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Unit-1
i i dental
Methods of Solving Al-gebfnc and Transcen
Equations: 1. Ramanujan, 2. Bisection, 3. Regula Falsi, 4. Secant,
5. Newton-Raphson. :

@isection Method or Bolzono Method)
Let f(x)=0 k1)

be given equation
;;tg;‘ =x, and X = X, be two numbers such that f(x,) and f(x;)

have opposite signs then there is at least one root between x, and

x, say X then

xg = -&?& be first approximate value of the root

If f(x) = O then x4 be root of equation ('1) otherwise
Case I : If f(x;) f(xg) < 0 then

+ . "
X, = = = X3 he second approximate value of the root

Case II : If f(x,) f(xg) < 0 then

X2+Xa
X4 = )

be second approximate value of the root

If f(x,) = O then x, be root of the equation (1) otherwise
continue above process until the root is obtained to the desired
accuracy. .

Q.1. Find a real root of the equation x* - 5x + 2 = 0 by
bisection method.
Sol : Let f(x) = x* — 5x + 2 %

Let x,=0=f0)=0-0+2=f(0)=2>0

Let x,=1=f(1)=1-5+2=1(1)=-2<0

. f(x)) f(xy) = (0) f(1) <0

then by bisection method,
: XT 7 g
. By (™ f(xy)=1(0.5)=(0.5)°-5(0.5)+2=-025<0
-+ £(0) £(0.5) <0
0+0.5
o P N

[1]
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By ()

f(x,) = £(0.26) = (0.25)* — 5(0.25) + 2 = 0.81

= f(x) f(xg) = £(0.25) f(0.5),<0 §

0.26+0.6

XG = _—2—_ = 0.375
By * ; t

o f(xg) = £0.375) = (0.375)? - 5(0.375) + 2 = 0.265562

~ f(xg) f(xg) = £(0.375) £(0.5) < 0

0.375+0.5

Tp 7 ST EerT

-

0.4375
By *
f(xe) = £(0.4375) = (0.4375)% — 5(0.4375) + 2

=0. 0039Q
. f(xg) f(x3) <0
0.4375+0.5
XS 5~ 046875
. root x = 0.46875 approximate
Q.2. Find a root of the equations x? - x - 4=0
Sol: Let f(x)=x%-x -4
Let x, —1=:>f(1) —-4<0
- =2=12)=2>0
root xa may be between x; = 1 and X, =2 then by
method ’

_X5tX,
X3— 2 FVoa =1.5

! : " be first approximate 1
By * f(x;) =£(1.5) = (1 5)‘l3 -1544=-2125%
o A(xs) f(xz) <0 then : :
s N i

Mz otode i 2 =175

_By o i) = OB S -0 390625 < 0
. f(x,) fix,) <0 then

X o 17D
L T = 1875
= f(X) = £(1.875)=0.71696 >0
: f(x.,) f(xg) < 0 then

75+1.87

Yashraj / 3

o f(x,) fxg) <0 then
Xyt X 0.175+1.8125 _ 178125
Xq= 2 ==
*  f(xq) = £(1.78125) = -0.1296 < 0
o f(xq) f(xe) < 0 .
x, +x, _1.78125+ 1.8125
then Xg= = 3 2

= 1.796875

=X
=1 79}((57875 %e approxunate root of *
Q 13. Fmd a real root of the following equation by
. bisection method.
(1)x3-2x-5=o
(2) x -x-1=0
@) x*-x-4=0

1: (1) Given that '
So ( ) sl Beall - (")

f(x)
Lot x,=2=f(2)=-1<0By*
Let X2=3=>f(3)=16>0By*

f(x,) f(x5) <0
— root of eq. (*) may be between x, =2 and x, = 3 then by

" bisection method

Xy = 5’—;—}(-2' = %2_, = 2.5 be first approximate root
By * f(xy= f(2.5) = 5.625 > 0,
. f(x 1} f(X3) < 0 then .
X4 = 3{—'-?-‘ =-2—+2‘2—'5 = 2.25 be second approximate root
By* f(x)=189>0
¢ f(xl) f(X4) <0 then
X5 = = ;x‘ = 2+2'25 = 2.125 be third ap;;;rbgmate root
By * f(x;)=0.346>0
o f(x,) f(xg) <0 then
_OXK HXg 242125
By = 2.0625
By *

f(xg) = £(2.0625) = -0.35 < 0.
: f(XG) f(xu) <0 then '
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Xg+Xg _ 2.0625+2.125

X= g 3 =2.09375 be 5" approximaf
By * f(x;)=-0.008 <0
3 f(X7) f(xE.) <0 then
X, +¥%;, 2.09375+2.125
X= "9 5 = 2.109375

be sixth approximate
f(xg) = £(2.109375) = 0.166836 > 0, then

s f(xq) f(xg) <0
_ X% +x,  2.093765+2.1.9375 i
xp= Ty ; =2.1015

Xg = X9

X = 2.1015 be approximate root of f(x) = 0
(2) Given that

fx)=x3-x-1
By () fx)=£f(1)=-1<0
fx) =£2)=5>0
~ {(x,) f(x2) <0 then root may be between x 1= 1 and 3,
then by bisection method g

x]+xu 1+2

= P ==

4

By () f(xy) = f(1.5)=0. 875 >0
o f(xy) £(33) <0 then

}Ax 1+15

Xy = =1.25 be second appronmate

2 2
< By (*) f(x,) = £(1.25) = -0. 296875 < 0
- f(x,) f(x3) < 0 then
_X+x; 125+15
%="g T g =18 hethind approang@
By (*) f(x5) = f(1.375) = +0.2246 >
f(x5) f(x,) <0 then
'_ X:+x, 13754125 ) :
=TT T =13125bef0urthapp i
By (*) f(xg) =£(1.3125) = -0.05151 < ¢
- f(xg) f(x5) <0 then
c EghXe o LB12B BT i g s 4 .
X S Tearn ) =1.34375 b 5th app

‘Yashraj /5
By (") f(x4) = f(1. 34375) = 0.08261 > 0 .
f(xa) f(x;) <0 then
Cxgrx 131264134875
Xg = 2 2

be 6™ approximate root
By () f(xg) =£(132815) = 0.0145>0

v f(xg) f(xg) < 0 then
.3125+1.38815
xg= ot = = = 1320813
Xg = Xg then

x =1.320313 be approximate root of f(x) =0

~ (3) Given that

f(x) x*-x-4 ...{w)
Let = 1 then by (*), f(x,) =f(1) = -3 <0
& x2 =2 then by (*), f(x;) =f(2)=2>0

- f(x,) f(x) < 0 then root may be between x; =1 and x, =2

of equation *, then by bisection method

Cox, +x, 1+2 -
X3 = —1—2—2=—2— =15
By (*) f(1.5) =-2.125<0
+ f(x5) f(x4) <0 then
X;+X, 156+2
gy

=1.75

X4 =

be second approximate root
By *) f(x,) = £(1.75) =-0.3906 < 0
o f(xy) f(xy) <0 then

_ X tx, 17542

%= . 5 =1.875
By (*) f(x5) = (1.875) =0.7167 >0
* f(x,) f(xz) <0 then
875
Xg = x.;;x.-; =175+21 » 1,8125

By (*) f(xq) = f(1.8125) =0.1418 >0

v f(xy) f(xg) <0 then

X, +X 1.75+1.8125
o ‘2 L= 2 =1.78125

By (*) f(x;) = £(1.78125) = -0.12968 < 0
o f(xy) f(xg) < 0 then
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Ao ¢ 8126 :
s L'@l@é’f‘_’ﬂd = 1.796875
By (*) f(xg) = £(1.796876) = 0.0048 <0
v f(xs) f(xg) <0 then

¥
7

1.78126+1.796876

X; +X -
xg} = 2 8 = 2 - 1-790 i
Xg = Xg s
=, x = 1.790 be approximate root of f(
Regula Falsi Method -

OR
Method of False position
Let f(x) = 0 be given equation ‘ ;
Let x = x, and x = x, be two numbers such that f(x,) an
have opposite signs then there is atleast one root between X
X, say X3 then ‘ '
x f(x,) - x,f(x))
X7 f(x,) - f(x,)

find the value of f(x,); If f(x5) = 0 then x; be root of the e
(1) otherwise e
Case I : If f(x,).f(x3) < 0 then by (¥) : v ;

= T ey —E(x,). be second approximate root of f(x

(*) be first approximate root of"

Case Il : If f(xzj f(x3) < 0 then byr(*)

20— xzf(xa) ;
X4= f(xz)-__ f(x,) be second approximate root of

If f(x,) = 0 then x, be root of equation (1), otherwis
above process until the root is obtained to the desired ac
Q.4 Find areal root of the following equation :

Falsi Method. 23 _

D)x*-2x-6=0 () x*-6x-7=0

(@) x*-6x+3=0  ()x*-9x+1=0
Sol : (1) Let f{x) =x*-2x -5 Ry

Letx; =2=>f(2)=-1<0By (*)

& for x, =3 = f(8) = 16 > 0 By (¥)

.+ £(x,) f(x2) < 0 then root of equation (1) m ay.be

= 2 and X, = 3, then by Regula Falsi Method.

Yashraj / 7

,) = %,f(x,)
Lt Rl L L
X = o) Tix) = 240588

be first approximate root

By (*) f(xs) = f(2-0588) =-0.39105<0
2 f(x,) f(xg) < 0 then

x,£0,) = %f(52) _ (2.0585)(16) - 3(-0.39105)
X T f(x,) - flx) T 16 - (-0.39105)
X, = 208125 be se¢cond approximate root
By (*) flx,) = f(2.08125) =~0.14175 <0
x,f(x,) - x,f(x,)
o f(xg) f(x4) < (0 then x5 = f(x,)- f(x,)
2.08125(16) — 3(-0.14175) 3
X5 = 16 - (L0.14175) = 2.089318
be third approximate root
By (*) f(xs) = f(2.089318) =~0.0582413 < 0
- f(x,) f(xs) <O then
x:f(x,) - x,(x;) _ 2.089318(16) — 3(-0.0582413)
X6=  f(x,)-f(x;) 16~ (-0.0582413)
X = 2.09262 be fourth approximate root
By (*) f(xe) = £(2.09262) = —0.021523 < 0
© f(x,) f(x¢) <0 then
Xaf (%,) — X,£(x,)
i :, f(xz)_f(xg)

= 2.09383

Xg = X7
then x = 2.09 be approximate root of f(x)

(2) Given that f(x) =x* - 5x - 7 _ 04
Let x, = 2 then by f(x,;) =f(2) =-9<0

& for x, = 3 then by (*) by f(x,) =f(3)=5>0

-+ f(x,) f(x,) < 0 then root of f(x) may between x; =2 and x, =

3 then by regula falsi method

xf(x,) - x,f(x))  2(5)-3(-9) _ 37

o S N ST e
be first approximate root
By () f(xg) = (2.643) = -1.75246 < 0 (1)

" f(xg) f(x,) <0 then

X,f(x,) - x,f(x;) ‘
KE ) ) - 2.736
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By (V) fix,)) = (2.786) = -0.199 < 0
o f(x) f(xy) <0 then

_xf(x)—xf(xl__ '
Xp = —"‘“‘"L‘_““x—'if(x') ZEx,) = 2.746

be third approxim

By (*) f(x;) = f(2.746) = -0.024 <0
o f(xg) f(xg) <0 then
xgf(x,) - X, £(xy)
6= f(x,) - f(x,)

= 2.747

be fourth approxim

By ™ f(xq) = (2.747) = =0. OOG <0
© f(xg) f(xg) <0 then
Xgf(x,) = X,f(x4)
X1 = f(x,) = f(x,)

=2.747

Xg = X; then x = 2,747 be root of oquauo 3

(3) QGiven that
fix) =x'-6x+38

Let x, = 1 then by (*) f(x,) = f(1) = -1

& for xy = 2 then by (*) f(xy) = f(2) = 1

-+ f(x,) fixy) < 0 then root of (*) may be between x; ¢
= 2 then by false position (regula-falsi method)
x,f(x,) - x,f(x,) _ LA)=2.(-1)

BWEORY-I) T T 1-(-D
Xy = 1.6 be first approxim

By(") fixg) = f{1.5) = -1.126 < 0
f(xy) f(xy) <0 then

x[f(xl) = x'[(ll)

Xy = f(x')_f(x‘) = 1.7647
be second app 03

Bv ™), fixy =1 7647) -0.3279 <0
f(x,) f(xg) <0 then
x,f(x,) - x,f(x,)
%= T f(xy) - f(x,) 1.828
By (") fixg) = f(1.823) = 0.0676 <0
!’(xo f(xg) <0 then
’_‘é(ﬁ)-x.{(xl)

fx,) ~f(x,) * =1 8324
be fourt.h epp

Sol:lntf(x)-x -x-10

Yashraj / B

By () f(xe) = £(1.8324) = -0.009694 < 0
f(x) f(xg) <O then
xgf(xy) ~ x,f(x,)

X757 f(xy) - f(x) T 1.8324

Xg = Xq
= 1.8324 b“ an approximate root of f(x) = 0
(4) Given that fix)=x? - 9x + 1 NG
Let x, = 2 then by (*) f(x,) = f(2) = -9
& for x, = 3'then by (*) f(xy) =f(3) = 1

i f(xl) f(x,) <0
then root may be between x, = 2 and x, =3 then by regula

falai method

x,f0x,) = x,f(x)  2(1) -3(-9) 29
Xa = i) - 108 1-(-9) 10
x, = 2.9 be firet approximate root
By ) fxg) = 1(2.9) =-0.711<0
© f(xy) f(xy) <0 then
Xy (xy) ~ Xyl (xy)
X4 = f(x,) -~ f(x,)
be second npproximate root
By (), f(xy) = f(2.9416) = -0.0207 < 0
+ f(xy) f0xy) < 0 then
X £0x,) - x,f(x,)
6 % f(x,) - F(x,)
be third approximate root
By (%), f(xy) = f(2.9428) = --0.0003 < 0
© f(xy) f(xg) <0 then
x,f(x,) = x,f(x,)
X0 ® oo foy) = 29428

Xy = Xg
x = 2.948 bo an approximate root of f(x) = 0

= 29416

= 2.9428

Q.6. Find the smallest positive raot of the equation x'-x

- 10 = 0 by using regula falsi method.
sl )
Let x > 0 be a poaitive root of equauon g
. kot = 1> 0 then by (*) f(x,) = (1) = -10
" for: 'gﬂlthonby (*) f(xg) = f(2) = 4
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fn ) i) = 0 then root of equation (*)

