sample mean and

2 EX-X)_ [zoﬁ EZx° ] i

n—1 n-1 ~n(n-1)

]

R

S

v.  Critical value: For « level of significance and (n-1) d.f. find the critical value of
‘' from student t-table as t(c).

vi. Conclusion: If calculated value of | t | < tabulated value t, we accept our null
hypothesis Ho at o level and If | t | = t, we reject null hypothesis Ho and accept
alternative hypothesis H

Example 1

A machinist is making engine parts with axle diameter of 0.7 inch. A random
sample of 10 parts shows a mean diameter of 0.742 inch with a standard deviation of
0.04 inches. Tests whether sample are dram from the population or note

Solution
Here we are given
Population mean = 0.700 inches.

Sample mean X = 0.742 inch.
Sample s.d. (s) = 0.040 inch & sample size n = 10
Here sample size n < 30 & population s.d. unknown. Therefore we use student
t-test and follow the following steps.
i.  The Null hypothesis Ho: p = 0.700 inches i.e. the product is confirming to
specification.
ii. The Alternative hypothesis Hiy:p # 0.700 ie. the product is doesnot
confirming to specification.
iii. Letlevel of significance o = 5%
iv. Test Statistics: Under, the null hypothesis Ho: p’ = 0.700, the test statistics is

t= x—;E , follows student's t- distribution with n-1degrees of freedom

Vi
i 0.046
\10-1
S| t]=3.15
v. Critical value: Here, for « = 5% level of significance and (n- 1) =10-1=94d.f.
the critical value of t is toos(9) = 1.833

=3.15
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vi. Conclusion: Here the calculated value of | t | = 3.15 is greater than to0s(9) =
1.833, we reject our null hypothesis Ho & accept the alternative hypothesis H,
and thus we conclude that the product is not meet the specification.

14.3 Confidence Limit for Estimating Population Means

The approximate (1 - a)100% confidence limit to estimate the population mean
u for small sample also known as fiducial limits is given by the following relation.

o S i S
; S o S
.e. P(X - — <p<x + —)=1-
ie. P(X MQJJI’-! B<X MQ)'\F\) 1-o
Thus, the approximate 95% & 99% confidence or fiducial limits
ell S S
+t,(0.05)—= and X %t,(0.01)—F respecti ;
X ( }\lﬁ and X 11(001\ﬁres tively

Example 2

The heights of 10 males of a given locality are found to be 70, 67, 62, 68, 61,
68, 70, 64, 64, 66 inch is it reasonable to believe that the average height is greater
than 64 inch ? Test at 5% level significance.
Solution

To test the believe that the average height is greater than 64 inches from small
sample we use student t-test as follows
i. The Null hypothesis Hp : p = 64 inches
i.  The Alternative hypothesis Hi: p > 64 inch (right tailed test)
ii. Level of significance a = 5%
iv. Test Statistics: Under the null hypothesis Hp: u = 64 the test statistics is

t=25% = tn-1)
Vn
Calculation of sample mean X and sample s.d.
X | 70|67 |62 |68 |61 |68 |70 |64 |64 | 66 |660
P 1 I R ) T A e A P el T i
{x_-i-}z16 1 (16| 4 |25 4 (16| 4 | 4 | O | 90
x _660
Sample mean X = % G =66
1 =
Sz-'n_—1}:(x-x)2=—=10
t=?_-g=66'54 =2
g 4 [
n 10

Pr ity and Statisti rEn ri

v. Critical value: Here for a = 5% and (n-1) = 9 d.f the critical value of t for single
tailed test is t ¢ (0.05) =1.833.

vi. Conclusion: Here [t|=2>tg (0.05) = 1.833, we reject the null hypothesis Ho
and accept the alternative hypothesis Hi
Thus we conclude that the average height in greater than 64 inches.

Example 3

The average breaking strength of steel rods in specified to be 18.5 thousand
pound. To test this sample of 14 rods was tested. The mean and standard deviation
obtained were 17.85 & 1.955. Obtained the 95% confidence interval for true mean
diameter of a rod
Solution

We are given population mean p = 18.5

X = 17.85, sample standard deviation (s) = 1.955 and sample size n =14

1 - o = 95% which implies & = 5

*. The approximate 95% confidence limits are given by
e o o (u)\[— where t,(a) = t43(0.05) = 1.771,( from table)

17.85£1.771 1\,9%5

Lower limit 17.85 - 0.96 = 18.81
Upper limit 17.85 + 0.96 = 16.89

14.43.1 Assumptions for t- Test for Difference of Means

Following basic assumptions are considered to test of significance for
difference of means for small samples.

i, Parent population from which samples have been drawn are normally
distributed

ii. The two sample are random and independent of each other.

ii.  Population variances are equal and unknown i.e. a1° = 0° = o” but unknown

iv. The sample values are correctly measured and recorded.

v. The hypothetical values p; & pz are correct values of population means of two
populations.

14.4 TEST OF SIGNIFICANCE OF DIFFERENCE OF
MEANS

Suppose we want to test if two independent small samples have been drawn
from two normal populations having the same means and the population variances
being equal but unknown in such a case we use t-test for difference of means.

Let x1, X2 ... X, &y, ¥2 ... Yn, be two independent random samples from the

given normal population when sample size of each sample in less than 30 then the
test statistics for test of significance of difference mean is
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L*-Q?E(X—D follow student's t-distribution with (n; + na - 2) d.f.
D, Q]
Where X = n y = Mo
2 2
SE(X -V)=S ~— And §?= PALLES W X T

e M +np-2
We can use the foilowmg steps for test of significance for different of mean in
small sample.
i The Null hypothesis Hg: ps = p2 i.e. sample has been drawn from the normal
population with same mean.
il. The Alternative hypothesis Hi: 1 # pe (Two tailed)
or, Hi: py > po (right tailed test)
or, H1: pr < pe (left tailed test) i.e. sample are drawn
from different normal population.
ii.  Fixthe level of significance a.
iv. Test Statlstics Under the null hypothesis Ho: 1 = p2 & the assumption that o4”

=% = o’ two population variance are equal but unknown the test statistics is

x -
7 Sy emp-2
S\ "

Also when sample variances 31 and sz° are known than value of S?is calculate

=0 nssi’ + nysy”
n+ng-2

v. Critical value: For o level of significance and (ni + ny - 2) d.f. find the critical
value of 't' from table.

vi. Conclusion: If tca < tay we accepts the null hypothesis Hp at o level of
significant and If tca = tp we reject the null hypothesis Hp and accept the
alternative hypothesis H;.

L=

by using the formula

14.4.1 Confidence Limit for Difference of Population
Mean

To calculate the approximate 100(1-o)% confidence limit for difference of
population mean from small sample we use the following relation.

(X-¥ )t SE. (X -V)

e T, 1
(Y-Y)il:aus‘\};+5

Thus, 95% and 99% confidence limit for different of population mean in small
sample is given as

(x -y ) £t(0.05) S~ }—+i for 95 % confidence limit
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(X -V ) £1(0.01) S /— +-1— , for 99 % confidence limit

Example 4

We have the following results from the two samples drawn from normal
populations with same variance but unknown as

n =6 X1 =25 $:° =36

n=8 X2=20 s’ =25 _

Whether the two samples are drawn from the normal populations with equal
means?

Solution ;
To test whether the samples are drawn from the normal populations with equal

means we use student t-test for difference of mean as follows

i. The Null Hypothesis is Hg : ui = p2 i.e. two samples are drawn from the
normal populations with equal means.

ii. The Alternative Hypothesis is Hi: p1y = p2 (two tailed test) i.e. two samples are
not drawn from the normal populations with equal means.

ii. Level of significance o = 5%

iv. Test Statistics: Under the null Hypothesis Hg: p1=p2 the test statistics is

BE < AN

t= 1T 1 ‘m+nz-2

Snifmak =

M Nz
nisi? + mps;”  6x36 + 8 x 25
Here, S = m+n-2 = 6+8-2 =3467
16 s RO S gt
b N T
*¢ (5+3)
v. Critical value: Here critical value of ‘t' for o = 5% and (ny +nz - 2) = 12 d.f. is

tran=2.18
vi. Conclusion: Here t.s = 1.57 is less than tr,= 2.18, we Accept the null

hypothesis HO : u1 # pz and concluded that two samples are drawn from the
normal populations with equal means.

Example 5

The nicotine content in milligrams of two samples of tobacco were found, to be
as follows
Sample A: 24 27 26 21 25
Sample B: 27 30 28 31 22 36
Can it be said that two samples come from normal population having the same
mean?
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Solution
To test whether the samples are drawn from the normaf populations with equal
means we use student t-test for difference of mean as follows
i. The null hypothesis Hy: py = p2 i.e. the two samples have been drawn from
the normal population with the same mean.
ii. The Alternative hypothesis Hy: uy # pz i.e. the two samples have been drawn
from the normal population with different mean.
ii. Letthe level of significance is a = 5%
iv. Test Statistics: Under the null hypothesis Hp: g1 = p2 , the test statistics is t =

Xi-X2

T follows student t-distribution with (ny + n; -2) degrees of freedom
S\ * 7
s + s _ S(x-K) +3(y-7)
whereg?="nme2 - (m+m-2)
Calculation table
X X- X (%X )2 Y yy) | ()
24 -0.6 0.36 27 -2 4
27 2.4 5.76 30 1 1
26 1.4 1.96 28 -1 1
21 -3.6 12.96 31 2 4
25 0.4 0.16 22 -7 49
36 ¥ 49
Total 21.2 108
Here s’ = Lﬁ'ﬂ =14.35
.. 8§=3.788
24.6-29

e et 1 1D
5 *
3.788\ fg-a--é

v.  Critical value: Here critical value of 't for a = 5% and
(ni+n2-2)=(5+6-2)=9d.f. is traa=2.262

vi. Conclusion: Here ta = 1.92 is less than trap= 2.262, we Accept the null
hypothesis HO : py # p2 and concluded that two samples are drawn from the
normal populations with equal means.

14.5 PAIRED t-TEST FOR DIFFERENCE OF MEANS

In the t-test for difference of means, the two samples were independent of each
other. However, there are many situation where the samples are pair wise dependent
to each other. for example, if we are testing sales of goods after & before
advertisement; a testing the productivity level of workers before & after a training
program or checking memory capacity of person before & after training and so on.
Then these values are related to each other. In such situation, we are concerned with
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the difference between the pair of related observations instead of the value of the

individual observation. Paired t-test for difference of means can be applied under the

following situations.

i The sample sizes are equal i.e. ny = nz = n (say).

ii. The two samples are not independent but the sample observations are paired
together i.e. the pair observations (x;, y) i= 1,2 ... n) corresponds to the same
sample unit.

ii. The same set of sample is treating twice on the same subject matter.

The following are the steps in testing paired t-test for difference of mean or t-

test for paired wise dependent samples is as follows

i. Set up the null hypothesis Ho: j11 = po or i.e. there is no significance difference
in the observation before and after treatment.

ii. Set up the Alternative Hypothesis Hi: j1 # p2 (Two tailed test) ie. there is
significance difference in the observation before and after treatment

or Hi: g > 1o (Right tailed test) The treatment is not effective

or, Hi: [y < M2 (Lefttailed test) The treatment is effective

ii. Fixed the level of significant o
iv. Test statistics: under Ho: u1 = p2 the test statistics is

—g— follows student t=distribution with (n-1) degrees of freedom
;s .

Where d = x - y difference between two set of observations.

- Xd o Td-d47 _Fd (Fdf.

di= e ST ST g T 1)

v. Critical value: For « level of significant and (n -1) degrees of freedom find the
critical value of 't' as t,(a)

vi. Conclusion: if calculated value of 't as tea is less than tabulated value of ‘' as
t,(«) We accept the null hypothesis, otherwise We reject null hypothesis at o

leve! of significance and accept alternative hypothesis.

