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MaraemaTics (M.P.)

B.Sc. Part-III (Group-A, First .u-ﬂ-@-.u

Unit 1.

Unit 2.

Unit 3.

Unit 4.

Numerical Methods and Scientific Computation

Methods for Solving Algebraic and Transcendental Equations :
Ramanujan, Bisection, Regula Falsi, Secant, Newton-Raphson.
Interpolation and Numerical Intgration :

Lagrange interpolation, Finite difference operators.

Interpolation fornula using Differences : Gregory-Newton Forward Dif-
ference Interpolation, Gregory-Newton Backward Difference Interpolation.
Numerical Integration : Newton-Cote's formulae, Trapezoidal rule,
Simpson's 1/3 Rule, Simpson's 3/8 Rule, Gauss Integration.

Methods to Solve System of Linear Equations :

Direct method for solving system of linear equations : Gauss elimina-
tion, LU decomposition, Cholesky decomposition.

Iterative Method : Jacobi, Gauss-Seidel.

Numerical Solution of Ordinary Differential Equations :

Single Step Methods : Picard, Taylor’s series, Euler, Runge-Kutta.
Multistep Methods : Predictor-corrector, Modified Euler, Milne-Simpson.

* % %




QUESTIONS Lo

m_!o... and Long Answer Type Questions

MaTHEMATICS (ML.P.) Q. 1. Solve xe =1 by Ramanujan's method.
| Solution : The given equation is xe* = |
B.Sc. Parr-III (First Paper) | 3 5 o
, ~+k+|+|+.l+ ..... unu
=
Q. No. / Description Pages | 2B u
! x+x + L + Ll ¥ X =1
UNIT 1 | = R
1-25 Short and Long Answer Type Questions 5-23 Which is the form of f(x)=1-(ax+a, 2+ a, DL )
R ¢ 24-25 ”
Objective Type Questions Where @, =La, =1, a; HW, a, = M“ as = I_I. .......
2 6 24
L E Hence, by Ramanujan’s method,
1-34 Short and Long Answer Type Questions 26-53 b=Lb=a,=1by=ab, +ayb =1+1=2
Objective Type Questions 54-56 by = aby +ayb, +azh =2+1 +W - W
UNIT 3 bs = ab, +ayby +azb, +aby
1-30 Short and Long Answer Type Questions 57-91 _ ..Nw+ ) +W+ W _ £ 61667
Objective Type Questions 91-92 i
bs = abs +ayby +azb; +ayb, +ash
ICZHH 4
5L, 10-8750
1-24 Short and Long Answer Type Questions 93-133 . 24
Objective Type Questions 133-136 M, bi/b, =1,b,/b, =05, by /b, =05714
by 1 bs = 0-5676, b / b = 0-5670
Hence, the roots are 0-567.

Ans.
Q. 2. Find the smallest root of the equation f(x)=x —9x? +26x —24 =0 by
Ramanujan’s method.

Solution :  f(x)= _|§+Io-a~ 1 s

24 24 u
13
= |ﬁ|almap+l_-au
12 8 24
13 3 1
Here, = —,ay=-=,q;=—,a,=a5=...=0

12 8’ 24’
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che. y = —.V» =q = m“ 10833

A 12 _om
T

13 3
by=ab+ah = ._Mc.omuwvlme =0-7986

— I —

> B 07986
by = apby +ayby + a3ty

w b L0813 35

3 1
=1-0833 (0-7986) +AIMU \! omwu:m_e

Hence w_. = E =1-595
b, 0-5007

by = ayby +aby + ashy
=1-0833 (0-5007) + hlw (0-7986) + Mﬂma -0833)

=0-2880

so.moos
Hence —t=——u=1-7382
ence B T 02880
Therefore
v.a =aybs +a;b, +azby
=0-1575

D
vm

b, =00835=> .Mw. =18862

by =0434>> m. = 19240

By =0:0223 W =19462.

convergents approach the value 2.

The roots of the given equation are 2, 3 and 4 and it can be seen that the successive

- ST
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manujan’s method, find a real roots of the equation

3 4
g X X

@2? 3* @’

Q. 3. Using Ra

2 £ "

|y —————t ... |=

Solution : Let f(x)=1 @B @

1 1 1 1 1
= Ty =-——,05= 2dg = ——5uec0
Hence & =1 % =" @ " @@ ™ T @@ @ (67
We obtain &n_.&usu_
I 3
by =aby +ash uTvalmnM
31,1 19
@» Hh_vu+hnvu+hu HM.IM+MNI.&IOMN.NQ s
211
==_=0-3663
b =57 |
The successive convergents are .
LI LS
by b 3
Wuml.sawlhn_.tom
b, 19 by
Where the last result is correct to three significant figures. . Ans.

Q. 4. Find the smallest root, correct to 4 decimal places, of the equation
f(x)=3x—-cosx—-1=0.
Solution : We have f(x)=3x-cosx-1
=1-3x+cosx

2 4 6

- @

2 4 48 1440 80640
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4 6 8
3 2 ox x x

Now let 1- m.u+.m||m.m+||.25|lflwoic .......... Q. 5. (b) Find the root of the equation x’ - x — 4 = 0 correct to three places

petween 1 and 2 using bisection Method.  (Ujjain 2013, 15; Indore 16; Jabalpur 22)

uy+v~u+v_x~+ ........... Solution : = f(1)=-veand f(2)= +ve
- The root lies between 1 and 2.

3 1 1
Here, a =-.a =—,a=0,a0=-72 o
o 1 ! 4 48 Now, first approximation Is x, = _‘an W =15
0 _ 0,aq = b
= =—,a;=0,8g =7 T
a=0.% = 10" " 80640 \Q&u\csumlenlmu-ﬁ
Toen we dbtain 6 - The roots lies between 1-5 and 2.
b =1, b, =15, by =25, b, = 4125,b5 = 679167, o 1-5+2
B = 1118750,b, =18:42778,by = 30-35365. Second approximation % =——= 1175
The successive COnVergents are : f(x)= f(1-75)=— 0390625 = —ve
B _ 066667 % - 060000 Hence, the root lies between 1-75 and 2.
) B 17542
N § Third approximation ¥, _— = 1-875
b
W = 060606, = 060736 and f(x,)= f(1:875)=0-T16796 = +ve
! ’ Hence, the root lies between 1-75 and 1-875.
b be b _ FhElr
%u ¢S§ﬂu o%do.ﬁ = (607102 e LIS HU8TS ) o5 and fxy) = 0-141845 = +ve
s 2 ;
Hence, the required root, correct to four decimal places, is 0-6071. Ans, Hence, the root lies between 175 and 1-8125.
Q. 5. (a) Find the positive root of the equation f(x)= x* -5x -4 =0 using = 1:75+1-8125 —1-78125
biseetion method up to third approximation. : o 2
(Indore 2011; Gwalior 13; Bhopal 15; Ujjain 16) - and f(x,)=—-0-129608=-ve
Solution ; The equation f(x) = x> —5x—4; f(2) =8-10-4<0 Therefore, the root lies between 1-78125 and 1-8125. Continue this process we get the
" ’ following successive approximation.
and f(3)=3’-15-4>0. Hence f(2)./(3)<0 x; = 1796875 (x5) = +ve
.. The roots lies between 2 and 3. x =1:7890625 f(xg)=—ve
Again, I, =[2,3] and m u.mlwwuw.u %, = 179296875 v
lies int interval I, = [2-3,3] because f(25).f(3) <0 X =1794921875  f(x5)=-ve

2-5+3 x =1-7958984375  f(xy)=-ve
On bisecting my = =——=2-75 and f(my)=f(2-75)=3-0468

2 ‘ X0 =1-7963865 S(x0)=+ve
Now lies in the original interval I, =[2-5,2+75] because f(2:5).f(275) <0 x; =179614225
and m _254275 Lo : X0 =X =1-796. .
. ) B | ence the accurate value to three places is 1-796. Ans.
Hence, approximation rodts of the equation up to third approximation is my =2 625 Emnnzm.: 5. (c) Find a positive root of the equation x* — x — 1 between 1 2nd 2 by using
Ant| method. (Rewa 2014; Chhindwara 22)

b Solution : Solve as Q. No. 5(b).
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Q. 6. Find a real roots of the equation x? —5x+2=0 correct to three places of
decimal by using bisection Method. (Jabalpur 2011, 14, 15)

Solution : Here f(x)=x?-5x+2 and £(0)=2 and f(1)=-2

Therefore a root lies between 0 and 1.

°+— (
1,=[0,1} and 5n|~|no.m
This interval lies between [0,0-5] because f(0).f(0-5) < 0
L 0+0-5 05
On bisecting, we get m, = 5 ulwluo.wm
0:25+0-5 _ 075 _ o aas

lies between [0-25,0-5] and §u|~|u|ﬂl..
This lies between [0-375,0-5) because £(0:375)./(05) <0 |

) ) Ans.

0-37540-5 _ o 4ooe n

B my = :
—5 =0, using bisection method

Q.7. Find 2 real root of the equation f(x)=x* -2x
(Indore 2012, 13; Bhopal 13)

in five stages.
Solution : Let f(x)=x’ —2x-5. .
Here f2) = -1 = —ve and f(3) = 16 = +ve. Therefore, a root lies between 2 and 3.

1
~. The first approximation to the root x, = MAN +3)=25

Now f(x,) = f(25) = (2:5)* —2(2:5)-5=5625=+ve.
So the root lies between 2 and x, i.e. between 2 and 2°5.

1
The second approximation to the root X = MAN +2:5)=225

Then f(x)= f(225)= (2:25)° —2(2:25)-5=189 = +ve.
.. The root lies between 2 and x;.

1
The third approximation to the root x; = MA~+ 2:25)=2125 A,

Then f(x,)= f(2125) = (2125)’ -2(2125)-5 =346 =+ve.
.. The root lies between 2 and x,.

The fourth approximation to the root x; = WG+N.—N$ =2:0625

Then f(x;)= f(2:0625) = (2:0625)* -2(2:065) -5 =-35=—ve.

Hence the root lies between x, and x; .

Hence the fifth approximation to the root x, = w? +x3)= w@._pm +2:0625)
=2-09375 = 2:094 correct to 3 places of decimal. , Ang
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Q. a.%%uu_a_n Bisection method. (Jabalpur 2017)
Ans. Bisection method : The method 1s based on repeated application of the
intermediate value theorem. Suppose that a root of y

f(x)=0 lies in the interval 7, = (ay,b,) we bisect
Sb)
; ay +b,

; t m, = ——, thus we get
the interval Jo at the point a === g P
subintervals (@, m) and (my, by). We denote I, the
interval (ag,m) if f(ao)/(m)<0 or the interval Jimy

(6] n—\ my i_ b X

(my,b) if S (my )f(by) < 0. Therefore, /, containsthe =
root. We bisect /) to get [, at whose end points f Qy
takes the values of opposite signs and therefore contains the root. The process is repeated p

Fig. Bisection Method

times to get the sequence of subintervals [p 5/, D/ ... S I, such that each subinterval

contains the root. We either get the root or find the interval 7, of length Funes:.n: contains
2
the root. We take the mid point of this last interval to get the desired approximation to the

root.
In brief, we denote

a, +b,
Myy = IlN

and (@gs15b01) = (@, M), 1 (@) f(my,,) <0

or (Mg, b)), 1 f(my,,) f(B) <0

It is to be noted that the method uses only the end points of the interval [a,,5,] for
which f(a;) and f(b,) have opposite signs and not the functional values of f(x) at these

end points.
Number of iterations required may be obtained from the relation
b, —
.bN=|no. <e
or > 1088 ~ag) —loge

log2
The error decreases linearly with each step by a factor of 0-5. The convergence is

slow. To achieve desired accuracy, a large number of iterations are required.
Q. 8. (b) Explain polynomial and Trancedental equations. (Gwalior 2022)

,,,,,, +a,x", where

Ans. Polynomial : An expression f(x)=ay+ax+a,x* +
n>0and ay,a,a,,.....,a, is constant is called a polynomial. If @, # 0 then its degree is
nand if f(x)=0 then it is called polynomial or Algebraic equation.

Trancedental equation : An equation which contains trigonometric function,

logerithmic function, exponential function then the equation f(x) = 0 is called a trancedental
equation.

Example : g+ be* +csinx+ dlogx=0.
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Q. 9. Explain Newton-Raphson Method. (Jabalpur 2017)

Ans. The Newton-Raphson formula may be derived analytically by using Taylor Series

approximation of the function f(x). If x, is an approximation to be the root, then
P o -
S =f(x +h) = \QLI_\.?.?M\ (%) + =0 (1)
Neglecting all terms of second and higher degree in , we obtain
Sx)+hf'(x) =0 v
-f(x
:ulli\.A ) (2)
S AR_L
If f'(x;) = 0 for all x; , then
h=(xp-x)= W\MM»W 0 A Xp
' Fig. Newton-Raphson Method.
S (%) e
= A
R P

Consider the curve f(x). Starting from an arbitrary point x as the approximate root of

J(x)=0, draw a tangent to the curve at x = x, . The point of intersection of this tan
x-axis gives the second approximation to the root. Let the point of intersection be x;. The

gent with

slope of the tangent is f*(x;) which equals to M, Ga“
0~
L) _ = fn)
Xy =X
S(x0)

In general, Xpoy = X — )
k

Which is iteration formula and this method is known as Newton-Raphson method.
Q. 10. Find a root of the equation x® — 4x —9 = 0 using besection method correct
to three decimal places. (Rewa 2011; Indore 11, 12; Gwalior 14)
Solution : Let f(x) = x> ~4x-9; [(2)=-9<0, f(3)=6>0
JS(2)£(3) <0. Thus the root lies between 2 and 3, then first Approximation to the
root is
243

===2=25
TR

So the root lies in [2-5,3] because f(2:5)f(3) <0

m, um.lwgwlunn.d

!
|

Mathematics (M. P.) : B.Sc. Part-Ill (First Paper) | 13

So the root lies in [2-5,2-75] because f(2-5) f(2-75) <0

awuw.?uw.dnp.sm

So the root lies in [2-625,275] because f (2°625) f(2-75) <0
J,E‘MNI.QWMNA_.NI..G.NN.%AM

So the root lies in [2-6875,2-75] because f(2:6875) f(2:75) <0
e N.aqwa.duuq;m

So the root lies in [2-6875,2- 7185] because f(2-6875) f(2:7185)<0
2-6875+2-7185

§ “II.N||.1|

So the root lies in [2-703,2- 7185] because f(2-703) f(2-7185) <0
2-703+2-7185

=2-703

my = 3 =2-71075
So the root lies in [2-6875,2-71075] because f(2-6875) f(2-71075) <0
oy = n.mmqm.wwﬂoqm = 2699175
Hence the required root is 2-699. i

Q. 11. Compute the real root of x* —5x+3 =10, in the interval [1, 2] by Regula
Falsi method. (Gwalior 2011; Indore 11; Chhatarpur 22)

Solution : Here f(x)=x>-5x+3, f(1)=1-5+3=—1 and f(2)=8-10+3=1
Therefore, one root lies between 1 and 2 as f(1)./(2) < 0.
Using iteration formula,

_ XS O =X f (x4 y)

X+l =
S(x) = S (%)
Istiterationk=1, x,= xof (%) = x,.f (%)
S(x)-f(x)
Here, xp=1,x,=2
JIx1-2x(-1) _1+2 3
R T R R
Again f(x%)f(x,)<0
Interval [1,2) \Au.mvu.\.:.mVnA_.mVulmC.mv+w =3-375-7-5+3
=-1-125

2nd iteration k=2

Here, x,=2,x, = 1-5 S(x)=1, f(x)=-1-125

_nf(B)-%f(x) _A-1-125)-1-5x1
J(x)-f(x) =125~

=1-7647

X3




by the method of false position.
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Again f(x)/(x)<0

Interval {1-5,2], f(x3)=-0-3279

3rd iteration k=3,

Here, x, =2,xy = 1:7647, f(x;) =1, f(xy) = -0-3279

; ool (B)-xf () 2(-0-3279)-1:7647x]
! F(x3)=f(x) B —0-3279-1
=1-8228

Hence  f(x,)=-0-05756

Here, f (x;)f (x;) £ 0, We take x, =2,x, =17647, therefore, the interval in which

the root lies becomes [1:7647,2].

Again f(x;)f(x;) £0,x;=2,x, =1-8228
xof (%) - x,.f(x;) _ 2(-0-05756)~1-8228(1)
f(x)-f(x))  —0-05756-(-0-3279)

=1-8324.

Q. 12. (a) Find the root of the equation x* —5x —7 =0 which lies between 2 and 3
(Rewa 2014)

4th iteration, X5 =
Ans,

Solution : Let /(x)=x" —5x—7
f(2)=-9 and f(3)=35, therefore, one root lies between 2 and 3.
- Taking x; =2,x, =3, f(x)=-9, f(x,) =5,

X~ 5

B e 1
Fo—g Gy M

X3 =X -

TN @
u~||.|enu+lu~.§
TR Y

Now f(x3) = f(2-643) =—175246
Clearly, f(x;)f(x;) <0, therefore, the root lies between 2:643 and 3.
Ineqn (1) taking x, = 2-643,x, =3, f(x) =-1:75246,

%, = 2643-——2_195046)= 2736
5+1-75246
Now f(x) = f(2:736)=-0199

Clearly, f(x,)f(x4)<0, so, the root lies between 2-736 and 3.
In eqn. (1) taking x; =2-736,x, =3, f(x)=-0-1999,

3-2736
x5 =2-7136 ——————x(~0-199
? 5099 01
0-264
=2736+ 0:199 = 2-
5199 " 99 =2-746

it
|
|

3 by the method of false position.

Falsi method up to third approximation.
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Now  [f(xs)=/f(2746)=~0024

Clearly, f(x)/(x5)<0

Thercfore, the root lies between 2-746 and 3.

In eqn. (1), taking x, = 2746 ,x, = 3, f(x) = — 0024,

: 3-2746
=2746- —0024)=2-
% 50028\ 0024 =2M47
Now [(x5) = f(2747) = -0:006

Clearly, f(x,)f(xs) <0, so the root lies between 2-747 and 3.
In eqn. (1), taking x, = 2747, x, =3, f(x;)=-0006

3-2747
=2747- ~0006) = 274
- 50006 0006 =2747
Hence, the root is 2:747 correct to 3 decimal places. Ans.
Q. 12. (b) Find the root of the equation x* —5x —5 =0 which lies between 2 and

(Ujjain 2022)
Solution : Solve as Q. No. 12 (a).
Q. 13. Find the least pasitive root of the equation x* — x—10 = 0 using Regula
(Indore 2011, 17)
Solution : Given x* —x-10=0
Since f(0)=-10,7(1)=-10,1(2)=4
-, Least positive root lies in the interval (1, 2).
By Regula Falsi method, we have
L _ XS (xe) =%, S (xpy)
Approximation formula x;,; = 700~ )
— _ %o (x) = x./ (%)
ACKSL R )= S ()
_Lf()-2/(1) _ 1x4-2x(-10)
JF@-r 4-(-10)
Now, f(x)=f(1-7143)
=-3:0776
For second approximation putting k =2, we get
wf(%)-x%f(x)
S()-f(x)
_ 2x(-3-0776)-1-7143x(4)
- -3-0776-4
Now, S(x3)= f(1-8385)=—0-4135
= The root lies between 1-8385 and 2. For third approximation putting k = 3, we get
(%)= x:/(x;)
J(x3)=f(x)
_2(-0-4135)-1-8385(4)
-0-4135-4

=1-7143

Hm”

[wherex, = 2,x, =1-7143]

=1-8385

*= [wherex, =2,x; =1-8385]

=1-8536. Ans.
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Q. 14. Find a real root of the equation x* -9x+1=0 by the method of false

pasition. (Bhopal 2022)

Solution : Let f(x)=x® —9x+1
Here f(2)=-9, f(3)=1

.. Root lies between 2 and 3.
Teking x; =2,x;, =3= f(x)=-9,/(x) =1
The method of false position, m?om
Xy =x- S(x) -(1)
P :i >£ _ .
=2-—Z(-9)=29
= X3 ~+0A )=

f(xy) = £(29)=(29)’ -9(29)+1=-0711
Clearly, f(x,)f(x;) <0, therefore, the root lies between 2:9 and 3.
Ineqn (1), taking x; = 29,x, = 3, f(x)=-071 1Lf(x)=1

329 0711)=29416
1+0711

Hence f(x)=(29416)° —9(29416)+1=—~0-0207
Clearly, f(x,)f(x;) <0, so, the root lies between 2-9416 and 3.
Hence in eqn. (1), taking x, = 29416,%, =3, f(x) = -00207, f(x;) =1

00584
10207

Xy =29~

xg = 2:9416 - ——— (~0:0207) = 2:9428

f(x5)=-00003,

00572
10003
Hence, the root is 2-942 correct to three decimal places. Ans.

Q. 15. Apply regula-falsi method to solve the equation3x —cosx -1 =0.
(Rewa 2017)

xg = 29428 ———=(~00003) = 29428

Solation : Let f(x)=3x-cosx~1
Here f(0-60) = 002534, f(0-61)= 001035
.. One root lies between 0-60 and 0-61.

From method of false position.
0-601(0:61)-8611(0:60)
J(0-61)- f(0-60)
and f(0-60710) = —0-00001 so one root lies between 060710 and 0-61.
0-60710/(0-61)-061/(0-60710)
S(061)- f(0:60710)

First iteration : x; = =060710

Second iteration : x, =

=0-60710
Hence, the root correct to four decimal places is 0-6071. Ans.
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Q. 16. Determine the root of xe*~2 = 0 by method of false position. (Ujjain 2013)

Solution : Let f(x) = x¢"~ 2 =0 50 that f(0-8) = — 0-21957 and f(0-9) = 0-21364.
Therefore, one root lies between 08 and 0-9.

. Taking x, = 0-8, ;= 09, f(x,) = - 0-21957 and f(x;) = 0-21364 in the method of
false position, we get

H—x
=X —
Eincarmy el -1
=08- 0908 (-021957)
021364 —(—021957)
0l
= 08 - ——— (~0-21957) = 0-85068.
0-43321

Now, f(x;) = f(0-85068) =—0-00836. Clearly, flx,) f{x;) < 0 so the root lies between

0-85068 and 0-9.
Taking x, =£(0-85068) = 0-00836 in eqn. (1), the better approximation x; is given by

x, = 085068 - 09185068 (-0-00836)
021364 — (—0-00836)
=085068- 224932 0.00836) = 0-85254.
0222

Now f(x4) =—0-00028. Clearly, f(x,) f(x4) <0.

So, the root lies between 0-85254 and 0-9.

Taking x,= 0-85254, x,=0-9, f{x,;) =—0-00028 in eqn. (1), the better approximation x5
is given by

09-085254
xg =0-85254 ~0-00028
3 021364 — (-0-00028) ( )
= 085254 204746 4 60028) = 0-85260.
021392

Now f(xs) = f(0-85260) =-0-00002. Clearly, f(x,) f(xs5) < 0 so the root lies between
0-85260 and 0-9.

Taking x,= 0-85260, x,=09, f(x,) =—0-00002 in eqn. (1), the better approximation x;
is given by

.Q . ()-R8?
xg = 085260 - i3 =085l (-0-00002)
021364 —(—0:00002)
00474
= 085260 —-————(-0-00002) = 0-85
0-21366 021366 )= e
Since xg=xs, the real root of the given equation correct to five decimal places = 0-85260
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Q. 17. (a) Solve by Newton -Raphson Method : x* ~3x+1=0.

. Indore 13, 16;
(Ujjain 20115 : :
Jabalpur 15; Gwalior 16; Rewa 22; Ujjain 22)
Solution : Let f(x)=x*-3x+1
f(x)=3x*-3
We have f{0) = 1 =+ve and f(1)=-1=-ve.
Therefore, the roots lie between 0 and 1.
Taking Xo = E = (-5, now by Newton-Raphson formula, we have
2
f(x) x3 =3x,+1 1)
Tl = Xy~ A=, —
BRI B P
Puttingn=0, 1,2, 3, ..........successively in eqn. (1) we have
W — o
g wua 050379 _ 43333
3x2 -3 (-225)
3
x —3x+1 (0-0370459) _
=x -1 _-03333- =0-3472
2TA 352 -3 (-2:666733)
5 :
X3 —3xy+1 (0:00025) _
=x,——2_""2  -(03472- =03473
R (~2638356)
Since x, = x; = 0347, therefore the required root = 0-347. Ans.
Q. 17. (b) Solve by Newton-Raphson method : x*—5x +3 =0. (Rewa 2022)
Solation : Solve as Q. No. 17(a).
Q. 18. (a) Evaluate (12)'? using Newton-Raphson method. (Indore 2012)

Solution : Since 2> =8 and 3*=27
Therefore the value of (12)> lies between 2 and 3.
Let (12) =x>x*=12>x*-12=0
= f(x)=x*-12
= f(x)=3x2
Taking xp =2-5
By Newton-Raphson formula,
S(x)

S'(xx)
Putting k = 0, the first approximation is

[(%) _,.s_(2:5°-12

Xpel = X —

X=X —
2= ) 325
=2-3065
Putting k = 1, the second approximation is
.3065)° —
2 = x — L1 _ 23065 230 12
1) 3(2-3065)

=2-2896

2:279.

Raphson method.
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Putting & = 2, the third approximation is
o SO0) g .pg06 (2:2896) - 12
BERT () 3(2-2896)°

0-002697
15-7268

Q 18. (b) Find a root of the equation x> =3x—5=0 correct to three places of
mal by using Newton-Raphson method. (Jabalpur 2011; Indore 17; Bhopal 22)

Solution:Let  f(x)=x*-3x-5

= [i(x)=3x*-3

Clearly a root lies between 2 and 3.

Since f(2)=-3and f(3)=13
We choose xq =3

=2-2896- =2-289411. Auns.