Yashraj / 11
Determine the root of xe* - 2 = 0 by method of false

way be betweeny, - Land x, o 2, then by regula falsi mes po'iuon o
ALY xGx) LG - 2(-10) 0 24 et fiX) = xe" -
Ny e e i e Sol : L« = 0 then by(') fix)=f0)=-2<0

t - iy d- (-1 T g T
be first approXimate p
v (%) t\\ﬂ t\l.Tl-I:i\ 3.0776~ 0
) fixy) < 0 then
Rallny) = xuf(2,)
N e STy T L8ass
be second approximate
By () flxy) - RLIES) = - 0.4130 < 0
fin,) finy) ~ O then
3= 2,06,
tt:ﬁ:\ r‘;‘;-*— = 1.8512 |
be third appro
By (V) fixy) = N1L8512) = -0.10727 <0
< ARy fing) ~ 0 then
X0 - xiy)
TR - I(\ )

Xy ®

=1.856

be fourth approxi
n & \g
15 = 1855 be an approximate root of f(;
Q.6.  Apply mgulu falsi method to solve the equa
Ix - cosx~1=0
Sol : Let fix) = 3x — ¢coax - 1
Lot x, = 0.60 then by (M), fix, = {0.6) = -0,02534 <
; = 0.61 then by (M) fixy) = K0.61) = 0.01035 > 0 :
- fxy) fixy) < 0 then root of equation f{x) = 0 may h
x, = 0, 50 and xy = 0.61 then by Regula falsi method
X0, - x0(x,)
g =7 f(!‘)* Rx;) =0.6071
By () f(xy) = {0.6071) = -0.00001 <
» Rk f(xy) < 0 then

f(x,) = x
f(x,) ~fx,) = 0.6071
LR - -
b x = 0.6071 be an appropriate mt

andx

t
B = 1 then by (*) fixy) = (1) = 0.718282 > 0

- fxy) fixg) <0 then root may be between x, =D and x. =1,

h\ Regula falsi (false position method)

x () — x,0(x,) .
o= ) fex) 0735759
be first approximate root
By ™). f(\s) = f{0. 736759) = -0.464423 <0
f(\*) “‘ ,) <0 then
x,f(xi)—ﬁf(xli B o
x‘ = f(xg} _ f[.“) _ 0.8396-1
be second approximate root
By () f(x,) = f{0.839521) = -0.056293 < 0
fix,) f(x,) <0 then
X, £(xy) ~ X, f(x,)

T i) -1(x,)

=0.851184

be third approximate root
By () f(xy) = f(0.851184) = -0.006171 <0
fixy) fixy) <0 then

Xafi(Ry) - xfi(x,) - .
X5 = f{ss) _ f(k‘) = (.852452

X3 ® Xg
x =0.852 be an approximate root of equation fix) =0
(‘Secant Method )
Let fix) =0 w0

be given equation, Let x = x, and x = x,
be any two values and find fix,) and f{x). it is not necessary

that f{x,) fix,) < 0, then by secant methed.

X, f(x,) - xif(_l_,)
Iy - s,
=X, f
Bk x,f(xy) - x,f(x,)
f(xg) ~1(x,)
be second approximate root and so,

be first approximate reot and
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4

¢ f(x.)-x.f(x. - : .
X f(x,) = %, (%) be an approximate roqs

f(x“) - f(x“-|)

Xpal =

Find a root of x* - 4x - 10 = 0 by the secant methog,

Q.8. i

Sol : Let f(x) = x* —4x - 10 ..(*) be given equatiop
Let x; = 4 then by (*) f(x,) = f(4) = -10 3
& for Xy = 2 then by (%) f(xy) = f(2) = -14

then by secant method
xlf(xl}—x‘f(x )
3T f(x,) - f(x,)

By (*), f(x)=1(9) =35
.. By secant method

= 9 be first approximate root

xz‘f(x!)—xlf(x')
T Of(xy) - fix,) =

be second approximate root
By () f(x)) = f(4) = -10 then by secant method

x £ (x,) - X,f(x,) .
X5 = f(x,) - f(xy) =5.1111 be an approximate rog
By () f(xg) = f(ﬁ:llll) = —4.3211 then by secant meth

X, f(xy) - x,f(x,)

X6 = T f(x,)-f(x,) — 0-95666 ,
be an approximate rogt

By (*) f(xg) = 1(5.9565) = 1.6539 then by secant method
Xf (xg) = Xgf (x,)

Xy = f(xs) - f(xs) =5.7275

be an approximate
By (*) f(x;) = f(5.7274) = ~0.143 then by secant method
'Eﬁf (xl) -x,f (xi)

Xg = £(x,) = £(x) =5,7411

be an approxim
By (") f(xg) = f(5.7411) = ~0.0042 then by sl:l::ant- m '

X,f(x5) = xf(x;)

il -f(x,) =9.7416

Xg & X then be an approximate

X = 5.741 be an approximate root

Yashraj/ 13

Q. 9. Find a root of equation x* - 2x - 5 = 0 by secant
method : ‘
Sol. Let f(x) = x*-2x-56 ~ be given equation (™)
Let x, =2 then by f(x,) = f(2) =-1 & x, = 3 then by (*) f(x,) =

£(3) = 16 then by secant method

o fl) - xf(x)
Xg— f(xd) vz f(xl)l = 2.058824

. be an approximate root
By (%), f(xs) = f(2.058824) =—0.390795 then by secant method
x,f(x,) - x,f(x,)
X7 f(x,) - f(xy)
By (*) f(x,) = f(2.081264) = -0.1472
then by secant method

=2.081264

xf(x,) - x,f(xy)
xs. = f(x,) - f(x,) = 2.045264

X, = X then
x = 2.0452
Q.10. Find a root of equation x - e™* = 0, correct to three
decimal places by the secant method.
Sol: Let f(x)=x-—¢™ )
be given equation
Let x, = 0 then by (*) f(x,) ={(0) = -1 and for x; = 1 then by (*)
f(xy) = (1) = 0.6321
then by secant method

X, f(x,) - x,f(x))
=0.6127

r(xg.) - f(xi)

be an approximate root

X3 =

be an approximate root
By (*) f(xg) = £(0.6127) = 0.0708
then by secant method

oG -x i)
X = fx,) — [(x,) = 0.6688 be second
approximate

By (*) f(x,) = f(0.5638) = —0.0052 then by secant method

xé(xl)-x!f{ﬁ‘)
= 0.6671

8T f(x,)-f(x,)
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By (*) fixy = f(0.5671) = -0 0001
By secant method

xflx j-xfins

a5 fixg-fix,y =

- X = x-
tha-nx = 0567 be an approumate root of fix) = 0

(‘Newton-Raphson Method )

fet fix) =0 i ph‘ptmm
Let x 2, be any poant then by Nwwton Rapheon d

feg o
X, T Ky iy b¢ Bret approvimate root and

fiw §
B % fya
be secursd apgen Mimmate rwnd and
lein

-, te 6" agprotimede ronl

5 fin,

Q.11 Find a real root of the follow ing equstion by
Raphson Method
(1)x*-8x+2=0 (NHa' Jas1=0
(3)8x’ 3x 6=20(Hr' e $=0
Sol:(Hlet Ruax’ 312
fin) = 2 %
Lot s = %o = O then by (1 & (D
ROy = 2
0= -5
then by Newton Raphson Method
fix,)
Ry ';—:‘

-8 s"‘“

be firwe
Now, By Newtwon-Rapheon s Methed
»3

fix,) "
‘-\\‘l-‘?'{::j‘:.— g
-t

Beed ® 22 -8
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. X -2 (0.438098) -3
By ""2-. 5 20438096 5 - 04380

. ‘1 2 (043&“7}' -2
By () %% 2y 5" 20 438447) 5 © 0.4380

Xy ¥ Xy
x = 0.438447 be an approxumate root
(2) let Ax)=x’ - 3x+1 D
> f(x)=3z*-3 AT
By (1) £0) < 1and &)= -1, |
s}
Let %= g~ =05
and by Newton -HRaphson formula
fix ) 5+
Ko ™ Ry - ‘.‘, P 4‘3" -3
1
2%’ -1 78

By () % 30737 Cage =083

By ()
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Xy ® X,
; x = 0.3473 be an approxinate root.
@ letfixy=2qx'-3x - @
& fx) =6xF -8
By Newton-Raphaon Method

f(x,) 2x; - 3x, -6
T Rk Mt o
4x’ +8
K-e\ = 1
8x' -3
Let X, = 2 then by (™)

AX(+6 _4(2)'+6 38

N o8 B@Fo8 317 1.809524
4x)+6  4(1.809524)' +6
By (M) Xe= = = 1.7842
¥ A YT -3 61809524 -8 ! 78
_ 4x)+6  4(1.7842)'+ 6
= — - —_— =
By (%) £y = —g_’sg;‘-a 6078423 = 1.783769
4x1+6  4(1.783769)" + 6
By () m s ee W OUE L o

6x3 -3 6(1.783769)* -3
X3 = Xy

then x = 1.783769 be an approximate root

(Wletfx)=x*-3x-5

= f(x)=3x" -3
i>v Newton-Raphson Method
3 3
e f.(x") . X —?x -5
n-1 n f (x“) n 3xn -3
2x' +5 |
S .
2 then by (*)
2x,+5 21

W= G059 =2.9893

_ 2%/ +5  2(2.3333)"'+5 _ 30.40632
T 3x{-37 3(2.3333)'-3  13.3329

)

w(1)

() 8

(D)
(@)

Yashraj / 17

?_xl+ b 22.2806) +5 _ 28.86099

By (*) Xy = e i =
4 VS 3x' 3~ X2.2806) -3 1266368
X3 = 2.2790
. 2x}+5  22.279) +5 _ 28673526
By ) xy= 3073° 3@279y -8 1258162
X4 = 2.2790
‘3 = x‘

x =2.279 be an apprm'm::e mgi
Q.12 Compute the positive root of the equation
x'- x- 10 = 0 by Newton-Raphson Method
Sol. Let f(x) =x'-x-10
— fix)=4x?-1
By Newton-Raphson Method

f(x.) X, %, 10
x““:x'“_-lf'(x"-) E e M 4?:—‘
B 3x'+10
o™ 4x3 -1
Let xy = 2 then by (*)
8(2)' +10 58 _
= @er-1 31 R
3x!+10  3Q.87097)' +10 =
B = 220 = — = 1.83579
By (™ Xg 4xP-1. 4(1.87097)' -1
3x$ +10 .85579)" +10
By () 3 a = 1.85558

%= &x¥-1 T 4185579y -1

X3 =Xy s
x = 1.8555 be an approximate root

Q.13. Find the real positive root of 8x - cosx - 1 =

Newton-Raphson Method :
Sol. : Let f(x) = 8x — cosx - 1
= f(x) = 8 + sinx
By Newton-Raphson Method

f(x.)

2 -cosx_ -1
X =X,- ¢ =Xa™ >
el TR M)

. sinx_ +3

A1)
. (2)

=k 9

0 by

(D
(@)
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x, sinx_ +cosx, +1

., S BE AOE A
Rael sinx_ +3 R
letx,=05

then by (*)

X, SinX; +cosx, +1 (05)3in0.5+r:030-5+1_ 2.11729533
- _ _ (0.
1 sinx, +3 -

T 3.479425539
x, = 0.608518649
x,sinx, +cosx, +1  2.16835703 _ 0.607101878

sin0.5+3

" — —
By )%= ""Gnx,+3 - 357165265
x,sinx, +cosx, +1  2.16765013 _
By () x3= 3]-;11‘ 73 t—— 5'5—7_615555 =0.607101878
X=X

then x = 0.607102 be an approximate root

Q.14. Find a real root of 4x - e* = 0 that lies between 2 and
3 by Newton's Method.

Sol. : Let f(x) = 4x — &* (D)
= f(x) =4 —ex ...(2)
By Newton—Raphson Method

_ fx,) _ 4x -e™
b S f!(x.,) b= S —4'—"_ o
_(-x)e* *
ol = T e )
Given that x= 2 = f(2) = 0.6109
& x = 3 = f(3) = -8.0855
f) fs) < 0 then root may be between 2 and 3
Let X, = 2 be an approximate root
By () x= R =218026963
(1-x,)e"
By () ®p= i =214444312
By () x3= %’—_’%— = 2.15336627

&By () x,= “—;—"{’-3- = 215329237
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X3 = Xy
& x = 2.15329 = 2.1533 be an approximate root
Q.15- Find the cube root of 2 approximate by Newton's
Method :
Sol. : Let x=(2)"?
or x’=2=x*-2=0
Let fxy=x*-2 ek k)
=5 £(x) = 3* =A%)
By Newton's Raphson Method
f(x,) x -2
e N A
2x’ +2
o e
By (1) f(1)=-1
& £(2) = 6

£(1) f(2) < 0, then root may be between 1 and 2
Let xq = 1.5 then by (*)

2xg +2
xl= 3x: =1m
' 2x) +2
By (*) xp= —pa =1.26093
1
1+2
By (*) x;3= %ﬂzsssz

3

2xy+2
By () X, = —3x§ =1.25992

X3 = X, then
x = 1.2599 be an approximate root

= Objectivs o ——

1. If the function f(x) is continuous on [a, b} and f{a)f(h)
<0 then the equation f(x) = 0 has roots in the interval
(a, b)
(a) An odd number of roots
(b) An even number of roots
(c) At least ond real root or an odd number of roots
(d) None of these
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i i I Yashraj / 21
’ The first approximation to the root of f(x hisd
2. |[-;i;l:!(‘ﬂ0“ method is : ) The rate ofe’onv-rgonoo of Newton-Raphson Met
: is: " ;
X " X *+x, . : ; (b) Quadratic
@) - . Lif f(x,) f(x,) < 0 () " if f(xy) f (a) (I::;ﬁzr A g W
b X X, — X, iy r(;:}),.;ordor of convergence of Newton Raphson method
(c) Hq b iffx) f(x) <0 (d) *J_-z,ﬂé if £0x,) f(x,) < in:
g. To find out tl‘lm root of the ‘uquution f(x)=0 by ; (a)g ?3 ::Irme
method; the formula used is : Slwton--ﬂaphuon's iterative formula to find the value
(x -x "
Sl | Rl 1 (LU :
(FI) Xptl = Xp f(x") r(x“ 1) i(“cn) Of \/—N_ is
‘1 N
' _,(le,'_)il"l_)_._ . (ﬂ}x,,+1='__2”x"+;- (b)xn-lzxu+z
(b) Xpe) = X + f(x,)-f(x, | f(x,) : .
. 1 VN
flxy) - fx, ) f(x,) ©Xne1=g| % 5 (d) None of these
(C) Xnel =Xy - Xy n
R The first approximate of the rootof x> - 4x-9=90 using
f0x,) - f(x, ) bisection method is :
(d) xml = Xn g x“ - xn | i(Xn) ’ i (a) 35 (b) 2
4. The formula used for obtaining root of the equa (e) 2.6 _ (d) None of these
f(x) = 0 by Newton Raphson Method is : ~ Ifrbot of f(x) = 0 lies in the interval [a, b] then f(a). f(b)
' - is : .
f
(@) Xqyu1 =%Xg—~ '{..i(}'('“)' ‘ (b) X, .y =x, + (a) Greater than zero (b) Less than zero
%) (c) Equal to zero (d) None
f'(x,) If root of f(x) = 0 is a then :
G R Tx). . d) Xphy =%, + (x,) (a);'(g))<o . ®) f(b) > 0
) : i © f@y=0 | ‘ ~ (d) None .
5.  To find out the root of the equation f(x) = 0 by T i, .
Falsi Method, the formula used is : he first aPpronmation of the root

_ of x’-x-1=0by
. using biséction method is : _ -
(a) 0 ‘ b1
(c) 1.5 - (d) None of these ;
For the equation x* - 9x + 1=0,x, =2 and x, = 3 are
such that f(x,) f(x,) < 0, then by false position method
an approximation x, of the root is : :
(a) 2.4 (b) 2.5
x, —%  f(xp) (©) 27 ) 2.9
e ® The first approximation of the root of x> ~x - 4 = 0,
@) %11 = x, _f_(l:}%_im fix ‘ a;i;m the bisection method (;)33 ~
. n n-§":
6. Thé eonvergencein bissetion me hodies 25 o
(a) Linear (b) quadratic :
s (d) slow

X, =X |
@) %001 = %0 = TGy, ) 100

f(J'cln-)ff(xﬂ_l).
%, f@)x B, ) T
feliily

i e e g f(x’) - f(x |
1,4 1 -‘ﬁ).xnﬁlr?x;nffs > -

(5)5'5 1= Xg

’
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16

18.