Example 6

Memory capacity of 10 students was tested before and after training state,

whether the training was effective or not from the following score.
Before | 12 14 11 8 7 10 3 0 5 6
After i5m 06, A8 5 121 10 2 3 10
Solution

To test the significance difference of mean i.e. whether the training was effective
or not we proceed as follows
i.  The null hypothesis Ho: ni = 2 i.e the average memory capacity of students

before and after training is same in other word training was not effective.
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ii. The Alternative hypothesis Hi: p1 < p2 ie. the gvgrage mtesmc:r;;r capacity o
students after training is increased; in other word training was effective.
iil.  Let the level of significance is a = 5% oAl
iv.  Test Statistics: Under null hypothesis Ho: p1 # p2. The test statistics is

—g— follows student t-distribution with (n-1) degrees of freedom
\n

Where d = x - y difference between two set of observations.
5 zd e gd df zdz xd)*
=== an

“n{n-1)
Calculation table 4
X Y d=X-Y g
12 15 38 2
14 16 -2 "
1 10 1 :Il

8 7

7 5 2 :

10 12 -2
3 10 30 49
0 2 -2 g
5 3 2 a
6 10 =4 16
Total -14 e

23 —H
Thus d == =—5~ =-1.4 and

2 X _(ZdP 96 (- 14)
ST %1 TAn-1)-9 ~10x9
- 5=2913

=8.49

d
Now the test statistics is t=§x\lﬁ-2913 xy[10 =-1.51

v.  The critical value: The critical value of 't' for 5% level of significance and
g " . = 33
10-1) = 9 d.f. and for one tailed test is twp = 1.8 _
Vi Eonclusionz Here tabulated value of [t| = 1.51 is less than tabulated value of
= 1.833, we accept our null hypothesis
t'I{'ar‘:us concluded that the average memory capacity of students before and after
training is same

Example 7 : 3
The measurement of diameter of 8 cylindrical rods by Vernier caliper (X) a

Micrometer (Y) was as follows.

X | 2265 2267 2.264 2.267 2268 2263 2.263 2258

Y '21200 2268 22890 " 2273 2270 222707 2268 21268
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Test whether the difference between measurements of diameter by Vernier and
Micrometer is significant or not.

Solution

To test the significance. difference -of two paired mean i.e. the difference
between measurements of diameter by Vernier and Micrometer is significant or not
we proceed as follows

i. The null hypothesis Hg: u; = uz ie. measurement of diameter by Vernler and
Micrometer is not significant.

. The Alternative hypothesis Hi: i = K2 i.e. measurement of diameter by
Vernier and Micrometer is significant.

iii.  Let, the level of significance is « = 5%

iv. Test Statistics: Under the null hypothesis Ho: py = o,

The test statistics is t = % where d = % and
v
2-2d-d° Fd® - (zd
n-1 n-1  n(n-1)
Calculation table
B Y d=(%-Y) ¢
2.265 227 -0.005 0.000025
2.267 2.268 -0.001 0.000001
2.264 2.269 -0.005 0.000025
2.267 2.273 -0.006 0.000036
2.268 227 -0.002 0.000004
2.263 2.27 -0.007 0.000049
2.264 2.268 -0.004 0.000016
2.258 2.268 -0.010 0.000100
L Total 0.04 0.000256
Thusd = Zd 0. 04 =0.005 and .
s*z%_%i —;1%—_‘{% Lot ‘8—‘;7}—- 0.000008

.. The value of S = 0.0028

_d 0005 5
Nowt = S ~0.0028 x\f_ =5.05

\n

Critical value: The critical value of “t’ for ¢ = 5% level of significance and (8-1)
= 7 degrees of freedom is t, = 2.365
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vi. Conclusion: Here calculated value of |t| = 5.05 is much greater than tabulated
value of tw = 2.365 we reject our null hypothesis and accept alternative
hypothesis. Thus, we concluded that there is a significance difference between
the reading made by Vernier and Micrometer at 5% level of significance.

14.6 TEST OF SIGNIFICANT OF AN OBSERVED
SAMPLE CORRELATION COEFFICIENT

In order to test whether the sample correlation coefficient (r) is significant of any
correlation between the variable in the population t-test for significant of an observed
sample correlation coefficient is applied. The steps for testing of significance of an
observed sample correlation coefficient are as follows.

i. Set up null hypothesis Ho: p = 0 i.e. the variable are uncorrelated in the
population or population correlation coefficient is zero

ii. Set up Alternative hypothesis Hq: p = 0 i.e. the variable are correlated in the
population or population correlation coefficient is not zero
or, Hi: p > 0, (Right tailed test) i.e. there is the positive correlation in the
population
or, Hi: p < 0, (Left tailed test) i.e. there is the negative correlation in the
population.
iii. Fixthe level of significance a
iv. Test statistics: Under the null hypothesis Ho: p = 0, the test statistics is

t= \/1r_r‘ \n-2 , follows students t-distribution with (n -2) d.f.

v.  Critical value: For o level of significance and (n-2) degrees of freedom find
the critical value of t from table as tia.

vi. Conclusion: If calculated value of t as t., is less than tabulated value of t as tia
we accept the null hypothesis Hg at « level of significance and If tea = tp wWe
reject Hp and accept alternative hypothesis H;.

14.6.1 Confidence Limits for Population Correlation
Coefficient (p)

The approximate (1 — «) 100% confidence limit for estimating population
correlations coefficient (p) are given by the following relations
r+t,(n-2) S.E.(r)
fort

r:ta{n-z)% Where, () =2F

Example 8

A random sample of 27 pairs of observations from a normal population gives a
correlation coefficient of 0.6. Is it likely that the variable in the population are
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uncorrelated? Also compute 95% confidence limits for population correlation
coefficient.

Solution
We are given sample size n = 27
And sample correlation coefficient (r) =

To test the significance of correlation coefﬂc:ent we proceed in the following steps.

i.  Null hypothesis Hg: p = 0 i.e. the variable in the population are uncorrelated.

i.  Alternative hypothesis Hy: p = 0, (two tailed) i.e. test variable in the population
are correlated.

ii. Level of significance a.= 5 %

iv. Test statistics: under the nuII hypothesis Hn the test statistics is

r
t—m\fn—2 m\lﬂ = =3.75

v.  Critical value: Degree of freedom=n-2=27-2=25
For o = 5% and 25 d.f. for two tailed test critical value of as tu, = 2.060

vi. Conclusion: Here t.q = 3.75 is greater than the t., = 2.060 we reject Ho &
accept H; at 5% level. Then we conclude that the variable are correlated in the
population.
Now, 95% confidence limits
(1 - &) = 95 which implies & = 5% = 0.05
r=0.6, df. =25 {,,5(25) = 2.060
. The approximate 95% confidence limits for estimating the population
correlation coefficient is

1-
| B ta,05(25} 7—;

0.6 +2.060 x 20
\27

0.6 +0.254

Upper limit = 0.6 + 0.254 = 0.854

Lower limit = 0.6 - 0.254 = 0.346

Thus the probability that the value of population regression coefficient lies
between 0.346 to the 0.854 is 95%.

Symbolically P(0.346 < p < 0.854) = 95%

14.7 TEST OF SIGNIFICANCE OF REGRESSION
COEFFICIENT
We have the regression equation of Y on X is Y =a + byx X and the population
regression coefficient of Y on X as Y = g + Byx X, since there are two coefficient of
regression we have two test of significance of regression coefficients as follows
i Test of significance of Slope parameter By
i.  Test of significance of regression coefficient Pyx
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14.7.1 Test of significance of Slope parameter B,

To test the significance of slope parameter 3y of regression line, we proceeded
in the following stapes
Set up null hypothesis Ho: [}y = 0 i.e. Slope parameter of regression Line in
population is zero.

ii. Set up alternative hypothesis Hy: iy # 0 (two tailed) i.e. Slope parameter of
regression Line in population is not equal to zero.
Or Hi: : o > O (right tailed) i.e. Slope parameter of regression Line in population
is greater than zero.
Or Hi: po > O (left tailed) i.e. Slope parameter of regression Line in population is
less than zero.

ii.  Fixthe level of significance o

iv. Test statistics; Under the null hypothesis Hq: Po =0, the test statistics v.  for

slope parameter [}y is t=a—§g-q.
a

follows student t-distribution with (n-2) degrees of freedom , where S, is the

: . : 2
standard error of an estimator a, and given as Sa° = So” [ﬁ + ‘i?] 4

592={n12)[ZV2'bYKZW],U‘—'X-§ andv=y-y

v.  Critical value: - For alevel of significance and the (n-2) d.f. find the critical
value of t as t, from table.

vi. Conclusion: - If [{| <t, we accept our null hypothesis at « level of significance
and If [t| = t, we reject our null hypothesis and accept alternative hypothesis.

Confidence limit for Slope parameter of regression line 3y

The (1 - &) 100% confidence limit for slope parameter of regression line fq is
givenas: att.(n-2)%:

14.7.2 TEST OF SIGNIFICANCE OF REGRESSION
COEFFICIENT By

To test the significance ofi regression coefficient Byx, we proceeded in the
following stapes.

i.  Set up null hypothesis Hq: Byx =0 i.e. regression coefficient in population is
Zero.

ii.  Set up alternative hypothesis Hi: fivx = 0 (two tailed) i.e. regression coefficient
in population is not equal to zero.

Or Hy: Byx > 0 (right tailed) i.e. regression coefficient in population is greater
than zero.
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Or Hq: Pvx > 0 (left tailed) i.e. regression coefficient in population is less than
zero.
ii.  Fix the level of significance a.
iv. Test statistics; Under the null hypothesis Ho: Byx =0, the test statistics for

regression coefficient Pyx is t= b—-s? , follows student t-distribution with (n-2)
degrees of freedom , where Sy is the standard error of an estimator byx, and

2
S
given as S = Z_:E Se’ = B j 7= V2 -byx Zuv]

v.  Critical value: For « level of significance and the (n-2) d.f. find the critical value
of tas t, from table.

vi. Conclusion: - If |t| <ta we accept our null hypothesis at « level of significance
and If |t| = t, we reject our null hypothesis and accept alternative hypothesis.

Confidence limit for regression coefficient Byx

The approximate (1 - a) 100% confidence limit for regression coefficient Pyx is
given as byx £t,(n—2) Sy

Example 9
Following table shows X is the tensile force applied to a steel and specimen in

thousands of pounds, and Y is the resulting elongation in thousands of an inch

X 1 2 3 4 5 6

b 14 33 40 63 76 85

i.  Find the equation of regression line of Y on X

ii.  Estimate the elongation when the tensile force is 3.5 thousand pounds

ii. Test the significance that the value of constant of regression in population is
greater than 1.2 at 5% level of significance

iv.  Test the significance that the value of regression of Y on X on whole population
is greater than 14 at 5% level of significance

Solution
Calculation table for regression line of Y on X

X Y X Y? XY
1 14 1 196 14
2 33 4 1089 66
3 40 9 1600 120
4 63 16 3969 252
5 75 25 5776 ~--380
6 85 36 7225 510
21 311 91 19855 1342

Here n =6, X =21, XY = 311, TX* = 91, TY*= 19855 and TXY = 1342

i.  The regression equation of Y on Xie.Y=a+b X ... (i), where Y is elongation
in thousand inch, X is tensile force applied to a steel and 'a’ and ‘b’ are constant
obtained by solving following two normal equations.
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YY=na+bX X

IXY=aXX+bX X

311 =6a+ 21b (ii)
1342 = 21a + 19855 (iii)

On solving equation (ii) and (iii) we get the value of a and b as
a=1.133 and b = 14.4857

A
~.The required line of regression is Y = 1.133 + 14.4857 X.
The estimated elongation in thousand inches for the given tensile force applied
to steel as 3.5 thousand pound is

A

Y = 1.133 + 14.4857 x 3.5 = 51.8332 thousand inches.