_SO) _, _%a=3%,-5
fx) " 33

For n = 0 the first approximation x, is given by

Q3% -5 -wuavu -3(3)-5
3x3 -3 3(3)>-3

Newton’s formula is X,,;; =X,

X=X - =246

For n =1 the second approximation x; is given by

3 _q. AV _2NAL) —
X —3x mnw.amlﬁamv 3(2-46) mu

Xy = X
2T 323 3(2:46)* -3

2:295
For n =2 the third approximation x; is given by

I Fe el apm; _
X3 wa 5_ 2995 — (2:295) mﬁwomv 5

3x; -3 3(2:295)° -3

=2-279 (upto 3 places of decimals)
For n = 3 the fourth approximation x, is given by

X3 =k =

xwlmwwlm

L y— (2279) - wﬁ,.NET 5
3x3 -3 3(2279)" -3
=2-279 (upto 3 places of decimals)
Since X3 = x4, the real root of the given equation correct to three decimal places is
Ans.
Q. 19. Find the root of x* —5x + 2 =0 correct to five decimal places, by Newton-
(Ujjain 2014; Bhopal 16; Jabalpur 22)

Solution : Let f(x) = 2 —Sxd '(x)=2x-5
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By Newton-Raphson formula we have
o) _ _-Swr2_%-2
X =Xp—— =Xq = T 2x,-5
J'(%) (2%-3)  *%
Taking x = 0 the first approximation is
x = Uuu =04
-5
Again putting n =0 and x, = 04, we get the second approximation is
2 _ 4)? —
ay =B IO 2 s
2x, -5 2(04)-5
2 : 2
%= x -2 _ (0-438095)° -2 —0-438447
2x,-5  2(0438095)-5
2 ; 2_
- x; -2 (0-438447)" -2 = 0-438447

2x;-5  2(0:438447)-5

Clearly, x; = x, so that real root is 0-438447. Ans,

Q. 20. Prove that Newton’s method has quadratic convergeuce.
(Gwalior 2011, 13, 1)

Solution : We have from Newton-Raphson approximation formula,
S A1)
S (xx)

Suppose x, differs from the root £ by a small quantity & so that x, = £+ & and

Xpo =+ £
From eqn. (1), we have

X4l = Xx =

- _Sf(E+5)

S+e g =4te T(Ere)
___f(¢+s)
= TR ()

By Taylor’s expansion in nbd of ¢ to the function /(£+5,) and f'(&+5,), We get

2
& '@ el @+ gt @n. |- f(@+ af O+ £ (@

ka1 = 3
S @+ @+ (D¢
Since £ is aroot so that f(£)=0,

6 =1L
k+l 5
2 1'(9)
Neglecting & and higher order, we get

&x =Ce}

& +0(g})

|
]
|
|
1
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P i)
219

Thus Newton-Raphson method has second order convergence.

Where,

Proved.

Q. 21. By using Newton-Raphson’s method find the positive rootof x* —x—10 =0
which is nearer to 2, correct to three places of decimal.

(Gwalior 2012; Bhopal 14, 17; Ujjain 16; Jabalpur 16, 17)
Solution : Let f(x) = x!'=x=10,
s () =4x1 -1
By Newton formula,

. J(x,) - _x-%-10_3x+1
S(x) 4n -1  4x-1
We have f(1-8) =—1:3024 = —ve, f(2) = 4 = + ve, therefore the root lies between 1-8
and 2 we may consider the approximation value of the root as 2.
.. Taking X, =2,n=0ineqn. (1) the first approximation is given by

_ 3x5 +10 _ 3(24)+10 N J—
axg-1" 42 -1 31

For n= 1, the second approximation x; is

_3x' +10 301871 +10

T a1 4087 -1

For n =2, the third approximation x; is

s 3xy +10 _ 3(1856)° +10

4(1856)° -1

X

=1-856

X2

- =1856
4x; -1
Since x, = x;, the required root is 1-856. Ans.

Q. 22. Derive secant method. How this method is different from the false position

method ? (Jabalpur 2011; Gwalior 13; Ujjain 14)
Solution : In secant method the equation f(x) = 0 is replaced as a straight line or

chord, which is joining the points (x,, f(x,)) and (x;_;, f(x4_;)). The approximate root is
the intersecting of the chord and X -axis

The equation of a chord joining the points (x;_, f(xx_))and (x,, f(x;)) is
el.\.?T;u.\Q»T\?TL .
X = Xgy Xk = Xg—1 -0
Taking intersection of eqn. (1) with X'~ axis, we get
R X S () =2 (%)
Xpy1 = X - Awu
S(x) = S(xy) .
Which is an approximation to the root
To find next approximation x, ,, replace x,_, by x, and x; by x;,; This method is
different from the false position method in the following reasons -
(1) Here f(x;_,)f(x;) <0 isnot the required condition




35.<n£o necessarily. This is a drawback of secant method over the method ©
which P—fdvd converges.

with the initial estimates of x, =4 and x, = 2.
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ow that it does not

(u) If at any iterati = flx ] ils and sh
on f(x;)= f(x;) this method fails e posifion

-x-1=0by secant method,

Q. 23. Find the least positiv ion x3
ast pasitive root of the equation x (Rewa 2011)

Solution : Given, f(x)=x*-x-1
Since f(1)=-1,£(2)=5
Hence root lies in the interval (1,2).
By iteration formula, we have
Xp = XS () =X f(xp)
F(x) = f(x)
First iteration k=1, Ga=X=lx=x=2
5 Xof (x) = xS (%) _ 1x5-2x(-1) =T 11666,
T ST (%) S+ 6
S(x) = f(1'1666) =-0-5789
Second iteration k= 2, x,_; = x, =2,x, = x, = 11666
B xS (%) -xf(x) _ 2(-0-5789) - 1-1666 x5
F(x)-f(x) -0-5789-5
=1-2531, f(x;) = f(1-2531) = -0-2854
Third iteration k=3, x,_, = x, =1-1666, x; = x;=1-2531
%/ (X5) = x3/ (x,) _ 1-1666(=0-2854) - 1-2531(-0-5789)

Xy = =
Y- (®) 02854 —(~0-5789)
=1-3371
mman_.p—._%w X5 = 1- WMM Ans,
Q. 24. Use the secant method to estimate the root of the equation x* —4x —10 =0

(Ujjain 2017)

Solution : Here f(x) = x* ~4x—10, f(4) = 16~16-10=-10 <0
F(2)=4-8-10=-14 <0
By secant method x,,, = 2221/ (%) = %/ (%r.1)
.\.Akavl.\.ﬁ.«aiv
On putting 5 = | Xy = %/ (x) =%/ (%)
J(x)=f(x)
_2x(=10)-4 x(-14)
-10-(-14)
_ 20456 36

HII"O

4 4

F(5)=£(9)=35

On putting n =2 x, = X (%) -x/(x)

\A.&vl‘:huu

4
|
4
3
“

e o
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_9I%(-14)-2x35 —4
-14-35

S(x)=/s(4)=-10
xS (%) =%/ (%)

S (%)= (%)
4x35-9x(-10)

35+10

Xs=5-9565 (n=4)
%=57275 (n=5)
x=57411 (n=6)
X =5-7416 (n=7)
Here X3 =x9 =574
Hence the desired root is 5741 correct to three decimal places. Ans.

On putting n =3 X =

=5-111

Similarly,

Q. 25. Use the secant method to find the root of the equation x*-3x+1=0with

initial estimates of x, = 1 and x, = 0-5 only solve till three iteration.

Solution : Here X, =Lx =05, /(x)=x"=3x+1=0
= f(x)=-1and f(x)=-0375
- H:L.\.ak:.v = Na..\.AHHI_ v
S(x)= [ (%)
For n=1, the first iteration is
= xS () -xS(x) _ 1) (0375)-05x(=1) _ 02
TS S(x) -0375-(~1)
F(x) = f(02)=(02)’ =3x(0-2) +1=0-408
For n=2, the second iteration is

o o BS () -5/ (x) _ 05x0408-02x(-0-375)
- -

By secant method, Xn+1

f(x)-f(x) 0-408 - (-0-375)
=0-356322
S(x;)=(0-356322)" - 3(0:356322) +1
=-0-023722.

For n=3, the 5:.,@ iteration is
= X, f (%) = %3/ (x;)
Y=
S(x3)=f(x)
_ 02x(-0023722)- 0356322 x 408
- -0023722-0-408
=0-347733.
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Objective Type Questions

L. Approximation root of f(x) = 0 in bisection method is : (Indore 2017)

W= w,. VES(3) S(x)<0 () =2 Mg AEf(3)S(x2) >0

© = p+~u A f(x) S(x) <0 (d) None of these.

2. Approximation to the root of f(x) =0 in case of f(x,).f(x;) <0 by Regula Falsi
method :

. L. S o TX rix)
(a) x=x, .\.A.n_vl.\.?av\ﬂucv (b) x=x T(n) -/ (%) 0
(€) x=xo - S =S (x) () (d) None of these.

X =Xy

3. The first approximation to the root of x* —4x—9 = 0 using bisection method is :

(Jabalpur 2014, 22; Indore 16; Bhopal 16)

(a) 35 (b) 2 (c) 25 (d) None of these,

4. If x, is the 2 approximation to the root of f(x) =0 in Newton-Raphson method,
then x,,, is equalto:

_ I _Lw) 3 5~ L1) (4) None of these.
@5y O Ty O,y @ Nenectfe
1
S. Newton'’s iterative formula to find N ERTE:
N 1 N

(@) Xpiy = X, .THI: (b) Xpu = M Xn +M:|

1 ?:.._
AOV Xnel = INl X, +
*n

(d) None of these.

6. The order of convergence in Newton-Raphson method is :
(Jabalpur 2015, 16, 17; Bhopal 17; Chhatarpur 22; Ujjain 22)

(@)0 ()3 (c)2 ) 1.

7. If the root of f(x)=0is in [a, b], then f(a). f(b) is: (Bhopal 2015)
(@) Zero (b) Less than zero
(c) Greater than zero (d) None of Enmo..

8. If .,\M and 1+ i are the roots of the biquadratic equation, then remaining two roots
are :
@ J2.1-i (®) —2,1+i (©) V2,1+i d)-2.1-i.

9. Two roots of cubic equation are 2, 1+ then that equationis:  (Jabalpur 2012)
(@) x> +4x* +6x-4 () x> —4x? +6x-4
(c) x> +4x* -6x-4 (d) x*-4x? —6x+4.
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10. If the changes of signsin f(x) ism, then f(x) =0 has:
(a) Number of positive root is less than n
(b) Number of negative root is more than n
(c) Number of roots is exactly »
(d) None of these.
11. The number of real roots in odd degree equation is :
fa) &t Ieast ORF (b) More than | (c) Notanyone  (d) None of these.
12. In secant method the formula to find the root of f(x)=0:
(Rewa 2011; Indore 16)
(8) Xyt =%~ (>, — :u_v.\.a.ﬁ_v
T L ()= S (%)
(Xn = X v\.aH:v
= o
®) %ot =5 () T (o)
.\.Akavl.\.AR |_v
Xy~ Xn-l
x. - .\.AH:V.I.\.AH:I_V )
" AHa — X1 v.\.AH:v
Raphson method is :
(@) Xpy = XS () = x f (xy)
BT S () - (o)

S (x)

(€) X1 = *%n —

(d) Xn+1

1

13. Newton (Bhopal 2011)

S(xi)
b) Xp. 1 = X — (x, —xp1)
®) B = ATy ey
S (=)
©) xp =X ==
N TEN)
S(x)
d) xp4 = X ————.
(d) Xg41 =X ()
14. The convergence in bisection method is :
(a) Linear (b) Quadratic (c) Very fast (d) Very slow.
15. The root of the equation xe* = [ by Ramanujan’s method :
(a) 0-567 (b) 156 (c) 0-056 (d) None of these.
16. The second approximation root of the equation x* — 2x — 5 by bisection method :
(a) 2-15 (b) 225 (c)2:215 (d) None of these

17. By Regula-Falsi method, the first approximate value of real root of x?-5x+3
in the interval [1, 2] is :

@15 (b) 117 (c) 175 (d) 1752
18. The first approximation of the root of x? -~ x—1=0 using bisection method is :
(a) 1 (b)2:5 (c) I-5 (d) None of these

Ans. 1.(a), 2. (a), 3. (c), 4. (a), 5. (b), 6. (c), 7 (b), 8 (d), 9. (b), 10. (b), 11. (a), 12 (a)
13.(d), 14. (d), 15 (a). 16 (b), 17. (a), 18 (c)
ee
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Short and Long Answer Type Questions
Q. 1. Define interpolation and extrapolation, (Gwalior 2013; Ujjain 14; Rewa 22)

Auns. Suppose we are given the following values of y = f(x) for a set of values of x,
X oXx Xyonene X

ViV Yy
Then the process of mn&sm ;L <m_c~n o

the value of function for any intermediate value of the independent variable while the process
omnonﬁ:ab.m the value of the function outside the given range is called extrapolation.
Definition : (i) Interpolation : An operation of estimating the values of a function

for any intermediate value of the argument when the value of the function corresponding to

a ::n..d.ma of the values of argument are given, is called interpolation.
(i) Extrapolation : It is the operation estimating the values of function outside the
given range of the values of argument.
Example ; Given,

x 4 5 7 10 | 11
y 48 100 294 | 900 1210

) Then estimate the value of yforx =6, 8or9etc. i.e., to found the value of y within the
given range of x(from x = 4 to x = 11) is called interpolation. On the other hand if we
estimate the value of y outside the range of x i.e., for x = 3 or x = 12, then it is called
extrapolation.

Q. 2. (a) Show that Lagrange’s formula can be expressed in the form :

& (x) f(x, n

r=0
Solution 2 Given, #(x) = MJCT %)
r=0
= Hx)=(x—x)(x—x)(x =%, Jx =%, ) (x=%p4).. (X %)
Taking logarithm on both the sides, we have
10g[ #(x)] = 10g(x = %0 )(x = X, )...(x ~ %, J(x X, J(X ~Xpyy) (%= %,)]
or logd(x)=log(x—xp)+log(x—x )+ .. +log(x—x,_;)+log(x—x,)
+log(x—x,,)+.....+log(x—x,)

d 1
o L ogpx)) = ——+—v 4]
dx X=X X—X X=X
- 1 1 1
i : 5 ot
. X=X X=X X=X,
' (x 1 1
= g(x)_ + o L1 A 1
#(x) x-x5 x-x X=X X=X, X=X, X=X,

& \.ﬁ\v = A\dﬁ lNOVA\dw l\d_v....ﬁkﬂ -X LXR& .|H~+_v..:.ANﬁ |.N=v

= v“. corresponding to any value of
X =x between x, and x, is called interpolation. Thus interpolation is the technique of estimating
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Now rmmﬂwamn,n formula is
(x— N_XxlkNV:.:AxlkL
P(x)= (% —x) (%~ %)....(%~ x,) S (xg)

(- m)z=xp)olx8) o
(% = %)% — %)...(x% = 5 )

+

N Aklkou;:.ﬁklk I_XNINI._V..:.AnIR:v Jx ) Hin

G x)mn) (B X) iy

+AH.-IN¢VA.N: l.ﬁv ..... Akalknl-v

LW Sx), @) S,
T mx) #(x) (x-x) #(x)

I3

#(x) f0x) -
(x-x,) ¢#(x,)

#(x) S(x)
AWIH._V \AH—.V

I,

oK) S)
|‘HOA.N|H\V &‘AH‘V

i i ion formula for unequal intervals.
Q. 2. (b) Derive Lagrange’s interpolation fo (Chirstarpar 2022)

Solution : Let y = f(x) be a function. SUpPOSE Yo, Vys----->Vn are (n+ 1) values of y
corresponding to (n+ 1) values xg,X;,......;%n of the variable x. Then
= £(x) = Po(x) = Ag(x=5)(x=3). (X = Tp) + A (X = 5) (X =) (X = %)
Ay (2= X) (X = X))o (K= %)
.
+ A, (x—x)(x= X)X = Xpyy) ()
Clearly eqn. (1) is n degree polynomial in which (x, y) is replaced by (%;,%;);
i=0,1,2,.....n. We get the values of a coefficient Ay, Ay, 4, 5., A, as follows

Proved.

Yo = Ag(xg —x Nxg=X3)--ooo- (xo—%n)
N =4 -x )X —x) (x—x,
Vo = Ay (X3 =% ) (¥ = X)-oo (x; = x,

A2

Eliminating 4, 4,, 4,,......, 4, from eqns. (1) and (2), we get
(x=x)(x=—x7).....(x— X,

(= %) (X = %) ... (X = %)
(x—xg)(x—%).....(x=%1)
G = %)= 1,).. (%~

(x=x)(x=x).....(X=X,)
(%0 =2 ) (%0 = %)-....(¥g = X,)

y= Yot

+

_E (mx)(x-x)(x-x). (x=%) Y
> L T x ) a) (5= %) (- %)
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n
Where 2. means neglecting the factor x; - x, from the denominator

If = (x=%)(x = X)).o.(x = x,_ ) (X=X, (X = Xy ). oo (X = 50)

Q. 4. (a) By using lagrange in iterpolation formula compute the value
£(3235) from given a table of values of the function y = f(x)

X
d
Then, #(x)=| - a(x -0 [ 250651
V& ™ VE_ 322.8 | 2.50893
_ 3242 | 2.51081
= (X = %) (¥ =3 ) (F= X ) (E = K)o (X7 5) 325.0 | 2.51188. (Gwalior 2011; Bhopal 13)
Hence, eqn. (3) can be written as
n . _ Solution : The lagrange’s interpolation formula
J= i = Mw e -4 (x=m)(3=3)(5=3) (3= 2)(x=%,)(x = x)
1= T ! S(x)+ S(x)

x)=
The formulae (4) and (5) are the different form of the formula (3). y(x) (%0 — %) (%0 = %2 )(%0 = x3)
This is the required Lagrange’s formula.
Q. 3. (a) Solve :

(1+A)(1-V) =1 (Indore 2022)
Solutionz (1+A)(1-V)f(x)
=(1+A)[1-V)/(x)]

(3= x0) (X = %) (% = x3)

1= 2)(x=1)(x=%) (1= x)(x=2)(- 1)
o ) P e ey O
Xy = 321-0, f(x) = f(321-0) =2-50651,
X =322-8, f(x) = f(322-8)=2-50893,
Xy =324-2, f(x,) H.\.AuNA.NvHN.MHOw_.

{
|
|

=(1+A)S(x) -/ (2] x3=325-0, f(x;)=/(325-0)=2-51188and x =323-5
=(1+A) /() -(fx)- f(x=h)] | Putting the values, we have,
=(1+A)f(x)- f(X)+ f(x=h)] | f£(325-0)=2-50987. Ans.
_ _ Q. 4. (b) Using Lagrange's interpolation formula find the value of f(x) for x=7.
=(1+A) f(x—h) (
. , ) (Indore 2011)
= G=h) x 0 2 5 8
=/(x) S 6 10 12 16
=1.f(x) . e .
Solution : The Lagrang'es interpolation formula
s :+,Dx_lqvu~. Ans, o (e x5 ) (= 33) . (x50 ) (= 53)(x = 33) o
Q. 3. (b) Show ::“n : ) sl 202} o= )R- m)(-x)T T (= X) (% —x)(x—x)
—E?_ ndore
N A* =E” -2E +1. . (x=x)(x—x))(x—x3) Fx)+ (x=xp)(x—x )(x—x3) £
Solution : A®f(x)=A[A f(x)] (- x) 00 —x)(n-%)" 2 (=) (X -x)(x-%)°
=A[Sf(x+h)-f(x)] Here x9=0,% =2,% =5,x; =8
=8f(x+h)-Af(x) S(%)=6,/(x)=10,f(x,)=12,f(x;) =16 and x=7
= f(x+2h)— f(x+h) [ f(x+h) - f(x)] ‘ Putting the values, we have :
= f(x+2h) - f(x+h)- f(x+h)+ f(x) £ =0=20-5(-8) . (7-0)(7-5(7-8) o
- 4 2H)-2f (5 B+ S(2) (0-2)(0-5)(0-8)  (2-0)(2-5)(2-8)
= E(x)-2E f(x)+ /() LIZ0F2T-8) gy T-00-2)(7-9),
P (5-0)(5-2)(5-8) (8-0)(8-2)(8-5)
N S(x) _ 60, -140 -420 1120
A* = E*-2E+1. Proved. -80 36 -45 144
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3 35 84 70

=S —t—

- 4 9 9 9
_ 27-140+336+280
: 36
503

=22 =13.97,
36

Q. 5. Using the Lagrange's interpolation formula, find the value of y(10) from
' (Ujjain 2016; Bhopal 17, 23)

the following table
x L 6 9 11
Ly 12| 13| 14| 16

Solution : From Lagrange's interpolation formula, we know that

(x=x)(x=x)(x-x)yp | (X=X )= xp)x= %)

FINS ey A B ALY RO b

y=%(x)=

(x=x)(x—x)(x—%3) (x =X )(x— %) )(x—x3)

+3»€3¢_x&|§$+§-€3|€§|€.x
nW-QT&QL:&?Q-QT&@;Ex:
5-6)(5-9)5-11) (6-5)(6-9)6-11)
L9611 (x=5)(x-6)(x-9) «16
(9-5)(9-6)9-11) (11-5)(11-6)(11-9)
Taking aT_P
(Hax=1) (S)D)(=1) (S)(4)(-1)
= f(10)= 12 13 14
W0 =700=p e e @er)
OGN
(6)(5)(2)
= 14-666666. Ans.

Q. 6. Apply Lagrange’s formula to find f{5), given that f(1)=2, f(2)=4,
f(3)=8,/(4)=16,/(7)= 128 and explain why the result differs from 2°.
Solution ;: Given data can be written in tabular form as :

x 1 2 3 4 5 7
S | 2 4 8 | 16 ?

128

2¢ | 2 | 4 | 8|16 | 32| 128

Ans,
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By Lagrange ’g interpolation formula, we have

|mnumLML m;--o
\GTG\EL&JM ,:G NE-4G-7)
|=~|8©Lx~|d

(1-2)(1-3)(1-4)(1-7) 4

G-DG-2)6-4(5-7) o, 6-DG-)G-3H(-7)
(3-1D(3-2)(3-4)(3-7)  (4-1)(4-2)(4-3)(4-7)

L 5-1D(5-2)(5-3)(5-4)

(7-1)(7-2)(7-3)(7-4)

+

16

x128

24 64 192 768 3072
= e —+—
36 10 8 18
= _0-66+6-4—-24+42-67+8-53=32-93%32=2°.
Here we have calculated the value of f(5) under the assumption that f (x) can be
expressed as polynomial in x but in this problem f(x) is given of the form 2*.

Hence, the value differs from 2°.

Q. 7. Evaluate : A[e™.log(bx +c)]
Solution : A[e®.log(bx +¢)] = € log[b(x + h) +c]-e= log(bx +¢)
Add and subtract ¢**? [og(bx+c)

Ans.
(Jabalpur 2011)

Ale=log(bx+c)] = e logh(x +h) +¢c
—e°C* |og(bx + ) + 2 log(bx + ) — e™ log(bx +¢)

— o2t 1o PEEMTE | e ok 1y jog(bx+c) ‘
b(x+c)
= ma_wm&_ _omE+?&. -1)log(bx + nL. Ans.
bx+c
Q. 8. Find the 7th term and also general term of the sequence 2, 9, 28, 65, 126,
127. (Jabalpur 2016)
Solution : The forward difference table is given below :
x| y=s@)| Af | A'f | Af | A'S
Xo 2
N/A
X1 9 12
X2 28 18 0
37 6
X3 65 24 0
61 6
X4 126 30
91
Xg wNn\
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If £, = f(x,)1s a general term then
fo=fo+ "y + "CiA fy+ -+ "CA o
=247"C+127C, +6"Cy

nx(n-1)

12+
2

=2+Tn+ ;C.l_x:..wv,m
6

=n’+3n" +3n+2
We get 7th term for xg. Hence fi = f(x¢) 152 7thterm which is

fo=6 +3x6" +3x6+2=344.

Q.9. Find a polynomial satisfied by (4, 48), (5, 100), (7, 294), (10, 900), (11, 1210),
(13, 2028) by use of Newton’s interpolation formula with divided difference. Also, find

Ans,

fx) forx=2,8, 15, (Indore 2017)
Solution : The divided difference table 1S :
x | f) Af(x) A? f(x) Afx) | AS(x)
4 48
100—48
5 LA
5 100 5_a
294100 97-52
. =97 P |1
4 s -5 7-4
900-294 202-97 .. | 21-15
=902 Lt o B, =1
0 | %00 10-7 10-5 10-4
.| 1210-900 310-202 27-21 <1
=310 =27 =i | =
1 | 1210 11-10 -7 -5 TEVES
20281210 409-310 5327 1-1
=409 | ——=133 =1 =
13| 2028 13-11 13-10 13-7 3550

Newton’s divided difference formula for arguments 4,5,7.10, 11,13 1s o

\C&u\?c+CT£»\51?3?;&%\3

57,10

+(x—4)x=5)x-T) A® F(®)+(x-4)x-5)x-T)(x-10) A* f(4)

+(x—4)(x-S)x-THx-10)x—-11) _A°

Putting the value of divided difference, we get

F(x) =48+ (x=4X(52) + (x=4)(x = S)(15) + (x - 4)(x = 5)(x — 7)(1) + 0+0.