For the equation x*- bx - 7 = 0 using the Reg
Method first approximation root of equation |y

Y26 (b) 2.4 q erpolation and Numerical Integration : 1. Lagrange
2"5 2.8 (d) 2.5 nl ation. 2. Finite difference operators, 3. Interpolation
¢ ;i nterpolation: * o ’ ’
The first approximation of the root of x® - 3x ;:,mula using d:?f;eﬂéjig(;)rf’::;};ieﬁtﬁlﬁiﬁfifz

i Newt ) i lation, (i - :

:l:}l;.lg ewton Raphson's Mg)t)hzof taking x, = % ‘ Inlerp‘;a‘wn' 4 Numerical Integration. (i) Newton- Gone frcmilio
() 2-6 (d) 2-8 ;n;e;f;pcwm[ rule, (i1i) Simpson’s 1/3 Rule, (iv) Simpson's 3/8
The - o i ation.
The first approximation of the root of x? - 3x + 1 Rule, (v) Gauss Integration

using Newton-Raphson's Method taking x,= (lnte (p latio@

0.33 0.4 : : .
t:: 0.2 EZ; 0.44 The .‘nurp.olation is @ process of computing intermediate
Jaluesof @ function ﬁ?m a given set of tabular values of a function.
| Leb'y =f{a) b ghien funshion
1.(0)  2.(a) 3.(a) 4.(a) The value of independent variable x are called argument and
6  7.0) 8.(a) 9.(a) corresponding value of dependent variable y i.e. f(x) are called entry.
11.(b) 12.(c) 13.(c) 14.(d) Let ]
16.b) 17.(b) 18.(a) x ‘ a a+h a+2h aedk
y=f(x) : f@a) fla+h) fl@a+2h) fa+3h) .
0ooo with equal interval h, then

Forward difference operator
A f(a) = f(a+ h) - f(a)
is called first forward difference of f(a)
Afla+h)=fa+2h)-fla+h)
) is first forward difference of f(a + h)
and Af(a) = Alaf(@)] = A [f(a + h) - f{a)}
' =Af(a+h)-Af{a)
. = {f{a + 2h) - f{a + h)} - {f(a + h) - f(a) }
~f(a) = f{a +2h) — 2f(a + h) + f(a)
is called second forward difference of f(a) and in general
AM(x) = A™! f(x + h) - A™! f(x)
is n*® forward difference of f(x) and A is called forward
difference operator :
Backward difference operator
Vi(a) = f(a) - fla - b) '
is called first backward difference of f(a) and V is calle
backward difference operator. ) :

[23]
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and Vf(a—h)=f(a - h)
difference of f(a — h), and
Vif(a) = V [Vi@)] = V [f(a) -
= Vf(a) - Vi(a — h)
= {f(a) — f(a — h)} — {f(a — h)
& V3f(a) = f(a) — 2f(a — h) + f(a — 2h) |
is second backward difference of f(‘“‘.‘
V() = V' f(x) - VOl fa —h) -

f(a —h)]

is n'" backward deference

Forward Difference Table

— f(a — 2h) is first bhcg-h

Argument| Entry | - Af(x) A% f(x) A*(x)
x f(x)
a f(a) .
- fla+h)-fla)= A
ath fla+h) (say) > | B—A=A,
- | f(a+2h)—fla+h) (say) —
=B (say)
a+2h |f(a+2h) C-B=A,
(say) -
- | fla+3h)—fa+2h) | D-C=A4,
a+3h f(a +‘3hJ = C (say) (say)
- | f(a+4h)-{(a + 3h)
a+ 4h f(a + 4h) =D (say)
Backward Difference Operator
Argument| Entry Vi(x) V(x) V"[(x)'
x f(x)
a f(a)

2. fla+h ~fla)=A
a+h fa + h) (say) | B-A=A,

-+| fla+2h)-fla+h) say — -A, =B, 3
- ( )= ; l Sa}' » .
: (say) »| C-B=A
a+2h | fa+2h) ' (say) P Bl"?'
o] fa+3b)-fa+2n)| - o Ay - Ay = By)
g g ‘ 0
a+3h | fla+3h)| -| D -.'C“= A;“ ‘(any_) K “"‘f“’:’
. =»| fa+'4h) - fla+ 8h) " (say) 4
=p|
a+dh | fa+4ah)

Yashraj / 25 '
r Enlargement or Translation Operator

Ef(x) = f(x + h)
lled first shifting operator

Shiﬂ'ing o

ig C4

i E*(x) = f(x + 2h)
E%f(x) = f(x + nh)

and  E 0 =fx-h)

E-2f(x) = f(x — 2h) .. and E f(x) = f(x - nh)

Average Operator i

1 h _h
WE0 =3 H’”E]”(x 2)]

Differential Operator D
d
Df(x) = o f(x)

Central Difference Operator

st0= ) (x-2)

Q.1. Prove that :
(1) A f(x) = (E - 1) f(x)
(3)EV=VE=A
G)1+4)(1-V)=1
Sol. : We know that by definition
Af(x) = f(x + h) - f(x) (D)

(2) A™(x) = (E - 1)" f(x)
(4 (A-V)=av

and  Ef(x) =f(x +h) ...(2) and Vi(x) = f(x) - f(x - h) (3)

1) Afx) =(E-1)f(x)

LH.S. :
= Af(x) = f(x + b) - f(x) By (1)
= E f(x) - f(x) By (2)
=E-D X

' =R.H.S.

2) A" f(x)=E-D"fx)

By(l) A=(E-1r

= . An - (E l)u

A(x) = (E - 1)" f(x)
3) Ev=VE=A
+w E VX
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= E[f(x) — f(x - )]
= Ef(x) - Ef(x — h)
= f(x + h) — f(x)
= Af(x)
=EVix)=Af(x)or V=24

Now VE f(x)
=V [f(x + h)]
= f(x + h) - f(x)
= Af(x)

= VEf(x)=Af(x) > VE=A

4) (A-V)=AV

-~ consider AV f(x)
= Aff(x) — f(x - h)]
= Af(x) — [f(x) — f(x — h)]
= A f(x) - Vi(x)
=[a - V] f(x)

or AVix)=[a-V]fx

or A—-V =AV

3 A+73(1-v)=1

consider (1 + A) (1 - A) f(x)

=1+ 4] [fx) - V)]
= (1+4) [fx) - () — f(x ~ )]

=E [f(x-h)]
= f(x)
=(1+ 13 [1- V] fix) = f(x)
or [1+AJ[1-V]=1

Q.2. Prove that: (1) A logf(x) = log (1+

._[27) | Ee
e (8] 22

Sol: (I)LHS.

= A log fix)

=log [“;(:)h)]

'Ef(x)]
= lOg i f(x)

[+ A)f(_l)]
= log | f(x)

[ f(x)+ Af (x)]
= log | f(X)

(1), Af(X)]
=log |fx) " f®)

Af(x)
= log. ..1+ f(x) ]
=R.H.S.

_[4%)  Ee
=|E)® A%

-= (Az . E—l) e

(2 RHS.

Eex
Agel

- Az [E—lex]

Az;

i T

e*.e"
s Azex

=e*=L.H.S.

=g AZex

Af(x)
f(x)

]

Evaluate A" % withh=1

1 1 1
A= = ——-= withh=1
x 1 x
al=—=
x x(x+1)

.
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» Ef(x) = f(x + h)

wE=1+A

. Ef(x) = f(x + h)

AD

By (1)
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1 ,_1_..] .
= _[(x D+ 2) x(x+1) _ ' Yashraj / 29
Q.5. Find the missing values in the following table :
1 : & 0 5 10 15 20 25
A X x(x+1)}(x+2) y: 6 10 = 17 - 31
201" Hgol. : Here, the number of known values is 4 then A* f(x) = 0
NOW As ‘1-_ =ik [A2 l] = & [ ("1) 2! ] .;‘;. = (E s 1)4 f(X) =0
| x x x(x+Dx +2) 3 ¢ _ 4C,E? + 4C,E? — 4C;E + 1] f(x) = 0
1 1 Rif(x) — ABY00) + BE*(x) — 4Ef(x) + f(x) = 0
- (—1)'*2![-—-———————" - ———-~] H h=5
1 2)(x+3) x(x+1 exre
ohlite )_(x ,)(x +2) f(x + 4(5)) — 4f(x + 3(5)) + 6f(x + 2(5)) 4 f(x + 1(5)) + £(5)] = 0
% 1 _ (_1)33| 4 f(x + 20) == 4f(x + 15) + 6f(x + 10) - 4f(x + 5) + f(5) — 0 __’(*)
AS T Xx+1)(x+2)(x+3) Put the first value of xie. x=0
By (1), (2), (3) and so on f(0 + 20) — 4f(0 + 15) + 6£(0 + 10) — 4f(0 + 5) + f(0) = 0
1 (<1)"n! £(20) — 4£(15) + 6£(10) — 4f(5) + f(0) =0
A= = = - £(20) — 4(17) + 6f(10) —4(10) + 6 =0
X x(x+1)(x+2)......(x+n) ‘ | £(20) + 6£(10) = 102 B
Q. 4. Estimate the missing term in the following Now put the second value of x is
x: 0 1 2 3 4 x=5in (*) :
y: 1 3 9 9 81 f(5 + 20) — 4f(5 + 15) + 6f(5 + 10) — 4f(5 + 5) + f(5) = 0
Sol. : Here the number of known value is 4 then . 81 - 4f20) + 6(17)— H(10).+ 10=0
. _ 4(20) + 4£(10) = 143 @)
‘ A i ‘Solving (1) and (2), we obtain
or (B -1)' fx)=0 : ’ 1(10) = 13.25
= [E* - 4C,E? + 4C,E? — 4C,4E + 1] f(x and £(20) = 22.5 s
43 439 : Find the missing value of the tgble i -
Agiey _ 4T3 D g edea ! given below :
= E¥&x) - 4E*f(x) +. 21 E-“f(x) 391 Ef(x) + f Year 1917 1918 1919 1920 1921
Hereh=1 l?xport 443 384 _ 397 467
fx + 4.1) — 4f(x + 3.1) + 6f(x + 2.1) — 4f(x + 1) + (in tons) | -
Put the first valus oFg . : Here, the number of known values is 4 then
= £(0 + 4) —4£(0 + 3) + 6£(0 + 2) — 4£(0 + 1) A'f(x) 0
: ' oo (E-D)'{x)=0

f(4) — 4(3) + 6£(2) — 4£(1) -
81— 4(f(3)) + 6(9) — 4(3)

124 - 41(3) = 0 = £(3) =
£(3) = 31 '

+ 6E*(x) — Ef(x) + f(x) = 0
; h=1
fx+4)-4fx+3)+6f(x+2)-4fx+1)+f(x)=0
Put the first value of x i.e. x = 1917
(1917 + 4) 4f(1917 + 3) + 6£(1917 + 2) —4f(1917 +1) + f(1917) = 0
f(1921) —4(1920) + 61(1919) — 4f(1918) + f(1917) =0

E'f(x) - 4E%(x)
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467 — 4(397) + 4f(1919) - 4(384) + 443 =0
4£(1919) = 2214

= £(1919) = 369 Ang;

Newton's Foward Difference Interpolﬁtion Formula
Given that _ _
X :- a a+h a+2h a+3h
(=) . fla) fla+h) fa+2h) f(a+3h)

then for given value of x,
( —1}

f(x) =1(a + uh) =f(a) + uAf(a) +
u(u -D(u-2)

7 | A%(a) + ai Ay,
Newton's Backward Differ’éx;ce Intérpolation Formula
Given that g '
R a+h a+2h a+3h
& - i@ flat h) fa+2h)" f(a+ 3h)
~ then for given value BESE, w7 Dk '
-1
'f(x) f(a+nh+uh) f(a+nh)+qu(a+nh)+ (l;r )
V2 f(a + nh) + 5(“—“3)!('l—+2)vﬂf( e
i i = Ey S Estlmate the sale for 1966 using the following table:
- Year ‘ '19.31 1941 1951 1961 1971 1981
Sale -in_- 12 15 - 20 27 39 - 52
thousand 4

Sol. : Here h = 10, x = 1966, {(x) = f(1966) =9 then by Newton's
Forward Interpolatxon Formula :

f(x) = f(a + uh) = £(a) + uA(a) + “(“,"1) A(a)
1
e 3)!( = - A+ ()

%= 1966 & a.= 1931 and
x=a+uh= 1966-1931+u(10)

35 _ ..
et i
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Its forw:u-d difference table

Yeoar | Sale f(x) AM(x) | AMx)| AM(x) | AM(x)
1931 12
& 03
1941 16 - | 2
- 05 - 0
- 07 -] .3 - -10
1961 27 . = "5 - -7
. 12 | -4
- 1
1971 39
- 13
1981 52
By (*)
(3.5)(3.5-1)
£(1966) =12 +3.5@) + — o — (2)
- R = I~ |~ B E o .
, 35@5-1)(3.5-2) - 3.5(3.5-1)(3.5-2)(3.5-3)
3 4l
3.5(3.5-1)(3.5—2)(3.5 - 3)(3.5— 4)
(3)+ = - (-10)

=12+ 105+ 8.75+0.8203 + 0.2734
= f(1966) = 32.3437
. Sale fqr year 1966 is 32.3437 thousands
Q.8. Given that sin45° = 0.7071, sin50° = 0.7660, sin55° =
0.8192, sin60°=0.8660, find sin52° by using Newton's
Forward Difference Interpolation Formula.
Givent that

Sol: x : 45° 50° 55" 60
fx) : 07071 0.7660 0.8192 0.8660

Here a= 45°, h =5° x=52° f(x) =7
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39 103 o 03 By Newton's Formula )
-l 85 = . wlu ﬂ‘-llu
59 168 - T 11. fix) = o + hu) = f(a) + usfia) + —_E'““ i 3!
e~ 50 - -18 4’ia) +
g 218 - -33 ix -12 x(x-lz-2)
- 17 > fx)=1+x(-D* * 321 80
a9 235 s '
=1-—-x+* l —-X * x’ - 3:' + 2x
Here fx) =x* -2z + 1 M
a=19.h=20.x=170 By (9 £(2.5) = (25 -225/ +1=4125 Ans.