For the test the significance that the value of constant of regression in
population is greater than 1.2 at 5% level of significance, we proceeded in the
flowing stapes.

a.

b.

Set up null hypothesis Ho: o= 1.2 i.e. Slope parameter of regression line
in population is 1.2
Set up alternative hypothesis Hi: Po >12 (right tailed) ie. Slope
parameter of regression line in population is greater than 1.2
The level of significance o = 5% = 0.05
Test statistics: Under the null hypothesis Ha: o = 1.2, the test statistics for
slope parameter Bo is

_2-fo Iatritaii
t= 8, follows student t-distribution with (n-2) degrees of freedom, where

S. is the standard error of an estimator ‘a’, and given as

Ry b el
Sa-se(n+57)

Calculation of deviation values

X Y u=X-3 | v=Y-40 u‘ v uv
1 14 | -2 -26 4 676 52
2, |83 g u0d -7 1 % 1
3 40 0 0 0 0 0
4 63 1 23 1 529 29,
5 75 2 35 4 1225 70
6 85 3 45 9 2025 [%135
21 310 3 70 19 4504 | 287
Now, S§ - j %) EV2 - byx Tuv)
1
=6-2 [4504 — 14,4857 x 287] = 86.65

o 2
Then §2 = §2 [% + Z—’;z) = 86.65 (% + ‘31—3)—) = 70.308

. 8, =8.385.
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-Bo _1.133-1.2
g~ K35
Critical value: For o = 5% level of significance and the (6 - 2) = 4 degree of
freedom and one tailed test the critical value of t as t4s(4) = 2.132
Conclusion: Here [t| = 0.00799 is less than tyys(4) = 2.132 we accept our
null hypothesis at « = 5% level of significance and Thus, concluded that the
intercept of regression line in population is 1.2 it means that value of p, may
not greater than 1.2

a
Then, t= =~0.00799

To test the significance that the value of regression of Y on X on whole
population is greater than 14 at 5% level of significance, we proceed in the
following steps

a.

Set up null hypothesis Hg: [lyx = 14 i.e. the value of regression coefficient
in population is 14.

Set up alternative hypothesis Hi: Pyx> 14 (right tailed test i.e. regression
coefficient in population greater than 14.

The level of significance o = 5% = 0.05.

Test statistics: Under the null hypothesis Ho: Pvx = 14, the test statistics for
regression coefficient Pyx is

(s 9—§E!5 follows student t-distribution with (n-2) degrees of freedom,

82

L]

where Sy is the standard error of an estimator byx, and given as Sg =

86.65

ST G 4.5605

i

u

%8,=2.135

g 4, =%
b S‘:"" =1 ‘;?15375 4 = 02275
Critical value: For a = 5% level of significance and the (6 - 2) = 4 degree of
freedom and one tailed test the critical value of t as t; 5s(4) = 2.132
Conclusion: Here tabulated value of t = 0.2275 is less than tyes(4) = 2.132
we accept our null hypothesis at a= 5% level of significance and Thus,
concluded that the regression coefficient in population is not greater than
14.

Therefore, t =

Example 10

The following measurements show the respective height in inches of 10 fathers

and their eldest sons

a.

Father (X) | 67 63 66 71 69 65 62 70 61 72

680 66 65 70 67 67" B4 71T 62 63

Son (Y)

Find the regression line of son's height on father's heights
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b,  Estimate the height of son for the given height of father as the 70 inches.

Probability and Statistics for Engineering

(n-2) degrees of freedom , where Sy is the standard error of an estimator

c.  Test the significance of the regression coefficient. 2
d.  Test the significance of the intercept of line of regression. \ 2 Se
Solution byx, and given as Sb 5T
Calculation table : 3
X v v v XY Calculation tablez
X Y u=x-66.6 | v=Y-66.3 u v uv
67 68 4489 4624 4556 67 68 0.4 1.7 | 016 | 2.89 | 0.68
63 66 3969 4336 4158 63 66 -36 -0.3 | 1296 | 0.09 | 1.08
?f gg ggz? 23;3 :;gg 66 65 | -06 | <13 | 036 | 169 | 0.78
69 69 4761 4761 4761 71 70 4.4 3.7 19.36 | 13.69 | 16.28
65 67 4295 4489 4355 69 69 2.4 Y 5.76 7.29 6.48
62 64 3844 4096 3968 65 67 - 1.6 0.7 2.56 0.49 | -1.12
20 71 4900 5041 4970 62 64 -4.6 -23 | 2116 | 529 | 10.58
61 60 3721 3600 3660 70 71 3.4 47 | 11.56 | 22.09 | 15.98
72 63 5184 3969 4536 61 60 -5.6 - 6.3 31.36 | 39.69 | 35.28
666 663 44490 44061 44224 72 63 5.4 -3.3 29,16 | 10.89 |-17.82
666 663 0 0 134.4 | 104.1 | 68.2
Here n =10, XX = 666, LY = 663, IX° = 44490, Y’ = 44061 and Heren=10,3Xu=0,%v=0, Yu’ = 134.4, ¥v° = 104.1and
YXY = 44224 Yuv=68.2

The regression equation of Y on X i.e. Y =a +b X ... (i), where Y is height of
son , X is height of father and 'a’ and 'b’' are constant obtained by solving
following two normal equations.

YY=na+bX X .
IXY=aXX+bX X

.. 663 = 10a + 666b (ii)

44224 = 666a + 44490 (iii)

On solving equation (ii) and (ii)) we get the value of aand b as
a=32.53 and b = 0.507

. The required line of regression is ?’ = 32.53 + 0.507 X.
The estimated height of son for the given height of father as 70 inches is

¥ =32.53.+0.507 x 70 = 68.02 inches.

For the test of significance of observed regression coefficient. We proceeded in
the flowing stapes.
i.  Set up null hypothesis Hg: Bvx =0 i.e. regression coefficient in population is
zero.
i. Set up alternative hypothesis Hi: Byx . 0 (two tailed) i.e. regression
coefficient in population is not equal to zero.
ii.  The level of significance « = 5% = 0.05. _
iv. Test statistics: Under the null hypothesis Ho: Byx = 0, the test statistics for

regression coefficient Bvx is t= 9-5‘%‘-'5 follows student t-distribution with
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Now we have b = 0.507
2 2V =byxXuv _104.1-0.507 x 68.2

Mg T TTAURT Sy — (10-2) =808
2
Se _ 869
4 8 0 ST
Sp= \/ T2 ~134.4 ~0.0646
-8, =0.2543
Therefore t = 20X ‘Sl')"" :—0(‘)53; 4'30 = 1.99

Critical value: For a = 5% level of significance and the (10 - 2) = 8 d.f. the
critical value of t as ty4:(8)= 2.306

vi. Conclusion: - Here |t| = 1.99 is less than t; ,:(8) = 2.306 we accept our null

hypothesis at «= 5% level of significance and Thus concluded that the
regression coefficient in population is not significance,

To Test of significance of Slope parameter Bo, We proceeded in the following

stapes

i. Set up null hypothesis Ho: g =0 i.e. Slope parameter of regression Line in
population is zero.

ii. Set up alternative hypothesis Hy: o = 0 (two tailed) i.e. Slope parameter
of regression Line in population is not equal to zero.

iii.  The level of significance o = 5% = 0.05
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Iv. Test statistics: Under the null hypothesis Hg: Bo =0, the test statistics for

- a-
slope parameter B is t = _S,EE follows student t-distribution with (n-2)

degrees of freedom , where S, is the standard error of an estimator a, and
given as

MY s L U Lo 1, (66.6)"\ _
S,58; (n +§"z} =8.69 (.“,J + 344 ) =284.23
.. S, = 16.86.
_3-90_32.53-0 3
Then, t= g, ="16.86 =1.929
v. Critical value: For o = 5% level of significance and the (10 - 2) = 8 d.f. the
critical value of t as t; 4s(8) = 2.306
vi. Conclusion: Here |t| = 1.929 is less than tos(8) = 2.306 we accept our null

hypothesis at o= 5% level of significance and Thus concluded that the
intercept of regression line in population is not significance.

EXERCISE - 14

Define t-test. What are the assumptions made about t-distribution?

What are the properties of t-distribution? Write about the application of t-
distribution.

What are the steps about the test of significance of single mean for small
sample?

What are the assumption about the test of difference of mean in small sample
and write down the steps of test of significance difference between two mean in
small sample.

Write down the steps of test of significance of difference between two mean
when sample are dependently paired.

What are the steps of test of significance of regression coefficient?

Define f-distribution and what are the assumptions made for f-distribution,

What are the applications of f-distribution?

Wr?le down the steps for test of significance of equality of two population
variance.

Numerical For Single Mean

10. Prices of shares of a company on the different days in a month were found to be

66, 65, 69, 70, 69, 71, 70, 63, 64 and 68. Discuss whether the mean price of the
shares in the month is 65.
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13.

14.

15.

16.

17.

18.
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Ten students are chosen at random from a normal population and their heights
are found to be: 63, 63, 66, 67, 68, 69, 70, 70, 71, 71, inches. Test if the sample
belongs to the population whose mean height is 66 inches.

A salesman is expected to affect an average sale of Rs. 3,500. A sample test
revealed that a particular salesman had made the following sales: Rs. 3700,
2500, 3400, 5200, 3000 and 2000

Using 0.05 level of significance concludes whether his work is below standard or
not.

A random sample of eight cigarettes of a certain brand has an average nicotine
content of 18.6 milligrams and a standard deviation of 2.4 milligrams. Is this in
line with the manufacturer’s claim that average nicotine content doesn't exceed
17.5 milligrams at 1% level of significance and assume the distribution of
nicotine contents to be normal? Also find 99% confidence limit for population
mean.

Ten specimens of copper wires drawn from a large lot have the following
breaking strength in kg weight: 578,572, 570, 568, 572, 571, 570, 572, 596, and
548. Test whether the mean breaking strength of the lot may be taken be 578 kg
weight.

A time study engineer developed a new sequence of operation elements that he
hopes will reduce the mean cycle time of a certain production process. The
results of a time stud y of 20 cycles are given below :

Cycle time in minutes:

12.25 | 11.97 | 12.15 | 12.08 | 12.31 | 12.28 | 11.94 | 11.89 | 12.16 | 12.04

12.09 | 12.16 | 12.14 | 1247 | 11.98 | 12.04 | 12,11 | 12.25 | 12.15 | 12.34

If the present mean cycle time is 12.5 minutes, Should he adopt the new
sequence?

A random sample of size 25 showed a mean of 65 inches with a standard
deviation of 25 inches. Determine 98% confidence intervals for the mean of the
population.

A random sample of 12 female students in a certain dormitory showed an
average weekly expenditure of Rs. 16 for snack foods with a standard deviation
of Rs. 2. Construct 90% confidence limits for the average amount spent each
week on snack foods by female students living on the dormitory.

The five randomly selected samples of the rubber calls have a mean breaking
strength of 169.5 pounds with a standard deviation of 5.7 pounds. Test the
assumption that mean breaking strength in a population is 180 pounds at 1%
level of significance.

Numerical For Difference of Mean
19. The incomes of a random sample of six officers in bank First are Rs. 530, 650,

680, 690, 710 and 720 per month. The incomes of a similar sample from nine
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© o ~No

11.

14.