Put x = 8, we have
f(8)= 48+208+180+12 = 448

5,7,10,11

ON

5,7,10,1L13

Ans
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Put x = 9. we have

S(9)=48+(9-4X52)+(9-4)(9 - 5)15)+ (9- 4X9 - SX9—-TK1)
=48 +260+300+40 =648
and put x = 15, we have

sas)= Am+emnaxmuvl_mnax_mnmx_$+:mnax_m|mx_mquc

=48+572+1650+880
=3150. Aums.
Q. 10. Find sin 52° using the following table and also estimate the error by using
Newton's forward difference interpolation formula. (Bhopal 2016; Rewa 16)
x 45° 50° 55° 60°
y=sinx 0-7071 | 0-7660 | 0-8192 0-8660
Solution : The table of finite difference is :
x  y=flx)=sinx A a's Ay
45° 0-7071
—
0-0589
0 /
50 0-7660 —0-0057
- /
0-0532 —0-0007
55° 0-8192 -0-0064
0-0468
60° 0-8660
_ _ s(s-1) > s(s—-1Ks-2
Y=SE)= fo+ My +=— A fy + A va\o,f
Where = 32-45 =14
5
sin52 = f(52) = 0-7071+ (1-4)0-0589) + EAI 0-0057)
2
(14Y(0-4)(-06
+ i) Gt (=0007)

6
= 07071+ 0-08246 - 0-001596 + 00000392

sin52° = 0-7880032

_S(s—1)(s-2)...(s-n)
(n+1)!

A" f(&)
_ (4)04)1-4-2)
3l

 (L4)04)~06)
s l‘||®|m

iy -p =
A \\Ar\rv 1f n =2 then we hz

ve NAVC

-0-0007) = 00
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{
A (x) (Indore 2011, 13, 14, 15,
S iiain 22; C
Gwalior 14, 16; Bhopal 16; Ujjain 2%

Q. 11. Prove that Alog f(x) =log{ 1
) (1:2)(0-2)(-0-8)(-1-8)?

hhindwara )
i 24

Solution : We have

Alog f(x) = log f(x +h)-log f(x) =31-693.

- &;:_.M:,u,_t-ﬁs[_wf

(1:2)(0-2)(-0-8)
6

(-0-

1)

(0-6)+ (1-2)(0-2)(~0-8)(~1-8)(-2-8)

=354-3-72+0+0:0032+0-00864 +0-0012

120

(-1-5)

Ans.

Q. 13. Find the values of /{2), /8) and f{15) from the following table by means of

oy Sf(x+h) = log Ef(x) A...m.\.ﬁkvu.\.onte Newton’s divided difference formula.
Jf(x) fx) [ (Indore 2011; Bhopal 14; Jabalpur 16; Rewal6; Ujjain 22)
4 5 7 10 11 13
g cﬁv\vi , CrE=1+4) o 48 100 294 900 | 1210 2028
" !
Solution : The divided difference table is -
Af(x
=log \3\%\8 = log| 1+ \\ﬁ mcv : Proved x | S@ | AS(x) A f(x) Afx) | as@)
Q. 12. Find the expected age from the following table to 16 .%n»_.mn + 4 100—48 .-
o W
Age 10 15 |20 |2 | 30 |35 ; 5 100 5-4 =
3
Expected age ' 0-4 Euoq Euy.
(in years) 354 (323 (292 [ 260 | 232 |2 7 294 75 7.4 °
: 900-294 202-97 21-15
Solution : Here x = 16, x, = 10. 10 900 10-7 =202 10-5 =& TETE
The table of finite difference is : 1210-900 310-202 27-21 1-1
6 LT 2310 <=2 97 i s
x 1y | Ay | Ay | By | Ay | Ky Ay | e 11-10 -7 s 1 | =0
2028-1210 409-310 33-27 1-1
10 354 2028 = df | —— =g = |
a | =l 13-11 13-10 13-7 N
15 mwn.w 54 0 e : Newton’s divided difference formula for arguments 4, 5,7, 10, 11, 13 is
20 292 | N 06 | 43 JE) =@+ (x-S @)+ (x-4)(x-5) & f(4)
25 260 |~ 04 © o9 , .
: _ Y 3 _ Wy _ 4
30 23g | 28 5 04 +(x—4)x-5)x .cmw.sbzia ) x=S5)x-T)(x _8,.»9:\3
-2-8
35 204 +Hx =) x=S)x-Tx-10)(x-1§ A® f(4)
5,7,10,11,13
=un|aou_m|_ou_.~ Putting the value of divided difference, we get
_w 5 . g S(x) =48+ (x-4)(52) + (x - 4)(x = 5)(15) + (x— 4)(x = S)x = 7)(1) + 0+ 0. Ans.
Y2 = EPy = (14 4)" 2y, . Put x =8, we have
1-2 (1:2)(1-2-1) ,  (1-2)1-2-1)(1-2-2) 3 S(8)=48+208+180+12 = 448
=y +——Ay, + Ay + Ao
Yot 8% 21 Yo 3 Put x = 9, we have
+:.Nx_.nlse.muuvc.un&>§ : J(9)=48+(9-4)(52)+(9-4)(9-5)(15) +(9-4)(9~5)(9-7)(1)
N 41 . =48+260+300+40 = 648
- § =15, we have
12)(1-2-1)(1-2-2)(1-2 - 3)(1:2=4) s sepma=1s,
LAL2(A2-1)( m_x 5x] S(15) = 48+ (15-4)(52) + (15~ 4)(15 - 5)(15) +(15~ 4)(15-$)(15- (1)

=48+572+1650+880=3150.

Ans.
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Q. 14, Given :
x 1 2 3| 4 | 5| ¢ U 8
Sx) 1 8 27 | 64 12 | 216 | 343 )
Find s(7-5).

Solution : Since the value 7-§ is much nearer to last tabulated value ie., x =g, 80 wy

can use Newton's backward interpolation formula
Herex=7S5 a+nh=8 h=1

_x—(a+nh) _T5-8_ s

. .T
o ; :
The table of backward finite difference is :
x @ | Vs v f(x) V3 f(x) V4 r(x)
£
1 1
5
2 8 12
19 6
3 27 18 0
37 6
4 64 24 0
61 6
5 125 , 30 0
91 6
6 216 36 0
127 6
7 343 42
169
8 512
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Q. 15. —w<-_.::n\13 by using Newton's divided difference formula.
(Rewa 2011, 14, 17; Indore 14, 16, 22; Jabalpur 17)

. 5 i qlv 1 13 17
- N A |
7o 150 392 1452 2366 5202
Solution : Divided difference table is :
b !
j\\.\ divided difference
x | s
Af(x) Alf(x) Af(x) | Af(x)
T I—
392-150
=121
5 150 7-5
265- _.: o
11-5
392 - -
7 1452-392 32-24
11-7 13-5
i 1-1
457-265 ===
=132 -
1 |1452 — 17—3
236614 42-32
13 :313 o7 !
13 | 2366 = 709-457 _
s0p | 32022366 o 17—l
17 17-13

Applying Newton's backward difference formula, we have

\Etsiéu\G+E+=§n+§+=?+5<N\§+a$

, [2
| +=?+W.?+mv<u\?+=s
. V3 f(x) is constant, then
15 = F@) +(05)V/(®)+ Iéma Dyz @)

L (COSY=05+1)(=05+2) 16
- 6

) =512+ (~05)x169 +T8~x¢&x 424 TSxmmx_.& i

=421-875. Ans,

By Newton's divided difference formula, we have
Sx) =S+ x=8 ) +(x-5)(x-N & (5)

7.1

+Hx=5)(x=T)(x-11)_ »uz S(3)+(x=5)(x=T)(x - 11)(x - 13)A* £(5)

= 150+ (x=5)121+(x=5)(x=7)24 + (x = 5)(x = T)(x—11)
+(x=5)(x=T)(x—11)(x=13) x0
Hence [
J(9) =150+4x121+(9-5)(9-7)24+(9-5)(9-7)(9 - 11) x 1
=150+484+8x24 +(-16) =810, Ans.

Q. 16. Construct a table of divided difference for the given following value and
find the value of f . (Bhopal 2011)

x 0-5 1-5 30 50 6-5 80

——

S x) 1-625 5875 31-0 1310 282-125 521:0
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Solation : The divided difference table is :

) ; DA.\I:_/
x x Af(x Al f(x A Sx) | A S(x)
s @ | alw | AW | A
05 | 1625 |5875-1625
I5-05 1675 - 4:25
=425 ——=5| 9.5-5 -1
15 | 5875 5.0 o1 _
30703 5.0-0:5 65-05" 0
| 310-5875 | 500-1675
U.Ol—.m .Ol_.m &_Q.
30 | 310 | =1675 ") 14:5-95 _
6:5-1:5
s0 | 1310 mﬁmwnmo 10075 - 50
- 65-30
=145 -
282125131 195-145 _ | 1=1
65| 22128 —5750 8-3 8-15
; o | =10075
P | 5210-282125( 159-25-10075
80 | 5210 | 8065 80-50
=159-25 =195
By Newton's divided difference formula
\3u\S.mTG-o.&»\a.&ifo.mxf_.3_%\8.3
- +(7-0-5)(7-1-5)(7-3) & f(0-5)+(7-0-5)(7-1-5)

15,3,5
(7-3)(7-5)A"f (0-5)+0+0
=1-625+(6-5)x4-25+6:5%5-5x5+6-5x5:5x4 x1
+6-5%5'5%x4%x2x0+0
=351- Ans,
Q. 17. (a) The population of a country in the decennial censuces we as under.
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By the Newton's forward interpolation formula

Slavuhy= 100~ S (@ s uf (@) r "D A ()

, .u‘@_.,c Afla)+. .

x-a 1925~ 189

Here a=1891,h=10x=1925and u T

. (3-4)(3-4-1) 34x(34-1)(3-4-2)
Hence /(1925)= 46+ 34 %204+ 2—2e—— L (-5) + —— R
MER) el b g 2 £ ) I
41

=46+68—-20-4+3-808-0-5712
=96-8368 Lakh. Ans.
Q. 17. (b) Estimate the sale for 1966 using the following table :

Estimate the population for the year 1925. (Jabalpur 2011, 14)
Yearx 1891 1901 1911 1921 1931
M...._._M.hw._. y 46 66 81 93 101

Solution : The divided difference table is :

x f&x) Af(x) A f(x) Af(x) | Af(x)
1891 46
1901 66 20 =5
1911 81 15 -3 2 -3
1921 93 12 -4 -1
1931 101 08

(Jabalpur 2022)
Year 1931 1941 1951 1961 1971 1981
Sale (in thousands) | 12 15 20 27 39 )
Solution : By Newton's forward interpolation formula :
Differences

Year Sale
®) ) Af@) | A'f(@) | Af(a) | A'f(a) | A'f(a)
1931 [12=f(a)

3
1941 15 2

5 0 ;
1951 20 2 3

7 3 -10
1961 27 5 w7

12 -4
1971 39 1

13
1981 52

u(u-1) .,
f(x)= f(a+uh)= f(a)+uA f(a)+ z A f(a) +..... (1)

Here a=1931,h =10, x = 1966
. ,_X-a_1966-1931
.. _|>-_o

By eqn. (1)
S(1966) =12 +(35)x3+

35

(35)25) (35)(2:5)15)
2 x2+ B x0
(35)(2:5)(1-5)(05) (35X 2-5)(F5)(05K-05)
+ 4 x3+ 5 x(~10)




“‘

40 | Navbodh Pariksha Saar

C <

=12+ 105+ 875+ 0-8203 + 0:2734
= 32-3437

Hence the sale for year 1966 1s 32-3437 thousands

Any,

Q. 18. Find the missing term : (Indore 2017
X 1 2 3 4 5
S1x) 7 — 13 21 37

Solution : Since only four values of f(x) arc given one term if f(x) is missing whep

» 50 polynomial will be degree of 3.

Hence A’ f(x) = Constant and A f(x)= 0,k >1 in the form of
A'f(x)=0
(E-1)'f(x)=0
(E' 4B +6E* —4E+1)f(x) =0

Or f(x+4)-4f(x+3)+6f(x+2)-4f(x+1)+ f(x) =0
Putx=1, we get

Or
Or

SO =41 +6/(3)-4f()+f()=0

Or 37-4x21+6x13-4£(2)+7=0
or 38-41(2)=0
f@2)=95

Here we assume that A” f(x) = 0 but for 2* +5, A" f(x) not be zero.
Hence the missing term is 9-5.

Anms,
Q. 19. Prove that :
A= , (Ujjain 2017)
2 V2 _ p-12y2
Solution: + 57 +5, \_ +ZLpn gy g gy ETZETY
2 4 2 4
1
nkmﬁum-_svu +(EV2_ V2 4+E+E -2
2 4
_E+E" 2 +(EV2 - 12 (EV+ET2)
2 4
B m+ml_ ] +Am~\u INL\NVAN:N +m.l—\Nv
2 2
E+E"'  E-E
= -1+
2 2
=E-1=A Proved.

r-‘»:.r»«m«.uf),\.»,«,:,, BN
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Q. 20. (3) Find f'(5) by using the following table :

r 0 2 3 4 7 9
7o | 4 26 | S8 | 12 | 466 | 922

(Jabalpur 2016)
Solution : Since the value of x are not equal. Hence we will use the Newton's divided
frerence interpolation formula, which s following :

J(x)= () +(x=%)f (xg, 1)+ (x = x5 )(x~ 1) f (x5, %,,%,)
in|koXNnr:uluuv}xo.nra?auf ......... (1)

di

Differentiating (1) w.r. to x
£1(x) = 0+ f (3o,31) + {(x=X0) +(x= 1)} f (x93, %) +{(x - x5) (2~ x,)
Hx=x)(x=0) +(x -2 )(Xx=2)} f (25,2, %, %) +...... ... @

Divided Difference Table
x| /@) Af(x) A fx) | Afx) (8 S| A% ()
\IO\\l A
humll@.u:
2-0
32-11
el
2 26 3-0
(58-26) ) 1-7_,
3-2 4-0 0
8 e WD
3|5 5
112-58) _, 16-11_, 0
4-3 7-2
118-54
=16
4 | 112 =%
(466-112) o 2-16 0
7-4 9-3
228118
=222
7 | 466 =
(922-466) _ >0
9-7
9 922

Hence taking x=5,% =0, =2, =3, =4,x,=7,x =9, byeqn (2)

S (5)=0+11+8xT+(15+6+10)x1=11+56+31=98. Ans.
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Jab
Q. 20. (1) Find (4) by the following table : (Iabatpuragg,
x 1 1| 4 | 8 [ 10
J&) 0 1 5 21 27

, Solution : Since the interval of x is unequal. So by the Newton's divided &m.oazs
interpolation formula
J(X) = f(x0) + (x - xp) f (%, %) + (X = Xo)(X— X )f (x0,%1,%2)+

S(x)= o+>n?x_v+:uuu_v+ﬁx|uox\??x_.ab
Hx= )= 2) (= 20)(x-y )

+(x—x)(x=X)}N (Ko, Xp,X2,X3) 4. (1)

Xo "—-H~ HN.Hu =x=4,x,=8x =10.
Putting value of the divided difference from the table in eqn. (1), we get

4 e
* S Af(x) | Af(x) | AS(x) A' f(x)
1
’ 1 1
2 1 3 .
4 5 2 Wu._u 0
i 6 3 0
8 21 o
10 27 !
S =1+ (=14 (4-2)) 34040
= WHIMI| »
_+w wleq. Ans,

Q. 21. Find the value of f'(6) and the highest value of f(x) from the following
table :

x 0 2 3 4 7 9
y=rx)| 4 26 58 112 466 922
(Bhopal 2017)
Solution : By the Newton's divide difference formula divide difference table :
x | y=S@) | AS@) Efx) | Afe) A f(x)
0 4
3 26 d . ;
3 58 32 i 1 .
4 112 _m_“ 16 1 0
7 466 2 2 1
o | 922 .
p——
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By Newton's formula, we have
&u\.?vu\?&lnrkov\fo.x_vLxl&x\Tx_v S, 2) +
u.“1\78__+anxaswﬁ+?|ox7~xx|$
=2 +2x* +3x+4
\.Auvuuxu+ax+u
f'(c)=3c*+4c+3
f'(6)=3(6)" +4(6)+3=135
If f'(x)=0thenf(x) is highest
3x? +4x+3=0

But the root of equation is imaginary
- The value of f(x) is not in this interval
o f(x)isa highest value curve. e
Q. 22. Write the properties of Cote’s Number. Also prove them.

(Rewa 2016; Jabalpur 16; Gwalior 16, 17)
(i) Symmetric property of Cote’s numbers

Le,to prove that C} =CJ .

n
(ii) To show that Y Cj =1.
=2

Or
Prove that the sum of Cote’s number is unity.
Solution : (i) We have
a Low _Lnu(u=1) fu—(k=D}{u—(k+1} .. (u-n)
= loldu=21s k(k=1)..()1)2)..(k—n) a

MM_:. u(u—-1).. {u—(k-D}{u—-(k+1)}.... ?lavns
n’'° K'(=1)"*(n-k)! . (1)
Now putting u—n=—t=>u=n-1,
. du=—dt and replacing k by n— k in eqn. (1), we have
cr, nw_.w ?lx:ircs?+»+»_xl+»nc...TcT§
n (n=k\(-1)"(kY)

uk.. D= (- (k= D}k +D}. .- n)

n’® (=D*K)(n-k)!
Lo (D™ =1 {t=(k=D}{t=(k+1)}..t =n)
==/ dt
n () (n—k)!
1 ..ATs,..c(?LETAIE...AT:V&
..M? nk, 1
L) (n-k)

[on multiplying Nr and Dr by (~1)"* and noting (~1)*** = +1]
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~N

b
= Cpas _HE veiwof eqn (1)and _a S (u)du - _.“. \S;__

¢ qucéz_
(11) We have )

3a-

Qe s o[y i+ )] N
But

.\.Akv - Vﬁkvﬂ W N\..Akv.t» B G
k=0 19

Where ¥, is the value of P(x) at x;, = xo +kh.
Let P(x)=(x-a)’, then we have
i =(x-a).

Putting these values of P(x) and Yk in eqn. (2), we have

(x-a) = W (x |Qv_.haﬁkv.mol =1, 2,00

k=0

Putting i = 0 in above equation, we get

1= Y L 1=+ L +..+1,) -

k=0

Using eqn. (3) in eqn. (1), we have

o 1cn 1.
W&un_o_%uu?_-_

W cr=1. Proved,
k=0

Q. 23. Derive Simpson .w. rule and estimate the error. (Ujjain 2017)

Solution : Putting n =3 in quadrature formula

3 9 9 3
_.LVA&V = >T§ +2Ay+= Ay += A wo“_

2 4 8
9 9 3
=h uv.o+MQ~I§V+MQN|~3+\§V+MC\u|w~<~+u.S|§V
3h
u.ﬂQo+u$+u.§+$v
Similarly,

3h
.ﬂ.&&n = |u|Qw +3y,+3y5+ )

Continuing the process

.“ur &RR “llA\!:lu.fwv.:ln.rwu\al_.fu\:v ,

Fu-3
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Addingall 5.3:__.

‘..‘..& - \:§+ YAINtntyrysr ty ity )
2y +yer. Ayag)] (1)
Error evaluation :
Let /= _..E\E& and ¥(x) = [ f(x)dx
Ig = 2" S ()5 = $xo 4 3h) - xo)
9 .
= IS o)+ 3L )+ THS " (50)+ 2K (2) + S5 1 ) ..

wnd 1= SLI(0)+3/ Co +1)+3f (54 20)+ £ (204 30)]
= IS (a)+ SIS () + SRS (30) + 2K " (20) #2217 ()4
muu;Lnuﬁmnmui (xo)+....

3 i . .
- um%.m /" (%), (fifth and higher differences are neglect)
This error is for interval (x,,x, + 3h). Total error will be the sum of the error for the

intervals like (xo +3h,%+6h), ....(x,-3h, x,).
Eg= |w.n5 I (x0)+ £ Y (X + k£ (2, 0)] o))
= l.wﬂvm.w\fﬁ. where £ €(xg, x,) and the maximum value of the terms
in the bracket of eqn. (2) is f (&)
Hence Eg = uw\_. (B-a) (&), £(a,b). Ans.
Q. 24. Find the value of »from _.._ ~”u taking eight equal intervals correct to
four decimal places. (Gwalior 2012; Indore 13)
Solution : Here ¥ = _+_u~ and h= % = 0125
Now we find the value of y = _+_u» for each point of sub-division and the corres-
ponding computation table is as given below :
x 0 | 0125 | 025 0-375 | 05 | 0625 | 075 | 0875 |10
y= _+_u 1 | 09846 | 0-9412 | 0-8767 | 0-8 | 0-7191| 0-64 | 0-5664 | 0-5
Yo N 2 Vs Ya Vs Ye D]
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Using Simpson's one-third rule, we have
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By trapezoidal formula, we have

1 dx h ) + oy, +
_c_:u = 3100+ 2 +40 + 33 + 35+ 1)+ 2Nz * 04 %l _2 X u..:SC..TNQ_*33‘,:1&1:;2
_Nu
o:m:_,fo32333233+o:£+ou&3 = 012814 0.5) 4+ 2(0-9846+0-34124 0- 876750807151
+AOII2+0800+ 064y | +0-64+0-5664)]
=00417[1'5+4x31468+2x2:3912] | =0-0625[1-5+11-056] = 0-78475. Ang
=00417[1-5+12:5872 + 4:7824] Q. 27. Find the value of —._+ p;
“BUsl s So90= 07824 (1) | (i) By using trapezoidal rule.
. p_dx -7 -1 g _o=" ; (Gwalior 2011, 13; Jabalpaur 11, 16; Ujjain 17; Indore 1
Again [y =[tan”! <], = tan”!()-tan0=2-0=3 ) . 7

.. From egns. (1) and (2), we have

(ii) By Simpson's w. rule.
(Bhopsl 2013; Jabalpur 14, 16; Rewa 14, 16; Ujjain 14; Chhindwars 22 )

n
Z =07869or 7z =31474. A
4 0 " (iif) Simpson's wu. rule and find the actual valae.
Q. 25. Evaluate _.“ e*dx , by Simpson's rule, using the data e =272, ¢ = 7:39, . (Jabalpur 2022; Chhindwara 22)
e’ =20-09,¢' =54-60. (Bhopal 2014) Solution : a=0,b=1,n=6, . h= ._|.m.m uw
Solution : Here the range of integration (0, 4) is divided by four equal parts.
Hereh=1. 0 1 2 3 4 5 i
. 1 * 6 6 6 3 6
By Simpsor's 3 rule, we have y=s) | 1 091297 | 09 | 08 | 069230 | 059016 | 05
n%&uw\__ciilc_+€+~E (i) By trapezoidal :H__ﬁ
| fo S @Mx =100+ 3)+ 200+ 33+t )]
= —x1[1+ 5460+ 4(2-72+ 2009) + 2(7-39)]
3 _,_._ - -IE+§+£¢3~3+3+3 +0-69230+0-59016)]
+x
= Wcm_.mmu =53873 =0-78424. Aups.

The actual value of the integral is

(ii) Simpson's 1 rule :

3

Jo€"dx=¢* & = 5460100 = 5360. Ans , A
i r\.ﬁxv&nw:zﬁwbig + Y+ yst. )42 +yet.)]
1
Q. 26. Evaluate |, [+ o7 taking k =0125 by using trapezoidal rule. ) 1
t_n = n_ sdx u.m_eé.sle.eﬂsé.m +0-59016) + 2(0-9 +0-69230)]
Solution : Here y= -0- . e
y={rzand h=0125 —— p—
x 0 | 0125 | 025 |0375 |05 0625|075 0-875| 10| (iii) Simpson's .w. rule :
1
Y= 1 0-984 : . e
1+ %2 6 109412 (08767 | 0-8 07191 [ 0-64 | 0-5664| 0-5 h\&kv&l.ﬂmms.fvrv#.x&_ +h+ Y +Yu+..:.vﬁ_.NA\u +ys+. .}
e ... R CEEEEIERES
i



Al

48 | Navbodh Pariksha Saar

=3 1405+ 3(0-972971.0-9+0:69230+0:59016) 20 4
86
u‘o.qmmumow
>nﬂcﬂ.~ I“—Cﬂ &ﬂ ngl_ vd,v_ = “
r:v { 0y
-1 _o.785714
=13 =0 TS Ang
Q. 28. Evaluate ..o_ —&.« k = 01. Hence find the value of log2.
+x

(Indore 2014; Bhopa) 16)

Solution : Dividing the whole range (0, 1) into equal 10 parts. Using Simpson' W
rule, we get
Xy "Oukl “:-HHAO

nkc+=>m.oa h=01

So, by m::vmon — rule _. _.M:e.vﬂx

Ol+x

h
nwmc..o +30) A + 3+ Ys t Y1+ ) +2(0, + Ve + Vs + 1))

1 1 1 1 1 1 1 1 1 1 —u
= —t—p— b — | +2| —F—F+—+—
wﬁrwwth: ;+:+:JL T.N 4 16 18

- w_m:.m +4(3:45955)+2(2:72818)] = Wﬁoq@aa =R62318

L _
— “pa =[log(1+x)]p = log2
log2 = ['-Z_— 069315, Ans.
T+x
Q. 29. Find the value of _.wa x'dx by Trapezoidal rule. (Indore 2016)
Or, Calculate ._.u x*dx by using Simpson's .W.._._o and Simpson's m.é_o.
(Ujjain 2016)
Solution : Here f(x)=x*, length of interval =3 - (=3) =6
6
= e—= ﬂ
6
x -3 -2 -1 0 1 2 3
y 81 16 1 0 1 16 81

h
25/ (0dx =100+ 36+ 201+ 3, + 3y + 3, + )]
= 2181+ 81+ 2(16+1+0+1+16)

2
=115. Anps.
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1
=~ rul
Simpsons 3 rule

_..uu = \5& +X8)+ 2+ )+ Uy + vy + )]

uW:SL:T 21+1)+4(16+0+16)]

.“_m:_muv+wx~+£u~: ..l_nf_ =98 s

3
simpson’s g rule

3h
_.uwuk>&xu |w|—Cs +Y6)+3 + Y2+ Yy +y5)+ 2]

Hmmﬁm~+m_v+wam+_+—+_3+N.o_

3 3
MMEQN+5N_ nwamA =99. o

by using (i) Trapezoidal rule, (ii) Simpson’s .“_- rule,

(Indore 2015)

Q. 30. Evaluate ...e Py

. 1
Solution : Given that f(x) = T ,a=0,b=6.