"x=a+uh:u:“a=70_lg=2_55 Q.12 Find a polynomial which takes the values :
7 . - 20 ; x : © 1 2 3 ¢ 5 & 7
By Newton's formula y ; 1 2 4 7 11 16 22 29
) = fla + uh) = fl) + uaf(a) + SV p1q) Sol : Its forward differences table
g )| A'fix) A'fix)
u(u -DNu-2) B¢ e x) =
% 3! A’m": 1 1
= - ' —>
- 41 + 2.55(68) + 255D . p, | 2.65(2.55 - DEAER 2 -] 1
2 3! : -5 2 - 1]
(1-18) 4 =1 2
=41+158.10+592-652 - 3 - o
= f{70) = 198.50 = 198 approximate 7 - 1
Q.11. Find the polynomial which fits the data i in {1 T 4 _ - ]
following table : 11 - 1
Or - 5 - - 0
Fi-dthenheotﬂx)unng following data - 16 = 1
x : 0 1 2= 3 — 3 - 0
: 1 & . 1 10 22 - 1
mm% — T
Sol :Herea=0,x=x h= landx a+hu 29
= u:%ﬁ:i{_ﬂ:x Herea=0,x=x h=1 " x=a+hu
Its formula difference table : k = u:‘———‘-z-{:—?—=1
ﬁ"‘ 34 i g 5 — h l
x fix) Afix) | A'M(x) : By Newton's forward difference formuia
0 1 b 1 -1
1 0 f - 2 . o
= 1 - = ﬁx}:lol_l‘fﬂ’;‘u,l“o_..
2 1 - 8 .
' - 9 o X LS
; i fx) = T+3 %!
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Divided Difference Operator
Given that (unequal interval)

i Xo Xy Xz Xa
y = f(x) fixo)  fx)  f(xa) fCxy) @ f(;_:;
then

) - f(x,)

ef(xo) = f(xp, %1) = [Xo, X1] = _
be first divided difference of f(x,) and A is called g; ™
difference operator

f(x,) - f(x))
Af(x,) = f(x;, xg) = [%1, X2] = X, — X,

be first divided difference operat,, o

é_“x;)'"ﬁf(x }
2:2, f(xﬂ) = f(x“- X) x2) = [Xo, X1 x2] - xz —xu f

be second divided difference op

B §(x,) = £(xy, Xy, %g) = (X1, Xz, Xg] =
be second diyided difference oper,

A3

£y2yR f(xO) = f(xO, Xy, Xg, xa) = [X(), Xy, Xg, x3] =

be third divided difference operator f(x) :
o Xg) = [Xo, Xy, Xz, .o, X,)
~ An—lf(xl) —A”'lf(x,,)

X, =X, ' .
, is n'" divided difference operator of fig
Newton's Divided Difference Interpolation F’or%

A" f(x) = f(xg, Xy, Xp, ..

Xy Te

Given that :

X : Xy X Xy Xy
y=1) : fog)  fx)  fxy) f(x,)
then for given value of x, Y,
f(x)=f(x(,')+(x-xo)Af(xo)+(x_xn)(x_xoazm_

(x—x)) (0= 29) A o)+ 4(x = x) (X~ x,) ... (x —x,_,)

Lagrange's Interpolation Fo la £
Given that : or unequal inter
x 5 xe . X,

y=fx) : fg) fxy) fixy f(xx:)

Yashra) / 37

then for given value of x,

(X =X KX =X )X+ X%,)..(x - x_)

f(x) = (%, ~ xl)(xu - xz){.xr; = xn)'“(xﬂ -X,) f(xr’) *

(x = %, 0 = X, HX =~ Xg)..A% - %)

(X| - In)(xl - X, 1x, ~ xﬁ""(xl —Xx,) f(})) !

O = 2 HX - % )X - 2,0 Ax %)
(x, =%, )(x, ~x,0x, ~x,)..(x, =)

Q.13. (1) Prove that A’: x* is independent of x, Y, 2.

(2) Prove that f-}: xX’=x+y+z

(3) Prove that a: =

Sol : (1) 9: > o
Here

=

1
abed

0| -

f(x) = x*
f(y)-1(x)
2 — ——
Ax* = Af(x) = Yok
y-x’
y-x
Ax*=y+x

=y+x

similarly Ay’ =z +y

_ by' - Ax
Z-X
_(zry)-(y+x) ~
Z-X s

Azxz

Ax3=

which is independent of XY,z
(2) A%*x?, here f(x) = x*

A’x’ ‘—'-Azm) =

f(y)rf(x) B f—x"
y-x =

Ax?= =
x* = Af(x) o
Mx) =y + yx + x?

Ay)-8lx)  Z v+ ) -Fryxe
-x

fix,)

(1)

(3)

..AL1)

-A3)
x'j

z Z~X
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85 ¢ Mathematios (I11-Year, Paper-) ._
3’ -x *‘)"‘ﬂ. :
=» m\‘x“x+y:~;x . (iven that f(x) = =
1 1
@&‘r:‘ﬂmﬂ\)' * _ Afixg) = fxg, X) = H_x,::j_:t‘._-_,g_'
1
a bh-a | —_— -
. - ‘
g A‘ ® aimilarly  Af(x) = ;':;':
1
7 b b then
samalarky Ah v
lt—‘i = Mll l-ﬁm
Ac od AM(xp) = fxg, X1, Xp) = ;‘—x‘

1
§  —p—
AMixp) = (1) XX,

— e o ——
- —‘f':;ah T oea Sumlarly  AM(x) = -DF XN,
2l 1 then
a  abe AN - AN
1S AN = M X X X = 7 .:’ '"“&”
and Arex '
v [Nt LU A
1 - AN = NN RN
: ;\*; AR =fabhod= Xt R
1 1 a-d oy .
AN = e T
= bod_abe - M LN N
d-a d-a anad o wn
.‘\ng ,._-.,..')'__,, t, =
a  whed AN = R X RV DR T

) LB
Qis RM‘;MN‘NM& & Fiad e b o Q) for Ko = ‘;‘*ﬁ'

tCven that M#;‘*
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11

) = fi} ~ﬁll Q_’___;: .

thea $ha) = fla. b= — ==

g’ -b
" Db

= 1
b-a a'b'(b-8)

(afh,

dfa) = fla. b) = T

(br}

fib, o) = cl b

. {c+d)
fie. d)= pEFT:

f(b,c)-f(a,b)
c-2a

_[(b+c)}+((a+ b)J
= \ v a’b®

c—-3a

4’ fla) =f(a,b,¢) =

—a’b-a’c+cla+bc®  b{c’ -a’)+calc—

a’b’c*lc-a) ~  a’bc’(c-a) |

ab+be
=f(a, b, ¢)= _ﬁ (4

be +¢d +db
béc’d?
A*f(a) - A*f(b)
d-a
bc+cd+db] [ab+bc+ca
bc*d* a‘b¥c’ By (4) &

similarly f(b, ¢, d) =

Now 8 f(a)=1f(a, b, c,d)=

d-a
’bc+n’ed-u’db ~d'ab » d’be ~d’ca
‘.‘bl !d!(d ﬂ)
- bc-i-(a’-d’naod(a-dhabd(a_-d)
a'b’c’d’(d - a) . ;
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_ {d - a){bea + bed + aed + abd]
- 'V d -0
abc + bed + eda + dab
- fla.b.c.d)= [ a’b'd ] B

16. Evaluate f(9), using Newton's divided difference

formnlL from following data :

- 5 7 11 13 137
ﬂx) : 150 392 1452 2366 35202
Let
X I X I Xy
x <z B 7 11 13 17
fx) - 150 392 1452 2366 5202

f(xy) f(x,) fix,) fixy) fix)
By Newton's divided difference formula
f(x) = f(xy) + (x — x) A f(xg) + (x — xg) (x — x)) A*f{xg) +
(x - xg) (x—Xy) (x —X,) A%(xg) + (X—xp) (X —Xy)
(x—xy) (x—xx) A'f(x) + .. (M
Herex=9, f(x)=1f9)=?

Its divided difference table :
x| fm Af(x) A'fix) | A'fix) A'fx)
392 -150
150 — 121
i—o
265-121 _
o - iy
7 | 392 22
b 13-5
R
. 1452 992:265 )
-7
457-265 _ 1'1_0
- 13-7 17-5
11 | 1452
2366-1452 _ 48-32 2
nl R = 17-7
: 092457 !
13 { 2366 Tk
5202-2366
K 17-18
17 | 5202
Now by (*)

=f(9) =150+ (9-5) 121+ (9-5)(9-7)(9-11)1+0
=160 + 484 + 192 - 16
=1{(9) = 810
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Q.17. Given that log, 664 = 2.81580, log,,6068 = 2.8182, log, 68
= 2.8189, log,,661 = 2.8202. Find log;(656 usin
Newton's divided difference interpolation formul,
Sol : Let Xp X, Xg Xy
X ; 6b4 668 6Gb9 661
fixg)  fix))  f(xg)  f(xy)
Here x = 656, logx = f(x) = log666 = f(666) = ?
By Newton's divided difference formula
f(x) = f(xo) + (x — xo) Af(xg) + (x = xg) (x - X)) A*(xq) +
(x — Xg) (x = X)) (x Xy) A f(xp) + .
Its divided difference table

x | f(x) Af(x) A(x) - AM(x)
654 | 2.8156
2.8182 - 2.8166
- 668 - 654
= 0.00065 a
0.0007 -0.00065 | 0.00017 - 0.0000)
; o 659 - 654 661-664
658 | 2.8182 =0.00001 :
2.8189- 2.8182
=t 669 658 = -0.000¢
=0.00070
0.00065 - 0.0007 : :
659 | 2.8189 = 5 = 0.0
2.8202 - 2.8189 -
- 661669 2
= 0.00065
661 | 2.8202
Now by (*)

f(x) = log656 =-2.8156 + (656 — 654) (0.00065) + (666 — "_

(656 — 658) (0.0001) + (656 — 654) (656 — 658

(656 — 659) (—0.000004

=2.8156 + 0.0013 — 0.00004 — 0.000048 3
= 2.816812

Q.18. Find the equation y = f(x) of least degree and passin

through the points (-1 —21), (1,15), (2,12), (3 3) Fx

alsoyatx=0 '

Sol : Given that the points are

Xo Xy Xy X3
X -1 T 2 3
y =21 15 12 3

fxg  fx)  fx)  f(x,)

Yashraj / 48

By Newton's divided difference formula
f(x) = f(xg) + (x ~ xo) A f{xg) + (x ~ xo) (x ~ x,) A*(x,)

+ (X~ Xg) (X = x;) (x = X3) AM(xg) + ..
It divided difforence table

()

J—
% f(x) Af(x) AM(x) Af(x)
=l -21
16+21
s 151 ©
r -3-18
241
-3+7
1 16 =2 341
12+16
- T
-9+3
2 12 = 3.1 =-3
3-12 "
- 3-2
3’ 3
By (*)

fx)=-21+x+DI8+x+ 1) (x-D D+ x+1)(x-1)(x-2).1

=21 +18x+18-Tx*+7+x*-2x?-x+2
fx)=x*-9x*+17x + 6

Q.19. Using Newton's divided difference formula. Find the
values of f(2), f(8) and f(15) given the following data :

X : 4 b 1 10 11 13

ix) -3 48 100 294 900 1210 2028
Sol : Given that  xq X) X3 Xg X, X
X : 4 5 7 10 11 13
fx) : fxg) f(x) fxy) flxg f(x) f(xg)
f(x) - 48 100 294 900 1210 2028

- By Newton's divided difference formula :
f(x) = f(xo) +(x - xg) A f(xg) + (x — xo) (X = X¢) A’f(xo) +
' —xg) (= Xy) (x = X5) A¥(xg) + ..
Its divided djfference table

-

(M)
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) A'f(x)
x | fix) ARx) AH(x) A'M(x)
4 48
100- 48
5-4 "™
97 - 52
Y ?-; —= 15
By
21-15 _
3 100 " -1—6—;':'1"-’
1-1
o + |
o —
-
7] 294 202‘9Z=2
10-5
o _ %)
el
. 13-5
900 - 294
X 900 S 310—202:‘)
=7 =
1210 - 909 33-27 -
“1‘10 “‘310 13_7 =
. 409-310
1Y 1210 13-10
2038 ~1710
M B
13 2028
B
- By (%)
fx) = 48 + (x - 9)52 + (x - 4) (x —5)15+ (x — 4) (x -5)
x-71+0+

fx) = (x - 4) (x = 5) (x = 7) + 15 (x - 4) (x = 5) + 52(x = 4) +

By (A), Putx = 2 B : i

2)=2-92-5@2-T+15@2-4(@2-5)+52(2-4) +4
=-30+90-104 + 48

2&2):4 * D

By (*) ,

f(8)=(8-4) (8- 5)(8-7)+16(8-4) (8-5)+52 (8 =4) +

= {(8) = 448 ;

and By (*)

f(15) = (15 - 4) (15 - 5) (15— ) + 1515 - 4) (15 - 5)

= f(15) = 3150

+52(15-4)+ 48

Yashraj / 45

Using Lagrange's interpolation formula find y(10)
Q.20 from the following table :
. b