. Prices of shares of a company on the different days in a month were

Exercise - 15

Define t-test. What are the assumptions made about t-distribution?
What are the properties of t-distribution? Write about the application of t-

distribution. e

What are the steps about the test of significance of single mean for small §

3

sample?

What are the agsumption about the test of difference of mean in énﬁall
sample and write down the steps of test of significance difference
between two mean in small sample. ‘

Write down the steps of test of significance of difference between two
mean when sample are dependently paired.

What are the steps of test of significance of regression coefficient?
Define f-distribution and what are the assumptions made for f-distribution.
What are the applications of f-distribution?

Write down the steps for test of significance of equality of two population’
variance.

found to be 66, 65, 69, 70, 69, 71, 70, 63, 64 and 68. Discuss whether the'
mean price of the shares in the month is 65.

Ten students are chosen at random from a normal population and their :

heigh.ts are found to be: QS, 63, 66, 67, 68, 69, 70, 70, 71, 71, inches. &
Test if the sample belongs to the population whose mean height is 66 &

inches. .

. A salesman is expected to affect an average sale of Rs. 3,500. A sample
test revealed that a particular salesman had made the following sales: =

Rs. 3700, 2500, 3400, 5200, 3000 and 2000

R R

Using 0.05 level of significance concludes whether his work is bejow

standard or not. :

A random sample of eight cigarettes of a certain brand has an average -
nicotine content of 18.6 milligrams and a standard deviation of 2.4
milligrams. Is this in line with the manufacturer's claim that average -*.
nicotine content doesn’t exceed 17.5 milligtams at 1% level of ..
significance and assume the distribution of nicotine contents to be ‘-
normal? Also find 99% confidence limit for population mean.

Ten specimens of cdpper wires drawn from a large lot have the following . -

breaking strength in kg weight: 578,572, 570, 568, 572, 571, 570, 572, ..

596, and 548. Test whether the mean breaking strength of the Iot may be
taken be 578 kg weight,
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19.
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A time study engineer developed a new sequence of operation elements
that he hopes will reduce the mean cycle time of a certain production
process. The results of a time stud y of 20 cycles are given below :

Cycle time in minutes: '

12.25, 11.97, 12.15, 12.08, 12.31, 12.28, 11.94, 11.89, 12.16, 12.04,
12.09, 12.15, 12.14, 12.47, 11.88, 12.04, 12.11, 12.25, 12.15, 12.34.

If the present mean cycle time is 12.5 minutes, Should he adopt the new
sequence?

A random sample of size 25 showed a mean of 65 inches with a standard
deviation of 25 inches. Determine ‘98% confidence intervals for the mean
of the population.

A random sample of 12 female students in a certain dormitory showed an
average weekly expenditure of Rs. 16 for snack foods with a standard
deviation of Rs. 2. Construct 90% confidence limits for the average
amount spent each week on snack foods by female students living on the
dormitory.

The five randomly selected samples of the rubber calls have a mean
breaking strength of 169.5 pounds with a standard deviation of 5.7
pounds. Test the assumption that mean breaking strength in a population
is 180 pounds at 1% level of significance.

The sales figure of an item in eight shops before and after advertisement
is given as : ’

Before: 70, 65, 48, 72, 80, 92, 98, 100

After : 72,70, 53, 75, 84, 95, 105,104

Test whether advertisement was effective or not.

The incomes of a random sample of six officers in bank | are Rs. 530,
650, 680, 690, 710 and 720 per month. The incomes of a similar sample
from nine officers in bank Il are Rs. 610, 620, 650, 660, 690, 700, 710,
720 and 730 per month. Discuss the validity of the suggestion that bank |
pays its officers much better than bank Il

The average breaking strength of steel rods is specified to be 18.5
thousand pounds. To test this, a sample of 14 rods was tested. The mean
and standard deviation obtained were 17.85 and 1.955 thousand pounds
respectively. Is the result of the experiment significant? Also obtained tho
95% confident limits from the sample of the average breaking strength of
steel rods.

seven housewives were randomly sampled and it was determined that
they walked an average of 39.2 miles per week in their housework, wilh o
standard deviation of 3.2 miles per week, Construct 95% confidence
interval to the population mean.

Hotel's manager in Kathmandu wants to know the hotels average daily
registration. The following table presents the numbers of guest roglutorad
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24,

25,

26.

27.

each of 27 randomly selected days. Calculate thie sample mean, standard
errors of mean and 95% confidence limits of population mean:

61 57 53 60 84 57 54 58 63
61 50 59 50 60 57 58 62 63
60 54 54 61 51 53 62 57 60
Two independent samples of 8 and 7 items respectively had the following
values, whether these two samples are drawn from a same population or

not. .
Sample-l 9 11 13 N 15 9 12 14 |
Sample-dl | 10 12 10 14 = 9 8 10 |

Two horses A and B were tested according to the time in seconds to run
a particular track with the following results: ‘

Horse A 28 30 32 33 33 29 34 |
: Horse B 29° 30 30 24 27 29 |

Test whether the two horses have the same running capacity at 5% level
of significance , K '
The gain in weight of two random samples of rats fed on two different
diets A and B are given below. Examine whether the difference in mean

increase in weight is significant. : ]
DietA | 13 14 - 10 11 12 16 10 8 |

© boys and 10 girls. The result of the test are as follows:

28.

29.

30.

» . Boys Girls
Mean 74 70
~S.D. 8 10

Is the difference between the means-of iwo groups significant at 5% level
of significance? B '

A random sample of 16 values from a normal populatioh has a mean of
41.5inches and sum-of squares. of deviations from the mean is equal o

135 inches. Another sample of 20 values from an unknown population

has a mean of 43 inches and sum of squares of deviations from the'mean

is equal to 171 inches. Show that the two samples may be regarded as
coming from the same normal population.

. | Factory li Factory
Sample size 12 10
Mean salaries(Rs.) 1,050 © 980

68 74

Sample standard deviation
A manufacturing company is interested in knowing if there is a difference

in the average salary received by foremen in two factories accordingly -

sample of 12 foremen in the first factory and 10 foremen in the second
factory are selected at random. Based upon experience foremen’s
salaries are known to be approximately normally distributed and the
~ standard deviations are about the same. a

A group of 5 Patients treated with medicine ‘A’ weight 42, 39, 48, 60, and
‘4% kg. Second group of 7 patients from the same hospital treated with
medicine ‘B’ weight 38, 42, 56, 64, 68, 69 and 62 kg. Do you agree with
the claim that medicine ‘B’ increases the weight significantly?
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A reading test is given to an elementary school class that consists of 12
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. Two types of batteries are tested for their length of life and the following

.data are obtained. -

Sample size Mean life time ~_Vari
Type A 9 600 - a?:? =
Type B 8 . 640 144

Is there a significant difference in the two means?.

. The means of two random samples of size 9 and 7 are>196.42 and

198.82 respectively. The sums of the s ' eviati

. quares of the deviations from the
mean are 26.94 and 18.73 respectively. Can the samples be considered
to have been drawn from the same normal population?

. The average numbers of articles produced by-two machines per day are -

ggodaand 250 (\j/vitr;.s.d 20 and 25 respectively. On the basis of records of
~days production can you regard both the machines ar
efficient at 1% level of significance? e equally

. An 1Q test was administered to 5 persons before and after they were

trained. The results are given below:

Roll. No. ! oW v v
IQ before training 10 . 120 . 123° 132" 125
1Q after training ) 120 118 © 125 - 130 21

Test whether there is any ghange in 1Q after the training program

. Ten soldiers visit a rifle range for two consecutive weeks. for the first and

second week their scores are :

First week 67 24 57 55 63 54 -56 68 33 43
Second week 70 38 58 58 56 67. 68 .72 42 38

Examine if there is any significant difference in the performéﬁce.

. Eleven students of B.E. were given a test in statistics. - i
' : -E. ; istics. They were given
- 15 days special coaching and thereafter were given a second test. I\%arks

obtained in the two tests are given below: :

Students - | | il I v v oo Vit Vil . IX X X
Hest 23 20 19 21 18 20 18 17 23 - 16 19
li-test 24 19 22 18 20 2220 20 23 20 18

Do the marks indicat4e the special coaching has be L
nefit
at 5% level of significance. ' ° efiied fhe students

. A certain diet newly introduced to each of the 12 pigs resuited in the

following increase in body weight: 6, 3, 8, -2, 3, 0, -1
v - in body weight: 6, 3, 8, -2, 3, 0, -1, 1, 6, 0, 5, and 4.
g;ig:?you concludé that the diet is effective in increasing the weight of

. The following are the Brinell hardness valués obtéined for samples of two

magnesium alloys. :

Alloy | | 6.3 63.5 649 61.8 64.3 64 ) -
. . . . .7 651 645 684 63.2
Alloy 1] 713 604 626 639 688 701 64.8. 689 - 658 66.2
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39. The following were obtained in experiment designed to check whether

40. |n a study of the effectiveness of physical exercise in weight reduction a
group of 16 persons engaged in a prescribed program of physical

-

Use the 5% level of significance: to- test the ‘hypothesis that mean
hardness in the population are same. ’

Probability and Statistics for Engineering

© 0.035 ‘mils and 0.062 mils standard deviation respectively, test the null

hypothesis that sample are drawn from the normal population -with equal

there is a systematic difference in the weights obtained with two different v 47 ¥igac:§énces of tHe heat producing capacity of coal fr o :
scales L - . ' ‘ ) coal from two mines are
Rockspeciime" i W W v Vi Vil Wi X X 1'5’75%6”&161%920 respectively with independent random samples of
W (gram) [Scaledl | 11.23 14.36 833 10.50 2342, 9.13 13.47 647 12.40 19.38 sizes 5 and 6. Test the hypothesis that sample are drawn fi
Scalel | 11.27 .14.?1. 8.35 10.52 23.41 9.17' 13.52 6.46 12.45 19.35 population with equal variance at 1% level OF]Z Significance rom the normal
Test at the 5% level of significance whether the difference of the means 48. The time taken by the two secretaries of HMG to do decisio . J
‘ . 2 ns on five an

of the weights obtained with the two scales is significant.

exercise for one month showed the following results:
i |Before 200 178 169 212 180 192 156 180 170 153 183 165 201 179 243 144
bound . [Rer 196 171 470 207 177 190 159 180 164 152 179 162 199 173 231 140

Use the 1% leve! of significance to test whether the prescribecj program

of exercise is effective

41. A random sample of pairs of observations from a normal population gives -
a correlation coefficient of 0.42 .ls it likely that the variables in the"

" population are uncorrelated

42. A coefficient of correlation of 0.2 is derived from.a fandom sample‘ of 625

pairs of observations. Is this value of r significant? Also find the 95% and -

99% confidence limits

to the correlation coefficient in the population.

49.