. s <b :
_Since we have to use Simpson’s — E_nmu we would require to divide the range (0, 6)

in such a manner that it must be &Sﬁd_o by 2 and 3 both.
Therefore, we divide the range of integration into 6 equal parts by taking

p=2=0_80_,
n 6
Now the values of the given function y = ~+_uu computed for each point of subdivision
are as given below :
x Yy =fx)

X=0 Yo =100
X +h=x=1 » =0500
Xo+2h=x;=2 ¥, =0200
X +3h=x;=3 y; =0100
X +4h=x,=4 ¥4 =0058824
X +5h=x5=5 yg = 0038462
X, +6h=x5=6 e = 0027027
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() By Trapezoidal rule, we have
6 dx . _._..,;:.A...E— =[

o_._.—,\

+6h

Yo
Yo

ydx

m: Yo+ Ye)+ 200 + ¥t itV +5)]

|_,_:¢c +0:027027) + 2(0-500 + 0 200 + 0-100)
2
+(0-058824 +o¢ufo~x

=1-4107995.
- . A,
(i1) By Simpson’s 3 rule, we have
ax -
M_.f n.?.“ ﬁv.&nuBQo+§v+£&_+¥+u@v+~Q~+§H_
x?

r:.co +0:027027) + 4(0:500 + 0-100 + 0-03 8462)

3
+2(0-200+ oéummné_
=13661743. Ans,
Q. 31. Evaluate —." . ydx using Gaussian quadrature formula for three
1+x

ordinates. (Gwalior 2014)
Given : & =-0-77459667, u, = 0, uy ==l
@, = 0-55555556, @, = 0-38888889, @; = @;.

Solution : J = h\?v&. = n

l+x
Let NH&|+M+ﬁvinv HH+|_|=.&HHM§E
2 2 2 2 2
uw.n_ _+MA~_+5~ o
4

= w [', #u)du, where gu) =——

1 2
1+-(1
+AA +u)

MQ~}§~V- n=3

NI_

= M—&_tasv +020(1) + 034(13)]

I
) R — +0-88888889

Im:-o.i%ad”

I
X 1 0-55555556 x L

1+ Z0+0p Imcé.qﬁ%a.cu

?
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[0-55555556 % 0-98746+ 088838885 «(-§

H
=

- 771:57083=0-78527 Ans,

Q. 32. Evaluate the integral
h_
-1

using Gaussian quadrature formula for three ordinates.

dx
1+x?

(Indore 2017)

Solution : Let I= _._TC«N&.. MA\QV
Legendre polynomial of degree 3 is
R(0)=3(50 ~3)
Zeros of this polynomial are obtained from P(t)=0ie,
1 e
—(5r" -30)=0
NA )

or (52 -3)=0

. Zeros of Py(t) are 0,+ th

Let h= I«\W ~-0-774597

=0

4= ,\w ~ 0774597

Thus, A+4+4=2
}M— +sAnn~ +\mw~u "O

AR+ 483 + 482 = w

Substituting the values of 4,5, and then solving, we obtain

5 8

\‘_ Hku“-@lnkw"m

dx

I=f,

1+ x2
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5 1 +.ml_|+.m.\.\|\..w.»\mm..mvﬂ
um._ivo.qﬁued” 91+0 9'1+(07

= 03472222 + 08888888+ 0:3472222

>=F
=1583332.
Q. 33. Evaluate the integral

1 &
“1+x
using Gauss-Legendre three point formula.

I=
/ (Indore L)
Solution : Here - ._._LLMI

Ol+x )
First we transform the interval [0, 1] to the interval (-1, 1] Let

b-a b+a

[wherea=0, b=

so that &nuw,

The limits of integration becomes —1to 1.

= I_&l—F“u«t.\.Q.v
- ~|_.oﬂ|_.|:+w Ww~ '

=w S () +w, [ (1) + w3 f (1)
Consider the Legendre polynomial of degree three

()= w@w ~3)
The zeros of P(¢) are given by PR (1)=0 i.e,

wam ~31)=0 ie., (5 -3)=0.

3 3
. The roots of P(f)=0are ¢ nn»\wﬁ.s uo.nun&..m” and
W twy+wy=2
Wil) + Waly + W3ty =0
2

Substituting ¢, uJ\.W&uo and _wn,mgamo?im.inocﬁi

Hence 1=|2|_1 +wh|_'v+m 1
9 9
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-% s_,8, s
912225403 " 3 S:ML

=0693122.
The exact solution is /= 0-693147.
Q. 34. I f1x) is a polynomial of degree 2 prove that -

1
n\oc& = N_m}s +8/(1) - f(2)].

Ans.

(Indore 2013; Chhatarpur 2022)

2
Solution : We have _.w S(x)dx = Wc A4f(x) (1)

It is clear that xo =0, x; = 1, %, =2
Putting .\OOHN». (k=0, 1, 2), we get

Iy = [ox"dx =[x][)= 1

1
2] 2

_N
muwnmiuii_a?iuae?ﬁ::is“
Solving the above set of three equations namely

A+ A4 +4,=1

\A~ +N\A~ =

N | —

1
+44, =—
4 +44, 3

. 5 8 1

s US -— = — = —

e obtain 4, Tl 4 T and 4, m
Substituting in eqn. (1), we get

1 5 8 |
[of (x)dx =5/ O+ /-5 /(%)

=15/ +8/)- )] Proved.
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Objective Type Questions

L. Relation between E and 4 is :
@ E=1+4
) E=1+V

2. The value of Alogx is:

h h
(2) _omh_ ..Mg () _ommrﬂu

S(x)
&(x)

(a) 8X)AS(x) - f(x)A g(x)
g(x-h)g(x)

© &(x)A f(x)-f(x)Ag(x)
g(x+h)g(h)

4. The value of Ae™ :

3. The value of A is :

(@) e*(" +1)
() e +1)
S. The valueof §is:

(@ Ag? (b) AE"?

6. The value of central difference operator is :

(@) E?+E™?

AOV m—\u |h|—\~
7. The value of mean operator 4 is:

Amv Wﬁm—\n _ m.l—\Nv

Anv m—\N.TMI_\N

A’ﬂs- NGNMv
(b) E=1-4
d) None of these-
A (Indore 2012, 13, 14; Bhopal 13, 1)
(©) _omm. (d) None of these,
Ja v»__:...we_s
(1) ERAS ()T (D)
{(g(x)Y
(d) None of these.
(Jabalpur 2012)
(b) e*(" -1)
@ " -1
(Ujjain 2013)
() VE™? (d) None of these.
(Bhopal 2015)
) WQNS _E1?y
(d) None of these.

(6) (B +E7)

(d) None of these.

8. Newton’s forward interpolation formula gives the better result when the value

of x corresponding to f(x) is :

(a) Near the beginning of tabulated values

(b) Near the ending of tabulated values

(c) Near the mid value of tabulated values

(d) None of these.

9. The required polynomial for f(0) =

1, f(1) =3, f(3) =55 using Newton’s

divided difference interpolation formula is :

(a) 8x* - 6x+1
() 8x* +6x+1

(b) x* —6x+1
(d) None of these.

10.

11.

12.

13.

14.

15.

16.

17.

18.
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If m(x)=(x—Xg)(x=X;)....(x~x,) and ‘\AkvuM&Mikr then Lagrange’s

interpolation formula is :

(@) B(x)= ‘Mo Ava\ M@v (b) ,(x)= m m A.ww\ M_ﬂw

© B(x)= Mﬂuwﬂd (d) None of these. |
The value of Alog f(x) is: (Indore 2013)
(a) log| 1- O\Amv (b) log| 1+ %mv

(c) log| 1+ W\'.\A% (d) None of these.

The sum of lagrangean coefficient is :
(Indore 2011, 15, 17; Jabalpur 14, 15, 16, 17; Rewa 16; Bhopal 17)

(a) n! (b)1 (c)-1 (d) None of these.

In Af(x)=f(x+h)— f(x),Alis: (Ujjain 2011)
(a) Forward difference operator (b) Backward difference operator

(c) First difference operator (d) Modulus operator.

Lagrange’s formula can be used for interopolation, when interval of values of x;

is : (Rewa 2011)
(a) Equal (b) Equal or unequal (c) unequal (d) None of these.
The n™ divided difference of a polynomial of n'® degree is always a function of
variable. Its degree is : (Rewa 2011)
(al (b)0 (c)-1 (d) More than one.
The value of Vf(x, ) in backward difference is : (Bhopal 2011)

@ S (k)= S (%) (®) f (x044)— S (x0)

©) S x) = S (xk-p) ) S(xe) = f(Zpan)-

The formula to find the differentiation of any function at any point in middle of
the table :

(a) Any central formula

(b) Newton's forward difference formula

(c) Newton backward difference formula

(d) None of these.

If arguments are not equidistance. Then the formula to find the differentiation
of a function of any point :

(a) Newton forward difference formula

(b) Newton backward difference formula

(c) Newton divided difference formula

(d) None of these.
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19. The value of any divided difference is independent on :

(a) Argument (b) Matrix (¢) Both (d) None of thegy |

20. V?isequalto: (Bhopal 20
(a) (1- E~'y? @) (1+E)? (© (E-1)

1
21. If differencing interval is k then the value of A 7 is :
AJ(x) AJ(x)
b) -
@ F o rGm RANTRYIERT)
Af)
(c) T (e h) (d) None of these.

22. n® divided difference can be represented as the division of two determinates
order : (Rewa 20}
@n ®)(n-1) ©)(n+1) (dn!

23. The valoe of V3is: (Jabalpur 20,
@U-e1y ®) (1 +E) () (E-1) () (E +1).

24. In forward difference, value of A (x;)is:

@ f(x-h)- f(x;)
(c) .\.ANLI\.AN» - h)

25. Value of /'(a) by using Newton Backward difference interpolation is :

(d) None of these.

26. The relation between A andV is:
(@ va=A-V
(¢) (2) and (b) both

27. The relation among E, A andV :
(@) EA=AE=V+E
(c) EV=VE=V

Ans. 1. (a), 2. (b), 3. (b), 4. (), 5. (a), 6. (c), 7. (a), 8. (a), 9. (a), 10. (a), 11. (c), 12. (b}
13. (a), 14. (c), 15. (b), 16.(c), 17. (a), 18. (c), 19, Aw Nom_wv, B.Amwy 22. (c), 23. (a),

24. (b), 25. (a), 26.(c), 27. (c).

(b) f(x +h)— fxe)
(d) f(x)=f(x +h).

-(Bhopal 2017)

(Indore 2022)
(b) 1+4)1-V)=1
(d) None of these.
(Chhindwara 2022)
(b) AE=EA=V-E
(d) AV=E+].

|

UNIT 3

[
m_.!cl and Long Answer Type Questions
Q. 1. Solve the following system of equations by Gauss elimination method
2x-y+32=9, x4+ y+7=6,x~y+7=2,
(Jabalpur 2011, 14, 17; Ujjain 14, 22; Indore 16, 22; Gwalior 22)
Solution : The given system of equations can be expressed in matrix form as :

AX=B
2 -13 [x 9
Where A=|1 1 1} X=|y|and B=]6
1 -1 1  z 2
[2 -1 3: 9
. Augmented matrix, [4:8]= “ __ ” : M

; . 1 1
Now, taking a;; =2 as pivot, operating R, ﬁllv and Ry, ﬁlmu » We get

2
2 -1 3 & 9
[4:B]~|0 3/2 -1/2 : 3/2
0 -1/2 -1/2 : -5/2 H
: : 1
Taking b, MW as pivot, operating R;, ﬁwu. we get
2 -1 3 : 9
[4:B]~|0 3/2 -1/2 : 3/2
0 0 -2/3 : =2

L

2 -1 3 iix 9

- 0 3/2 -1/2||y|=|3/2

0 0 -2/3][z] | -2
2x-y+3z=9

5 @B/2)y-(01/2)z=3/2
-(2/3)z==2

Using back substitution, we get z=3, y=2,x=1

Hence, the required solutionis x =1,y =2,z =3. Ans.

Q. 2. Solve 10x-Ty+3z+5u=6,-6x+8y—z—4u=523x+y+4z+1lu=2,
5x—9y -2z + 4u =7, by Gauss’s elimination method. (Indore 2014)

Solution : Dividing first equation of the given system by the pivot element by 10, we
have,
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x—0Ty4+ 0324 0-5u =06
~6x+8y-—z-du =9
x4 y+dz+llu=1
Sx-9y- 2+ hu=T
Step L. To eliminate x, apply eqn. @) +6eqn (1), ean-
- Seqn (1), we get

(3)- 3 ¢eqn. (1) and onP;., _,

38y+08:-u=86
3y+31z+495u=02
58y —-35z+15u=4 : ,
4 +5
Step IL To eliminate y, apply 3-8 eqn. (6) - 3-1 eqn. (5)and 3-8 eqn. (7)+3:3 eqff
we get \
> 93z+392u=-259
—89z+02u=625
Step IIL To eliminate z, apply 9-3 eqn (9) + 8:9 eqn. (8), we get
35074y =35074>u=1
Step IV. By back substitution
From eqn. (8), we get z=-
From eqn. (5), we get y=4
Lastly from eqn. (1), x=06+07x4+03x7-05x1=5
Hence, the solution of the given system is x=5y=4z=-Tu=1 .
Q. 3. Write short note on Gauss elimination method and solve ?:oi:—n.
of equations by this method :
6x; 4+ 3x, +2x; = 6, 6x, +4x, +3x, = 0 and 20x, +15x, +12x3 =0.
(Ujjain 2011; Jabalpur 12, 15; Indore 13; Rewa 14, 22; Gwalior 16; Bho,

Solution : In this method, system of equations are reduced to equivalent upper tri
system whose solution is obtained by back substitution.

Given system of equations
Check sum
6x; +3x; +2x;=6 17
6x, +~Ak~ +3x;=0 13
20x; +15x; +12x, =0 47
Step 1 : To eliminate x,, apply eqn. (2) - eqn. (1) and eqn. (3) - W xeqn. (1),
, Check sum
6x; +3x; +2x;=6 17
X, +x3=-6 -4
i
16 29
+—x3=-20 =%
5x; 35 3
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Step 2 : To eliminate x;, 3pply eqn. (5) - 5 « eqn, (4), we get
Check sum
ox_Lquunu!o 17
ntx=- 6 -4

Ly =10 2

3 3
Step 3 : By back substitution, from eqn. (6) x, = 30
On putting value of x5 in eqn. (4), we get x, = -36
On putting value of x; and x; in eqn. (1), we get

-4{6)

X .w:is-s_no
Hence, the solution of the given system is

N_uo.xuulum.huuuo. : o
Q. 4. Solve the equation k+~.—.+uuu"N.n...uw...uuu_ﬂuul\.v»nl—u’

Gauss-Jordan method. (Ujjain 2016; B n)
Solution : The given equation is equal to :

1 2 l1f=x 3 >
2 3 3lfy|=|10
3 -1 2(z 13

1 2 1: 3
[4:B]=|2 3 3 : 10
3 -1 2:13 #
1 2 1:3 .
[4:B]~ w H.W lw MH—. [Operation R, +(-2)R, = R, (-2)
| R+ (R, = Ry (-3))
(1 2 1: 3
[4:B]~|0 -1 1 : a4 i @
0 0 -8 : -24 _o_i!.u. i
M 0o 3: 1
~10 -1 1 : 4| i .
Hel B [Operagion £,5(2)]
1 0 3 : 1 , z
~l0 -1 1: 4] Operati 1
0 0 -1: 3 ﬁ . aumm:
1 0 0: 2 :
:é,w R [Operation R,(3), R (M}
=Y x=2,y=-1z=3. o Ans.
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Q. 5. Solve the following system of equation by using :
10x+yp4+22= 13, 3x+10y+ 2= 14,2x+ 3y + 10z =15. :
i (Jabalpur 2011, 16; Bhopal 16; Re

+nein matri 1
Solution : The given system of equations in matrix forn

AX=B

o vo2f x (13
Where 4=l 3 10 1|x=[y|B=|14

2 310 z 15

o 1 2 13 4 s '
. Augmented matrix, [4:B]=| 3 o 1 : 14

2 310 @ 15

. 3 i s 1
Taking a,, =10 as pivot, operating Ry, ~T5 and Ry -5) we get

10 1o 2 —ia A3 ] e

[4:B]~| 0 97/10 2/5 : 101/10
0 14/5 48/5 : 62/5

28
Taking wﬁnm as pivot, operating Ry lmn\. , we get
10 1 2 3 13
[A:B]~| 0 97/10 2/5 : 101/10
0 0 920/97 : 920/97
10 1 2 x 13
Hv 0 97/10 2/5 | y|=|101/10
0 0 920/97|| z 920/97

10x+y+2z=13
= (97/10)y+(2/5)z=101/10 (-
(920/97)z=920/97
By back substitution, we get
z=Ly=1x=1
Hence the required solutionis x=1,y=1,z=1.
Q. 6. Solve the equations by using Gauss-Jordan method :
x+4y=1=-5x+y-61=-12,3x-y-z=4.  (Ujjain 2017; RewaZ)
Solution : The given Mwwwmw of equations in mafrix form can be written as : i

14 - . r
where A=|1 1 6|;x= y|and B= N
3 -1 4 l = IHW—

The augmented matrix as follows
- “ 4 -] -5 .
:B]= 1 -6: -
3 -1 -1 : _w
Now taking @, =1 83 pivot, operating R;,(~1) and Ry,(-3), we get
? 4 -1 : =57
[4:B]~|0 -3 -5 : -7
0 -13 2: 19 |

e

1 4 -1:-5
(4:B)~[0 1 w” .m

0-13 2: 19 '
Taking b;3 = 1 88 pivot, operating Ry (4) and Ry (13), we get

23 43

a8
7
5

Taking Cj3 = 1 as pivot, operating R; hnlwu.w and R,, ﬁu |u we get
w ?

17
100: 37

81
[A:B]~|0 1 0 : ..ﬂ
148

oo_”.ﬂs
]
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117
]
..

4

= 0 10(lyvi=] N
b4

148

7
L

(117 ]
7

1 x| |_8
= yi=| 1|

148
ﬁ..:

Ang

Q. 7. (a) Solve the following system of 3 3 by
3x+6y+2=16,2x+ 4y+3z=13,x+ Iy+2z=9.
(Rewa 2011, 15; Ujjain 16; Chhatarpur 2)

Gauss Elimination method ;

361 x 16
Solution : Here A=|2 4 3 ,X=|y|and B= 13
1 3 2 z 9
Given system of equation in matrix form
AX=B
3 6 1 : 16]
Augmented matrix, [4:8]=|2 "4 3:13
13 2: 9]
ByR, <R,
3 6 1 : 16]
[4:B]~|1 3 2 : 9
12 4 3 : 13
1 2
Now leanlwa_ and awlv»ulwx_
361 :16
5 .11
(4:B)=1® 13 250
oL 1
3503

— ‘
|
=2
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Ix+6y+z=16
-
yr3rey
7 7
—-Z=—222Z=
3 3
PR L DU | 5
= ¥y 373 y T -
and 3x+6.2+1=16
= Ix=3=x=l. Ans
Q. 7. (b) Solve by Gauss elimination method : .
2x+y+2=10,3x+2y+32=18, x+4y+9z=16. Rews 2016

Solution : Solve as Q. No. 7 (a).
Q. 8. Solve by Gauss-elimination method :
2x+y+4z=12,8x-3y+27=23,4x+11y—7=33.
(Rewa 2017; Bhopal 17)
Solution : Given system of equations in matrix form -
AX=B

Where

2 1 4 : 12
. Augmented matrix, [4:B]=|8 -3 2 . 23
4 11 -1 : 33

Taking a;; =2 as pivot, operating Ry,(-4) and Ry (~2), we gt

2 1 4: 12
(4:B]~|0 -7 -14 : -5
0 9 -9 : 9

Taking &,, =7 as pivot, operating R,, AWW , we get
2 1 4 . 12
[A:B]~|0 -7 -14 : 25
0 0 -27 : i
7]
2x+y+4z=12
= ~Ty-14z=-25 |
INNN"|I—m

7
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Using back substitution, we get
z= m- 0-8571,y= 1-857L,x = 3-3573
7
Hence, the required solution is
x=3-3573,y=1-8571,
Q. 9. Solve by Gauss-climination method :
X +x; = 2; 2x + 3% = m.. ,
Solution : The given system of the given equations -
AX=B

N i

Augmented metrix

11 : 2
T‘HEHT 3:5

gﬂwﬁ anv%~|n-_
11: 2

=5 n+xn=2
x, =1
Using vﬂ,nr substitution, we get
: n=1x=1
Hence the required solution is
n=x=1
Q. 10. Solve the following system of equations by
x,+25+3x =14

2x;+5%,+2%, =18
3x, + X, + 5%, =20.
1 2 3 X 14
Solution : A=|2 5 2, X=|x,|,B=|18
31 5 X3 20

1 2 3 1 0 0 Uy U

N"NN—HOO Uy
3..1" .S

Uy U U3
={ld b tup b +uy,
buny by +loty Ly +yuyy + 5y

Ly Iy 1]{0 0.

(Indore 201

LU factorization method

(Gwalior 2011; Indore 12; Ujjain 13, 15;
Bhopal 11, 13; Chhatarpur22)

U3
Lt}
U3z
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Step 1:On comparing the elements of first row
=__n_n .R_.~HN. Upj=3 '
and on comparing remaining elements of first column,
Lyuy =2, by, =3
= hi=2,4=3
Step2:On comparing remaining elements of second row,
by +thy =5, huyz +uyy =2 ’
= Uy = 5-2x2=1
and Uy =2-2x3=—4
and on comparing remaining elements of second column,
Bty + Bty =1 !

[y =1)

hy=—F = = _
= 32 1 5

Step 3 : On comparing remaining elements of third row
Lz + byt +u33 =5
=y =5-3x3-(-5)(4)=-24

1 0 0 1 2 3
L=(2 1 0} U=]|0 1 -4
3 -5 1 0 0 -24
Step 4 : Now matrix equation AX = B
= LUX=B = LC=B , Q)
Where C = UX -42)
1 0 0| ¢ 14 ?
Fromeqn. (2),[2 1 Offcy|=|18
3 -5 1|ef |20
From forward substitution ¢, = 14, !
2+, =18
= g =18-2x14=-10
3 -5¢+c;=20 n
= 5=20-3x14+5(-10)=-72 .
1 2 37y 14
Now, fromegn. (3),{0 1 -4 |[x [=]-10
0 0 -24](x, -T2
From backward substitution x; = % =3
X -4x=-10
= X =-10+4x3=2
X +2x +3x;, =14
D oy =14-2x2-3x3=1
Hence, solution st is (1, 2, 3). : Ass
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Q. 11. Solve the following system of e

X+Sp+z=142x+y+Iz= 13;3x+ y+dz =17

Solution : The given system of equation is

AX=B
1 S 1 x 14
Where 4=2 1 3|.Xx=|y|.B=|13
31 4 z 17
(1 0 Ofuy 2
Let  A=LU=|h 1 0[O0 uy
|5 B 1JLO 0

15 1] [ uy 2
ien |2 1 3|=|buy b tin
31 4] |hyy Bt

Then, we have

QV Uy, "ﬁ:: Hm_Su =k

Uy
Uy
U3
U3
Dy +ux

Ly +hytiys + 3

() Ly =2, s =2
?:r =3, no =3,
(iii) Iy, +¥n =1 noup=-9
Lygz +p3 =3, s~ up =l
. 14
(V) Lty +hatin =1 - = 9
) _ 5
~w_=_ﬂ +hptyy +y3 =4 & Ua=Tg
1 0 01 5 1
- A=|2 1 0]|0 9 1
us,
¢ 3 L 1{{0- 0 23
1 9 9
u
Writing UX = V where ¥V =| v |, then the given system becomes
w
bl Llial e
A= H_A 0 v|=[13
3 == 1hwl 17
9
u=142u+y= 14
s , 2U+V Gb:+ﬂé+suuq

quations by LU decomposition Methgy
(Indore 20y
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Solving these equations, we get

u=14,y=-15,w=->
3 a
Hence, the original system becomes
1 mo “ X m_au
0 - S yl=|~ ;
0 —-—=|L? -
0 9 3
5 5
x+5y+z=14,-9y+z= Lm.lmNulw
By back substitution, we have
z=3,y=2,x=1.
. The required solutionis x=1,y=2,z=3. .

Q. 12. Apply LU decomposition method to solve the equations :
3x+2y+T77=4;2x+3y+7=53x+4y+z="1.
(Jabalpur 2011, 14, 17; Indore 13, 22; Ujjain 14, 17, 22; Bhopal 16;
Gwalior 17; Chhindwara 22)
3 2 7
mc_=zo=“moakumu_
AH

w

3 2 7 1 0 0lfu, Uy U
Let A=LUie,|2 3 1{=|l 1 0|l 0 wuy uy
3 4 1 Nw_ \um 1 O 0 Euu
Comparing corresponding elements,
327 up, U U3
A=12 3 1|=|huy  lyu,+uy by +uy
3 41 by by +lguy, Ly +lguy, g,
Then, we have
(i) uy =3, U HN.E_m =7 3
(D) by =2=h nw
Nw_:: "M”VNu— "~
i) b +up=3 = gy =2
3
J _ 11
U3 iy =1 = :mulﬂ
(V) By, +byuyy =4 = b= .M.
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8
) Byns +hguy +uyy =1 > wy = -
1 g o 2

Thus A={2/3 1 oflo s/3 -11/3
1 6/5 1]j0 O -8/5

u
Writing UX = ¥, where V = .gg?aﬁa&agﬁ
‘l
1t o off«] [¢4
={2/73 1 o}l v|=|5
1 6/5 1){w) |7
= uuu.mn+¢uuuz+.m|<+tuq
3 5
7 1
Solving nﬂonoeg.onrcamn.:ua.qu.m.tnm
Hence the original system becomes

3 2 7 x 4
0 S/3 -11/3||y|=|7/3
0 0 -8/5]|z 1/5

s 11 7 8 1
= =4 y-—z=—\——z=—
3x+2y+7z a.ww un 3 mn 5

7
By back substitution, we have nu!w.v.um and anwu.

...Eiais_&o__wauméum.nuu
Q. 13. Solve the system of equations
3x;,+ 2 +%3 = 105 2x; +3x, + 23y = 14; x;+ 225+ 3%y = 14.
by using LU decomposition method.