6 9 11

12 13 14 16
ST 8 {,,et X X X, X,
Rt : 5 6 9 11
f(x)=y: 12 13 14 16

fxo)  fx)  fxy  f(xy)
By Lagrange's interpolation formula :
(x =%, )(x — X, )(x - X;)
f(x) = (x, =%, )X, - X, (X, - X,) f(xo) +

(x ~ X)X =X, )(x ~ X,)

(X)X )K= x) (x-%)(x ~x, Xx -x,)
(x, 'fu)(x1 =X, )X, - X;)

I.I = Xo)(xz = xl)(xg - x:s) f{XZ)

f(x)+ (

(x- X x - x, {x - x,)
% (xs i xo)(xs = xl){x:l = xz) f(x'l)

Putx=10
(10 - 6)(10 - 9)(10 - 11)
f10) = ~(5Z6)5-9)(5-11)

(10-5)10-6)(10-11)
(9-5)9-6)(9-11) -

(10-5)(10-9)10-11)
(6-546-9)6-11) -
(10-5)(10-6)(10-9)
(1-5)11-6)11-9) "

14 +

4.(1)(-1) 5(1)(-1) 5.(4)(-1) 5(4)1)
T EDEE0 T 1905 B Ty 14 ey 16

=2 -4.33333 + 11.66666 + 5.33333
f(10) = 14.66666 ) ]

Q.21. Calculate log,,656 by Lagrange's method, given
log10654 =2.81569, 10510658 =2.8182, 10513659 =2.8189
and logwﬁﬁl = 2.8202

Sol. : Given that Xp X Xg X3
X : 654 658 659 661
logx=1f(x) : 28156 28182 28189 28202

fxd  fx)  fx  fxy
Here x = 656 & f(x) = f(656) = log (656 = ?
By Lagrange's interpolation formula -
(x b xl)(x = x_g)(x i xs)
Xg = X, )Xy = X, )(x, - X,)

f(x) = ( f(xo)+
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(x - X)X — X)X = X,) Put the values

(Xl = xn)(X. "xz)(xl - x:])

fx,) 41
(x,) + (301 - 304)(301 - 305)(301 — 307)

01) = log,,301 = ATT1+
1 f(301) = log10301 = a5 304300 - 305)(300 - 307) 2
= x Hx = x Wx - x,) f(x.) k- X, )(x *xl)(x - X,) f(x )
& mXE, 2 X5 GG x)OG - x )% Ky 0L~ S0UXFO1~ S06XS0L.-801) 0
: (304 - 300)(304 - 305)(304 - 307)
o (656 658)(656 — 659)(656 - 661) e
= £(656) 10811656 = (654~ 658)(654 - 669)(654 - 661) (301-300)(301 - 304)301-30D) oo
(305 - 300)(305 — 304)(305 - 307) ,
(656 - 654)(656 - 659)(656 - 661) , .\ . i
, " (65& - 654)(658 - 659)(658 - 661) {301 ~300X901 — B04)(301 ~ 805} 2.4871
i (307 - 300)(307 - 304)(307 - 305)
1 " (656 - 654)(656 — 658)(656 - 661) % RiRD O 1-( S5
(659 - 654)(659 - 658)(659 - 661) =-°1°9 + log:30] = —24(-6) e +
5 ] €10 CaaT 24T+ ) 24829
. (656 - 654)(656 - 658)(656 - 659) szoé 3 sl tAan
; (661 - 654)(661 - 658)(661 - 659) <<V« 3 =36 L)
54) 58)( 59) 4 b1z 24843+ o 24871
L (-2)(-3)(-5) 2.(-3)(-5) =1.27393 + 4.9658 — 4.4717 + 0.7106
= log 656 = ————0 2.8156+ ———— 2. - - : -
"800 = oy 28156+ Ty 28182 - log1,301 = 2.4786 Ana
(2)(-2)(-5) ; (2)(-2)(~3) Q.23. Find the polynomial which takes the values given
5)(-2) 8189 _‘_““—'—“'7_(3)(2) 2.8202‘7 below :
= 0.6083 + 7.0456 — 5.6378 + 0.8058 x : 0 1 2 3%
= J0g,,656 = 2.8168 : ¥ ood & A @ 8
‘ 19 . 3 Sol : Given that : Xq X, X, X3
Q22 Given that log,,300 = 2.4771, log,(304 = 2.4829, v, D 1 5 4
log,,305 = 2.4843, log,,307 = 2.4871. Find log,,801 f(x) : f(x) 1 12 5

Sel. Given that X Xy Xq Xy f(xo) f(xl) f(xg) f(x;)
x ] 300 304 306 307 o By Lagrange-Interpolation formula
logix= : 24771 24829 24843 24871 |

(% =%, )(x - x,)(x - x,)
£ = Gy mx My -2 xg) T

fi(xo) f(x;) f(x,) f(xy)
Here x = 301 and f(x) {(301) = log 0301 = ?

By Lagrange interpolation formula (x - X )(X = X, )(x - X,) x)
1

. o) = (x ~x,)(x -x,)x ~x,) fx,) 4 P T
§ 7 O )5, ) _ 5 (% = %, )(X = X, )(X = X,) f(x.)
pe . K 2
- o | (= X) 8- %)%= %) x) (%, = X,)(x, = X,)(X, = X,)

(%, = %)%, ~ X, )(x, ~ %) (% = Xp)(X = X, )(X ~ X,)

fxg
(l;, e lp)(xa - x])ua -xz) {x )

(x = x,)(x - x,)(x - X,) (= %" (6 = %, )(x = X,)
{ 0 | 2
t (x, ~ %, )(x, — %, Xx, ~ x,) )+ (x, - %,) %, - %, (%, -X,)

fxy) |
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Put the valuers Yashraj / 49
(x IMx  2Mx - 4) (x O)x D(x 4) :
(%) = ; l I
fix (0 10 N0 - 4) 33 (oo 2 A 3, = L!dxm i[l’L = E
(v Dx 1xx  4) (x OMx v -2 . o q
a 24 pron
(2 OM2 12 1) 2V om i 2) ;2,:[”,1&12 5[‘.1: 5
Yoo Tx cl4x N x" 6aTaBx x f‘x’wlx] | q ‘
2 ' 3 ' g Again [, = tﬁ‘l, = gt\le By ™
i)
T O _
TL Ix+ 2x I=A,+ A, 2A, A rIg=1
24 i
& l|: A x =M+A';,§A‘,
e sy 1) =
- l =A 0+ A 2 .
. k pay + 1+ = -
O\umoncal Quadratur@ 2 i1+ 4, L=3
. . . . 1
In gemeral, a numerical aqfn’gratl?n is the app.roxamatwn of 2 =A+2A, 1224, + 44, A2)
@ aefinite integration by a weighted sum of function values at
Guscrelized within the interval of integration. £ s
) & I,.-.‘:_,Aq = =A ¥ + Ayx]
[ frode= LW fix) 1
: : 7 S A0’ + A (1) +
Where waiis the weighted factor depending on the integration 3 ! A
schiemas used and f(x,) is the function values evaluated at the given 1
point x 5 =A1+M1=>1=3A‘+12A2 -..(3)
The term numerical quadrature is synonym for numertcal By (3) - (3) x (2) :
nilegralion, especially as applied to one dimensional integration. 3A,+124,=1

+6A,+124,=+3

.24, Iffix) is a polynomial of degree 2, prove that

""3Al = -2 '--}A1=E

; 1
J,fdx = 5 [560) + 86(1) - f(2)] :

= =0) : We know that . 2 1
, " 3 Putln(2)l=2(§)+4A3=:A,=—i;
J . odx = XA fix) (") 4 ’ ; i
i for polynomial of degree 2 PatAy= 3 and A, 12 in (1)
—- Here xﬂso,x,=1,x,=2 2 1 5
& fix) =x" fork=0,1,2 1=A0+§'E=’Al=i§
Now By (*)

lo= [x"dx=[x] =1 [ re0dx = Aq fixg) + A, fx) + A, fxy)
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iC: » }!{[J.: P 3 P G EIE +L_]du] )

k=0

5 2 Lt
= ‘rg fo) + 5 (D - 7y (&
' Also we know that

) 1
| (0dx = = [6f(0) + 8f(1) - f(2)] ¢
Jofodx = o [610) ) 1 =2l @Y, 2
Q'\mdl:mluro Formula (Newton's Cote's Quadrature ormula)‘ Where iy ;:’-l- kh
Given that & Let f(x) = (x — a)’
= ™t - [Tydx then' Yi = (xk—a)
! -[-, (x) dx -[ Put in (2)
with n-—equal intervals and x, = xo + nh n
(1) Trapezoidal Rule : x-a)= ‘fﬁl-u (x) [xy —a]
h
1= 5 (ot ¥ + 20, +yg +ys + oo+ Yac)] Puti=0

(2) Simpson's One Third Rule : x-a)l= En'.Ln- ®) [xc - a]°
k=0

h
e 3 G0+ YD) +2 sty tyst ) +40n+Ystyst..] I= iLu (x)
(3) Simpson's Three-eight Rule : - g Ik:i- e
3h , :
I = Y o+ ¥ + 203+ Y6 T Yo t ) Put in (*) )
+30, +Y YAt Yty )] 8 < 5o =—1—[r[1]du]
(4) Weddle Rule : n is multiple of 6 : k=0 nt-e
(A) Whenn=6 —-1-—[\1r,=1
3h n
! 2_0[(-VD+YG)+5(Y1+YE)+YE+Y'J+2Y31 :
' = YC =1 u
(B) n=12 k=0
3h 4
: 1= 1 (Vo +y) +5 @, +ys+yr+yn) T G2t Yat¥st¥i0) | Q.26. Evaluate .[: 132’ by using (1) Trapezoidal rule
t v ?yﬁ i 6 G+ 39l " (2) Simpson rule (both) (3) Weddle rule, where the
Q. 25. Prove that the sum of cote's number is unity. interval of integration is subdivided into 6 equal
OR parts.
c no_ y 1 odx
Prove that Cn =1 Sol. : Here j': f(x)dx = .[:f(") dx = J"IT;‘-
wcNEa oot i.e.Xg=0,x,=x¢=1andbyx,=x+nh
_— 1 X ~% 1=-0 1
C; = " Lj L, du '"(l)}, - h= _n_r.;_...=_.é_.=g
Therefore ;
& ¥ fx) = 1+x’

2C =4O 4 C 4t CO

k=l
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R \ ; (4) Weddle's Rule :
it L T ah
5§ i % 9 F
- N \ e ouTaw 1= o [0 508y, +y0 4y 0 vs+ by
) vl 3(116)
L6 _dle ,
. ) " = =5 [(1 +0.5) + 500 97297 + O59G16) » 09 + S H9Z3
< e ey 2 )L :
M TN ) e o v 6(0.8))
‘.~L3‘ =1=0.78563075
- 1 4 ¢ dx
. T —“—i =c =08 Q.28. Evaluate Li‘:-’—, by using (1) Trapezoidal rule
13 (2) Simpson's 1/3 rule (2) Simpson’s /8 rule (4)
4 2 1 9 Weddle rule
2= 33 =¥ — o=z =06923 i
X l\:q l Sol. : Given that : I = J:—"_h»:’ =I:f(x‘yh
3 1 36 1
¢ - 2 =—= - —=0.59016 ——
%= 2 SF I 5rer 6l = a)=y= 1= N )
1 & =0,ln=6htﬂ=GMh —
& =1=7y:= <1t =05 h X -x. 6 Gx‘ -
) : s il s AR
(1) Trapezoidal Rule : h o 6 Lo
]—E'--- 2+ sy, 4y, +¥5)] 1
=7 [Go+¥) 20+ 7+ ¥y + ¥+ s xo--O::yo:m:],m
1/6 e L b
= D) [(1+05)+ 20097297+ 09+ 0.8+0.6923 +0.59016] ] & X=X+ Lhox =1 Sy = 1 il
= 1=0.78424 L
- i . 1
(2) Simpson's /3 Rule : xs=lo+3h=ua=2=~n=“?‘ =02
h
L= 2 (o+yo+ 20 +y9 + 40 * 1y + i)l 1
. : LEXth=2=I2y2 0w 203
B i - 3 [(1 +05)+ 209 + 0.6923) + 4(0.97297 + 0.8 + 1
A 0.59016)] ] x.=x°+4h:x,=4:y‘z-l—;—;-;=&m4
§ 1=0.78539 1
J (8) Simpson's Rule : xs*‘o*5h?—°h'5=?!s='i“;‘gi = 0.038462
3h
1= 3 [Go+yd * 25+ 30, *ya + ¥, +yy) ,‘gh,,.,l-:l-e,aumw
1/6
- E_a“l ((1+ 0.5) + 2(0.8) + 3(0.97297 + 0.9 + 0.6923 (1) Trapezoidal Rule
h
= 0.7853593 " 0890 1= 2 e tyo+ 20041t 01t Yo * ¥l

% S
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1= lm +0.027027) + 2(0.6 + 0.2 + 0.1 + 0.068824 ,

0.038462)]
1= 14107995
(2) Simpson's 1/3 Rule

h
1= 3 (Vo +¥e) + 2(yg +y) +4(y; +y3 + Vs

w|—

1= [(1+0.0270270) + 2(0.2 +0.058824) + 4(0.5 + 0.1

+ 0.038462)]
[=1.3661743
(3) Simpson's 3/8 Rule :

-

3h
I= Y ((Lyo +y¢) + 2(ya) + 3(y; +y2 + ¥4 + ¥5)]

3(1)
I= =5~ [(10.027027) +2(0.1) + 3(0.5 + 0.2 + 0.058824

+0.038462))

I =1.3570819 5
(4) Weddle's Rule
1‘ = [(} +)s)+ 2y3 + 5(y, +¥ys) +ya ¥yl
3{ )

[(2 +0.027027) + 2(0.1) + 5(0.5 + 0.038462) + 0.2

+0.058824)]
= [=1.3734483 ;

3

Q.29. Evaluate j_ax‘dx by using (1) Trapezoidal (2)
Simpson's rule : )

Sol. : Given that

.’ l=j\x'dx=j"f(xdx

wheref(x) x!, x5 =3, %, =3 ;
- —*(0+nh Letn =6, 3
'z o X, =%y _ 3-(-3) =9
n 6
Xo = -3 = yo =(-3)" = 81
X;=x+lh=2x,=3+1=2>y,=(-2)'=16
5=X+2h=x,=3+2=-1y,=(-1)'=

P,

e

—
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x3= 0=y, =(0)"=0
=12y, =(1)=1
x=2=y,=(2)'=18
& X =3 =y, =(3)' =81
then by
(1) Trapezoidal rule :

h
=3 [(yotyd +2(ys +ya +ys+y,+¥sl

1
1 =32 [(B1+81)+2(16+1+0+1+16)]

I =98 ;
(2) Simpson's 1/3 Rule :

vh 5
I= 3 (o +ye) +2(, + y,) + 4y, + y3 + ¥5)]

= % [(BL+81)+2(1+1)+4(16 + 0 + 16)]

I =98
(3) Simpson's 3/8 Rule :

h
1 Y (o +ye +2y; +3(y, +y, +y; +¥5)]

3
=3 (81 +81)+2(0)+3(16 + 1 + 1 + 16)]

I =99
Actual Value :

_-,3
= a3
K]

1 1
=5 (®°- (3= ¢ [486)
I =972

Q. 30. Calculate j —— by Simpson's 1/3 Rule taking 10

equal parts.