50.

seven sampled files are :

T@me taken by first secretary in number of days: 7, 8,14,16,15,10

Time taken by second secretary in number of days ; 6,10,12’15,5 éO 11
Test whether the two secretaries have the same consist;anéy’le\;el -in
taking decisions. :

Puli-strength tests on 10 soldered léads for a semiconductor device yield
the following results in pounds force required to rupture the bond: 15.8
12.7, 13.2, 169, 10.6, 18.8, 11.1, 14.3, 17.0, and 12.5. Another set of
eight leads was tested after encapsulation to determine whether the pull-
strength has been increased by encapsulation of the device, with the
following results: 24.9, 23.6, 19.8, 22.1, 204, 21.6, 21.8, and ’22 5. Use
1% level of significance to test whether it is reasonable to a’ssui.né that
the two samples come from populations with equal variances )

The. following- are the values in thousands of an inch_obtained by two
engineers in 10 successive measurements with-the sarme micrometer. Is

43. The following table gives the age and blood pressure of to women..
T Age(y | B6. 42 36 . 47 49 = 42 60 72 63 55
Prossure | 147 125118 128 145 140 155 160 149 150

B Determine the least square regression equation of Y on X.
ii. :Estimate the blood pressure of a women whose age is 4i years.
iii. ~ Testthe significance of slop parameter Bo.
iv. Test the significance of regression coefficient byx
" 44. Assuming that we-conduct an experiment with eight fields planted with:
corn,-four fields having no nitrogen fertilizer and four field having 80 kegs.:
of nitrogen fertilizer, the resulting corn yields .are shown in the table in’”
bushels per acre. ’ o : : : _

both engineer significantly equai. consistent [Hint consistency. are

measured by variance] . ' 7 e

Engineer A| 503 505 497 505 505 495 502 -499 493 510 501 |

Engineer B| 502 497 492 492 498 499 495 497 496 498 |

51. In one sample of 10 observations from a normal population, the sum of
Fhe square of the deviations of the sam'ple values from the samplé mean
is 102.4 and in another sample of 12 observations from another. normal
population, the sum of the square of the deviations of the sample values
from the sample mean is 120.5. Examine whether the two - normal
population have the same population.

34 5 6 7

Field 1. 2 , Do .
Nitrogen(ka) 00 0 .0 80 ) 30 80, 52. The sgles data of an .item in six shops before & after a special
Corn vieldlhector | 1 360 60 180 128 112 112 760 promotional campaign are. - '

i " Determine the least square regression equation of YonX. * Shopes A B. c . . D~ E - F

ii.  Estimate the corn yield when we use 60 kg of nitrogen fertilizer. Before 53 28 31 48 50 42

iii. Test the significance of slop parameter B, . . After 58 29 " 30 55 56 45

Can thej campaign be judged td be a success 7
53. A certain stimulus administrated to each of the 12. patents resulted in the
following change of blood pressure. - 7 o
5,28-1,3,0,-2,1,5,0,4,6 . S
Can it be conclude that the stimulus will be in general be accompanied by
an increase in blood pressure. . .
54. A company has implemented a special trade promotion for its propane
store and feels that the promotion should result in a price change for the
consumer. Company knows _that before the promotion began, the

iv. . Test the significance of regression coefficient byx :
45 Ministry of Finance wants to compare the consistency level of price of
share of two banks using one week's sample record. The following fable
shows the price per share of the two banks. '
Price of Bank A 11 10 13 9 8 7 7
Price of bank B 15 14 9 7 11. 6 10
~Is there any significant difference in the consistency level of two banks?
46. It is desired to determine whether there is less variability in the silver
planting done by company A than in that done by company - B. If
independent random samples of size 12 of the two companies were yield
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average retail price of the store was Rs. 4495 and the s.d. was 57.5.

Company samples 25-of its retailers after the promotion begins and finds
the mean price for the stores is now ‘Rs. 429.5 at a 1% level of

significance, does company have reason to believe that the average retail .

price to the consumer has decreased?.

55. Generally electric has developed a-new bulb whose design speoiﬁcationé '

call for a light output of 960 lumens compared to an earlier model that

produced only 750 lumens. The company’s data indicate that the s.d. of -
light output for this type of bulb is 18.4 lumens. From a sample of 20 new -

bulbs, the testing committee found an average light output of 954 lumens
per bulb. At a 5% significance level, can general electric conclude that its
new bulb is producing the specified 960 lumen output? :

Answers: » .

10. t=2.82, not significant 11. t=1.89, not significhnt

12. t'=-0.44; not significant, 13. t=1.30, not significant [14.85, 20.19]
14. t=-1.72, not significant 15. t=-11.42 sign"ificant

16. 52.29,77.71, 17. t=14.92, 17.08,

18. 4.12, not significance o 19, t= -'4.84i significant,

20. t=0.099; not significant, 21, t=1.244,[16.92, 18.77]

22. 36.85,41.55 ' 23. 57.74,0.79,{56.4,59.1]

24. t=05655, not significant. .~~~ 25. 1 =25, significance .

26. 1t=1.95,not significant 21 t= 0.994, not significant
28. t=-1.49, not significant - 29, t=2.202, not significant
30. t=-1.7 not significant- " 31. t=-6.735, significant

32. t=-2.64significant 33. =765 significant

34. t=0.816. Not significant 35. t=-2.039, not significance,
36.. t=1.483, not significant 37. Not significant,

38. Significant 39. 2.205, not significant,

40. t=4.06, significant 41. 2.31, significant

42. t=5.09, significant, {0.125, 0.2’75}, {0.101,0.299} )
43, Y=83.758+1.11X,Y=13544. Y= 180+ 11.12 X, Y =847.5
45. f=1.514, not significant . 46. 3.14, significance

47. 1.44, notsignificance, 48. f=1.346, not significant
49. 2.797, not significance 50. t=.2.4,

51. 1.038 52. . | t| =2.78 significant

53. tea = 2.894, significant at 5% level. : i

54. t= 1.74, not significant. 55. t=— 1.458, not significant.

~‘fe~®¢a
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Chapter 16 §

Analysis of Categorical Da_ta

Chi-square test

We have studied that the variousgfest of signi i
. gnificance like Z-test, t-test
fhnd f-test whlc_h are based on the assumption that the sample are drawn from
e normally distributed population. These tests are made assumption about
population parameter which are called parametric tests

Chi-square (xz) i5 a non- parametric test because it :
depends only on
tf;e set of obse:rved and expected frequencies and degree of fr[')eedom. S)i/nce
- test' do'esn:t make any a'szsumption about population parameters. It is also
cglled distribution free test. y° -tést is a test which describes the magnitude of
dlfferencg between observed frequency and theoretical or -expected
frequencies under certain assumptions. It is defined as :

: 2
X2=ZM

e , follows chi-square diétﬁbution with certain degree of
freedom |

‘Critical value of - x*distribution
The critical values of xz -test for various degrees of fréedom and level

of significance is given at the end of this book. The critical value of xz- test for

o level of significance and (n-1) = v {nu) de T o
- gree of freedom
by following probability edom ¥ a (V)’ is given

p :
P (x* > x* o(v)) = @ as shown in the following diagram

Rejection region

cceplance region Cnitical value

Application of Chi-square distribution

Chi- square distribution has a lar icati i isti

‘ > ge number of applications in stati
_somc_er of[ thfta ;nost important applications are as follows. PP n statistes
i o test if the hypothetical value of the population vari A

ii. To test the ‘goodness of fit’ PP vananee

!ii. To test the independence of attributes.

iv. To test the homo i i . )
variance. om geneity Of independent estimate of the population

v. To combine various probabilities obtained from independent experiments

to given a single test of significance.
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To test the homogeneity of independent estimate of the population
variance.

To combine various probabilities obtained from independent experiments
to given a single test of significance.

15.2 CHI- SQUARE TEST FOR THE SINGLE

POPULATION VARIANCE

Suppose we want to test if a random sample X; Xz .. . X, has been

L ! 10 . 2 2
drawn from a normal population with a specified variance 0~ = g, (say) we
can use the following steps.

Set up the null hypothesis Hq: o’ = oo’ (say) i. e sample are drawn from
the normal population with specified variance o0

Set up the alternative hypothesis Hi: o° # oo° i.e. sample are not
drawn from the normal population with specified variance oot

Fix the Level of significance .

Test statistics: under null hypothesis Ho, the test statistics is
2(x-x)2
)(2: "'('%;;_r(—}” s’ , follows chi-square distribution with (n-1) d.f, where
1 at
s*=1 Z(x-X)
v. Critical value: for a% level of significance and (n 1) d.f find the critical
vaiue of chi-square from the chl-square table as x° afn-1)
Vi Conciusron If calculated value of % is greater that tabulated value of Y
as 2 .(n — 1) we reject null hypothesis otherwise accept it.
Example 1

A manufacturer claims that any of his lot of items can’t have a variance

more than 1 cm®. A sample of 25 items has a variance of 1.2 cm?. Test
whether the claim of the manufacture is correct.
Solution

iii.

We are given population variance ¢* = 1 cm®
Sample size n =25
Sample variance s = 1.2 om?

We proceeds in the following steps to test the claim as
Null hypothesis Hy : o° = 1 cm? i.e. the claim is correct
Alternative hypothesis H:: 6= 1 cm? i.e. the claim is not correct.
The level of significance = 5%
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iv.  Test statistics: under null hypothesis Ho:o® = 1 cm? the test statistics I

2
ns
P = - follows chi-square distribution with n-1 d.f

1282
T e
v.  Critical value: For 5% and (n-1) = 24 degrees of freedom the critical
value of chi-square is 17 0.0s(24) = 37.652
vi. Conclusion: Here 7? ca = 30 is less than 32 a = 37.652 therefore we
accept null hypothesis at 5% level of significance and conclude that the
sample have been drawn from the normal population with variance = 1
cm?
Example 2
It is believed that precision (as measured by the variance) of an
instrument is no more than 0.16. Write down the null hypothesis and
alternative hypothesis for testing this belief. Carry out the test at 1% level
given 11 measurements of the same subject on the instrument as 2.5, 2.3,

24, 23,25,27,25,2.6, 26, 2.7and 2.5
Solution

We are given population variance o° = 0,16 and Sample size n = 11
We test the precision by using the following steps as
i. Null hypothesis Hy : o° = 0.16 i.e. the precision of the instrument is
0.16

ii. Alternative hypothesis H: o’ 0.16 i.e. the precision of the instrument

isnot 0.16

ii.  The level of significance = 1%
iv. Test stzatistics: under null hypothesis Hyp the test statistics is

=30

2= gfg follows chi-square distribution with (n—1) d.f

X X=X) Ry
2.5 —0.009 0.000
2.3 - 0.209 0.044
24 ~0.109 0.012
2.3 ~0.209 0.044
2.5 ~0.009 0.000
2.7 0.191 0.036
25 - 0.009 0.000
26 0.091 0.008
26 0.091 - 0.008
2.7 0.191 0.036
2.5 —0.009 0.000
27.6 Total 0.189

381



Analysis of C ategorical Data
27.6 _
Here n= 11 mean X = =33~ = 2.509

, Z(X)° 0.189
X G2 T 016

v.  Critical value: For 1% and (n-1) = 10 degrees of freedom the critical

>
lue of chi-square is0.01(10) = 23.2 7
vi \(':aonclusion?ql-tere fx:;d = 1,182 is less than ;-;2.,9;, = 23.2 we accept null

ignifi lude that the sample
is at 1% level of significance and conclude
m:tgzseﬁ drawn from the normal population with variance 0.16 or the
precision of the machine is 0.16

15.3 CHI-SQUARE TEST OF GOODNESS OF FIT

othesis or estimation of par_amgter; it is _usua_lly ass_umed

that thrlsnrtae:(;oonf'w t:giiable follows particular dis!rmutton like Bflmmvavhei’#é?sg&
normal distribution etc. But often the need is felt to conio

umption is true or not. ;
= go on the basis of outcomes of a trial or‘observauon:;&aet:ﬁ etah;zg
powerful iest for testing the significance of the _dtscrepancg' O
and experiment was given by Prof. Karl Pearson In 1900 an Lz B
square test of goodness of fit' it enables us _to find g thnio t?\\; il
experiment from theory is justdbg ut:;ance or is it really due

fit the observed dala. .

o t;e‘:;"ﬁ 24,02 e YIS E set of observe_d or ex?erlmeir;;aé
frequencies and € (51,2 i n) is the correspondlpg ‘rsfet ouaeremtest is
(theoretical or hypothetical) frequencies then Karl Pearson's chi-sq

given as
$2= 2—(-—)-0' D Follows chi-square distribution with (n-1) degrees of
o

=1.182

freedom. Where, £ =2e= N total observations.