(Ujjain 2011; Jabalpur 12, 15; Indore 14, 17;
Solation : The given system of equations is

(3 2 1
AX=B,where A=|2 3
12

w N

X=|x and B={14
x | 14

Guwalior 10
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_ QO E: E_~ ::.v
Let A= LU = L, 1 0jo by Uy
by by 1Jlo ¢ Suk_

3 2 1 Y Uy )y
je. 12 3 2|=lbmy L+, iy + 1,
12 3) by by + by, hiths + by, + ug

hy=1

Thus we have

1 0 o0 3 2 .
L=[2/3 1 olandU=|0 5/3 4/3 ‘
1/3 4/5 1 0 0 24/15

¥
Writing UX =V ={ v, | then the given system becomes
L
Lv=B

10 o][vw] [10
2

= (2/3 1 0fflw|={14] = <_u~o.we_+<~u:.
13 4/5 1||v| |14 :

1 4
w<_+w )+ vy =14
Solving these equations by forward substitution,
L
22 72
v =10,y =—,v;=—
R T
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Hence, the original system becomes

3 2 1 x, 10
0 5/3 . 4/3 ||x,|=|22/3
0 0 24/8)|x) [72/15

s 4 nu 12

i e e L
ie uu.+Nuu+u_u_o.mb+w.uu| 315 15

Solving these equations by back substitution, We get
i ku“w.kn“N.ﬁ“ﬂ

= 5 >= :
. The required solution is x =1,x; =2 and % =3 o method. i
Q. 14. Solve the following equation by LU decompost -
N.«+.e+uuu.«+“¢.+nuukux+‘e+nunn. wa 201¢)
211
Solution : A=|1 3 2
31 2
LetA=LU
2 1 L (1 0 Ofly 2 U3
= 1 3. 2|=|l, 1 0 0 uy Un
h 3 1 2] |y & 11O 0 up
1N 1 ,—J [ uy Up U3
= 1 3 2|=\buy; lhthy+in Lyt +iy3
13 1 2] [huy bpthtn Ly + lptipy + 33

= wy, =2,u, =Luyy=1

by =120, =

N |-

i 1 _3 1.3
-_=.~+=Buuuvm~.x_+=-uunv=-l ==
: X 1 3
NN-E—M.TENu.HNUMX—.T&NmHNHVQB"M
3
N@—E:HUUNN_.NHWUNQ—"M
. 3 5 1
2.y HhgUun =114/, = =1 —
pup rhuy 5 1 Hno =>h, i
3 1) 3
byt 155Uy tup =2 UMx_+ﬁlw.uxM+=uu =2>>uy, HW_.
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I 0 o 2 1
|
4 5 3
Hence, L=l ' Oy.fo S 2
.M IM 1 4 !
2 s L
I 0 o
1 u 2
:\umUm~ofn~ '
310 2
2 s ,
]
3
= R"NVW§+€HN.M§IW<+<"N
3
= u=2v=2,w=—-=
5
e
2
2
!
5
zo¢<n UX=y
21 1 0
S 3||x 2
0 - = 2
= 2 2Y|= 3
4|z .
0 0 =
5 L 5] .
= 2x+y+z=2
5 3
0+=y+=—2z=2
277 2°
4 3 3
—Z=——Z=——
5 5 4
5 3
.V."N-H"M.. E
Q. 15. Explain LU decomposition method. (Rewa 2017)

Solution : Direct Method : Triangularization method (LU decomposition method)
A system of linear equations can be solved by writing the coefficient matrix 4 as a

product of a lower triangular matrix Z and a upper triangular matrix U. Consider the
of equations : System

apx +apx, +apxy =b
@y % +apX; +apx = b, A1)
a3 X +a3% +a33%; = by



2N avbodh Pariksha Saar

This system is equivalent 0 AX=B

\ b
a a an 1
n G 43 B=|b,
Where 4=|ay ay ay |, ¥ =|7 and by
@, ayp ay % —
angu

Now we will factorize A as the product of lower 5

1 00
L= m_ 10
~u_ NS 1

and an upper triangular matrix

Uy U3
- > - tyy | 5o that 4=LU
0 0 uy
Also LUX=B
. Let ux=Y
and hence LY=B

1 0 0)ixn b
That is, Ly 1 0ll»ni=|k

Iy Iy 1lys] By
n =Ly +y=bLhn +lpy, +y3 = b 4
By forward substitution, .Yz, Ys can be found our if L is known. From eqn.

Uy Up U3l % N
0 uy uy|ix|=|»
0 0 uzjix]| [

Uy X+ Xy 3% =)
UpyXy Hy3X3 = )2

UXy = Y3
From these x;,x, and x; can be solved by back substitution, since Y1>¥2, Y3 ar

if U is known.
Now, L and U can be found from LU=4

10 0wy wy wy] [ay ap Q_L

ie., be 100 uy uyl=|ay ap an

Ly Iy 1]0 0 uy Tu_ G ey
u, U, | |
1 12 Uy a) @y a3
) Ly, L, + =
ie., ~~_ N ~~_ 12 ~:- bins+uyy  |=|ay ay
U U5 +
3t fithe Yty by +hyuy, +uy, Tﬁ

az; ay

equations,
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pquating corresponding coefficients we get nine equations in nine unknown these 9
we can solve for 3/'s and 6 u's.

That is, L and U are known. Hence X is found out. Going into details, we get a

uy = diotha = 420t =@ That is the elements in the first row of U are same as the
clements first of A.

Also,
bty = 815101tz iy = 8y, Ly 1y + iy = ayy
) s sl az
v by == Uy = Ay ——,4); and Uy = ay -2 g
21 a 22 22 a, 23 23 @, 13
Again, byyuyy = a3y, b1tz + Ity = ayy and gy + lguyy 41y = ay
Solving,
a
a, ——Lap
Ly = .Qlu_| o = il
31 = P 32 5,
ay ———ap
ap
a-
a5, ——.ay
as ay, ay;
Uy =033 —— .43~ Ay ———.ay3
a a3 a
ap——".0p, i
. an
Therefore L and U are known. Ans.
Q. 16. Solve the following equations by using LU decomposition method
5x-2y+z=4;Tx+y-52=83x+Ty+4z=10. (Rewa 2017, 22)
Solution : .
5 =2 1f«x 4
7 1 -5||y|=|8
3 7 4|z| |10 -Ah
Here, AX=B
Let LU=A4
1 0 Oy, uy, upy 5 =2 1
-_ 1 0 0 Enn :uh =7 1 -5
by Ip 1]l0 0 uy| |3 7 4
Uy iy U3 5 =2 1
= Loy by +uy Iz +upy =7 1 -5
by Iy +hguy s +lhup +us | {307 4
= unp ﬂm.E_» = IN-R; =1

~N—E: = ﬂ.~n.§_n +Uy = 1 NN-E-u tUyy = -5



and L, o= 3Gy i = Th +Iun

LUX=8
mg LY =B where UX=Y
From LY =B,

1 0o ofn] [4
75 1 Offwm|=|8
3/5 41119 1y |10

4 10

7 3
= Wk =8 P +— ¥t =
= N A.uxiu 83 zv i

] 1 x 4
o wa -32/5 ||y |=| 12/5
327/191|z| |46/19

5x-2y+z=
19 32 12

w

Hence, S5x=4+2y-:z

366 284 46

- Mlll.!ul.nﬂl

s 327°7 027" 0271

sy =4

Mathematics (M P):BSec wgaiig.a

Q. 17. Find the factors of the following matrix by using Cholesky decomposition

method

(Bhopal 2011; Gwalior 16)

1 2 3
U=|2 8 22
3
Solution : The given matrix is symmetric. znuotain_ﬁn_ﬂdgg
~: 0 0]
ik L=|h Ipb 0
By b By
(b b &]
- =0 b Iy
0 0 &)
(1 2 3] [4 O O][hy & ky
Hence (2 8 22|=(by by 0|0 Uk Iy
(3 22 82) |h K L3j[0 0 Uy
o2 31 [ & hb, bk,
= 208 2|={hly Btk bl +hly
(3 22 82| Ky Byy+holy Bi+B+B

Comparing the corresponding elements both sides,
From first row B=tor ;=1
hiby =2 or by =
Ll =3orl, =3
From second row,
B+ =8D,=2
by + bl =221, =8
From third row,
B+B+ly>1,=3
100
L=12 2 0f
383
Q. 18. Solve by Gauss-Seidel method
10x,-x,=9
-X;+5x; =4.
Solution : The given oncunouopnvo:izgﬂ

X !I.G...unv

(Indore 2011)
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1
Xy = WA&+ ‘4_v

9 14409)=098
—’ghnlOUN.ﬂ.—l@"O.Oﬂﬁ&H»HMAD¢° CV

First lteration " = %3 +0-98) = 0-998

Second Iteration  x}" = _wﬁ +0-998) = 0-9996

Third Iteration ~ x{* = __lcs +0-9996) = 0-99996

P = W: +0-99996) = 0-999992

Fourth lteration ~ x\ = %s +0-999992) = 0-9999992

X = Wx +0-9999992) = 0-99999984
Upto the three decimal places
x® = 9 20-999 ~ 1
D =2 =0-999=1.

Q. 19. Solve the following system of equation by using Gauss-Seidel iterative
method

and

2x, — X, +0xy = T; - x, + 20, — Xy =13 0x — X, +2x3 = L.

(Jabalpur 2005, 16; Gwalior 07, 16; Ujjain 12, 16; Indore 16)
Solution : Since | 2|>|-1]+]0],|2|>|-1|+|-1},[2|>|0|+|~1]ie., ineach
equation of the given system one of the coefficient is larger than the other and thereby

satisfying the condition for Gauss-Seidal method, we write the given system of equations in
the following form :

1
k_"MAQ...kNV

1
=—(l+x+
x WA X +Xx3) )
aunmcti

We begin with x, = x; =0 and using the most recent values of Xy, X, X3 We get
First Iteration :

1
£ um:,&ws_urfsnu.u
2
1
=30 01 L 3540122

I
0 =214 f)) u.,~.=+~.~u_u 1625.

>_F.

Mathematics (M P.): B Se. Pars-Int (First Paper)| 77
Second Iteration :

1
A - W: + )= 2(14225)= 4625
I 1
A = S0 +x4D 4= 7144625+ 1625] = 3625

o .w.: s )= W: +3625)= 23125,
Third Iteration :

1
2 uw?%fm_fzﬁn 53125
1 1
P nm=+ms +%;u.~.=&2u+3§n3_&

e w: D)= w:+ 43125] = 265625,
Fourth Iteration :

9= WG +x)= Wﬂ +43125] = 565625

1 1
PR m: +x{¥ + xV]= m= +565625 + 2:65625] = 465625

9= w: +x9)= w: +465625] = 2828125,
Fifth Iteration :

(5) —

1 1
x =27+ £91= 17+465625]= 5828125

1 1
=9 = m: +x +x{9]= m: +5828125+2:828125] = 4828125

A9 = W: +29]= w: +4828125) = 29140625,
Sixth Iteration :
x® = w_.I = w_.I 4828125] = 59140625

RO W:I_s t%Twﬂ +59140625 + 2:9140625] = 49140625

8 = W_I 9= w: +49140625) = 295703125,
Scventh Iteration :

U w: +x®]= w: +49140625) = 595703125
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»QJ &

3 = 495703
1 114595703125+ 2:95703125] 125
.nwzﬂuu,m:}ﬁ:»ap n:+,

) o Ly x0ye L+ 495703125) = 297851563.
x5’ F+x"1=30

Eighth Iteration :

KD = 1174 1) 17+ 495703125] = S9TESISES

1 9, (M7= L +5:97851563+2-97851563]
XM-' un.w»ﬂ,?}a V+Xu u N:+M 978
= 497851563
x! =
Nineth Iteration :

®_ 1o, @ 1o, 497851563) = 2-98925782.
~c+n~_ Na

1 1 = 598925782
9 _ 1y, 202 L4 497851563]= 59
x! uﬁ.fun ] Nm

,— o
)= .w.c +x 2= S0 +598925782 +2:98925782]
= 498925782
=50 = Wc +x0)= Wc +498925782] = 299462891

Tenth Iteration :
1 1 _s.
0) _ 0)7 = 217+ 498925782] = 599462891
K.M_ N:+Nnu N_ﬂ

A9 = L0 57 1114595462891+ 299462891
- 498925782
00 _ w_? £97- W__t%ﬁ%__ = 299731446
Eleventh Iteration :
29 - ws + 200 Ws +499462891] = 599731446

0 uwm:x_a_, I%_e_nwﬁ_ +599731446 + 2:99731446] = 499731446

1 1
A0 = ol +x{])= 7 1+499731446] = 299865723,

Since the values in 10” and 11* iterations are practically same, we can stop the ,

iteration process. .
Hence, the required solution upto four decimal places is :
x = M.ng X = A‘OQQw. X = N.OOWQ
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Q. 20. () Solve by Gauss-Seidel method
20x+y-22=17;3x+20y -2 = -18; 2x - 3y 4207 =25. (Indore 2016)

Solution : Since [201>111+1-20120(>[3]+|~1|,{201>]2]+|-3] ie.. in each

equation of the given system one of the coefficient is larger than the other and thereby
satisfying the condition for Gauss-Seidal method, we write the given system of equations in

the following form :

1 _1 1
x= mm:q-v;g.u? So("18-3x+2)2= 5525-2x+3y) A1)

We begin with y=z=0 naﬁimzsgagéﬁuonu.ku.tua
First Iteration :

1 1

W =—[17-y@+2:91=—_17- sl)s
B_ ] 35 0+0]=0-8500

yO = .Iu_o [-18-3x" + 2= _1.0275

0= %E-#e +3y01=1-0109

e S

Second Iteration :

2 = ~Po=T ¥ 42:01=1-0025

VANV = %lew - anNy +* NQJ =-0-9998

3= NPOE -2x? +3y®1=0-9998
Third Iteration :

A = .N_ME — YD +2:07= 10000

»® uN_IoT;nuxs +2®]=_1-0000

O = N_Io_wm:w@ +3y®]=1-0000

) Since, the values in the 2™ and 3™ iterations being practically the same can stop the
iteration process. Hence the required solution is :

x=Ly=-Lz=L Ans.
, Q. 20. (b) Solve the following system of equation by using Gauss-Seidel iteration
b method.

Ix+2p+7z =4 2x+3y+2=53x+dy+z=T. (Indore 2022)

Solution : Solve as Q. No. 20 (a).
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d:

o dds-2x
10X +2p4 7=9;2x+20y—22 ’

Solution : Solve as Q. No. 20(a).
Q. 21. Solve by Cholesky method :

tho!
Q- 20. (¢) Solve by Gauss-scidel [terative meth +3y+102= 22. (Gwalior 85

3x+22y+822= 710

X4+2p+3z=5, 2x+8p+22=6 (Gwalior 2017; Ujjajy 1)
an be written in the form of Matriy

: ion ¢
Solution : The given system of linear equatio

AX=B 5
1 2 3 * B= O
Where A=|2 8 22|,X=|Y s -10
32 82 z
L, 0 0 citls
Let L=|1,, l,, 0] thenthe transpose oL 1
Nun qu \uu
by by hy
=10 ly by
0 0 /Iy
‘We write
A=LI"
1 2 3 ~: 0 0 N: NN_ \u_
2 8 22|=|l Iy 0|0 Iy ky
322 82| |y by Iy||0 0 By

s Lyhay hbs
=\l B+l bbb |
by Iylyy +holy B+l + 15

Comparison the element of the both sides, we get
FirstRow: [ =1or =],

hylyy =2 or I =2,

hylyy =3 or Iy =3,
Second Row : %, in =8or [, =2,

I\l + k5 =22 orly, =38,
Third Row : /3, +15, +13, =8 or ], =3,

Hence, we get

A=LL  where =

W N -
0o N O
w oo
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The system of equation can be written a5

L'Xx=pB
- N
orLY=Bor LX=Y=|y,| |t
b4
From LY = B, we get
100} » 5

NNOVN" 0
38 3)|%] |-10

N 5
- 242y, |=| 6
3% +8y,+3y, ~-10
= N=52y+2y, =6,3y +8y, +3y;=-10
= N=5==2,y,=-3.
x 5]
Y=|yl=[-2].
z -3

From X =Y , We get

123 5]
0238 -2
003 -3

N
Il

= x+2y+32=52y+82=-23z=-3
= x=2,y=3z=-].
Hence the required solution is x=2, y=3,z=-1. Ans.

Q. 22. What do you understand by Iterative method ? Explain Jacobi Iterative
method and Gauss-Seidel Iterative method. (Jabalpur 2012)

Aus. Simultaneous linear equations are solved by following two methods :

(a) Direct method which are studied earlier

(b) Indirect method or Iterative method.

InIterative method we start with an approximate solution and then we derive a sequence

of closer approximations. The process of computation is repeated 5o as to obtain the desired
accuracy.

(i) Jacobi Iterative method : Let us consider the system of simultaneous linear

equations as (Bhopal 2011)

a1 %) +apx; +ap3xy = by

ay X +anX; +apx; =b,

a3 %) +apX; +ayx; = by

Let the diagonal coefficients be large as compared to other coefficients and do not
vanish. In case any of these vanish then rearrange the equation to satisfy this condition.

zsk 1)
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Now write the system (1) as below

a b
X, U.w_\n.!:l Xy=="X3
ay, an ayn
a a
% by _ay , -8y
a;; an axn ANV
a a
L W R
ayy Ay ayy

Now we start with initial approximation each equal to zero to the unknown x;, x,,

x,. Putting these values on the RH.S. of eqn. @

a_ulnv_ > x»u\y » an\ly
a
ayy an 33

Let these first approximation be denoted by x_:v. xu:ﬁ xu:v _.nwman:ﬁ_w.
On putting these values in the RHS. of eqn. (2), a system of second approximation js
obtained and is given by :

x® = b a0 0
a;, 4y an

20 = b _an x0- a3 xu:v
QNN Q.NN QDN

2 = b o0 Z8,0
ay a4y a3

Above process is repeated untill two successive mvvnoxgw.soam are same.

(ii) Gauss-Seidel iterative method : Gauss-Seidel method is Bma_moa ».wu.: om_.—mooz
method. As above in Jacobi’s iteration method, we take first approximation as X", M, x,
and put in the right hand side of first eqn. (2) and suppose the result is x,® . Now we putx,
=x,®, x3=x, in the RH.S. of second eqn. (2) and suppose the result is x,® . Now put x,
=x,®, x,=x,@ in the RHLS. of third eqn. (2) and suppose the result in x,® . Note that as

soon as a new approximation for an unknown is obtained it is immediately used in the next
step. This entire process is repeated till the values of unknown xy, X3, X3....... are found to

desired accuracy.
Note : The convergence in Gauss-Seidel method is more than fast that in Jacobi’s method.

Since, in Gauss-Seidel method the most current approximation is used.
Q. 23. Solve by using Jacobi-Iteration method
10x; +2x, +x3 =9
2x; +20x; —2x; =44
=2x; +3x; +10x; =22. (Indore 2012; Bhopal 16)
Solation :

N _n___v_n_~_+_h_u_
lax |>ay [>ay|

| a3 _lnu__lﬁun_

T AT T

RS

e
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The system can be written as

1
x_t:: - ._MGINRM: nh“:v
1
(k+1) HMMAIA&IM&_AE +NN%-J

4 = %AB +2x{M _3.40)

For initial approximation let @ =[0,0,0]
Taking k = O the next approximation is

m_39

===09

RET)

=70
o2

A =2=22
T

Taking k=123, ...... the successive approximations are
1
= mm% -2(-22)-22]=112

1
P = —ox[-44-2(09) +222)] = 207

_
P = 70X[22+2(09)-3(-22)) = 304

1

= .axs —-2(-207)-304]=101
@_ 1

X = MxTK —2(1112) +2(3:04)] = —2-008
o1

%7 = 57X [22+20112) - 3(-207)] = -3045

4 1
5 = = x[9-2(-2:008) - 3045 = 0997

1
Y = 257144 - 20101+ 2(3045)) = 1997

9 = mmx (22 +2(1-01) - 3(~2:008)] = 3004

.

1
x® = To710-2- 1:997) - 3:004] = 0:999
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x5 = L x[-44 - 2(0:997) + 2(3-004)] = -1999 Fourth Iteration :
20

1

(4 = 2[20+3(2-030303) - 2(0-879735)] = 304

4 1

o9 xL = (22420997 - H-19971 = 2938 n ’ "
10

1
1,-2,3) (till 24). Any, ) y* Jl_.mwuxm._usafo.sodxu_.psc:

Approximation solution set is {
” ystem of equations :

Q. 24. Use Jacobi's method and solve the s

1
6x+3y+122=35 7@ u_In.mulQu._ﬁu&vuxu.ou&ouxno.mu_o_u
8x-3y+2z=20 .
4x+11y~7=33 (Indore 2915 Fifth Iteration :

|+]2]and [11[>]41+1-1]

1
xO) = w.Bo+ 3(1-932937)-2(0-831913)] = 3-016873
quations.

Solution : Since [12]>|6]+|3|,|8(>1-3
So we use Jacobi's method for the given system of e
Hence we write x, y, z as follows :

1 , o nIE 4(3-041430)+0-831913] = 1-969654
1 - (35—6x— ‘
x nwﬁo\wuwsuak = ._lpﬁu —4x+2),2= _NQM 6x-3y) ()
0.z=0 . Then, we get 7 ul_& 6(3-041430) - 3(1-932937)] = 0-912717
Let the initial values be x=0,y=0,z=0.1hen,

First Iteration :

Sixth Iteration :

O = |HS+%@%&3-533_3_ =3-010441

2O = uﬁf 3y® _2,0]= .w.sfo-s =25

¥ IIE 4(3:016873) +0:912717] = 1-985930

W = IE -4x0 -Ns;nlﬂ_uulf 0]=30 1

1
® =L (35_6(3- _ s e
NsJ_mmm-mué-:e:J_INEIo‘snN.o:&& 29 = 5[35-6(3-016873)~ 3(1:969654)] = 0-915817

Seventh Iteration :
Second Iteration : .

l X ul . =2(0: =3
o) u_mﬁo +3y0 ;wcsnwﬁo +3(3-0) - 2(2-916666)] = 2:895833 5 (20+3(1-985930)-2(0-915817)] = 3-015770
1
=—[33-4(3-010441) + (0-915817)] = 1-988550
o HWE-% &;T?&-ﬁ?@g&g = 2356060 That e K

2N = Pﬁwm —6(3:010441)—3(1-985930)] = 0-914964

2 = Il_.wmlmke = wv.eu_ = _IHwM -6(2:5)- 3(3-0)]= 0-916666 12
12 12 Eighth Iteration :

Third Iteration :

x® = l_No+ 3(1-988550)—2(0-914964)] = 3-016946

= = %?:s -2:9)= WEQN.HSSTNS.@_&QQ =3-1543%6
AS
= E —4(3-015770) + (0-914964)] = 1:986535

=

1 1

2 = WE —6(3-015770) - 3(1-988550)] = 0-911644

TOR |
2@ = 35— 60 -3 3-IE - 6(2895833) - 3(2- 356060)] = easa
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Ninth Iteration : Now second approximation :

1 1
_3.017040 @=L (g5 6,040y L .
uEuwsfuc.om&u&-xo.f_ieTu 01704 I x =55 8560 +20) = - (85-28-8+2-037) =2.157
1 1
y = MQTSE +220) = 75(72-18-888-4-074) = 3-269

_1-985805
¥ = __I_au|5.oao§1°.£at:\_ SR580

1 1
o) umA_ 10-x(M - My = mlac_ouw.:m-fsu 1-890

TS

2 = L35 -6(3-016946) - 301-986535)] = 0911560 imati
12 5 Now third approximation :

Teath Iteration : g @=L (85_6y)2 4,0y .49
27

x19 = 11204 31-985805) - 2(0-911560)] = 3:016787 :
- P = ==(72-6xP - 2:0) = 3.685

19 _ 1133 43.017040) + (0-911560)] = 1:985764
g TUE . P u%:_ouasn ) =1-937

209 = Wmm —~6(3-017040)—3(1-985805)] = 0-911695 Similarly,

ame correct to three decimal v_nna, x® = Pﬁmmlmkg +NGJ =2-401

Since ninth and tenth iterations are practically s 27
hence the required solution is 1
x=3-016,y =1-985,z=0-911. Ang, \<ﬁ.c nmAQNImkGVINNGJ"w.MAM
Q. 25. Solve by Jacobi Iteration method @ | & .®
20x, +2x, + 6x, = 28 z um.:_olk -y7)=1-923
X; +20x; +9x; =-23 6 = m_mﬁwmlov.s +29)=2.432

2x, —Txy —20xy =57, (Indore 20115 Jabalpur 16)
Solution : Solve as Q. No. 24.

Q. 26. Solve the following by Jacobi method.

27x+6y—2z=85

6x + 15y +2z="72 ;

x +y+54z=110. (Gwalior 2016; Indore 16; Jabalpurl17) |

Solution : (a) Jacobi method : Solving each equation of the given system for the
unknown with the largest coefficients in terms of the remaining unknowns.