Sol. : Here f(x) = l—i—x,xo=0, x,=1,n=10
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x g, 1-0
B f o =0
10 Y0

%, = %o ¢ th

1
YOy s = 0.909090

1
=02y = o =0.83933

1
503>y, = i 0.76923

1
, 04>y, = —— =0.71428

1+0.4

1

=062y, = o or = 066666
1

=06=y,= 1908 =0.625

. 1

x 0‘1:v7=1+07=0.57143
1

X2 =08 =y, = 1708 =0.656565
N 1

X =09 =y, = ;o= = 052632

1
‘10: 1 :}yu}: ‘iT_' =0.5

Now by Simpson's 1/3 Rule

(0.1) ;
I= ~5~ 101 40.6) + 2(0.83333 + 0.71428 + 0.626 + 0.56568

+ 4(0.90909 + 0.76923 + 0.66666 + 0.57143 + 0.5263)
I = 0.69315 Ans. 8

(b) fix) - fix + by
) fix - f(x) {d) f(x - h) + f(x)
rhe central difference operator & equals :

Eld - z i}
. .1
(a) ekl ®) 2
(c) EV-E i (d) Mﬂ“ ;E-m
The averaging operator u equals :
pe? . g
= 171 .
(ﬂ) Elm + E {b) 2
E{J‘! » Elr?
-1
(c) Ela +E @ "2'_"""

The value of backward difference operator Vfixz) is
(a) f(x — h) —£(x) (b) fix + h) - fix)

(0 f(x) - f(x - h) (d) fix) - fix + h)

The relation among E, A and V is :

() EA=AE=V +E & AE=Ea=V-E

©EV=VE=4 d)av=E+1

The relation between A and V is :
(a)AV=4-V ®A+aa-wn=1
(c) (a) and (b) {(d) None of these

In the usual notations, choose the correct choice of E :
(aE+1+A ME=1-2

QE=1+V dDE=1-v

If y = p(x) is a polynomial of degree n then its (n + 1)th
divided difference is :

(a) A constant (b) Zere

(¢) Function of x (d) None of these
The sum of lagrangian coefficient is :

(2) np (LUBE _
() -1 (d) None of these

The forward difference operator A is :

L4 52
(a) ud + %— (b) pd --2-
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12

18.

14.

15.

16.

17.

18.

(c) b« & (d) None of these
The n' divided difference of x" is .

{a) n' (h) n

(c) (d) None

The differenting interval h in calculus of finj,
difference is :

(x) Finite and small (b) Finite and large

(d) None

Newton's forward interpolation formula gives bet,
results

(a) Near the beginming of a set of tabular values

() Near the end of a set of tabular values

() Near the middle of a table

(d) None of these

Newton's backward difference interpolation formuh
gives better results :

(a) Near the beginning of a set of tabular values
(b) Near the end of a set of tabular values

(¢) Near the middle of a table

(d) None of these

Value of Alogx is

h
(a) log| ! p"

rj ‘]'J‘Iu{k {0 7eTU

h
(b) log(l + ;)

h X
(c) log . (d) lugg
The value of A tan™'x is :
1 1
® 1 ® e

h h

(c) tan™ (sz) (d) tand](1+hx+x“)

The third divided difference with arguments 2, 4, 9,
10 of the function f(x) = x* - 2x is :
(a) 1 (b) -1
()0 (d) 8 i
Using Newton's divided difference interpolation the
required polynomial correspondmg to f(0) = 1, f(l)"
3,f(8)=0561Is: .
(a) 8x* - 6x + 1
(c) 8x* + 6x + 1

M) x*-6x+1
(d) None

20.

21.

22.

23.

24.

265.

26.
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The n'" divided difference of f(x) = % is:
ey 1
(a) X R Xy X ®) & & . 2
Yy 1
© Nk Xix, i @ XXXyl i
v%is equal to :
(a) (1 - E')? (b) (E + 1)
() (E-1) (d) None of these
A% is equal to :
(a) (E - 1)? () (E + 1)
(c) (E - 1) (d) None of these
The value of ﬁx’ is:
(a) x* + y* + 22 b)x+y+z
)0 (d)1
Simpson's one third formula is also called :
(a) Elliptic Formula (b) Parabolic formula
(c) Hyperbolic formula (d) Cubic formula
The sum of cote’s number is :
(a) 1 (b) n (c) 2° (d)o

d ;
The value of I:-i-_'—_f;,- by simpson's 1/3 rule (h = 1/4) is :

(a) 0.8702 (b) 0.7853 (c) 0.7954 (d) None of these
Using simpson's 1/3 rule, the interval h for better
approximation should be :

(a) Even and small (b) Odd and small
(¢) None (d) Even and large

|
1.(a) 2.(c) 3.(d) 4.(c) 5.(c)
6.(c) 7.(a) 8.(b) 9.(b) 10.(a)
11.(c)  12.(a) 13.(a) 14.(b) 15.(b)
16.(d) 17.(a) 18.(a) 19.(a) 20.(a)
21.(b)  22.(d) 23.(b) 24.(a) 25.(b)
26.(a)

0ao
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Methods to Solve of Linear Equations: 1. Direct methogy
for solving system of linear equations- (i) (71‘!!&85It’ll'»"li:nation_ (ii)
LU decomposition, (iti) Cholesky decomposition. 2. Iterag,_'Ue
methods : (1) Jacobi, (i1) Gauss-Seidal.

A svstem of n—linear algebric equations in n—-variable ig Biven

below :
anX; *apX; t .o +ax, =d,
anXy +8xXg+ Lt agX,=d;
anX * A%yt ..+ ag,X,=d;

any, * anﬁx‘.’. ot aruxn = dn

Solution of linear simultaneous equations : [Direct Meth(;d]
(1) Gauss-Elimination Method :

Let ax+by+cz=d

alx +bly +clz=4d,
“ax+by+ciz=d, )
be a system of linear equation of three variables
Its matrix form

a b c][x] [d
a b ooyl _|d )
a, b, ¢z |_dl
[a b ¢ X d
where A= al b X=|Y|and C = d'
la, b, ¢ z d,
) Let C=[A:B]
- ~[a b ¢ d]
g& a' b ¢ d
(3, b ¢ d,

By elementary transformation in Row, reduce C into

following form :

e e € e

L A

[0 0 g &g] )
and Put in (*) & find the values of x, y, z.
' [60]
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(2) Gauss-Jordan Method :

As above taking

(e, e, € e,
i o f, £ 1,
LO 0 g &

Reduce C into following form
(e 0 0 ¢
o f of

C~ 1
[0 0 8 8

and put in t*) & find the values of x, y, z.
.Solve the following system of equations by Gauss

1.
@ elimination method :
(1) 2x -y +8z=90
l x+y+z=86
x-y+z=2

3x+10y tz=14

2x + 3y + 10z =15

(3) 3x+6y+2z=16
{ 2x +4y +3z=13
x+3y+2z=9

Sol.: (1) {2x-y+3z‘—'9

(2) { 10x+y+2z=13

X+y+z=6
x—yt+tz=2
Its matrix form
2 -1 3)[x] [9
1 1 1|jy|=|6 sl
1 -1 1)}z 2
AX:C .(1)
when
2 -1 3 X 9
A= 1 1 1 .X: y ,C= 6
1 -11 z 2
Let B=[A: (]
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(2 -1 3 9]
g=ft 1 18
1 -1 1 2]
R, -R,
1 =2 2 &
r & &
1 -1 1 2]
R’."'RlvR'J_RJ
1 -2 2 3
_lo 3 -1 3
0 1 -1 -1
{1 2 2 @
l -
P,’_ER_I 0 3 1 3
0 1 -2/3 -2

rl -2 2 x 3
Nw,bﬁ'(") 0 3 -1 Y= 3
0 0 -2/3|iz -2
x—2y+2z=3
3y—z=3.
2
—Ez=-2:>z=3
Putz=3in(2) dy-3=3=2y=2
Puty=2andz=3in(l) x-2(2)+2(3)=3>x=1
Ans:x=1,y=2,z=3
(2) I0x+y+2z=13
{ 3x+ 10y +2z=14
\2x+3y+ 10z=15
Ita matnix form

(10 1 21z 13
2 10 1

B, - R,
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R‘l = 3R]. Rra b 2R]
1 -29 -1}]|x -29
0 97 4||y|-|101
0 61 12}|z 73
61
Rs= 97
1 -29 -1{|x -29
0 97 4 ||y}=|101
0 0 920||z 920
- x—-29y-2=-29 el (1)
{ 97y + 42 =101 ...(2)
920z=920=z=1

Putz=1in(2)97y+4(1)=101=>y=1
Puty=1,z=1in(3)x-291)-1=-29=>x=1
Ans.x=1,y=1,2z=1
3x+6y+z=16
{ 2x+4y+3z=13
x+3y+2z=9
Its matrix form

3 6 1][x] [16]
2 4 3|y|-|13
1 3 2§z |9]
R,-R,
[1 2 -2][x] 3]
2 4 3|ly|_|13
1 3 2f|z] |9]
R,-2R;,R;-R; -
1 2 -2 x" ¥
00 7Tly|=1|3
L'1'.) 1 4 ||z] | 6
x+2y-22=3 A1)
= Tz="1 (5
y+42=6 ..(3)

By (2), z= 1, put in (3)
y+41=6=>y=2
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Puty=2 z=1in (D) x +2(2) - 2(1) =3

x=2

Ans X—‘Il,y::!,z-‘-'-l . " i
Q.3. Solve the following system of equations by Gauss,

Jordan Method :

83 x+3y+x=8
‘ Ix+3v +42=20
4x + 3y + 2z =16
2) 10x+y+z=12
l 2x + 10y + 2 =13
x+y+5z=17
3) x+y+z=9
{ 2x -8y +4z=13
3x+4y+5z2=40
wol : (1) x+2y+z=8
{‘2x+3_v+4z:20
4x +3y+2z=16

Its matrix form

1 2 1x] [s8

2 3 4|v|_1|20

4 3 2 |_z_ _16

R, - 2R,, Ry — 4R,

1 2 1Yx] [ 8]

g 0 -1 2|ly|j_| 4
4 0 -5 -2j{z] |-16]

" Ry

[16 ]

=14
..-—36‘

16

_ |04

03

1 0 of=x 1
0 -1 Ofly|-|-2
0 0 1|f= 3
:>.x=1,y=2,z=3
- 1(2) 10x+y+z=12

1 2x+ 10y +z=13
x+y+5z=7

Its matrix form
(10 1 [12]
2 10 1||y| |13
|1 1 5|z 7

—

R, & Ry

10 1 1)|z] |12

11 6 x] [7 }

0 -1 -58{jyl| _|-59

0 -9 -49f{z] |-58

R, - (-1) R,, R; - (-1)R,
11 6][x] [7

0 1 68|y 59
0 9 49)|z] |58

R, -R, R, - 9K
1 0 -53 [ -52
01 68 (_| 59
0 0 -473| |-473
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Ans.
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R, =+ (1R, Ry » [“—:,3) Rs

-1 0 s3)(x] [s52]
0 1 a8ffy| |59
o o 1flz] [1]
R, - 53Ry, R; - 53R,
-1 0 0o)fx] [-1]
0 1 Ofjyl - |1
0 0 IJ;,:‘ Ll_
x=1
z=1
@) X+y+2=9
{21-—3}’+4z=13
3x +4y + 5z =40

Its matnx form

1 1 1]fx (9]

2 3 4|j¥| {13

3 4 S_LZ _40_
Re‘?-R;kRs—:')Rl

1 1 1)x] [9)]

0 5 2yl |5

L0 1 2_LZ _13_
R, < R,

1 1 1x] [9]

0 1 2fy|_|13

o =5 2fl2] 5]
R,~R., R, +5R,

(1 0 -1)[x] [-4]

01 2yl _{13

Lo 0 12 z‘ -60‘

Raﬂl—z-R,

1 0 -1]fx [ -4
01 2|y} |13
00 1]}z] | 6
R, + Ry, Ry ~ 2R,
1 0o olfx] 1
01 olly|-|3
0 0 1le‘ | 6

Let

ax+by+cz=d
a'x+b'y+cz=d'
ax+by+cz=d,

be a system of linear equation
Its matrix form

AX=B

a b ¢ X

where A = al b X=|Y

a, b ¢ z
PutA=LU

3

where L=|l=

_]al

P“u

& u=|0

_0
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LU - Decomposition Method [Factorization Method]

w1},
[d
8=
_di
..(2)
0 0]
1 0
1o 1]
Wy Uy
U, g,
0 uy



68 7/ Mathematics (I111-Year, Paper-1)
By (1) & (2)

LUX. =B )
> > _iwp ~-.(d)
Put ux=y ()

¥ u
w here v=|Y|=]Y
¥y w
By ) & (D
LY =B

Find the values of x, v, z from (4)

Solve the following system of equations by LU
decomposition method x +5y+z=14,2x+y + 3z = 13
Sx+yv+42=117. '
Sol. : Given that

x+tdiy+tz=14

2x +y +3z=13

Sx+y+4z=17
Its matrix form

1 5 1f{x 14
21 3ljy| |13
31 4llz 12
AX=B (D)
where
1 5 1 X 14
A=|213| x=|v| B=|13
31 4 z 17
Put A=LU (@)
1 00
where L= l, 1.0
I, 1, 1
&
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1561 U, v, L
2 1 3| _ |y, L, tus L, +uy
=
3 1 4 ];uun l:slulz 2 l:ﬂurz lmu'm + ]wzu?.'l + \133

On comparison
uy =1, u,=5u,=1
Ly, =2=>LN=2=1,;=2
lyu,;=3=1;1)=3= I3;=3
loyuyp + gy = 1= 2(5) +up =1 = Uy = -9
Ly g + l3guge = 1= 3(5) +152(-9) = 1= 1;,=14/9
lups + Uy =3 =>2(1 +up =32 up = 1