15.3.1 Steps for Test of Goodness of Fit

ing are the steps for test of goodness of fit
gﬂ? gylsn%tuli hypothesis Ho: the data have come from the assumed

distribution or from the composite hypothesis or fitting of the certain

istribution is good.
ii gﬁnl.?p alterngtive hypothesis Hi: the fitting of the certain distribution in

not good. o
ii.  Fix the level of significance c. _ L
]11 Test statistics: under null hypothesis Ho the test statistics is,

= 20-ef foliows chi-square distribution with (n-1) degrees of
Rt

freedom.
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v.  Critical value: For a level of significance and (n-1) degrees of freadom
find the critical value of chi-square as 7_2 cal

vi. Conclusion: If calculated value of chi-square = %2 cal is greater than

tabulated value of chi-square xzm we reject our null hypothesis
otherwise accept it.

Remarks: the expected frequencies for composite hypothesis is calculated by
using the composite hypothesis,

i For ordinary case of equal number of observations expected frequencies
are calculated as e= -E-r?* . where nis number of observations.

ii. If composite hypothesis is in the proportion or ratio of observed
frequency. In that case the expected frequencies are calculated on the
basis of given proportion.

ii. |If there is a frequency distribution to which a theoretical frequency
distribution (like Binomial, Poisson, normal) is applicable the expected
frequencies would be derived by applying the appropriate theoretical

distribution (i.e. the case of goodness of fit when probability is
completely specified)

15.3.2 Condition for the Validity of Chi-Square Test

Chi-Square test is an appropriate test for large values of n. For the
validity of chi-square test of ‘goodness of fit' between theory and experiment,
the following conditions must be satisfied. Which are also the assumptions of
chi square distribution of goodness of fit.

i, The total frequency (N) should be reasonably large, say greater than 50.
ii. The sample observations should be independent.

ii. The total observed frequencies and expected frequencies should be
equal i.e. O = Ze = N, where 'O’ is observed frequency, 'e' is expected
frequency and N- tofal frequency.

iv.  No theoretical or expected frequency is less than 5. If any expected
frequency is less than 5 we should be pooled the expected frequencies
which are less than 5 with the succeeding or preceding frequencies so

that the resulting sum is 5 or more and adjust the degrees of freedom
accordingly.

15.3.3 Degrees of Freedom for Chi-Square Test of
Goodness of Fit

The number of values that can choose freely is called degrees of
freedom; it is denoted by v (nu) or d.f. Thus d.f = (n-1) in general.

But, if we are needed to calculate the parameters of a theoretical
distribution on the basis of given frequency distribution for obtaining the
expected frequencies of the distribution, then we subtract 1 degrees of
freedom for each parameter estimated. If we are required to fit Binomial and
Poisson distribution to the given set of date, we lose 1 degrees of freedom for
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applying ;_" - test. Since for binomial distribution we have estimated only one
parameter P, n being the given in the date and for the poison distribution we
have to estimated one parameter A.

In Binomial distribution if the hypothetical value of P is given then we
don't lose any degrees of freedom for applying y -test.

However, if we required fitting the normal distribution we lose 2
degrees of freedom for applying xz- test because of calculating two
parameters p and o” from the given data.

Thus the degrees of freedom for the y° - test of goodness of fit are
given by degrees of freedom =n -1 —k; — ka.
i. 1 degrees of freedom is lost due to linear constraint 20=2Ze=N.
ii. K is the number of parameters computed (if any) from the given data for
estimation the expected frequency of the distribution.
ii. Ky is the number of degrees of freedom lost due to pooling of expected
frequencies which are less than 5.

Example 3

The following table give the number of failed student occurred during
the past 7-semester. Find whether the number of failed student are uniformly
distributed over the past 7-semester.

Semester | 1l 11] v vV VI Vi Total

No. of failed students | 14 17 12 13 15 14 13 98

Solution

i. Null hypothesis H.: the given frequencies are consistent with the belief
that number of failed students were the same during the past 7-
semester.

ii.  Alternastive hypothesis H;: the given frequencies are not-consistent
with the belief *hat number of failed students were the same during the
past 7-semester.

ii. Level of significance = 5% = 0.05.

iv.  Test statistics: under null hypothesis Ho, the test statistics is
2 !O Z 912 S = .
TP =0 follows distribution with (n-1) d.f, where o- observed
frequency and e-expected frequency. The expected frequency are
2o
calculate by using the formula e = T since under null hypothesis the

number of failed students would be same
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Calculation of chi-square

2
observed frequency expecte(? Ef’;eque'ncy (0-¢) (0~e)2 o ~B e

(0)
14 14 0 0 0
17 14 3 9 0.643
12 14 -2 4 0.286
13 14 -1 1 0.071
15 14 1 1 0.071
14 14 0 0 0
13 14 -1 1 0.071
98 98 1.143

~(0 -¢€)
z e

v.  Critical value: for 5% level of significance and 6 d.f the tabulated value
of chi-square is = 12.592.

vi. Conclusion: here calculated value of chi-square = 1.143 is less than
tabulate value of chi —square = 12.592, we accept null hypothesis and
we conclude that the given frequencies are consistent with the belief that
number of failed students were the same during the past 7-semester

Therefore 7_2 = =1.143, Degree of freedom = (n-1) =7-1=6

Example 4

In an experiment on pea-breeding, Mendel obtained the following
frequencies of seeds: 315 round and yellow, 101 wrinkled and yellow, 108
round and green, 32 wrinkled and green, Total 556 . Theory predicts that the
frequencies should be in the proportion 9:3:3:1respectively. Set up proper
hypothesis and test it at 10% level of significance
Solution

i. Null hypothesis Ho: The observed figure don't differ significantly from
the hypothetical frequencies which are in the ratio 9:3:3:1.

ii.  Alternative hypothesis Hy: The observed figure differ significantly from
the hypothetical frequencies which are in the ration 9:3:3:1.

ii. Levelof significance = 10% = 0.10
iv. Test statistics: Under null hypothesis Ho, the test statistics is
0-¢? s o e el
= Ei—ee)—‘ follows distribution with (n-1) degrees of freedom, where
O- observed frequency and e-expected frequency. The expected
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frequencies for round and yellow = 556){9!16 5 3‘1:.3 iﬂd so on since
under null hypothesis the numbers are in the ratio 9:3:3:1.

Calculation of chi-square o 1

Ol o -e
Observed frequency Expected (0-e) |(O-ef ° o
(0) frequency(e)
315 313 2 4 0.013
108 104 4 16 0.154
= s 0.510

0-¢) T il M
Therefore, z° = EL—EL = 0.51, degree of freedom = (n—1) =4

degrees of freedom i
v.  Critical value: for 10% level of significance and 3 degrees of freedom

the tabulated value of chi-square is = 6.25‘! .

vi. ~ Conclusion: here calculated value of chi- square = 0.51 is .Iass than
tabulate value of chi —square = 6.251, we accept null hypothesis and we
conclude that the observed figures are in the ration 9:3:3:1

Example 5

A survey of 800 families with four children each revealed the following
distribution.

No. of boys 0 1 2 3 4
No. of girls 4 3 2 1 0
No. of families 32 178 290 236 64

Is this result consistent with the hypothesis that male and female births

are equally probable?

iSqutll:]::“ hypothesis H,: the data are consistent with the hypothesis of

il irths.
equal probability for male and female bir _ .
i  Alternative hypothesis Hi: the data are not c‘onsmtent with the
hypothesis of equal probability for male and female births
ii.  Level of significance = 5% = 0.05 ariloc
iv. Test statistics: Under null hypothesis Ho, the test statistics is
Sl O-e #
=
O- observed frequency and e-expected frequency. Under null
hypothesis p = probability of male birth="2=q.

follows distribution with (n-1) degrees of freedom, where

let x be the number of male birth then by binomial distribution.
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P(x) = Probability of male birth in a family of 4 children=

=6, pt P P =G (WY (2T S O = 0.1, el

Calculation of expected frequencies and chi-square

No.of boys | (O) e | (0-e | (ce? = =

0 32 50 18 324 6.48

1 178 200 22 484 242

2 290 300 10 100 0.33

3 236 200 -36 1296 6.48

4 64 50 -14 196 3.92

Total 800 800 0 2400 19.63

Therefore °= % @";-QL . = 19.63, degree of freedom =(n—-1)=5-1

= 4 degrees of freedom

v.  Critical value: for 5% level of significance and 4 degrees of freedom the
tabulated value of chi-square is = 9.48

vi  Conclusion: here calculated value of chi- square = 19.63 is greater
than tabulate value of chi —square = 9.48, we reject null hypothesis and
accept out alternative hypothesis and conclude that male and female
birth are not equal probable.

15.4 TWO WAYS CONTINGENCY TABLE

A contingency table is a two-way table in which the columns are
classified according to one criterion or attribute and rows are classified
according to the other criteria or aftribute. Each cell contains that the number
of items Oy possessing the quality of i row and | column,

Wherei=1,2, ...nandj=1, 2, ..m. Insuch a case the contingency
table is said to be of order (n x m). Each row or column total is known as

miarginal total. Also the sum of row total ¥, R; is equal to the sum of column
i

total X Cj i.e. X R; =X C;=N the total sample size.
i i j

Contingency table helps to test the independence of two attribute. A
two ways contingency table is as

387



Analysis of Categorical Data
Two ways Contingency Table

Fring Columns

B4 B2 B; Bm Total

A Ou Oz Oy Oim R4

Ao O21 022 et Oz o O2zm Ra2

A Ot Op S O A58 Oim R;

An Ofﬂ Onz en On] . . Onm Rn

=y e 7T T T e N

15.5 CHI-SQUARE TEST FOR INDEPENDENCE

OF ATTRIBUTES

In order to test whether attribute or characteristic A and B are
independent i.e. there is no association or relationship between the two
characteristics or attribute A and B, we use the following step for of
independent of attributes. Similarly to the TEST OF HOMOGENEITY of
two or more then two population we use the same process with slightly
different hypothesis.

i Set up null hypothesis Ho: two attributes (two categorical variable) A
and B are independence i.e. there is no relationship or association
between them.

i. Set up alternative hypothesis Hi two attributes (two categorical
variable) A and B are dependence ie. there is some relationship or
association between them.

ii.  Fix the level of significance a

iv. Test statistics: Under null hypothesis Ho, the test statistics is

2
= E‘O—ee)— follows chi-square distribution with (r-1) (c-1) .where O-

observed frequency, e- expected frequency r- number of rows, c-

numbers of columns.

The expected frequency in a cell is the product of its row total and
TxCT

column total divided by the total frequency, thus e = R ; where RT-

row total. CT- column total and N is the grand total.

v.  Critical Value: For a—level of significance and (r-1) (c-1) degrees of
freedom., find the critical value of % from table as Yo

vi Conclusion: if calculated value of 7° is less than tabulated value of $?
we accept our null hypothesis and otherwise reject it.
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15.6 y°- TEST FOR 2 X 2 CONTINGENCY TABLE

72 —test for 2 x 2 Contingency Table can be computed altematively as
follows

i. Set up null _hypothesis He: two attributes (two categorical variable) A
and B are independence i.e. there is no relationship or association
between them.

ii. SeF up alternative hypothesis Hi: two attributes (two categorical
variable) A and B are dependence i.e. there is some relationship or
association between them.

ii. Fixthe level of significance

iv.  Test statistics: Under null hypothesis Ho, the test statistics is

ot N(ad - be)® !
X @+o(b+d) (@a+b)(c+d , follows chi-square distribution with (2-1)

(2-1) = 1 degree of freedom.
Where a, b, ¢c and d are cell frequencies and (a + b + ¢ + d) = N is total
frequency in the 2 x 2 Contingency Table.