¥ = WQT&S ~2:9)=3.583

1
D = —(110-x9 - y®) =1-927
FEg0-s )

x© =2-423, Y9 =3-570, 29 =1-926

M =2-426, y" =3-574, 2" =1-926
Sixth and seventh iterations give same values, therefore we can stop.

Hence, set of solution (2-426, 3-574, 1-926). Ans,
Q. 27. Explain Choleski’s decomposition method and Solve the following sysiem

1
= (856
x Nqﬁ y+2z)

i WQN —6x-22) (1) of equations by using this method :
: 4x,+2x;,-2x3=4
Nnmﬁ_o..nuwv 2x,+10x, +2x; = 14
-2x; +2x; +3x; = 3.

(Indore 2011; Gwalior 11, 13; Ujjain 13; Jabalpur 17)
Solution : In special condition symmetrical and positive definite matrices can be
constructed as alternative triangular factorization, it saves time.
In this method AX =B can be represented as LL'X = B

Starting with initial approximation x = 0, y =0, 7 = 0,
First approximation is :
85 7 110

M =—=3184,,V =2 _4¢ .
X 94 =4 =2
27 s 8,z ) =2-037
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fa, @y N an
a; an @ n
If A= ; ther
a, as ; ay n
rbi_ a,, Ay Ayn ]
l
(4, 0 I, nl
i ] o I
L={ ¥ & and LT =
l
Un o 0 nn :
Then D:.ﬂu:u- Q_uﬂ~:~n-. ....... N n_.:HN__N:_.

ay = by, ap =hi+hs’, G =i+l
Ay =yl + 1ol

12,72 2
G = by +1" + L+,

Elements of L can be obtained. It is possible that some elements are totally imagi

but it does not create any problem. Hence, we assume that all elements are —,o&.u
If L is real then A = LLTis positive definite matrix. Because X"AX = X'LL'X =
(L7X)=Z"Z When Z = LX, but Z is real hence Z'Z> 0, in other hand if 4 is positive d
then L is real system AX = B can be solve in two steps,
LI'X=B = [Z=Bandl'X=Z
This method is also known as square root method.
Coefficient matrix in given system,
4 2 21 [k 0 Ol by Iy
A=| 2 10 2|=|ly B 0|0 hy Iy
2 2 3|k Iy B0 0 Iy
(from Cholaski’s decomposition

N:N iy N:E
=\l L2 +ly? o Dyl iy

Step 1 : On comparing elements of first column,
4= = ;=2 or-2
2=hily = b=|

2=k, = bL=-1
Step 2 : On comparing clements of second column,

10=h+h' =21, n,\eoLn_J =\10=1 =3, (on taki
Bl
2=bh+hn, Uwpulﬁwc.alvnnl“...ﬂ.ur
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step 3 : On comparing elements of third column,
3=hl ! thy! = by =i=l.

4 2 -2 2 0 o0lf2 1 -y
Hence,| 2 10 24=1 1 3 0fl0 3 |

-2 2 3] -1 1 aflo o
ord=LL"

Now, AX =B => LL'X=8 => LC=BwhereL'X=C

B
2 0 0] ﬁ_ g 4
1 3 0| |={14|=¢=2,c=4,¢=1
-1 1 1jleg] (3
2 1 -1][x 2
andfromL7X=C, [0 3 Tifx =14
0 0 1]ix 1
= n=1,xn=1 3=1L
Solution set is (1, 1, 1). Ans.
Q. 28. Apply Gauss-Jordan method to solve the equations :
xX+p+2=92x-3y+4z=13;3x+4y+5z=40. (Indore 2017)
Solution : We have
x+y+z=9 )
2x-3y+4z=13 )
3x+4y+5z=40 ~(3)
For eliminating of x,
From eqn. (2) — 2 x eqn. (1),
—Sy+2z=-5 -{4)
and from eqn. (3) — 3 x eqn. (1),
y+2z=13 -(5)
For eliminating of y,
From eqn. (4) + 5 x eqn. (1),
5x+7z=40 (6}
and from eqn. (4) + 5 x eqn. (5),
12z=60
= z=5 (D
For eliminating of z,
From eqn. (4) - 2 x eqn. (7),
—Sy=-15
= y=3
and from eqn. (6) ~ 7 x eqn. (7),
’ 5x=5
= x=1
Hence required solution is :
x=1y=3z=5 ¢ Ang.

v o ——
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uations :
Q.29. Apply Gauss-Jordan method and solve the system ol

W0x+y+z=122x410p+2=13 xty+52=T

(Jabalpur 2022; Indore ~~U

Solution : The given system in matrix form is AX =58

) 101 112
..>=.w_=o:~ma§m5f T”w_u 2101 13
-
Operating R);, we get
(15 7
[4:8]~|2 101 : 13
ot 1 : 12
Taking a;, =1 as pivot operating Ry, (-2), Ry (—10) , we g¢t
M1 § & 7
[4:B]~j0. &8 -9 : -1
0 -9 -49 : -58
Operating R, (1) we get
1 1 S5z 1
[4:B]~{0 -1 -58 : -59
1 0 -9 —49 : -58

Taking b, =1 as pivor, operating Ry, (1), Rs,(-9) , we get
1 0 -53 : =52
[4:B]={0 -1 58 : -59
0 0 473 : 473

gmkuﬁ%uusdmﬂ
473
(1 0 -53 : -52
[4:B]~[0 -1 -58 : -59
00 1 1
Taking C33 =1 as pivot, operating Ri3(53), Ry5(58) , we get
[1 00 : 1
[4:B]~|0 -1 0 : =1
0 0 1 : 1
1 0 0]fx] 1
= 0 -1 Offy|=|-1
0 0 1|z 1
= B H"—.Y"_.N“_.
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Q. 30. Solve by Gauss-Jordan method

X+2y+2=82x+3y+47=20;4x+3y+2z=16. (Chhindwara 2022)
Solution : Solve as Q, No. 29.

Objective Type Questions

1. The form of LU decomposition method where L is a lower triangular matrix :

(Ujjaim 2022)
L 0 0 1 0 0
Aﬂv NN_ NNN 0 ?v NN_ 1 0 :
Iy by b by Iy 1
1 00
|0 1 0 (d) None of these.
0 01
2. The first iterate of system of equations by Gauss-Seidel method :
5x;+2x; —x3=6, x; +6x, -3x; =4, 2x, + x, +4x, = 7. (Indore 2014)
(a) (12, 0-467,1-033) ®) (12,0,0)
(c) (12,0467, 0) (d) None of these.

3. By Jacobi iterative method, if the initial solution of the following system of equation

is (0, 0, 0) then the first iterate will be :
10x-5y—-2z=3 3
4x-10y+3z=-3
x+6y+10z=-3.
(b) (0:3,-0-3,03)
(d) (03,-03,-03).

(a) (-0-3,03,03)
() (0-3,03,-03)

4. By Jacobi iterative method if the initial solution of the following system of equation

(2]

is(2,3,0) then the first iterate will be :
Sx-y+z=10
2x+4y=12
x+y+5z=-1L
(b) (2:6,2,-1-2)
(d) (2,2:6,-1-4).

@) (2'6,2:3,~ 1)
(©) (2,2:6,-12)

. Jacobi iterative method is : '

®) x**0 =D+ L) ™ +(D+L)b
@ x4 =(D+ L)'t -(D+L)b.

@ x** = p'p—(L+U)xP)
©) x** = pip+(L+UW)
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6. Gauss-Seidel method is :

(@) x*+» =—Dl([x®) +Ux®y 4 p1p

(b) x(t+b _ D (L +Ux®y_ p1,

(¢) x%+D = =DM (Lt + U4 plp

(d) x*+D = IUL:L'A:

+Ux**Dy 4 pip,
7. The fi

rstiterate of the following system of equations by Gauss-Seidel methog ,
2x;—x, +0x; =7
—X; +2x, —-x; =1
Ox, - x, +2x; =1.
(@) (2-5,3-5, 1-25) () (3-5, 2-5, 1-625)
AOV ﬁ—.w. NVM. —.NMV AQV AWM« N.NM- ~QNMV.
8. The first iterate of the following system of equations by Gauss-Seidel method ;
Sx;+2x;,-x,=6
X; +6x, —3x, =
2x;+x, +4x; =7.
(b)(12,0,0)
(d) None of these.

(2) (1-2, 0-467, 1-033)
(©)(1-2,0-467,0)
9. Gauss Elimination method is :

(Bhopal 2014, 15; Indore 16; Jabalpur 16; Chhatarpur 22)
(2) Direct method (b) Indirect method

(c) Two way method (d) Three way method.
10. In LU decomposition method where U is a upper triangular matrix is form of ;

[y wy s 1wy us
@ |0 up uy ) |0 1 ux3
| 0 10 Uy 0 0 1
1 0 0
©f0 10 (d) None of these.
0 0 1

11. Gauss-Seidel iterative method uses :
(a) Precalculated values from present iteration

®) x; = a.cv Yi
© x = A& for all i
(d) None of these.

12. The solution of 2x—y+37=9, x+y+z= 6,x—y+z=2 by using Gauss-Elimi-

nation method : ; ol

(a) x=Ly=2z=3 @ann.w.un.nuu

(c) x=Ly=Lz=1 (d) None of these.
Ans. 1. (b), 27(c), 3. (¢), 4. (b), 5. (), 6. (d), 7. (d), 8. (a), 9. (a), 10. (a), 11. (a), 12.(8)

UNIT 4

E— ——
ghort and Long Answer Type Questions

Q. 1. (a) Write the name of any three methods for solving ordinary differential
equation. (Ujjain 2016)

Ans. The name of methods for solving ordinary differential equation are :

(i) Taylor’s method

(ii) Picard’s method

(iii) Euler’s method.

Q. 1. (b) Explain Picard’s method for numerical solution of ordinary differential

equation. (Rewa 2017)

Solution : To solve m = f(x,y) subject to ¥(xg) =y,
Now mn\oﬂ.s (1)
dy = f(x,y)dx
Integrating,

y=[fxy)dx+c 0 -(2)
Setting x =Xy on the R.H.S. after integrationand ¥ = Yo on the L.H.S., we have

Yo = [° f(x.y)dx+c i .(3)
From eqns. (2) and (3), we have

y=yo = [ f(x,y)dx ’ -(4)

y=yo+ [ f(x.)x (5}

In equation (4) the R.H.S. integrand /(x, ) involves y also. This type A.:. equation is
called an integral equation. As the integrations is not possible as it is, we will solve it by
successive approximation.

Substitute the initial values of y namely y, in the integrand f(x, y) in place of y and
then integrate the R.H.S. to get an approximate value of y on the L.H.S.

ie., YV =y + _.m. f(x,y0)dx "

Since f(x, yy) is a function of x also, it is possible to 58@8.4 itwrtx
After getting the first approximation ) for y use this value )"’ in the place y in f(x, )
and then integrate to get the second approximation of y namely y®.

ie., YP =y + [ fxy)ax
Proceeding in this way, we get the n™ approximate value of y as

YO =yo+ [ £y V)

2 The above equation gives the general iterative formula for y. It is called Picard’s iteration
ormula,

e

T RAT . A AT ORI T 1A
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Q. 1. (¢) Explain Euler's modified method for solving the ordinary .::.2..5,3-.

equation. Third approx,

Solution : Consider the differential equation 2 2 2 P 2 5
y =yt [{x+| =t (xSt
& ‘ 7 e 2 U 6 2
s S(x,y) with p(x9) = Yo A1)
" =0 —- we have
Integrating with respect to between the limits x, and X1 we obtain Wihen ¥ 3
: 40 = D% _0-005
Mg = Mx,) = [ f (3 (X)) Q) 2
The integral on the right hand side of (2) is approximated by the trapezoidal ryly (01 (0-1)
: o) = + =0-005167
which produces ~<A 6 2
h ,
Fat =Y = 3 U (o 2) £ S Gt Yoot ) oD (O O 00517
There is however, an important difference between the Euler’s formula and (3). In the . . 24 6 2
latter case the unknown y,,; is anargument of the function which .52.& to co solved at eag), When x = 0-2 we have
step. The mast convenient way of doing this is to use the fixed point interation, viz, Y0 = (0-2)° =0-02
2

h (m)

(m+1) - " VH

Yl Yot —\\.AH:.VBV.T.\CJZTV.:.?— .AAV 3 2
. N @02 (02 _4.02133

= B
Astarting value y'©), has to be supplied, when may be calculated from Euler’s formula 7 6 2 -
4 93 Y3
as - u\ﬁa = 0-2) +Ao 2) +Ao 2) =0-02139
Yoot = Yu+ B (%> ¥) -(8) - 24 6 2 -
To compute y,., from a known value of y,, we first calculate &.ﬁ using (5) and We can continue further to get the better approx. .

then iterate with (4) using this as starting value. The iteration may be stopped either aftera
five number of iteration or when the quantity | ym _ {m) | is less than a prescribed
8—%—5? .

Q. 3. Solve .N..H NI..w... .XCHN.?_..«._.% Enu!u.ua,nngnlva.rn.!a-v.
X

proximation. (Rewa 2011)

- 5 5 . % 5 N N
anonﬂm—.on in this way, Euler’s formula is called a predictor and the trapezoidal formula Shlkiticw = Given W.uwllm.u\ﬁk,v.v and x =1y =2
Although, Euler’s method is generally less accurate than the trapezoidal method. It First Iteration :

provides a reasonable approximation and so only a few iterations should be needed to the
convergence (4). .
Q. 2. Use Picard’s method the approximate y when x = 0-1, x = 02, given that

y=0,x=0, .“.1|x =X +y. (Ujjain 2011, 14; Jabalpur 11, 12; Rewa 5

Sagar 14; Indore 15; 0—-—-9..!.:.5.
. dy :
Solution : We have Hu\?.&nu+w,.&uow.§ =0

n=yo+]; (x.0) ax
= x[n_Yo
|u+__h uu&

u~+‘r~ﬁ~l.~1u&
x

Now first approx,
x x 2 nN+Ale~_owH%_.n~+nalu—owklu+o
O =yo+ [£(x.30)dx=0+xdx =%

2 =2x-2logx
x 0 2 : . Second Iteration :
Second approx, x
a Y2 =yo+ [, S(xn)dx
!Env.o+h.\ﬁu.&_vu&nc+wﬁa+m dx = ¥ ¥ .
% i N pai R nwi_.TamL&
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u~+_.. ~|~a|~_onu dx
! x

nnl_d.komn&
»

2
=2 LT&% H =2+ (logx)’

I
Third Iteration :

.cunwo._..q_u.:u,v.uvkn

HNL_AN,.W&&

MN+_._-..h.|||u+comxva&x

X

nNL_.T-m-._A_omaL&
X X

3
u~+T-~_omT@m|¢%
—

. ) 3
M~+Nulw_omxlcomuv l~+~xo+|w,

3

3
=2x-2logx- aomuuv .

Q. 4. Find the value of y for the constant valu
given equation :

(a) = -

Z =1+ when y(0)=L,h=0-1,05x<0-5.

h

(- logl= 0)

Ans,
¢ of x with the given condition of the

(Bhopal 2013; Ujjain 13; 15; Gwalior 14)

(b) dy y-

——=

dx h+k.
oY

&y

VI—no..knP.«.?..kno—

value.
Use Picard’s suceessive approximation metho
Solution : (a) We have

W_T\Q_
_

.v&"~+u¥. and xoﬂovu‘o“—

(Gwalior 2012; Indore 13)

¥=1forx=0; findy forx = 0-1, 0-2, check the result with exact

(Indore 2012)
d for solying the above n..oa_en-.
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First Approximation : 0 =y 4 ﬁ.\?.}v& =1+ h: + x)dx

1
I~+N+N u (e ye=1)

second Approximation : PP =y + ﬁ 1(x, " )dx

- ~+_.Q.T+A_+a+wlx~uTx

I P
=]+ X 2 3 P)

2 2 £

Third Approximation : Yy =1+ ‘qo {1+ x(1+x+ I~-+.ul+|¥&

2 3 8 15 48 }
Tabulating, we obtain the value of y for the value of x=0,0-1,0-2,0-3,0-4 and 0-5

x: 01 02 03 0-4 05
w‘a : : 1105 122 1-345 1-48 1625
¥l 110535 | 122287 | 1-35501 | 1-50453 | - 1-67448
. =1-105 =1223 | =1355 | =1505 = 1675
M1 1-10535 | 122289 | 135519 | 1-50530 167689
. =1-105 =1223 | =1355 | =1505 =1-677
y: 1- 000 1-105 1223 1-355 1-505 1-677
Ams.
(b) Here we have
P =0,y =1
2 &+uU.2u:s eI.@ Yo=
Now first approximation :

Y =y + a\ﬁk.‘év&q ~+f+x

u_:N_omctTuu
=1-x+2log(1+x)

Now 5 -y ] (e, O =14 4

%

x 2x
=1+|]|1- HTn
d.% 1+2logx

X
=1+x-2f

xdx

o 1+2log(1+x)

u+n_omuvlu.&u

o (1- —x+2logx)+x
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{
=l+x~-2
i w 1+

1)

telar te'dt
= - 2
l+x Nw_+n~+ M.Tvun

Which is not easily integrable.
. We can get the value of y, only by first approx- -
Honce, at x=0-1, y = y® = 1-0-1+2log(1: =2y = 10906

Emnu,{U\?Eu:? x=0, =1

First approximation : ) = y +_.H..‘.?.§V&n

= 1+ [X(x+ yo)dx = [j(x+ 1)

1
nrnctu&urimm

u_+o;+m.mohu:om

Second approximation : Y =y + [, S(xy®)dx
=1+ Q—u+h_+a+wm¥&

nTﬁ¢+~u+Wa&&

3

=lexer+Z
+x 3

y2(0-1) = _+?_+o.o_+o.me =1-1T

¥2(0-2)=1-24133,
Third approximation : Y = yy+ [} /(x,y®)dx

uuv dx

=1+ [ x+(+x+2 s

I

=] NN —

+X+Xx + 3 +NA

YOO 1=11104 |

¥(0-2)=1-242713

h 28

(e -1)e'dr [where ¢ =log(1+. )

Ang,
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Fourth approximation :

x X 4
&Su&ol.ahx.&gv&an_+_°_u+:+u+u~+M+um:&
| Y
u_+x+xu+u|+.k|+.mn
3 12 120
y9(0-1)=1-11034,
y*(0-2) =1-24280
Exact value 4
.. dy dy 4
lut —=x+y=d-———-y=x bl
Hence solution is o y it q.
ye™* = [xe *dx+c . .
=—e *(l+x)+c
=5 y=—-x-l+c

Wehavey=0onx=0

5 l=0-14+c = ¢c=2
.. We have the exact solution :

y=—-x-1+2¢
At x=01, y=—0-1-1+2¢* =1-11034

At x=02, y=-0-2-1+2¢"2 =1-2428
Above results shows that the approximation obtained for x = 0-1 is correct five decimal

€

places while the approximation for x = 0-2 is correct to four decimal places. Ans.
Q. 5. By using Picard’s method. Find the value of m =x*+y,y(0) =1.
(Rewa 2017; Bhopal 22)

Solution : Here x; =0, y, =1 then by Picard’s method,
y=yo+[; f(xy)dx

=1+ [ (P +yh)dx _ 1)
3
»® u_+na+mv&u_+a+mu| ¥ Q)
Hw 2 3 "
v.ﬁvu—ﬁ_w k»+ﬁ_+u+-u|w dx
27 x5, 2 1 4
- LI i+ -
1+ x+ 3 +$ x 15 5
2 1 4,2 5, 1 4
- 2P o ey g
_+k+ah+uuu+mu M i) -3)

To find the value of y® is very difficult. Hence y(? is the approximate value given
by eqn. (3). Ans.

e e —————

o
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S Use Picard’s method to approximate the value of y when x =0-1 gy,

Bl&

R
=3x+ )1 p0) =1. (Rewa 2915

Solution : Let £(x, ) = 3x+ y* and at x, =0, yo = 1is 8Ven By picard’s methog,

Y= [ Sy
Hence, first -—.—.355-:.5.

Ly o)=L B 5

Liocué&lmw.: I:

Second spproximation :

Y = yo + [ f(x )
=1+ [0 [3x+ {yV)y Jax

-I_oh =zt +3x 1&&1@&

HNKM +|u..+>vu+ Hn+x+~.
20 4

Third approximation :

YO =y =14+ [ Bx+{yP} )dx

+~|Mmkm +WWM& |||»u +au~ +mu+_u&
15 12

81 1y 27 4o 47 o 17 53 1157 7 62 ¢
= s _— —X +——=X +=—=X
400" 400" ‘7a0” TmT T160” " 45

xu . Nu x<* +uxw +|vn +x+1

= 112721, atx=0-1
When x = 0-1, then we get

70 =10 =115, y® = 11264, ) = 112721
Atx=01, y= 11127.
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Q. 7. Solve the following by Taylor’s series method :

@) ¥'=20+1,h=0-2,y(0) =0, up tox = 0-4, (Bhopal 2013)

(b) Solve the initial value problem by Taylor’s series method for e.&na 2 and 4.
n.vl.« +1,0 Sx <1,y(0) = o5,

(c) Solve .mu x + y numerically start from y(1) = 0 and carry to x = 12 with

p=01 using Taylor’s series method. Compare the final result with the value of the
explicit solution. Awrov-_ 2014)

@2 by, y(0) =2.

m.._..ao.. :(a) xp=0,y,=0,

(Ujjain Nc—u. Indore 13)

YD =2xy+1, 0 =2x0x0+1=
¥ =20+ )=y =0
w:S _ NCQS +2 u\S. )= &QS 4
Y™ = 20 43)) = M =0

) =20y + 4y = ) =32
By .—.&:2 s series,

p , (x- v i
E&".‘o;.ﬁklkov.twa AM H_cv QV+ Ho Mv

Ax x)* ?U+Cn x)
41 B!

0+
Taking x =0-2,
.72)3 .2y
=0-20535466 =~ 0-21

Now, x, =0-2 and y, = 0-21 evaluate }(0-4), we get :
¥ =2(0-2)(0-21)+1=1-084
SINB +2x1-084+0-21]=0-8536
Y = 2[0-2 x (0-8536) +2 x1-084] =4- 67744
¥ =2[02x(467744) + (3% 08536)] = 6992576

3 = 2[0-2x(6:992576) + 4 x4-67744] = 40-2 1655
Put the <n_=n of y, and its derivatives in Taylor series expansion we get,

¥(0-2)=0+(0-2)1+0+

2 3
M) = 504) =+ 0 + CH L0 L2 =)

h
rA.JluL. §rA&|u_v 0
T T
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.2\
no.u_+o.~x:.o§+8 2)° (0-8536)

ouv

NU i
3l

(699257

LS
+02)

51 M

" =0:45068~0-451 o,

®) y=y-x*+1, 0sx<1, (0)=0'5
Let y is a function of x i.e., y (x) and differentiate successive W.rt x’,

S (xp(x)) = p(x)-x* +1
L3 y(x))=y'-2x=(y-x +1)-2x
I (xy(x) = y-2x-2=(y-x+1)-2x-2
=y-x-2x-1
@) =y 2x-2=y-x+1-2x-2
- =y-x'-2x-1
- Taylor expansion of order 2 is

Nﬁvﬁu...VLH\.Q.E+W\.QT%L
=y, - x +_+lC¢ -2x;+1)

h
=(1 +|N.VQ. lxm +1)-hx;
and Taylor’s expansion of order 4 is

1.,?.37x?.i,rm\_i.srlw_?,s \\.._QZ.

=y, -x° TIQ. x2-2x+1)

2
+mmlCe x; |~u~|c+|o~. x} =2x-1)

h K K h K h_ KK
Bl aairaerd (AL L3+ () + 14552
By Taylor’s expansion of order 2,

Y =05

Vi n‘st_g\, uﬁ -3} +1)-

Taking n =02, bl N 2502= #UZ =5

_”... Yns1 =n +}NA$AH.V.:

x, =a+ih=0+ih.
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Yist =, +(0-2) ﬁ_ + %u? =0-04i% +1)- o.oi
=122y, -0-0088i - 0-008i + 0- 22
By Taylor’s expansion of order 4,

0-2
V=W +o.NT+le+m%+o oowAS 0-04i%)
0-2 0-04 0-2 0-04 OSJ
ﬁ~+q.+|u-pﬁo O&;..._.lel,f 3 24
(
=1-221y,-0-008856i +0-2186

s
vi=0,1,.4

Exact solution of equation y(x) = (x+1)® - 0-5¢*.
. Following table shows approximation with errors,

o

—
X Exact By Taylor Error By Taylor Error
y(x;) | exp.oforder| |y(x;)-yi| |exp.oforder | |y(x;)= il
2 from y, 4 from y,
00 05 05 0 05 g
02 | 0-8292986 0-83 0-0007014 0-8293 bax 3&
04 1-2140817 12158 0-0017123 1-214091 u.ax_o&
0-6 1-6489406 1:652076 0-0031354 1-6489468 6-2x10 _s
0-8 2-1272295 21323327 0-0051032 2-1272396 1-01x —olm
1-0 2-6408591 2:6486459 0-0077868 2-6408744 1-53x10
Ans.
(¢) Given, mu\aa%v =x+y,%=1y,=0
YW =x+y -0
Successive differentiation of eqn. (1),
vbc =1+ ‘<S. Similarly u\qs - :c, %AS = i)
Putx=1,
W =1y =22 W = Y =
Let y is a function of x then by Taylor’s expansion,
Hx) = yo +(x-x0)p + (x=x) e — , where, x—xo=h

2!