14 I
Iyuys + lagos T ugg =4 =2 3 + | g’ 1+upy=4>Dup=-

By (1) & (2)

LUX=B e
Put UxX=Y ...(4)
u
where y=|V
w
By (3) & (4)
! LY=B
1 0 0][u 14
,, 1 0||v|-}|13
L, 1l 14iw 17
or
.I .
1 0 0 u 14
1 0y - |13
g 14 llw] D7
9 |
= . u=14

Ju+v=13>v=-15
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14
and 3u ¢ Q vew =17
= W= 61(8
Now by (4)
UxX=Y
ul! un: u\_“ Fx-‘ u
Q0 w, M liy] tY
L0 0 u,||s] w
[1 5 I X[x] 14
{0 -9 1 vl = | -15
0 0 -5/9]|z] ~5/3
= x+oy+z=14
Oy +z=-15
= 5
——1=-= =
3 3 =z=3
Put 1n (6)

Gv+3=-15=>y=2
Puty=2andz=3in () x +5(2) +3 =14
= x=1

Ans x=1,y=2,2z=3

method :
x+y+z=1,4x+3y-z=6,3x+5y+3z=4

Sol : Its matrix form

1 1 1||x L
4 3 -1{ly| |6
3 5 3]z 4
AX=B
where
11 1 [x 1
{4 3 -1 X = y B=
35 3 | 2 4
Put A=LU
where
1 0 0 u, u, u,
L=|"n 1 O,Uz 0 uy, uy
Ly 1y 1 0 0

Q.4. Solve the following system by triangularization
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By (2)
1 1 l ull ull u"
4 3 -l oLy, 1huy vuy byug tuy
36 3 Lyuy,  Lywyg +lgvy Lyu,, + hgug, + Uy

On comparison
up=Lug=Lug= 1
I,lull =4=3l(1)=4> l." =4
lyu,=3=13(1)=3=1; =3
lgu +up=3=24(1)+uy=3=uy,y=-1
I Uy + lgguge =5 = 3(1) + lgg(-1) =5 = 133 = -2
lgupg +ugg =—1 =2 4(1) +ugg = -1 = uy; =5

-(5) 15303 + laotag + uy3 = 3 2 3D+ (2)(5) +ugmg =3=>uyxy =-10
~(6) By (1) & (2) LUX=B , ...(3)
u
where Y =

Put UxX=Y .49

By (3) & (4)LY=B

1 0 Offu 1
4 1 0f|v|_-|6
3 -2 1||w 4
= u=1
jutv=6>o>v=2
and Ju-2v+w=4=>w=5
Now by (4) -
UX=Y
1 1 1 ||x 1
(1)} 0 -1 5 |ly]_|2
0 0 -10{z 5
= x+y+tz=1 )
—.y+5z=2 -(6)

-10z=5=>2z=-1/2

1 1
Putz=-1/2in (6) -y + 5 (EJ =22y= 3

1 1
Puty= = ,= = ; -~
uty 512 21n(5)x 1
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Apzly 11 decompeoesition method (o solyg t
]

equslion

&x, =, +x, =10

itk matnx forn
e &= | E 22
» 1*]
i
- - v
s s ]
| |
o % 9]
- - [ .-f:
i1 2 3|
(i = 5J

Orn Comparnison

u; =3,

luy

1,0y,

lyupp + uy,

lLyyup, + Lyuy,

2
lz|ul3+urt3:2:) = (1)+U23=2:ﬁu23: E

Lyjuys + lyzugy + ug,

3 3

U
‘-‘\-.*Sx;“-"s’“-‘*‘2‘-*3“:1‘ | ”U§:$
I
X By (3) & (4)

X ] “.\“

i b :1! | LY=RB whereY=
X 14_:

meE _ () 10 olfu] [10

i B - 2/3 1 of|v|_|14
x=|*| B=" 1/3 475 1||w| |14
%] & u=10

A=LU () S e _ 22
17 [1 0 Offu, u, u, : = WEYSIA WS g
2 :IL, 1 0|0 wy u, 1 4 _

3] ILI 1, 1 0 0 u, .and§u+5V+W—14?W—7ﬂ15

Now by (4)

£ Pie Yy ) UX=Y
filuq el Ly +u, 5 2 1 x 10

Loty Tty +lote Lytig +1yuy, +u, 0 5/3 4/3 ||x. 29/3

0 0 =24/15)|x,| [72/15

upp =2, up=1 B

=8 = 1B =2 =1 =213 = 3x, +2x5 +x3= 10

=1 =18 =1=1; =113 5 .

2 5
=3 - @+tu,=3=2>Usp= = 24 72
3 22 22 3 -—-—15 xa_. —-15:>x3_3

|
o | e

1 5
2= (;) (2) + 1y (EJ =2 lyg=

Ans. x,=1,x,=2,x5=3

Q.6.

3 equation :

1 4 (4
=3 = (—3-) (1) + E[E) +uz =3 Sol. : Its matrix form
» 3 2 7||x
un= o 2 3 1|yl =15
3 4 1|2

AX=B

T

Put in (6) 5x, +4(3) =22 = x, =2
Putx,=2,x,=3in(5) 3x, +2(2)+3=10=>x,=1

w

=gk Xy 30r5x2+4x3=l22

3x+2y+72=4,2x+8y+z=5,3x+dy +z=7
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e
(4)

..(B)
...(B)

Apply LU decomposition method to solve the

(D)
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"I 2 2 4
Where A = | 3 1} x_[¥Y] pR= _‘
(3 41 3 /
Put & s 1Y)
l 1 0 0 u, U, Wy
where L = | 's 10 U= 0 uy Wa
L:r L lJ 0 0 ug
R_‘ &
3 3 7] u, u,, U,y
i 2 3 1f_jLw, lLustus L+ u,,
!_S & Iy [ oW L, + l‘““:a * w,

U, =3 uy =2 ws =7
lyu,=2=1,0@=2= 15, =23
lgu, =3=1y@)=3= lg =1

i

o :
lyus tung=3= 3 (@ +up=3=>up=

; 5
Ity + 1y =42 12) +ls (E) =4 =13 =6/5

2
Lyt ug=1=5 (+ua=1= N =118

lyups + lygugs +ugs =1 = ugg =-8/6
By (1) & (2)

LUX=B
Put UxX=Y ..4 where Y =
By 3) & (9)
LY=B

4
b]
7

§u+v=5=>v=‘713

1 o o]|VY
2/3 1 of|v|~=
1 6/5 1||w

= u=4

(3

Q7.

Sol.

;ndu+(—;v+w=7:>w=115

By (4) ux=Y
3 2 T x 4
0 5/3 -1/3lly|=]73
0 0 -8/5||z 1/5
= 3x+2y+72=4
5 1mn__7 _ -
§y-—3-z-3or5y 11z=17
LY e
—-s-z—5=>z 1/8

Putz=-1/8in (7) = y = 9/8
and puty =9/8, z=-1/8in 6 =>x=7/8
Ans. x=7/8,y = 9/8, z =-1/8

Apply LU decomposition method

On Comparison
L u“-‘-l,ulg=2,u13=3
lgu, =1 =2
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A8)

|
to solve the

equation :
x; + 2x; + 8x4 = 14, 2x, + 5x, + 2%; =18, 3x, +x, + 5x,=20
: Its matrix form
1 2 3)[x, 14
2 5 2||x.|=[18
3 1 5f|x, 20
= AX =B {1
1L 2 8 X, 14
where A= |2 5 2| x=|x| B=]18
315 x| |20
Put A=LU ‘(2}
(1 0 o By B Wi
where = [la 1 O D= 0 uy, uy,
by L 2 0 0 uy
1 23 uy, uy LT
— 2 5 2f_ (Lu, lyuytuy lea“n"’“.
318 v, gt +lgue  lguy +lgug, +ug

st ey
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u =3l =3 , y LLTX =B .(3)
loyugg + gy = 0 25 Uy = put L'X=Y .(4)
lnwig + lpguigy = 13 g = 6
Lty # 0y = 22 ugy = 4 b
Latiyn 4 digug, 4 vy = 6 on uyy = - 24 Ys|Y
MMga T bk en
Ry (1) & (2) LUX = B - w
Put UX=Y By (3) & (4)
) LY =B )
5 and find the values of unknown by eq. (4)
where Y= Q8. Solve the system of linear equations :
w O Axy + 2%y - 2%, = 4, 2x, + 10x, + 2%, = 14, -2x, + 2x; + 8%,
> LY =B = 8 using the cholesky method.
_ Sol. : [ts matrix form
Looool|ul fu 3 4 2 2[x] [4]
= 21 olflv|.he 2 10 2||x,| = |14
A ] I b -2 2 3fls) |9]
u=14 '\ =B ' (1)
. 2utvz18v=-10 4 2 -2 x, ] i
T W=5V+w=90myw=72 = |1
Kiis 10 Sw=-1 hen A = i 1: z X= ’:-B -
UX=Y Put Rw1gr @
I‘ 2 3 [x 4 [, 0 0
01 x| |10 1 0
00 -24|x i Where L= l:: l: .
= !;+2x,+3x3:14 [4 2 -2 'l“ 0o o], ‘nlln
Xg = 4x3 =10 2 1o 9)_N, 1, ofjlo 1y Iy
~24x, = — . - By @) =
Putin(g) 2 e AL AN U B S
and by (5) 2,21 4 g3 -3 | Ly Ly
C Ans. X, = l, Xq = 2. X3 = 3 0]_‘ 2 10 2} = llllll l:l +1:2 l,.lu +lﬁ.la=
h':’l"'k-""'D‘“"Ompotiii'.ion Method -2 2 3 Ly lalu+lale Bi+15 41
[Square Root Method] s o i o
Let the matrix form of the system of equation be On Comparison 1;, =4 = e
AX=B lp=2=1y=1
where A be symmetric matrix luly =22 1 =-1
Put Iyl =-2=1=-1 .
A"—LLT l,l2+l',,=10=9l“=3
b, 0 0 Iglg) +1glgy =2 ‘?la =1
where L=(‘n b o] W2+, + 1, =3=21=1
lll ’u ll\'l
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By 1& D Yashraj / 79
LL'X=B I, 0 o
L-—. l.n I;; 0
i L 1 s
. 1T =v
Bt L'X=3 ~(4) where y _
Br 3 & (4) 1 2 3 I, Lk L,
LY =B 2 8 22| _ 1L, L+l L+,
e ipu" . 8 22 8 L, Ll + 11, ]§1+I;z+l:::
3 ehv _ 14] Pa.Companii
N -,_El“_ B ‘J ]fizlz’lllzl
h ; : Iyl =221,=2
2a=45u=2 1311”23313]=3
snd RS Wi B +E, =81, =2
By (4 Bl lyloy + 15519, =22 215, =8
X =Y H :;ﬂ&w‘(zl; =821, =3
= e By (1
is 1 LL’X =B e
g Put L'X Y ' (4)
= LAl Ly
= =X, + X_:—-x.‘ = _)_ 2
3X-, By, b "'(5)‘ Where Y= ¥
= '(6) e
Putin (g - T3 o .
Bragy o By 3) & (@)
Ans. 1, = 1 1 =1 LY=B
- e I: = ; X = 1 u =
9. . ’ 100 2
Q f(_)’_h;i :.hse S}'ste;n of linear equations - 2 20{|lv]=1|68
i o r = 2X + 8y + 22226, 3y 4 5. 82 .
: orm
» u+t2v=6=>v=-2
{i 2 3][x 5 3u+8v+3w=—10=>w:_3,-
Lo 1= e} Now by (4) - LX=Y
= 82z [0 1 3 9]f= [51
AX=B 1 0 2 8f{y|=|-2
W : =
"here (1) 4 L ¢ 3jlz] |3 &
1 2 3 & . +2v+32=5 =
A: 2 8 22 .: -‘» _ " 8 % 2) +82="2 ..-(6)
3 X ,B=| 8 1 Y
22 g2 z ~10 -Z 3z=-3=2>z=-1
Put A=LLT 2y +8(-1)=-2=>y=3

By(5)x+2(3)+3(-1)=5:>x=2
Ans.x=2,y=3,z=-1
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Iterative Method
(1) Jacobi-Iterative Method
Lot the system of linear equation be

ax + by +cz = d (1)
a'x + by +¢'z =2 d +(2)
a)x+by+cz=d, (3)
By (1)
_d-dy-cz
* n - (A)
. d'-a'x-c'z
By (2) y= Ty -.(B)
_d -ax-by
2 = C' ,(C)
voepl. (1) Puty =0, 2= 01in (A)
x = x( be firat approximatioy,
(2)Putx =0,z = 01in (B)
y = yM be first approximatiop
(3)Putx =0,y =0in (C)
7 =z be first approximation,
Step Il (1) Puty =y, 2 =2 in (A)
x = x@ be second npproximation
(2) Put x = x", 2 = 2" in (B)
y = y® be second approximation
(3) Put x = xV y =y jp (C)
2 = g0 be second approximation

The nbove process s repoated till the two successive
approximation are nearly equal.