2 x 2 Contingency Table

Attribute Attribute Il
I Column | Column |l o
Row | a b a+b
Row || C d c+d
Total atc o bed a+b+c+d=N

v.  Critical Value: For a—level of significance and one degree of freedom
find the critical value of %* from table as ¥, '
vi. Conclusion: if calculated value of 7° is less than tabulated value of 7
we accept our null hypothesis and otherwise reject it. 3

Example 6

" Following table provides data with regard to stature of the fathers and
their first sons at the age of 25 years

Stature of son Stature of father
Tall Short Total
_Tall__ s 8 3 =
Short T 14 6 .
Total 22 8 70

Test that the stature of sons is independence of the stature of the
fathers.

Solution

389



vi.

Analvsis of Categorical Data
Null hypothesis Ho: the stature of sons is independence of the stature
of the fathers.
Set up alternative hypothesis H;: the stature of son is dependence of
the stature of the fathers.
The level of significance a = 5% = 0.05
Test statistics: Under null hypothesis Hg, the test statistics is

2
¥i = ELO—:}-, follows chi-square distribution with (r-1) (¢c-1) degrees of

freedom,
Where O- observed frequency, e- expected frequency r- number of
rows, ¢- numbers of columns.
. ; RTx CT
The expected frequencies are calculated by using e ==~

Where RT- row total, CT-column total and N is the grand total.

20 x 22 _20x18 _
E®) =720 -11,E(12]—*‘"—"—40 =9,
20x22 _ _20x18 _
E{14)=T =1, E6)=""25— =9
Calculation of value of 1*
Observed Expected o b=e)
Gak(o) frequency(O) | frequency(e) (@s) | (D-e) €
(1.1 8 11 -3 9 0.818
(1,2) 12 9 3 9 1.000
(2,1) 14 11 3 2 0.818
(2.2) 6 9 -3 9 1.000
Total 40 40 3.636

Thus, the calculated value of chi square is

2
= 2@—39-)— =3.636

Alternatively the value of 7°is calculated as
g N(ad — bc)
X Tl@a+cb+d(a+b)(c+d)
40(8 x6—12 x 14)°

“(8+14)(12+6) (8 +12) (14 + 6)

= 3.636, which is same as earlier
Critical Value: For a= 5% level of significance and 1 degrees of
freedom, the critical value of % from table is 3 ta = 3.841
Conclusion: here calculated value of %° = 3.636 is less than tabulated
value of % 1. = 3.841 we accept our null hypothesis and we conclude
that the stature of sons is independence of the stature of fathers.
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15.7 YATE’S CORRECTION FOR CONTINUITY

FOR 2 X 2 CONTINGENCY TABLE

When the expected frequency in a (2 x 2) contingency table is small,
say less than 5 the continuity of 12 distribution is disturbed. To remove this
deficiency Yates in 1934 suggested that 0.5 be added to the small frequency
for which the expected frequency is less than 5 by adding and subtracting 0.5
in such the way that the marginal totals remains the same. After adjustment,
the value of y* is calculated in usual manner

An alternative formula is suggested which automatically takes care of
adjustments in cell frequencies which is as follows

N{jad - be| -%}2 :
L Tla+c(brd(a+b)(c+a

Note that Yate's correction is applicable only n case of contingency
table of (2 x 2)

Example 7

In an experiment on the immunization of dogs from certain diseases,
the following results were obtained; derive your inference on the efficacy of
the vaccine.

Immunization Satus of dog
Died Survived Total
Inoculated with vaccine 2 10 120
“Not Inoculated 5 6 12
Total 8 16 24

Solution

i. Null hypothesis H,: vaccine is not effective in the immunization of dogs
from disease.

ii. Set up alternative hypothesis Hy: vaccine is effective in the
immunization of dogs from disease.

ii.  The level of significance o =5% = 0.05

iv.  Test statistics: Under null hypothesis H,, the test statistics is

2
)"2 < E!O ;EI

freedom,
The expected frequencies are calculated by using the following formula

RT x CT
as(e)=—"

. follows chi-square distribution with (r-1) (c-1) degrees of

Where RT- row total, CT-column total and N is the grand total,
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12 1 2 1 6
E(2}=8x =4,E(10) =

E@) =25712 =4, £ = 12512 12 =8
By Applymg Yate's Correchon
Since the cell frequency 2 is less than 5 and expected frequencies are
less than 5 so we apply Yates correction by adding 0.5 to the small
value 2 and adjust the total frequency as

Calculation of value of 3*

=8,

canto | aeme | 205 | 0o | 0| 05
(1,1) 25 4 1.5 [ 225 | 0.5625
(1,2) 9.5 8 15 | 225 | 0.2812
2.1) 5.5 4 15 | 225 | 0.5625
(2,2) 6.5 8 415 | 225 | 02812
Total 24 24 0 1.6875

Thus, the calculated value of ¥ -ZI—}— = 1.6875

Alternatively we will get the same result by applying the formula as

N{lad - bo| - 5}

L RS
X “fa+c)(b+d)(a+b)(c+d

24{|2x6-10x6/-12 } 2 :
=T2+6) (10 +6) (2+ 10) (6 + 6) = 1.6875, which is same as earlier

Critical Value: For = 5% level of significance and 1 degrees of

V.
freedom, the critical value of y? from table is % 1a5 = 3.841

vi. Conclusion: here calculated value of 7° = 1.6875 is less than tabulated
value of ¥* 14 = 3.841 we accept our null hypothesis and we conclude
that the vaccine is effective in the immunization of dogs from disease.

Example 8

Two researchers adopted different sampling techniques while

investigating the same group of students to find the number of students failing
in different intelligence levels. The results are as follows.

392

Probabiliry and Statistics for Engineerin,

No of students in each level
R
e 4l Bl Average {bove Genius | Total
average 9 Average
X 86 60 44 1 200
Y 40 33 25 2 100
Total 126 93 69 12 300

Would you say that the sampling techniques adopted by the two

researchers are significantly different?
Solutlon

Null hypothesis Hoi there is no significant difference between the
sampling techniques used by the two researchers for collecting the
required data.

Alternative hypothesis Hy: there is significant difference between the
sampling techniques used by the two researchers for collecting the
required data

The level of significance a = 5% = 0.05

Test statistics: Under null hypothesis H, the test statistics is

2
%= KO—:’)—, follows chi-square distribution with (r-1) (c-1) d.f, where

O- observed frequency, e- expected frequency r- number of rows, c-

numbers of columns.

; > RT xCT
The expected frequencies are calculated by using e = s where

RT- row total, CT-column fotal and N is the grand total.

126 x 200 93 x 200
E(86) =— 3509 - 84 E(60)= =555 =62
£(44) 222200 - 46, £(10) = 25512 g

And E(40)= 126 — 84 = 42, E(33) = 93 — 62 = 31, E(25) = 69 — 46 =23,
E(2) = 12 — 8 =4 Since ZO = Ze =N
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Calculation of value of chi square

observed expected ,|(0-e 2
Types of students frequency frequency |(O-g) [(O-e) =
©) (e)
Below average 86 84 2 4 0.048
Average 60 62 -2 4 0.065
X
Above Average 44 46 -2 4 0.087
Genius 10 8 2 4 0.500
Below average 40 42 -2 - 0.095
Average 33 31 2 4 0.129
Y o
Above Average
. 2] 2 o | o | o000
Genius
Total 300 300 0.923
0 o 2
Thus, the calculated value of 3° = EL—éEL =0.923
v.  Critical Value: For o = 5% level of significance and
{(r-1) (c-1)} =1= {(4 =1) (2 —=1)}1 = 2 degrees of freedom, the critical
value of % from table is 1°ras = 5.991 [since 1 d.f is lost due to pooling]
vi. Conclusion: here calculated value of Xz = 0.923 is less than tabulated

value of % = 5.991 we accept our null hypothesis and we conclude
that there in no significant difference between the sampling techniques
used by the two researchers for collecting the required data.
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EXERCISE - 15

Define chi-square test. What are the applications of chi-square test?
What are the tests of significance of single population variance?

What is goodness of fit? What are the steps of test of significance of
goodness of fit?

What is contingency table? What are the steps of test of significance of
independence of attributes?

Numerical for test of goodness of fit

B,

If random sample of size 15 yielded sample variance 0.00011.Can we
concluded that these sample bolts are drawn from the normal population
whose standard deviation diameter is 0.015 at 1% Level of significance.

Playing 10 round of goff on his home course, A golf professional
averaged 71.3 with a standard deviation of 1.32. Test the hypothesis that
the consistency of his game on his home course is actually measured by

standard deviation o = 1.20 at 5% level of significance.

Weights in kilograms of 10 students are given as:

38, 40, 45, 53, 47, 48, 55, 48, 52 and 49. Can we say that variance
of distribution of weights of all students from which-the above sample of
10 students was drawn is equal to 20 square kilograms.

A random sample of size 20 from a population gives a sample of standard
deviation of 6. Test the hypothesis that the population standard deviation
is 9. '

200 digits are chosen at random from a set of tables. The frequencies of
the digits were as.

Digits 0 1 2 3 e He B 7 |

Frequency

18 19° 23932 5u0 23020110 /] §
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Alternative hypothesis Hy: there is. significant dlfference between the

- sampling techniques used:- by the: two researchers for collectlng the

required data
The leve! of significance o, = 5% =0.05 =
Test statlst|cs Under null hypothesrs Ho, the test statlstlcs is

X = Q_E)_ , follows chl-square dlstrlbutlon wrth (r-1) (c-1).d. f where

O- observed frequency, e- expected frequency r- number of TOWS, C-

"numbers of columns.

The expected frequencies are calculated by ‘using e = -RI{TQI where
] RT- row total CT-column total and N is.the grand tqtal. - o
E(86) = 1202 = 26300200 =84, E(60) = ———933"0800 =62
- 69 x 200 200 x 12

E(44) =200 =486, E(10) ==300 = 8
And E(40)= 126 — 84 = 42, E(33) = 93 262 =31, E(25) =69 — 46 =23,
E(2) = 12 —8 =4 Since >0=2e=N ' '

Calculation of value of

Vi,

: | “expected | 21(0-¢)
‘glfde:n?sf fr:q:):ear:\c/;?O) frgq(Sency(e) (O-e). (Of(?} e |
|Belowaverage | 86 84, |2 | 4 |0.048
Average ~ 1 e | 62 | 2| 4, |0065
‘[ Above Average 44 | . 46 2 | 4 |0087
Genus . - | 10 [ . 8 2. | 4 | 0500
Below average 40 42 2 | 4 |0095
tAverage 33 © 31 2 4 710129
Above fyelage: . B Blar | 0| 0 | 0000
- |Genius : : : " S
Total | - R 300 1 300 | - 0.923

Z@—EL 20923

Critical Value: For o = 5%. level of S|gn|fcance and.

{(r-1) (c-1 )} =1= {4.=1) ( 2 —1)}-1 = 2 degrees of freedom, the critical
value of y/ 2 from table is X Tab = 5.991 [srnce 1.d.fis lost due to pooling]
Conclusmn here calculated value of ¥* = 0.923 is less than tabulated

Thus the calculated value of L

value of x°1an = 5.991 we accept our null hypothesis and we conclude

“that there in no significant difference between the sampling techniques
- used by the two researchers for collectlng the reqwred data .
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Exercise =15

Deﬁne chi- square test. What are the appllcatlons of chi- square test’7
What are the tests of sngmﬂcance of smgle populatlon varlance’?