N u
. @ B e I (4
o N=y+hyy + 2 Yo 3

Where h=0-1,x=xy+h=1+0"1
‘¢ ;
3._% x2+ S.cu xnuo.c xn+3 cu &
2! 4 i

2 n=(1"1)=0+(0-)x1+
=0-1103

3
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- M k 3
Again, ¥2 =302 = 3 +hy" +i|<c; =

In
» =0-1103,
MW = x4y =11+01103=12103

W0 4 W =22103

.4&& = N.N~Ow = .t.;u = .S?v ceriaeeeny

%= 50:2) = 01103+ 0-1- 2108+ U
21

L0 :

=0242 A%vat
Exact solution is - y

=—x-1+2¢"
Here put

x=12,
y=-1-2-142¢%!

==2-242(1-21)=0-242.
ﬂau 9405- .V.S H.l%kn.

R Ho = O.Vuo =2
Successive differentiation of eqn. (1),

3 =402 ~3xy
P = 0,2 ~4xy® 3y
P =y, 2 ~ 63y _ gy
.vkcv - I.VsA?vRN lmNu\Q.d |~NV\A3

¥ = e SQAS -20 vbs
() _

o
v.n =0, Qc =0 .VQS =4 I
Now x = x5 =0 (by Taylor’s expansion)

3 =0

(x- s

HAx) = yo+(x-0)y +

= 0. w0 o
Yo +xyy’ +=—yli X i) (i
0 N_H + _.V &_ v..oev

'NI'Hu.—-N’ONaL.

3 : QY (5.2103)+

...... (put value Yor 38 c. u\%c

(2-2103)

S cu

.%?a 80

+

..ineqn. (2))

(2-2103)

Ans,

A2)

Ans.

1|
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Q. 8. Find the solution of ODE (ordinary differential equation)

(Gwalior 2014; Jabalpar 15)
(a) mw =xp, p(0)=1,h=0-1to y (0-4). (Jabalpur 2011, 12, 14;
Indore 13, 14, 16; Chhindwara 22; Ujjain 22)
(b) M “H“ , ¥(0) =1, for x = 0-1 find the value of y by Euler’s method up to
“—<0 H‘nun.cun
(c) M. =x-y*, y(0)=1,fory (0-1) up to four approx.

(d) Apply Euler’s method solve differential equation.
(Gwalior 2011; Ujjain 13; Jabalpur 16)
y?

dy __ Y

—_—

dx

1 at h=0-05 find 3(0-2).

According to question f(x,y) =xy, ¥ =0,7(0)=1h=0"1, and m=04
. By Euler’s approx. y,, = Y1 + 4 (X1 —Xp 1)
Put the value of m=0,1,2, 3.
J1= Yo +Af (%0, %) = 1+0-1[0x1] =1
vy =y +hf (x,9) =1+40-1(0-1x1) = 1-01,
y3 =y +hf (x,, ¥,)=1-01+0-1(0-2x1-01) =1-0302
Y4 = y3+hf (x3,y3) =1-0302+0-1(0-3x1- ouowv|_ 061106.
(b) Given :

dy y-x -x

N&Wvlk = \Ak.vol y+x

=% H0_o0
m 5

, (0
—+.,n‘-.Av

Solution : (a) Given :

A..- X =X9 +?V

Ans.

X% =0,5,=1,m=5h=

At first approximation x = 0-02,

-0
1+0
1-02-0-02
1-02+0-02

= Yo +hf (x0,3) =1+0- Sx =1-02

Yo =3 +hf(x,7)=1-02+0-02x

=1-0240-02 x —— = 10392
1-04

Y3 =Yy +hf (xy,5,) =1-0392+0-02x

0-9992
1-0792

Ya |¥+€.Aaﬂ..§v| 1-0577+0-02 x

1:0392-0-04
1-0392+0-04

= 10577

1-0577-0-06
1-0577+0-06

=1-039+0-02x

= 10577+ 0:02x(0893) = 10756.
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and at xg = | fifth approximation is given by

: 1-0756-008
¥s = Yotk f(x,p,) = 107564002 X ~0cc770.08
09956
=1-0756+ o.ouxjuuo
=1-0756+40:172=1-0928- A
() Here, mw» =x-)" = f(x,).
HO = O-U.o = —.P ﬂanblOn - OONM
wV~ mc._ﬂﬂ method -V_’é_ =Vm + J\.AH’.V!V
M = 3o +h(X - ) = 1+0-025(0- 1) = 0-9750
11 =0
Y2 = 3 + hix — y) = 0:9750 + 0-025 [0:025— (0'9750) N_ =0-9519
¥s = ¥y + h(x; — y3) = 0-9519+0-025[0-050-(0:9519) ]=0-9305
21-0-
Yo = vy + h(x; — y3) = 0-9305 +0-025[0-075 - (0:9305)°]= 09107
The above result may be tabulated as follows : -
Yme1 =
» X Vm Va fxmya) | W (XusYw) Pt B Gimy)
0 | 0000 1-0 10000 | -1:0000 | —0-025 y,=09750
1 | 0025 ,=0-9750 |o-9506 | -0-9256 | —0-0231 » uw.&_w
2 | 0-050| 3 =0-9519 |0-9061 | -0-8561 -0-0214 » zo.ewom
3 | 0-075| »3=0-9305 |0-8658 | -0-7908 -0-0198 ¥4 =0-9107
4 | 0-100| ¥ =0-9107
Ans,

@ W‘n.\?%vuulvw.

I1+x
Vet = Y+ B (3n)m)
x9 =0,y, =1,h=0-05 and x,=0:2=xy+4h
m=0, 1,2, 3 nowapprox. are
2

»n=Yo+H (%0, %)= To.ax.ﬂmuo.&

(0-95)
1+0-05

(0-90702)*
V3= +>\3.§no.§8|o.8xE

1401

¥ =Y +hf(x,5)=0-95-0-05x =0-90702

=0-86963

. 2
Y4 = 93 + (3, 3,) = 086963 - 005 x L26253)
17015

=0-83675
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Now we know exact solution is

&_ ! _
" lex “-lm.&f _Iwﬂ&“
-] —
Yy o =log(l+x)+ A=> y=
- d A+log(l+x)
- I 1
Yo \n.f_cm:.vkovU_I.MU\u*.

7= _+_om_:+xv = Pl =057
.. Erroraty (0-2) is
=0-84579 - 0-83675
=0-00904.

Ans.

Q. 9. Using Euler’s method calculate the solution of m.”. =x* + y*,(0) =1. Fory

(Gwalior 2016; Jabalpur 22)
mo_unenn\ﬁk‘wvn%f%.kcuo.wo i ad: =il x—Xy Urn%u
n
N_ = .Ho +\u = O.Nuy‘& = ¢A.Mu = O.O'RA, = O.wu.um = —.O
Now, by Euler’s method,

atx =1 upto five.

G2

Yn =Yua B (%, 1, Ypy) Wheren=1,2,3,4,5
Y= Yo +hf (%0, 70) = yo + h(xg +33)
=1+(0-2)0+1)* =102
Y2 =0+ )=y +h(E +37)
=102+ (02)[(02)* +(102)*] = 123608
Y=y +>\?~.§n\<~i_@w +33)
=123608+ (0:2)[(04)* +(1-23608)*]
=157366
Yo=Yy +hf(x3,3) = 3 + (x5 +)3)
= 157366+ (0:2)[(06)* + (157366)°]
= 214094
Vs =Yg +hf (x4, 54) = ¥4 +>Akm +w.mv
= 214094 + (02)[(08)? +(2-14094)*)
=318566

Hence,  y; = y(x;) = p(1) = 318566.

Anmns,
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Q. 10. Solve the differential equation in six steps using Euler’s method :
&

—_—

de Xt 0(0) =0,k =0-2.

(Jabalpur 2022; Bhopg) 2)
Solution : Here, 1 (x,y)=x+y,

%=0,5,=0,h=02 andn=6.
Now, by Euler's method, we have

Yu = Yuy +hf(x,,,y,.), Where n= 1,2,3,4,5,6
M =X +h=02,x, =045 =06 =08 =3 =12

N = Yo+ (5, 30) = 0+(02)(0+0) =0

Y2 = +hf(x;,y)=0+(02)0-2+0)=004

Y3 =1 +hf(xy,y,) = 0:04 +(0-2)(0-4+0:04) = 0128

Yo =y +hf (x,y;) = 0128 +(0:2)(0-6+0128) = 0:2736

¥s = ¥y +f (x,,y,) = 02736+ (0-2)(0-8 +0-2736) = 0-48832

Ys = ¥s +hf (x;,y5) = 048832+ (0-2)(1-0+0-48832) = 0-785984
Hence  y, = 3(1-2) = 0-785984.

Q. 11. Given m = X+ y determine the value of y at x = 0:05 and x = 0-1 wigy

initial condition y (0) = 1. (Upto four decimal places)
Solution : The given equation is

Wu x+y=f(x,5) (let)

Hence,

Ang,

(Gwalior 2022)

and x5 =0,y,=1
Hence, by Euler’s method, at x = 0-05

35 = Yo +hf(x,30) = yo + h(xg + yo) = 1+ (005)0+1) = 105
Hence, by modified Euler’s method,

¥ = Yo+ 21 G, 30)+ 11,0

= §+m§+€§£_;_

0
" Tlmmzf 1) +(0:05)+ (105)] = 10525

3
»?

h

= Yo+ 51/ G0, 30)+ f(x,52)]
h

=0+ 31 +30)+(q +5{)]

005 :
=1+ ==1(0+1)+(005)+ 105256) = 105256
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h h
WO = 3045 U Co, )+ £00, 5701 = 30+ 31050 +30)+ 0+ 5]
0-05
=1+ ..~I:o+3+ (0-05+1-0256)] = 1-05256
¥ = #O
Hence x; =0-05, y, =1-0526
Now, x=01,

W = n+hf (4, 0) = +Hx + 1)

=1-0526+(0-05)[0-05 +1:0526] =1-1077
Now, by Euler’s modified method,

# =x +m5u_,§+\3&_:_ =% +m§ )+ (24320

ewa [(0:05+1-0526) +(0-1+1-1077)] =1-1104

=1-0526+

(3)

= 3+ 2L+ S

=1:0526+(0:025)[1-1026 + (0-1+1:1104)] =1-1104

¥ =y =1-1104
Hence, at x =0-1 value of y is 1-1104. Ans.

Q. 12. Using Euler’s method, solve the equation atx=0-S in the range 0 < x <05
by taking k=0-1

i y2, 50 0.

e (Bhopal 2016; Gwalior 17)
Solution : -+ The range of interval is x = 0 to x = 0-5 divided into 5 steps.
Hence, we will calculate y at x, =0, x, =02, %3 = 03,x, =04,x =05
Hence, by Euler's method, we have

Vn = Yna1 +\~\.AH.TT¥..T_V
at x = (-1 the first approximation :

Y=o +hf (%0, %) -
where x, =0,y, =0, \??w.o,vunw+xw =0
% =0+01x0=0
Second approximation of y at x, = 0-2
y2=n+H (), where % =01, % =0 and
Sxn)=5+R%
¥, = 0+01((01)? +0%]= 0001
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Third approximation of y at x, =03

W=y A%, )= N +hlx) +2i]

Yy = 0001+ 0[(0-2)? +(0001)] = 0005
Fourth approximation of y at x, = 04

Yo = ys + B (xy ) = 3y + B 433

¢ =0:005+01((03)* +(0005)’] = 0014
Fifth approximation of y at xg =03

Ys = Yo +hf(xg+y) =y +h[xy + i

= 0014 + 01[(04)? +(0014))

=0014+0016=0030.
Q. 13. Using modified Euler's method, find solution of equation

B2

=1-y = f(x,y) with »(0) =0 in the range 0 < x <0-3 by taking A =0-1,

. 48

Aug,

(Indore 2017, Chhindwarg 2)

dy

Solution : H —=1-
ution ere, — y

= f(x,y)=1-y with y(0)=0
ie, x4 =0, yo=0,and h=0-1

By Euler's method,
Y1 = Yo +Hf(x0,3)
=yp+h(1-y,) =0+(01)(1-0)=01
= »01)=01
On x, =02,

Y2 =y +hf(x, )=y +h(l-y)
=0-14(0-1X1-0-1) = 0-19 = »(0-2) = 0:19

On x; =03,
Y3 =y +hf(%,9,)= y, +h(1-y,)
=019+ (0-1)1-0-19) = 0-271
— M0:3)=0271.

Ans.
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Q. 14. Ue Runge-Kutta method to find y when x = 1-1 in stpes of 0-1, given that

2
Nn x* +y75 (1) =y(15), (Indore 2017; Jabalpur 22)

Solutlon : Here f(x,))=x"+)* ,and x, =1, y, =15, h=0-1
For the first interval, we have

Ky =W (x9, ) = 0-1f(1,1:5) = (0-1)[1% + (1:5)%)
=0-325

Ky =hf T_ +m. Yo+ %y =(0-1) £(1-05, 1-6625)

= (0-D[(105)? +(1-6625)* ] = 0-38664

Ky=h T +m. o +%u =(0-1)£(1-05,1-69332)

= (O-)[(105)* + (1-69332)*] = 0-39698
Ko = hf (x + b yo + K3) = (0-1) £(1-1,1-89698)
= (O-)[(1-1)? +(1-89698)*] = 0-48085.
Here x, =X +h=1+0-1=1-1, so the value y, of yat x; =11 given by

N=Y +wcn_ +2K,+2K, +K,)

=15+ .M.s.z?oqdufoqaom +0-48085)

=1-895515.
Now we shall find y for x, =x+2h=12.

Inthiscase, x =1Ly = 1-895515, A=0-1
K, = Bf (3, 30) = O-DI(1-)? +(1-895515) ] = 04802977

K= \.\T +m. % +.MIQ = 1)/ (115, 213566)

= (0-1)[(1-15)* +(2:13566)" ] = 0-58835

K = QT +m. 5 +m~$ = (0-1)£(1°15, 2:18969)

= (0-f(1:15) +(2:18969)*] = 061172
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Ko =W (x +hy +Ky) = (01)£(1:2,2:50723)
= (0D[(12)? +(2:50723)*] = 077262

So the value y; of y at x, =12 is given by

Y =0 +WA>‘_ +2K, +2K;+K,)

=1-895515+ Wﬁo&mouw.\q +11767000 + 12234400 +o.qqmmwoov

=2-5043. Ang,
Q. 15. By Runge-kutta's method of second and fourth order, find the valye
»(0-1) and y(0-2) if m.”n =y—x, withy (0)=2.

(Bhopal 2011, 14; Gwalior 11, 13; Rewa 16)
Solution : Here given that X, =0,y,=2,h=0-1
(i) Second Order : Taking h=0-1
ky = f (%0, ¥0) = (0-1)(3— %) = 0-1(2-0) = 0-2
ky = Bf (xo+h, Yo + k) = (0- 1) yp + =~ (%o + 1))
=0-1[2+02-(0+0-1)]
=021

=Y Aw_wavu?mo.fo.zuuu.wa

2
For finding y, = y(0-2), we have x; =0-1,y; =2-205
:gﬂﬂ N-"‘—.\v AN—»VJV"AO.mvhﬂ_lH—u"AO.ﬂvHN.NOM|°.—“_"O.N~OM
k, = hf (3 +hy, 3 +k)=0-22155

=k +w:«_ +ky) uN.uorwn.ﬁo?o.BG&

=2-4210
Similarly, y(0-1) =2-205 and y(0-2) =2-4210.
(if) Fourth Order: k; nr\ﬁu?v,cvno.:voluovuo.zwlovuo.u

h k
k, = :\To +M..§+M_uu 0-1 ¥ +||T, +ww
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h .
\au nb\.ﬁxc+|.v\o+..~w.uno; N+o NOml 0+o'._.
2 2 7) 2
= 020525
ky=hf (xo+h,yo+ky) = 0-1[2+0-02525- (0+0-1))
=0210525

Hence xo.:ufw;_ﬁ&t&l._

n~+.a_u~o.w+o.ﬁ+o.mw~oo+o.n_omnmu

=22025
On x=0°2 given x; =0-1, y; =2-2052

ky =hf(x,»)=0-1[y -x]=0-1[2-2052-0-1] = 0-21052

h . 0-1
Iy n:\ﬁu_ += 0 +.~I_uuo._T.~omo+o Bommlmo.rllu”_

2 2 2 2
=0-216046

\.
ru \.\T_ 5N +ww uo.n_aﬁu

ky =R (X +h, Y, + k) = 0-1[(3, + k3 )= (3 + )]
=0-1[(2-2052+0-2163223) - (0-1+0-1)]
=0-22215223

:o.snN.~§+WS+N&+§+€

uw.uom~+.WB.Bomn+~3.w_mgmf.wac.n_munuwv +0-22215223]
=24214. Ans,
Q. 16. By using Runge-Kutta method calculate the solution of equation

1
x+y’

(for x = 0-5). When x, =0, y, =1 by taking A= 0-5.

(Rewa 2014; Ujjain 16; Jabalpur 16, 17; Chhatarpaur 22)
1

Solution : Here x5 =0, y, =1,h=0'5 and f(x,y) =

x+y
K = 4 (%0s%0) o.Al_lwu 05
1 =h (%, 0% 70 ,
ok
= W[50+ 030+ | = 057(0251:25)
1
= ~0-333333
© &T.wr SL
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=05x

_ 5 =0-35294
025 +-
6

ke = hf (% + h,yo + ky)
= 0-5/(0-5,1-35294)

=05x

1
=02
0-5+1-352%4 e

Here x, =0+0-5=05
Hence x; =0-5 then value of y

3= o+l + 2k + 2k +k)

1
=1+ NAQM +0-6667 +0-7058 + 0-2698)

] .\ - =1-35705. Ans,

/| Q. 17. Solve the following differential equation by Runge-Kutta method given

their initial condition : rla\!ho\_d\ms;. Rewa 15)
dy

(=) Huuf..::e =1,h =0-1, with fromx=0 to x=0-4

(Rewa 2011, 17; Jabalpur 12; Indore 13; Bhopal 16)

(b) Nﬁn 1+y%,7(0) =0,x =0-2,04,0-6 for h=0-2

dy .
© .Lln.n e +&»..23 I, forx=0-2 and 0-4 (Gwalior 2017)
@ mhnu.d.. $(0) =1, forx =02

(Rewa 2011)

While its unique solution is y = ¢ 2
Solution : (8) J(%.9)=X+y,%=0, y,=1,h=0.|
5 *—"}\A“O-HOVHO.:O.T:"O#
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h k, 1. 01

% .;\Tim.s J.uno._TTﬁ _T.L»o.:
h k

kg =h S (X0 +h.yo+ks)=0-1{0-141-1105} = 0-12105

1
" u§+m?_ +2(ky + ky) + k|

$(01)= IW_Q.INS._IO._5&3.5_87 1-11034.
Here at x =02, y (0-2) we will find y,
x, =01, »y=1:11034, h=0-1,
= hf (%, ) =0-1[0-1,1-11034] = 0-121034

K= ‘_\.ﬁu_ +|”|L: +.MI_.WH 0 _—Ho;m.vh_._ ~ow»+.o.|_nw_hin 0-13208

“&\ﬁk~+.\~w.w_+wuuo; o._m+h_.:owa+

0-13208
2

w =0-13263
ky = Bf (%, +h,y, +k3) = 0-1[(0-14+0-1) + (1-11034 +0-13263)] = 0-14429
o =D =prglh+ 2 k) th]

= _.:Owﬁ+wﬁo._Nﬂow»+o.NQAaHo.~mm~m+o.—tmwu

um.:ow?ws.?zn_.:S?o.auu 1-2428
Similarly x = 0-3, we will find y,
X =02,y =1-2428,h=0-1
ki =h f(%y,y7) = h(xg +yy) = 0-1(0-2+1-2428) = 0-14428

o._tnmw
2

»wui? +m. ~+m~_.vuo._ o.aA_.Ns?

=0-15649

‘ 015649
au:\?+m&+£u27~m+cn§+ ; VM_

=0-15710
ky =h f(x, +h,y; + k) =0-1[0-3+(1-2428+0-15710)]
=0-16999
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and yy = y(0-3) = y, +w7_ 42k 42k + k]
n_.ptfw?.zs.fo.w:ofo.:soé._%ﬁ

nszws.o:&vn_.usfo._m%o
=1-3997
To find value of y, =y(0-4)atx=0-4
Thuuno.w.%uu_.wwoq,‘.uo._.
ru‘55.5uo.:.o,w+_.$§uo._o§

=N T +m_§+»lu (0-1){0- 35+ (1-3997 +0-084985)} = 018347

ky ....\Muu,fm.zu,f »uu (0-1){0-35+(1-3997+0-091735)} = 0-18414
ki =hf (x4 h,y;+ky) = (0-1){0- 4+ (1-3997+0-18414)} = 019838

1
= v.w+w;_ +2k, +2ky+ k)
- Soﬁﬂme. 16997 +0- 36694 + 0- 36828+0-19838)

=1 $8+wc. 10357) =1-3997+0-183928 = 1-5836,

These value can be tabulated as :
x 0 0-1 0-2 03 0-4
¥y 1 1-11034 1-2428 1-:3997 1:5836

®) f(x,y)=1+5*,%=0,5=0,h=0-2
For the first interval, we have y, = 3(0-2)

ki = hf (x9,5) = (0-2) f (xg,59) = (0-2)(14 2) = 0-2

*. w
Nu H\.\ﬁko +W.¥o+|_.w AQNV ~+ﬁo+wwmu n?ni.o;ﬂc.uen

h
ks ua\muim.:.twu (0-2) _A?o Nsu =0-2(1+0-010201]

=0-20204
kg = Bf (X0 + Yo + k) = 0-2[1+(0+0-20204)2]
= 0-2{1+0-04082] = 0-2(1-04082) = 0-208164

Ans,
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. x=0-2,valueof y

1
2= y(0-2)= §+N;_ +2ky +2ky + ky)

uo+w3.N+o.3fo_§8+o.§_§
=0-20271
Zoi.inm—..m: find y for x, = x;+2h=0-4
In this case x, = 0-2, y; =0-20271,h=0-2
k nsa_.svue.uv:iéuo.w__io.us.\:u_
= 0-20822

;\T +m.: *_w (0-2) _Ao 20271+

o.NeE uu
2

na.s__+€.§§~To.~_§

2

m\T +w:<_+Wu (0-2) Iho 20271+ 221883 Nwzwu

= (0-2)[1+(0-31213)] = 0-21948

ke =hf (x,+h,y, +k;) = 8.8?8.353" 0-23565
1
Ly =y(0-4)=y +m?+§ +2ky + k]

=0-20271 +wﬁo.nowm~+o.8qmm+o$wmem+o. 23565)
=0-42279

Now, we shall find y for x; = xy +3h=0-6

In this case x, =0-4,y, =0-42279,h=0-2

ky = hf(x,,9,) = e.s__:o.ﬁév“_uo.mﬂm

h

'3 u\.\?T, »+lu ©-2) I? 422794+ 323575 N&J

2 2

=(0-2)1+ (0-54067)" | = 0-25846

0- E:J»

2

»u.;.H .«u+m.. ~+W~.W 38 _+ho Sn3+

= B.s__io&nsln 0-26095
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2
ki =hf (xy+h,y, +ky) = B.s—fe,szfo.N%Q _
=0-29350

S =y(0:6)=y, +.W?.— +25y +253+5,)

= o.ﬁﬁe+w8.Bmd,fo.z%fo.Ssoé.N&ms

=0-68413.
The value of x and y are tabulated as :

x 0 0-2 0-4 0 -6
¥y 0 0-20271 | 0-42279 | 068413

n u

© Sz =55,

" x=0,y,=1,h=0-2
y +x?

ks = A (x0,30) = (0:2) 88258 _ (0.9 2=0
' 0> Uyc +Ro ~N+ON

2
L02) (02
!o N 0 2

=0-2

Rk

wu r\ﬁuo+m.§+|u Aouv

. ”l . N .
LRV 120 ol [P

=0 ) 122

=0-19671

h
ks u:\ﬁue +5% +|wm~;uu8.8

(1-09836)? — (0-1)?
(1-09836)2 +(0-1)?

=0-19671
ky =hf (xq +h,y0 + k1) =(0-2) £(0-2,1-19671)

(1-19671)% —(0-2)?
(1-19671)% +(0-2)2

=(0-2) =0-18913

1
s =0 D)=yt ol +2k +2k + k)

_ _+.M.B.~+o.uoﬁfo.ussé.;o:_

=1-19600

Ang,
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To find the value of y at x = 0-4 . In this case x, = 0-2,y, = 1196, h = 0-2

=hf(x\. ;) =h : & - (0-2)] (1196 ~(0-2)"

=0-18912
W+ (1-196) +(0-2)?

h k
ky=hf T. S _v (0-2)[0-3,1:29056] = 0- 17949

h

»
u L.\Tlm:: Nu (0-2)[0-3,1-28575] = 0-17935

kg =hf (x;+h,y, +ky) = (0-2)[0-4,1- 37535] = 0- 16880

s »n=y(0-4)=y +w§+tm +2ky + k)

= _.sm,rws.;2?9&%?9&3? 0-16880]
=1-37527. Ans.
d) f(x)=-x,%=0,y,=1,h=0-2
ky =y (x9,3%)=(0-2)f(0,1)=0

k, L_\? +m.§ +»lv (0-2)£(0-1,1)=-0-02

ky = \_\? +.w..x_ waun (0-2)£(0-1,0-99) =—0-0198

kg =hf (xo+h,yy+k;) = (0-2) £(0-2,1-0-0198)
=(0-2)/(0-2,0-9802) = —(0-2)(0-2)(0-9802) = —0-039208

=y +h)=y(0-2)=y, +m§ +2ky +2ky + ko)
= _+w_o+uTo.§+~To.23??9888:
" _+ws-o.2-o.aaio.aoaz

=1 lon; 18808) = 1-0-019801 = 0- 9801986

=0-9802 (up to four place of decimal value)

But given that the unique solution of the given problem is y = e,

" at x=0-2 the value of y is

P(0-2) = =@ _ ;=002 2 0.98011986 ~ 0-98012. Ans,
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18. Find by Runge-kutta method an -a!.ou_:_-ze.- value of y for x = 0.4

’

given that y(0) =1 and m_. =3x+)".

(Indore 2011, 14, 16; Ujjain 11, 17; Gwalior 16; Bhopay 5,
Solution : Here X =0,y =Lh=01f(x,y)= 3x+ v_u
Ky = hf (%0, 30) = A3, + 58] = 0-1[3x 0+17] =0 1(1) =01

»u =hf ﬁho +W4.<o+.Wr/

2)
urmuﬂxo+wu+h§+ w qw =01 A?WIJAI%%

uo%oy%i:o.o&@

=0-1{0-15+(1-05)*] =0-12525

vt o]

V 4 N
uo._ A?&&AI%& uo._ﬁo:

ko= f (xo+h,yo+ks) = 0-103(x + h) + (o +K3)']
=0-1[3(0+0-1)+(1+0-127917)*]
=0-1[0-3+(1-127917)?]
=0-15721967

1
vAo.Su.vo.rm.Qs +2k, +2ky+ k)
1
= ~+ch;+wﬁo._~uw& +2(0-127917) +0-15721]

1
= 1+2(0-763544) = 1+0-127257 = 1-127257. Ans.

Q. 19. Apply Runge's method to approximate y where x = 1:6 given that

Y oy () =04
i »y(1) =04 (Jabalpur 2011; Ujjain 11, 15; Sagar 14)

Solution : Here X, =1y, =04,h=06, f(x,))=x-
= ki =h[%.%]=06[x-y]=0-6[1-0-4]=0-36

Mathematics (M. Py B.Sc. Part-Ill (First Paper)| 121

h k h k
k, = :\.ﬁxo +m..&o ....N_W.I,AC.S ﬁxa‘ N.w ﬁv\a ¢ lm_v

06 . 036
=(0-6) h?«lwlviho >+]M!v

=0-432.
k'=hf(xo+ h,yo+k)=(0-6)[(xg+h)—(y5+ k)]

~(0-6)[(1+1:6)—(0-4+0-36)]
= 0-504

ky =hf (xo+h. o +k")=(0-6)[(xg+h)—(yg+k')]
=0-6[(1+0-6)—(0-4+0-504)]=0-4176

1 1
Hencek = m:: +4ky + k3] = mz.u?ﬁo&sés:&
=0-4176
Hence approximate value of y = yo +k is
=0-4+0-4176
=0-8176. AlS.
Q. 20. Apply Milne’s method to find 2 solution of the differential equation

m.m =x- wn in the range 0 < x < 1, for the boundary condition y = 0atx=0.
dx

(Bhopal 2013; Gwalior 2017)

Solution : Here y'= f(x,y)=x-",x=0,y,=0
Taking h = 0-2, so that

x, =% +h=02,x =x,+2h =04, x; =06, x, =08, x5, =10
Firstly we shall compute yy, y5, 3 using Picard’s method :
Y™ = yo+ o f (x, "0 )ax
2

YO =04 [5Gy @) = [ (00 = o i = -

[ flxy)=x=y,¥(0)=0]

@ x ) x al <%
YB =04 [0 e,y e =) x-| 5| | =55
® 3 @ x o
YO =0+ [0 f(xy )= [l x| T35 ) |&
HM ku Hu k__
= ———— g —— —

2 20 160 4400
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Taking 5= 0-2,
{ 2
n=x02=|1 -9
= 2 “
/(02)
Nu Hm;
¥y = W-4) L = = 0079488 = 0-0795
L2 20§,
4)
.2 s 8 "
r B ~0-17611250-176

» "..fﬁo.oanarll'.vll

2 3
2 20 180 4400 0)

[

Yo= 0o =/ (2, )0 = ho!%m =0
M= F(x.0) = =x -y =0-2-(0-02)* =0-2-0-0004 = 0-1996
¥ = f{x2.92) = fr = x3 -y} =0-4-(0-0795)* = 03937

¥= f(x3.¥5) = f3 = x3-»} =0-6-(0-176)* = 05690

By Milne's predictor formula,

.:.ﬁ

Yo = Yo+ |20 1-¥2 42y = +Fw.s?.u§no.u§:.mmo_

and ¥, = fa = X — ¥3 = 0-8-(0-3049)? =0-7070
Using Milne’s corrector formula,

®_ R
Ya <~+w:t§¢;

no.33+%B@&f»ﬁ%é.qﬂsuo.woa
2
Thus ¥4 = fs =0°8-(0-3046)* =0-7072
.. Again Milne’s predictor formula,
4h
Ys=W 4%35 —¥3+2y,]

4x(0-2)
=0-02+——"{2x0-3937-0-5690+2x0-7072]

=0-455413=0-4554
ys=Js = (x5,¥5) = x5~ 3§ =1.0-(0-4554)% = 0- 7926
Using corrector formula,

h
~ _ e 1 A\l 4
ST )
—o- _.a+l~o 5690+4x0:707240. 7926)

=0-45536~0-4554.

. 48
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Where

Replacing A f,,A? f, and

L/
dx
f(x,y) is replaced by Newton's forward interpolation formula

=f(x,y), ¥=Yo,where x=x,

?cc_aﬁ_ table is
0 02 0-4 0-6 08 10
o 0:02 | 00795 | 0176 | 0-3046 | 0-4554
Q. 21. Explain Milne-Simpson method. (Gwalior 2022)
Solution : Milne-Simpson formula

&ua+§\°+ﬁw_.:>$+x?_uv_c,-e%\o

Integrating (2) over the interval x to x, , we obtain

+R\|_xmﬂ~xnn3>.\__ ...... -

)

o= (2 o+ s+ 20

NLLRILCSNS

%G-ELELJST
N 4! ,

2

. .
Since P="-"2, the limits of integration become p=0 to p=4 and dx = hdp

Y=Y = Taé&ii%: A f+ >>H_

A% f, by their functional values, we obtain

7o=30 W 4o+ 8 )+ S -2 )

=¥ +|§ A +~€+

4
23534 ) e s

E.\o



124 | Navbodh Pariksha Saar

Neglecting fourth and higher order difference, we get

4h
Y= R+ QA fi+2A)

{
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Q.23 Solve by Milne's method :

dy 1
A-v :.v.cc_m- uo_:._o._o:__nnn:n:o: N u m?n +v.v._.o._:na:.n:_nno:ﬁr

More generally equation (2) can be expressed as o that ( Bhopal 2014; Ujjain 14, 17 Gwalior 16)
i g
Yut = Yas + QL fra 4 2a) " . 0 0s 10 15
- . 4968
Which is known as predictor formula or Milne's formula. y 2 2:636 3595 "
y . . d
Q. 22. Using Milne's method, solve mwux» =2e" —y for x=0-4 in the term, of gy (b) Find y (1), given for Ne =2-xy%,y(0)=1-0 2nd h=0-2.
x |, 0 o1 |02 | 03 & , . - ot
¥ 200 | 2-01 | 0-04 | 009 (Jabalpur 2011; Indore 13 (c) The range of = =x-p°,p(0)=0is 0sx<1. (Gwalior )
ion : )=2e*-yand h=0-1
Solution : f(x,y)=2¢e" -y h=0 i B iyt p(0)=1 (Gwalior 2012)
To find y, for x, = x, + 4h=0+4(01) =04 dx
4 h=0-1 and take accuracy of 0-000001 and find y at x=0-4.
Predictor formula ¥« = Yo +Th(2)1 - 32 +2'y3) (1) i
Solution : () f(x,y)= MQ +y) and h=0-5 -{1)
¥ = f(x.0)=2e% -y =2.¢"-2:01=2'(1-1051)~2-01 .
=0-2003 For x; = X +4h=0+4x(0-5) =2 we have to find value of ¥s.
¥ = f(3.02) =26~y = 2.¢%2-0-04 =2(1-2213)-0-04 By Milne’s predictor formula,
=2-4427 Y2 = Yo+ Sh(25i-¥s 4275) e
¥ = f(x3.y3) =27 — y;=2.¢>~0-09 = 2(1-3498) - 0-09
=2-6096

Predicted value

e u~+.w.3.:3xo.woouuw.tufwxu.%ee

u?@%m._d:nu.swm
Now, x,=0-4,y,=2-4236
Vo= f(x,3)=2e" -y, =2.¢"-2-4236
=2(1-4917)-2-4236
=0-5599
R h -
Put the value in corrector formula y, = y, +w§ +4y31+;), we get

01
= 0-04+—(2-4427+ 4 x2-6096.+0-5599)

uo.2+o|“:w.t:
=0-4880.

Y1=f(x.) uws.rb.&@n 1-568

Y2=1(x2,72) u.w.c.o&%& =2-2975

vl e

1
Vo= £ (55,5) = 2(1-5+4-968) = 3:234
Put the above values in eqn. (2), we have
e u~+mx8.$_~ x1-568-2+2975+2 x 3-234]

=2+0-666[3-136-2-297 +6-468] = 6-8713
Now, put x, =2 and y, = 6-8713,

Vi= ws +6-8713) = 4-4357
Now again applying corrector formula, we have

h, . g s
Y4 =2 +WC\N +4yy+yy)
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Put the value of »2- 32, ¥3. ¥4 in above formula

-$
Yo = w.mo?,olwys.uodlxw,uzi.amj
=3-595+4+3:2782 = 6-8732
Co
Now, Yi= MC +6-8732) = 4-4366

Taken from corrector formula, we get
Yy = w.mofﬂfms.uﬁml x3:234 +4-4366)

=6-8733.
(b) Here, £(x,y)=2-x",3(0)=1,h=0-2
Now we shall obtain the three consecutive values of y and y’ corresponding tox=0:,
0-4 and 0-6 by (- & =0-2) Picard method
According to this
y=yo+ [ f(x,y)dx
For first approx. y=1,

Aus

2
YO =10+ [ (x.)dx =14 [2-x)de= 1422~ (1)

Second approx.,

¥ = im:nkev&u_+§~|ue+~a-xJJ&

2
2 48 3 20 )
S BT 3 e e e e S BV
1+2x 2 > 2 + 3 NAR .(2)
Third approx.,
¥ = yo+ S (x5 )ax
X2 4x 3% 14 79
=l42x- 25 06
T T R ~(3)

Now, put values of x, 0-2, 04, 0-6 in eqns. (1), (2) and (5) respectively we have,
3, = ¥(0-2)=1-3685

3, = y(0-4)=1-6298
y3 =y(0-6)=1-7621
Now, by Milne’s method, we shall obtain the values y,

g . and ys of y corresponding to
x=0-8 and 1-0, by Milne’s predictor formula i P $

4
= 2V, - '
S R )
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Now, » u—.\Ax.!v_xu._ = f(x,3)=2- k_\<_~ - Nlao.wx_éaamvu
=2-0-3746 = 1-6254
>NE=. put x =0-4,y, =1-6298,

yy= (X2, ¥3) =2~ 2,93 =2-(0-4)(1-6298)? = 0-9375
gimilarly,

¥;=2-x3y3 =2-(0-6)(1-7621)* = 0-1370
Put in eqn. (4),

4
Vi = ~+|on.N=~x_.mwmano.owqruxo._uqo_u 1-6899
By corrected formula,
\~ ' ] ’
&Mw_ =Y¥n-3 +|u..AH n-1 1!:.—.% I.o_v
Put x=0-8,y,=1-6899,

\— \l (] ] .
!Ms =Y +MQ 2 +Av.u+v£v where ¥g = Nnutcm
hy ,
=Yz +MT 2+4y', +?|8.3Q.mwo$~ z '

= H.So?ol.wmﬁo.wudie.581.9357 1-7098

Nowput, ', =2—x,ys , X4 =0-8,y, =1-7098,

¥4 =2-(0-8)(1-7098) = —0-3387
By predictor formula,

4h
Ys=n +qm~\<_~ -y3+2y4]

= 1-3685+ 202 2.x0-9375-0-1370+2(~0-3387)]

=1-6513
and s =2-x5yF =2-(1-0)(1-6513)* = -0-7267
Correct value of y;

{ } \J { '
Vs=ys+3[vs+ariers]
- :%I%?. 1370+ 4(~0- 3387) + (-0-7267)]

- Zmnrwu.mf.fﬁ =1-7621-0-1296

Ans.
=1-6325 = y(1).
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() To begin wath ¥;. )4, ¥ is required, to find which on order four can be used by any
-ngle method. Picards method is convenient according to this,

\,,.; = yo + .ﬂ.\Ak..t?/:v&

2
YU =0+ (2, = [ (x,0)dx =[x dy =

]
Because f(x,¥)=x-3)?, »(0)=0

2 2 S
2 ~x ¢ X
.<A ,HO+.T.\AHC€2J&KH_O klmx X

B ) ) 2 5,8 1
V.-\.."O‘T-m.\.AH?!huJ&HN.*.o i Rn Hh uﬂu X

X X x Z
2 20 T2 20 160 4400
Teking h=0-2,
2
»=20-2)= HIJ_ =0-02
2)
(©2)
[
kuio::urlnm =0-079488 = 0- 0795
{2 20
- 0-4)
(2 ¥ £
= {0-6)=| ———+—— =0- 12~0-176
y3=y(0-6) T 50 166 1400 , 0-1761

Y= 0")sa =S (%, 7))o =X - y2 =0

Yi=f(x.0)=fi=x -y =0-2-(0-02)> = 0-2-0-0004 = 0-1996
Y2 = f(x2,¥2) = f2 =% - y3 =0-4-(0-0795)* =0-3937
Y= f(x5.¥3) = f3= 33— 35 =0-6—(0-176)* = 0-5690

From the predictor formula,

4h . 4(0-
=y + 5 [2V1-¥y 42, = 0+ Awsﬁo.uoslo.woﬁi.mw&

=0-3049

and Y= J4 =%~ ¥i =0-8-(0-3049)? = 0-7070

Now, put ¥'s = f4 = 0-8-(0:3046)* = 0-7072
S0, from the predictor formula,

&} { 1 '
Vs =N +|M.—N!~ =¥542y4]
= o.ow+F%.~;Nxo.woﬁlo.mmoo+mxo.q3wu
=0-455413 ~ 0-4554

yy=fs = f(xs5,¥5) = x5~ y; =1-0-(0-4554)" = 0-7926
From the corrector formula,

} Ll 1 1
¥ =y +MT 3+4y's+ ']

= o._.a+muumﬁo.u%ol x0-7072+0-7926]
=0-45536 ~ 0-4554.
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(@ Here f(x,y)=x+)*, %=0,%=1, h=0-1
By single step method and then

We shall find y', = £,y = f,,) = f3 calculate y, by Euler’s method
Ym "VH-I_ +&.\AN I—uvgll_v

Y1 = Yo +hf (x0.70) = yo +h(xg + ¥3) =140-1(0+(1)*) = 11
Y2 =y +hf (x,3) =1-1+(0-D[(0- ) +(1-)?]=1-23L

Y3i=y +\_\Q~.\<~vn_.uu_+8.c:o.ufc.wucﬁn_.Aonuum_.
and N=,=131,

Vo= f, =1-715361,

¥y= f=2-2671075.

From the corrector formula,

h
¥ =y, +MT&+¢&+ ¥4

0-2
=0 3@m+43.wowq+~.~qoo+o.qoqen 0-3046

- Predictor formula,

4h :
&ME =y, +-u|A~\<._ -y5+2)4)

4(0

=10+ w. D [2(1-31)-1-715361+2(2-2671075)] = 1-7251805

Tabulated Table is :
X 0 02 0-4 0-6 0-8 10
y 0 0-02 0-0795 0-176 0-3046 0-4554
Ans.
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Vo= £ = £(xe.¥") = £(0-4,1-7251805)

=0-4+(1-7251805)* = 3-3762479
Corrector formula,

Ko ot 2
YO =330+ )

, ﬁII.: 71536144 x2-2671075+ 3-3762479) = 17030013,

Now, put corrected value of y,, 1:7030013
Yo= £ = £(x, @) = £(0-4,1-7030013)

=0-4+(1-7030013)? = 3-3002134.
Again, by corrected formula, second corrected value of y;

Ya o =t— AENLVJ+¥.V

=1- Nufwlc 715361+ 4 x2-2671075+3-3002134)

=1-6905308
and Y= 1 = oy

= x, +(4P)? = 0-4+(1-6905308)* = 3-2578944
Similarly, third corrected value of y,,

%anb =y, +Mc‘.~ +Hyi+yy)
h, \
= p+ RO+ 1)

=Y +.\w~nc.~ +afi+ @)
= 16990562
& =x+ () vn =0-4+(1-6990562)? = 3-286792
¥4 =1-700194
0 = f(x4,5) = 3-2900661
PP =1-7001286, 1) = f(x,, %)) =3-2904371

Y5 =1-7001409, 1) = S (x4,59) =3.2904792
¥ =1-7001423

1y47 = ¥¢¥)1= 0-0000014
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Which is desirable accuracy, 0-000001
1§ = pi|=11- 7251805~ 1-7030013= 0-0221792
Accuracy is not up to 0000001, hence process can be continue. Ans.

Q. 24. Tabulate by Milne's method the numerical solutions of L 4 =x+y with

dx
initial conditions x, = 0, yo =1 from x =020 to x=0-30. (Rewa 2016)

Solution : Given equation is

.Wluu:v,UWI&Hx <
P =g

Thus the solution is :

ye*= _.k.nnx&«+nu —xeF-eFrcy=—x-1+ce"

Initially X =0,y =1>c=2

: y=—x—1+2¢

Let h =005
y=—005-1+2¢"% =1:0525 at x=0-05

and y=-01-1+2¢"" =1-1103 at x=0-10
and y=—015-1+2¢"% =1-1737 at x=0-15.

Hence, we have

x y

=000 | yo= 10000 o' = 1-0000
=005 | y =10525 y' =1-1025
=010 y,=11103 ¥ =12103
x3=015 y3=1-1736 yy =1:3236

By Milne predictor formula,

b\- ' ' '
Y2=Y +..ul_~w. =¥t 2y4]

ngm{x:owo 12103 + 2x1:3237) = 12428

Y' =Xy +yy = 02+12428=14428.
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Ys:

Y415 the predicted value of y corresponding to x = 0-20 which is corrected by

W=y, +WC.»+ 4yy+4y']

=11103 +%=.~_8 +4(13237) +14428] = 12428

Which is same as the predicted value.
Y4 = Yo =12428 and y', =14428
Now, we are to find the values of y corresponding to x = 025and x =03, Le,, y; ang

Milne's predictor formula for ysis

4h ,
Ys=n +w-.<.~+ Y'5+2y']

=10525+ .xouéa [2(1:2103)— 13237+ 2(14428] = 13180

Which is corrected by
} ) 1 ]
kms uvu+|u.r< 3+4y'+ %]

= 11737+ £2213237 + 4(14428)+ 15680)

(2 = X5+ ys =15681)
=13181
Which is same as the predicted value.
Y5 = Yoas =13181 and y's =1:5681
Now, Milne's predictor formula for y; is :

4h . | \
Ys =¥, +Iu|-¥ 3= V' + 2]

=11103+ xwa

[2(1:3237) - 14428 + 2(1-5681)] = 1:3997
Which is corrected by

1 h_ | C
1 VMVHS+MC:+¢J+\<L

005
= 12428 +==[14428+ 4(1:5681) +16997) = 13997

Which is same as the predicted value,

e e

{

. 28
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Ve = 13997, 'y = 16997, [oy'=x+y]
Hence the table of results is as follows
Ay
x y y'= = x+y
X4 = -20 Y= 12428 \<\u =1-4428
x5="25 ys=13180| y's=1-5680
X6= 30 V&= 1-3997 Vs= 1-6997 Ans.
Objective Type Questions
1. Third approx. of differential eqn. mu‘_\ ~x2,y(0) =1,k =p-1 by Euler’s
method is : (Indore 2013; Gwalior 13; Bhopal 13)
(a) 1-2348 (b) 1-3348
(c) 1-3648 (d) 0-2348. . .
2. By modified Euler’s method first approx. of differential equation
Nluk+_,\w_. when y(0)=1,=0-2is:
(a) 1-2205 (b) 1-2300
(c) 1-2290 (d) 1-2295.
s . . dy
3. By Picard method approx. at y(0-2) of differential equation o 1+xy, when
y(0)=1L,h=0-1is: (Jabalpur 2016; Rewa 17)
(a) 1-105 (b) 1203
(c) 1-023 () Zo:m of 580
4. Picard method is useful when analytical 8?92. is:
(a) Simple (b) Difficult
(c) None of these (d) Not .mbw.mﬁmn.
S. Taylor's method of solving differential ne_-n..:- is:
(a) Single step method (b) Multi step metod
(c) Neither (a) or (b) (d) None of these.
6. Indifferential equation m. =y? +1,(0) =0 if h=0-2 then by Taylor’s method
value of y(0-2) is:
(a) 0:02027 (b) 0-2027 r
(c) 1:2027 (d) 2:0271.
7. In differential equation mm.u x+y,y(0) =1,h =0-1 value of y=(0-1) by
Runge-kutta method is :
(a) 1:0103 (b) 1:003
(c) 1-1103 (d) None of these.
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8. Value of k, in Runge-Kutta method is evaluated by :

k
(2) r\hko +W,...o + »uu (b) ‘_\huo +=4 M0 +|Nu..v
(©) Af (xo +h, ¥, + ky) (d) Af (x +3my0 + ks).

9. Milne's predictor formula for the solution of m.zm = f(x,y) when y(xy) = Yoy,

(Indore 2011, 17; Jabalpur 15, 17; Bhopg) 17,
h

H2=51420)  ®) =y SR )

(@) Yo =y +
ey o gy 4h, g
© ¥ =Y +3 (¥ =33 425)) (@ =y +5 0 ¥ ).

@

10. General form of Milne's corrector formula for the solution o = f(x, ¥)
;)

P(Xg) =y, is: (Indore 2012, 14; Jabalpur 14, 17; Bhopa 1

c K, , e ot Bl i 5
@) Yia = Yia ¥ 0L+ 4+ Vi) (0) Y=o J.E_-mﬁi

#‘— ’ ’ r \.— U ’ &
© Y=Y+ (H-2%+2%) (@) ye=y+5(DA-2n+2H).

&y

11. Milne's method for the solution of Mn f(x,y) least values of y prior to the

desired «u_nn are :

(a)4 )3 (c)2 ‘ dr1.

12. With initial condition y =y, at x=x, for n=0,1,2,...... Euler's modified for-
mula for the differential equation Wn =f(x,y) is: (Rewa 2011; Jabalpur 14)

1
Aﬁv Yns1 = Vn +ME\AH~.L\=V QUV Yn+l ".ﬁ:lW}.\.A\dauv\:v

3
Anv Yn+1 H%:IINl&.\.AHa.&:V QC Yns1 H¥=+\~\Ak‘:v~=v.
13. From Runge Kutta's formula of fourth order with usual representation of signs

Vsl = Py = eesesserenns &

@ N_S +2ky +3ky +4K,)

(Rewa 2011; Jabalpur 14)

1
(©) 7k =2k + 3y~ dky)

1
© Lk -k ks -k (@ 0k +2Ky 26, k)
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14 picard's method is : (Bhopal 2011)

) \tgv Iv.o.f.-.xo\,Ak \<¢. :v&x (b) E?; H¥c+—~~a\.Ak.k;ncv&k

Anv .V?; .|\<o+—k .\.AR‘\cA‘I:v& Aau \-\?; H\<o+h§‘\ﬁkwv.?+_:&.

d
15. The method for solution of the differential 35:::_ A [(x,9),3(x)=y, :
i
(Ujjain 2011)
(a) Picard's method (b) Runge's method
(¢) Taylor series method (d) All of these.

16. An ordinary differential equation contains at least two independent variable. Is it

true or false : (Jabalpur 2011)

17. In picard's method the formula y¥= Yo +_‘M \ARQEK\« used for :

(Jabalpur 2012)
(a) For first approximation value  (b) For second approximation
(c) For third approximation (d) None of these. s

d;
18. Milne's predictor formula for the solution of MWN = f(x,5), when y(x,)= ypis:

(Indore 2015, 16; Bhopal 16)

(a) x.u;+m®>|b+~2 ®) Y = §+I§ -f+2f3)

©) Yu=Yo +W.A~.\_ —f£,+2f;)  (d) None of these.

19. If &, = hF(xq, ¥y )sky = hF(xy+hy 3o + k;), then Runge-kutta formula of second
order is : (Rewa 2015)

1
@ 51 =k + 0k +ky) ® 7= y0+5(ki+k)

1
©) =y + M»_ (d) None of these.

20. By Runge-kutta's method of fourth order the value of y at the end of first sub-

interval for the 2_:25: Y = f(x,9), with p(xe) =y is:

(Jabalpur 2015; Q._.Eni»an 22)
1 1
@ su:+m?_+§+£ (b) snxlm?&ﬁl;.

© =y +w?_ +2k, +2k; + kg) (d) None of these.
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21. The value of k, in Runge-kutta's method : (Bhopaj 2014 )

1
@) Af(x,y) ®) f(xy) © W|x+3 (d) None of these.

22. Milne's method for the solution of wHII f(x,) least value of y prior ¢4 the |
desirved value are : e 2015)
@1 (®)2 ©3 @4 |

23. By Euler's method n™ approximate value of y at Y, X = Xp = Xo +1h :
(Jabalpur 2017, 22; Indor, )
@) yo =y + A (%, 1, ¥p1) (®) ¥, = o = Hf (xn-1> Y1)
©) y, = Vg + W (e 57 1) (d) None of these. )
Ans.  1.(c),2.(d), 3. (b), 4. (b), 5. (2), 6. (b), 7. (), 8. (), 9- (), 10. (@), 11 (a), 12, (4 .

13.(d), 14. (b), 15. (d), 16. False, 17. (b), 18. (b), 19. (b), 20. (), 21. (), 22, (g)
23. (c).

B