-What is goodness of flt’? What are the steps of test of SImelcance ot

. goodness.of fit?

- What is- contingency- table? What are the steps of test of S|gn|f cance of
.- independence of attributes? -

If random'samplé‘ of'size 15 ylelded'sam‘ple »,variance 0.00011.Can we

concluded that these sample bolts are drawn from the normal population
whose s'tandard devlathn diametérls 0.015 at 1%’ l_evel of ’sigrtlﬁcance.

Playmg 10 round of golf on " his Home ~course. A golf professronal ’
averaged 71.3 with:a'standard déviation of 1. 32 Test the hypothe5|s ‘that

:~the consistency of his'game’on his home course is actually measured by

standard deviation o = 1. 20 at 5% level of significance.

' Welghts in kllograms of 10 students are glven as

. ' 38, 40, 45 53, 47, 43, 55, 48 52 and 49. Can we say that variance
‘f’of dlstnbutlon of welghts of all students from which the above sample of
‘lO students was drawn is equal to 20 square k|lograms

A random sample of size 20 from a population gives a sample of standard
dewatron of 6. Test the hypothesrs that the populatlon standard deviation

. 139

200 dlglts are chosen at random from a set of tables The frequenmes of
" the digits were as.

Digits o 1 2 3 4 &5 6 7 8 9
Frequency | 18 19 23 21 12 25 220 20 21 ’ 1}5”""

- “Test the hypothesis that the digits were distributed in equal numbers in
. the table. .

10.. The following table glves the number of aircraft acc;dents that occurred
‘during the six days of the week. Find whether the accidents are uniformly

distributed over the week.
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1.

12.

Days .o }.Mon ... Wed Thru - ~Fri . Sat

No. ofaccidents w14 -'::‘18_’ ~{!'-"'1~2_A 11 15 14

A personnel manager’. is: rnterested in: trying -to determine Wwhether

absenteeism is greater -on one day of the week than on another Hrs
records: for the part.year yield ‘this sample drstnbutron s
Day of Week  * ° Mon  Tues Wed ~Thu Fri

13.
14,

! 15. T

186.

o ofabcomices | 66 57 48y 54 75
Test whetherthe absence is uniformly distributed over the week. ’

Among 64 offsprrng of a-certain: cross betweern guinea pigs, 34 were red
10 were black and 20 were white, According” to genetic’ model these
numbers ‘should be in the ration 9:3: 4. Are the data consrstent wrth the
model: at 5. percent Ievel of srgnrfrcance ra ’ oo :

A chemrcal extractron plant processed sea: water to collect sodrum :
" chioride ‘and magnesium, It is known that sea water contains sodium -
chioride, magnesium. and other elements-in the: ration  of 62:4:34. A
. sample of 200 tones of sea water. has_resulted -in-130 tones:of ‘sodium
' chlorrde and 6 tones of magnesium. Are.these consrstent with the known

composrtron of sea water at 5% level of srgnrf icance ? .

Genetic theory state that chrldren having-one parent of blood.type A’ and:

the other of blood type B will always be of one of the three types A, AB
and B are‘that' the proportron of three types wrll be on average be as

SRR report states that out of 300 children’ havrng one A parent and
one B parent 30% were found to be type A, 45% type AB and remamrng .
' ,type B: Testthe hypothesrs at 5%: level of srgnrﬂcance -

The theory predrcts the proportron of beans, in the four groups A, 'B: C,

and D should b-e 9:3:3:1: In.an experiment among 1600 beans the |

numbers in’ the  four groups were 882, 313, 287 and 118 Does the
expenmental result support the theory'? R

A dlce is thrown 60 trmes with the followrng results Test at 5% level of
signifi icance if. the drce rs unbrased or not

Frequency 8 T 2 8 - 14 1
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. 17.. Given below .is the number. of male_ and female blrth in 1, OOO famrlles

having five children? -

“| No.of male'birth ~ = ‘ No of female birth” No of famllles
1 4 : " 252
2. 3 304
3 2 248
4 o 3 96
5 , R | 42

Test whether the given data is consistent with. the hypothesis that the
binomial law holds if the chance ofa male brrth is equaHo tt\at of female

- 18. A set of 5 coins rs tossed 3 200 times and the number of- heads appeanng

each time is noted. The results are given below.:

NO ‘of heads -O;,:f»f ER e BN D AT Bl et :.'4~ i R B

Frequency | 80 570 1100 "'990 ié"So’o’ 50

' - Test the hypothesrs that the corns are. unb|ased

18. 192 famrlres for each of whrch the probabrlrty of an albino chrld bemg born

s otherwrse establrshed] have the followrng dlstnbutron of alblnos among
' 'the fi rst chrldren o ‘

No. Ofalbmos _ 0 2 sy ATotal"A
No.Offamilies |- 77.. . 90 .: 20 5 ~,f-_;192» :

Find the expected frequencres ‘ori the basis of theoretical® probabrlrty of a

) child being an albino and test the goodness of frt of the above data at 5%
T “level of srgnrfcance LT : ;

ZQ'L vThe followrng is the drstnbutron of the hourly number of truck’ arrrvrng at a
’ companys warehouse Frt the Porsson drstrrbutlon at 5% level - of

o "srgnrf cance.
Trucks arnvmg per hour N S .,Frequency, T
0 L oB2
2 SR Y a0
3 w0z
4 4Bl
- 5 ) 12 5
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6. 5 A 24 A3 13
7 1 B 31 57 32
8 2

21. The following is the distribution of the daily. number of .power: failures

25. Brick made in two kilns have been graded as facings (high quality),
seconds (medium quality) and common
production of bricks in a particular period was as follows.

Facings ‘000 Seconds ‘000

(rather poor quality). The

[ vKiln |
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Test whether Kiln and quality of bricks are independent or not at 10% .

" {evel of significance.

| reparted in a Kathmandu valley on 300 days. - 26. The results gf a sur\{ey_ rgg‘arding fraQio Iisteners" prfaferenc_e for d'ifferent
1 Number of power failure Number.of days types of music are given in the following table, with listeners classified by -
| 0 . ) age group & preference of type of music influenced by age? :
| 1 43 . ) Age group
| 2 64 Types of music 19-25 2635 above 36.
‘: 3 62 Natural music 80 60 9
| g | - gg Foreign music - 210 . 325 44
1 6 29 Indifferent 1 16 45 32
r T 14 Ty S
d g g 27." In a certain sample of 2,000 families, 1,400 families are consumers of tea
i SRR oL ER . st 2 ; out of 1,800 Hindu families, 1,236 families consume tea , Use chi-square
Test at the 0.05 fevel of significance whether the daily number of power test and state whether there .is any " significant difference between
| failures “in: Kathimandu “valley ‘is- a random vartiable  having - Poisson consumption of tea among Hindu and non = Hindu families. o
| distribution with parameter A =3.2. = - S o _ ' S »
2. Two sample pools of votes for two candidates A and B for a public office 28. Two groups A'and B of certain type of patients each consisting of 200 -
" are taken, ‘one-from among'the residents of rural dreas. The results are . people are-'used. to test the effectiveness .of:§ new serum. B_oﬂ?_ groups
given in the following table. Examine whether the nature of the area is are treated identically except that group A is given the serum while group
relate to voting 'prefere‘nce'in this election. : _— R “Biis not. It is fo‘und_that 140 and 120 of group A and. B,_respect!vely,
, — Vote for R recover from the disease. Does this observed- result give sufficient
Are»aﬁ- o Candidate A Candidate B g evidence for the conclusion that the new serum helps to cure the disease = .-
[ Rural-- o620 0 7380 - - if we were wiling fo assume at 1% level of significance S
Urban .550 L 450 _ S SRR
R B I i ce 29. A manufacturer of TV sets was trying to find out what variable influenced
23._Out of 8,000 graduated in a town 800 aré_ females-Out of 1600 graduate * the purchased of TV set.’A sample of 500 households was selected and
employer 120 are female. Use chi-square test dét‘evrmine‘s: if any the information obtained is classified as shown below:
distinction is }’nade m appointment on the basis of sex. s » 'Fllouseholds Purchase of TV -
R R SOV Rl RO : i Have TV set Don’t have TV set
24. 1,072 students were classified according to their .intefligence : and “Low income group | ' 0 250
economic - conditions. Test whether there is any a_ssociaktion‘ between Middle Income Group 50 » 100
intelligence. and.economic condition. - = " : e High Income Group —20 — >0 ‘
I e ntelligence s - - :
ECO!’\OmIC Condition Excaliont Good ‘ .Me‘dioc’:vr'e ~ Sl ﬁ/_t:::: :r\\/édlzr\}(: (:;o"r:: ;rr\se??bove data of grrelahon betw?eln ownership of
Good — a8 199 . . 181 82 v
Not good 81 _ 185 ,190 106 30. A large electronic firm that hires many handicapped workers wants to.

determine whether their handicaps affect such worker's’ performance.

Use the 5% level of significance to decide on the basis of the samp!e' data

~shown in the following table whether it is reascnable to mainfain that the

handicaps have no effect on the workers performance
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»

Performance .

Probability and St&tisﬁés for Ehgineerihg
At 5% level of significance, test if there is any relatlonshlp between ageof

“the employees ‘and their opmlon about the retirement plan

. Samples of 400 contracts were classified according to two characterlstlcs

duration of contract and type of industry as in the followmg two way table

Types of _
Disability Above average™ “Average = Below average
Blind 217 64 - A7 B
Deaf 10 49 14
No handicap 29 93 28

31. Test of the frdellty and the selectlv.ty of 190 radro receivers produced the
results shown in the following table. Use the 1% level of significance to
test whether there .is a relationship (dependence) between fidelity. and
selectivity : , ) .

' U L Fidelity v e
Selectivity Low Average High.
Low 6 .12 32
Average 33 61 18,
High 13~ 15 o 0

32, Followmg date show the durablllty of four: klnds of tires. Use the 1% level
of 'significance to test the null hypothesis that there is no difference in the
quality of the four klnds of tire with regard to their durability. )

, Durabmty of Tires. ", . {Brand A Brand B Brand C Brand D

_|Failed to last 20,000.miles 26 23. 15 .32
Lasted from 20,000 t0.30,000. | - 118 - - 93 . 116. 121
Lasteo ‘more than 30, 000 - - 56 84~ 69 47. .

33.- Mechanical engineers testmg a new arc welding technrque classn‘red
welds both with respect to ‘appearance and an X-ray inspection. Test for -
|ndependence using o = 5%. » -

Appearanc‘e ] o
- Xeray Bad Normal ~Good
Bad - - 20 A S 3
“Normal 13 51 16
Good 7 .12 21
34, Nepal Bank Lid. has a new retirement plan However, before

. - Duration of Contact
Types of Industry " - 2 Years orless | 3 Years | 4 Year.or more-
Manufacturing. - 10 187 - 48
Non manufacturing 13 107 35

. Does the duration of a contract depend on the type of industry ? Answer

by conductron a test for rndependence with a = 5% level of significance,

A Campus newsletter polls a random samp!e of 350 undergraduate
students and obtalns the following frequency . counts regarding a
proposed change in library regula’uons

Respons‘es ,
StUde”t‘? Favour Indifference .|  Oppose
Male 93 q2. 21
Female - 55 - 79 30

Does the proposal seem to appeal differently to male and female -
students test with 5% level of significance?

implementing the plan, the bank wanis to:find out the reaction of the .

employees towards this - ‘plan.- 200 employees of various stages were
selected at random and their age groups and the correspondmg opmlons
are tabulated as follows.

- Age group. - ;
Opinion 20 -29 30439 © 4050 Over50 -
Good 18 36 14 12
|-Not good 32 24 36 28
348
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