Q.10. Solve the following system of equations by Jacobi's
Iterative Method :
10x - by - 2z=8,4x ~ 10y + 82=-8, x + 6y + 10z = -3
jol. : Given that
10x - By -2z=3 (1)
4x - 10y + 3z = -3 .(2)
x+ 6y + 10z =-3
By (1)

B Ll i ()
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4x + 32+ 3
By (2) ys S ()
-3-3-6
By.(3) - _i_l%._.,x A©)
StGPI (1) Puty=0= zin(A)::xm-'=0.3
(2)Putx=2z=0in (B)=>y" =03
3)Putx=y=0in (C) = z" = -0.3
gtep I1 — (1) Puty = 0.3 and z = 0.3 in (A)
L 5(0.31)(;,2(-0.3) -
(2) Put x = 0.3, 2= -0.3 in (B)
y‘” _ 4(0.3)+ 3(-0.3)+ 3 =0.33
10
(@) Putx =03,y = 0.3in (C) 2 = '3'—0";’0'3(% =_0.51
Step III (1) Put y = 0.33 and z = -0.51 in (A)
@ _ 3+5(0.33) + 2(-0.51)
x = 2
x® = 0.363
(2) Put x = 0.39, z=-0.51 in (B)
4(0.39) + 3(~0.
y = (0.39) + 3(~0.51) + 3 -

10
(3) Put x = 0.39, y = 0.33 in (C)
~3-0.39 - 6(0.38)

= - =-0537

Step IV : (1) Put y = 0.303, z = -0.537 in (A)
«_ 3+5(0.308) + 2-0.637)
X =

2®

10 =(.344
(2) Put x = 0.363 and z = -0.637 in (B)
4(0. -0,
yo = 3+4(0 3631);3( 637) = 0.2841
(3) Put x = 0,363, y = 0.303 in (C)
-3-0.363 - 6(0.303
z= g o ) =-0.56181

10

Step V (1) Put y = 0.2841, z = —0.5181 in (A)
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3+ H0.2841) +2( 06181

R 10 = 0.3384y
(2) Put x = 0.3441, 2 = - 05181 1n (B)
o 3440 3041 ¢ 3(- 06181 0
v e £ it = () DR
10 2829
Put x = 0.3441. v = 0.2841 1 ()
-3 -0, Hil b(O ’811)
» ——— =-0.5
T 50487
ep V1 (1) Puty = 0.2822 2= -0.50487 in (A)
o o 3+ &0.2822) + 2(-0.50487)
10 =0.34019¢

2) Put x = 033843, z = -0.50487 in (B)

. 3+ 4(0.33843) + 3(-0.50487)
o= 10 =0.2839;,

Put x = 0.33343, y = 0.2822 in (C)

-3 - 0.33843 - 6(0.2822)

™ = T =-0.503163
Step V11 (1) Put ¥y =0.283911 and z = -0.503163 in (A)
2 =0.34132
(2) Put z = -0.503163 and x = 0.340126 in (B)
vy = 0.2851
(B) Put x = 0.340126 and y = 0.283911 in (C)
z" =-0.50435

x® = x"’ = x=0.3401 be an approximation root
_x‘ = v7 = 0.2851 be an approximate root
A z'"’ — z = ~0.5043 be an approximate root

Q.11. Solve the following system by Jacobi Iterative

Method :
10x, + 2x, + x; = 9, 2x, + 20x, - 2x3= —44, -2x, +3x, +
10x, = 22
Sol. : Given that
10x, + 2x, + x3=9 (1)
2x, + 20x, — 2x3 = —44 ¢ w2
—2x, + 3xy + 10x; = 22 ..-(3)
By (1)

D:fi +1s g

T
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—44 - 2x, + 2%
By (2) X, = .‘M.ﬂ%—, ot 3 ()
y - 3x
By (3) X, = ?,{L?.?é_ Sk (%)
Gtep [:(DPuty=2=0in(A)
8-0+0
(1] - -
) T 09
(2) Put x =0 =2zin (B)
-44-0+0
xy) = ——2'0; =-22
22+0-0
(3)Putx=y=0in (C) x}’ = ——:1—6—--- =22

gtep II - (1) Put x, =-2.2, x;=2.2 in (A)
9-2(-2.2)-2.2

| ) MR o S ), PR v A e s
x" = 10 =1.12
(2) Putx; =09, x3=2.21in (B)
. -44 +2(0.9) + 2(2.2
xp = TRTEORTHED - 07

B Purx; =09, %=-29 10 _
5 22+2(0.9) -3%-2.2)
x{ = 10 =3.04
Step III : (1) Put x, =—2.07 and xy= 3.04 in (A)
i _ 9-2(-2.07)-3.04
x =
! 10
(2) Put x; =1.12, x; = 3.04 in (B)

—44-2(1.12) + 2(3.04)

=1.01

(J) =
. 2 20 =-2.08
(3) Put x; = 1.12 and x, = -2.07 in (C)
L 22+2(1.12)-3(3.
v o ARG side

10
Step IV : (1) Put x, = -2.08, x;' = 3.045 in (A)
@ = 9-2(-208)-3.045
nE 10 -
(2) Put x, = 1.01, x4 = 3.045 in (B)
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w _—44-20.0D+238.045) _ o0 ol
g w2 = 997 2= = =-02 g
(3) Put x, =1 01, x, = —-2.08 in (O) swpﬂ(l)Puty 3 and z = -0.2 in (A)
00 - 3 45
X" = ii&ﬂﬁ%ﬂl = 3.004 @ = 10+36(-02) 264
St’fp \% (8] Put Xy = —]_997‘ Xy = 3.004 in (A) (2) Putx=2 and Z=*‘02m(B)
= 7)-3.004
g9 o S=2C1A0D -0 0 3.00¢ - 0.999 @ 8-2 _,
' 10 g ===
12) PU - ‘: = 3 i
V) IRy WU, x, =180 R (3)Putx=2, y=3in (C)
© - ~44-20.99N+2E3.004) _ 19 =
K = 20 ua =228,
(3) Put x, = 0.997 and x, = -1.997 in (C) >
o o 22+20.99D-3C199D _, .| stepII (1) Puty =2 and z=-1.2in (A)
g = T0 o3 @ 10+2-(-1.2) _
_ . = — =" cpag
¢ = x®, 3\ = o g = x_i_“’ ' 5
x, = 0,999 2 Putx =2.64, z=-1.21in (B)
x, = —1.997 O = 6-2.64 _
x3 = 2.999 _ 2
Q.12. Solve:5x-y-z=10, 2x+4y=l2,x+y+5z=_.1 by (3) Putx =2.64,y=21in (C)
Jacob's Iteration Method : O = -1-2.64-2 _ -
Sol : Given that 5 Bk
5x-y-z=10 ---El) Step IV (1) Put y = 1.68 and z = 1.128 in (A)
25 +4y =12 wi2) " 10+1.68-(-1.12
it S -(3) it AT 5‘ = -
10+y+2 — - .
By (1) <= ___51_.. n(A) (2) Put z=-1.128, x =2.64 in (B)
w_ 6-2:64 _
_12-2x_ 6-X ®) : yo= =1.68
By @ Y= 4 k. (3) Put x = 2.64, y = 1.68 in (C)
-1-x-Yy e _
By (3) 2= —— -(C) 40 = = 2.(:1 LE8 . s
Step1:(1)Puty =0,z=0uoi(.z) . Step V (1) Put y = 1.68, z = ~1.064 in (A)
10+0+ '
- Q) e —— =9 -y
x . 5 = 10+1.685( 1.064) —
(2) Putx=0,z=0in (B) :
' 6-0 (2) Put x = 2.5616, z =-1.064 in (B)
yrEe = 6-2.5616

Oz ——— =171
(2) Putx=0,y=0in (C) y 2 5 92
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(3) Put x = 2.5616, y = 1.68 in (C)
-1-2.5616-1.68

-

o
Step V1 (1) Puty = 1.7192, z =-1.04232 in (A)
10+1.7192 - (-1.04232)

=-1.04232

2 =

v—v'-

6) — o
(2) Put z=-1.04232, x = 2.5488 in (B)
_ =g
-vfw = _LSB =1.7256
2
(3) Put x =2.5488, y = 1.7192 in (C)
= -1-2.5488-1.7192
0 = = - =-1.053¢
5
Step VII (1) put y = 1.7256, z = -1.0536 in (A)
10+1.7256-(—1.0536)
xf“.'r — 12 - =5 25558
(2) Put z=-1.0536, x = 2.552304 in (B)
_9 529
ity o EESRA0L  g pmy
2
(3) Put x = 2.552304, y = 1.7256 in (C)
-1-2.552304 -1.7256
o T1-2552804-17256 _ | o

>
- B I e ST A D
since 2P =37, YW=y, 2P ="
- x=25558,y=1.7238,z=1.0555

Q.13. Solve the following equations by Jacobi-Iterative

Method :
20x +y-2z=17
3x + 20y -z=-18
2x -3y +20z=25
Sol : By given equations
17T-y+2z
LT

_ z-2x-18
Y= T
3 25-2x+ 3y
=T
Stepl (1) Puty=0=2z1in (A)
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17
M= -2 -8
X 20 0.85
(Z)Putx=z=0'm(B)
-18
s 220
y 20 -0.9
3)Putx =y =0in (C)
256-0-0 :
== - - =
z 20 1.25
siep I (1) Puty =-0.9, 2= 1.25 in (A)
_ 92%1.95)
(oo 17-(-09)+2025) _ o,
20
(2) Putx =0.85,2=125in (B)
y(z) _ 1.23—3(20683)—18 - _0.965
(3) Put x =0.85, y = —0.9 in (C)
22 — 25 _?'(0‘895;"' bl 2L 1.03
Step III (1) Put y =-0.965, z = 1.03 in (A)
_ 5)+ 2
<@ = 17 (—0.9(25;)1—.4(1.03) - 100125
(2) Put z=1.03 and x = 1.02 in (B)
2 2) —
y® = 1.03 3'(9100 = =-1.0015
(3) Put x = 1.02, y = -0.965 in (C)
_ 9 :
25-21.02) +3(-0965) _ | (o0

(3) —
A== 20

Step IV (1) Put y = —1.0015, z = 1:00325 in (A)
 17-(-1.0015)+ 21.00325) _

x#=— = = 1.0004

(2) Put x = 1.00125, z = 1.00325 in (B)
o L00825-30.00125) 18 _ o0,

y 20 0000
(3) Put x = 1,00125 and y = -1.0015 in (C)

| 95 - 2(1.00125) + 3(-1.0015)

/o = s

z% = 0.9965
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Step V (1) Put y = -1.00025, z = 0.9965 in (A)
17 - (~1.000026) + 2(1.09966) _

) =

(2) Put x = 1.0004, z = 0.9965 in (B)
0.9965 - 3(1.0004) — 18
yOo) < 90965 3(910000 118 100007
(3) Put x = 1.0004, and y = -1.000025 in (C)
25 - 2(1.0004) + 3(-1.000025)
(6) — &
‘ 20 = 0-99996;

since xV = x® y@ 2 y® @ _ 6

Ans. . x=0.999966, y = ~1.0000078, z = 0.999965

Gau s:;Seide] Iterative Method
t

ax+by+cz_—_d

ax+by+cz=qg =)
ax+by+cz=d, @
be a system of linear equations -3
By (1 " d-by-cz
) X " ---(A)
d' -a'x-c'z
By (2) Ys— -.(B)
d,-ax-by
By (3) = _“Ei—_']“ -(C)

This method is a modification of the Jacobi-Iterative Method,
. Step I (1) Puty=z=0in (A)
x = x
(2) Putz=0,x =x, in (B)
y=y"in (C)
@)Putx=x", y= y(“'in (C)
= z(u
Step II (1) Put y = y®, z=29 in (A)
x=x® and z =z in (B)
= y® be second approximation
x? and y = y? in (C)
2=7% be second approximation
The above process is repeated till the two successive
approximation are nearly equal. - : »

be first approximation
be first appi‘oximation

(3) Put x =
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Apply Gauss-Seidal method to solve the equations : |
" j0x +y - 22=17,8x+ 20y -2=-18, 2x - 8y + 202 = 25 -
gy given equation
i 17-y+2

20 =) ;
z-3x-18 ?
=2 ..(B)
25— 2x + 3y
& e .{C)
ty=z=0in (1
gepl (D Puty =2=01n i;
xV = 55 =085
@ Putz=0, x = 0.85 in (B)
0-3(0.85)-18
(8 ) ) it attce S
3) Put x = 0.85, y = ~1.0275 in (C)
25 - 2(0.85) + 3(-1.0275
zM = = L 1.0109
step IT (1) Put y = —1.0275 and z = 1.0109 in (A)
: 17 - (-1.0275) + 2(1.0109
= = ) = 1.0025
(2) Put z = 1.10109, x = 1.0025 in (B)
1.10109 - 3(1.0025)-18
y® = o D-18 9998
(3) Put x = 1.0025, y = —0.9998 in (C)
Lo = 25-201.0025)+ 3(-0.9998) _ —
20 '
Step III (1) Put y = —0.9998, z = 0.9998 in (A)
~ (~0.9998) + 2(0.9998
o o 7= 9992[))+2( L R
(2) Put x = 0.99997, z = 0.9998 in (B)
yO = 0.9998 - 3(259997) 18 16000055
(3) Put x = 0.99997, y = -1.0000055 in (C) .
.0 = 25 - 2999971 + 3(~1.0000,055) 10000075

20
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Step IV (O Put v = -1 0000055, 2 = 1.0000076 in (A)
17 - (-1.0000055) + 20 000007) _,

x\l‘ -

T 0
(2 Put 2 = 1 0000075, x = 1.00000 in (B)

‘.\U -
: 20
(3) Put = 1.00000. vy = 1.00000 in (C)

wld

E =

W T ) X \ 5
i E_\:",_\“‘ z_\—“‘\&z‘* ~—_-z”

Ans. x=1,vy=1lz=1

Q.15. Use Gauss-Seidel method and solve the systen, of

eguation.
6x + 15y + 2z =72
x+y+54z=110
27x +6y-z=85
Sol : Given that

iy 75)-18
1.00000 - 51.0000010) =~ - 1 pog0oo
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_ B5+1.9131-6(3.564)

x@ =2,4323

000¢ 27
(2) Put z = 1.9131, x = 2.4323 in B)
ym . 72 - 6(2.432;.45) -2(1.9131) - 3572
(3) Put x = 2.4323 and y = 3.572 in ©
110-2.4323-3.572
@) = =1.9258
=1.00000 z 54
step 111 (1) Puty =3.572,z= 1.9258 in (A)
s 4O = 85+1.9258 — 6(3.572) — 2.4257

27

(2) Put x = 2.4257 and z = 1.9258 in (B)

72 —6(2.4257) — 2(1.9258) -3.5729
¥ 15

(3) Putx = 2.4257, y = 8.5729 in (C)

110 -2.4257-3.5729

@) =

6x + 15y + 2z =72 ) - = =1.9260
x+y+54z=110 g .
27x + 6y —z= 85 gi Step IV (1) Put y = 3.5729 and z = 1.9260 in (A)
= 85+1.926 — 6(3.5729)
. 85+2z -6y @ = =2.426
By (3) x= 9—7) ~(A) 2 [27]> |6+ = 27
) (2) Pt z = 1.926, x = 2.426 in (B)
72 -6x -2z B
' 15
110=x=y 3) Put x = 2.426,y = 3.573 in (C)
SR s O PR ? 110-2.426 - 3673
StepI (1) Puty=2z=0in (A) 2 = " =1.926
o 83+0-0 , b o x® = x® y® = y® and 2® = 2@
o xUE T =315 . x=2.426, y = 3.573, z = 1.926 &
(2) Putz=0, x=3.151in (B) Q.16. gol;elthe tfl(:ll‘;;wing system of equations by Gauss-
& ' eidal method.
y = 12-6(3.15) =354 28x +dy -2=82,x+3y+10z= 24,2x + 17y + 42 = 35
- .15 Sol. : Given that
(3) Put x =3.15, y = 3.54 in (C) : 28x + 4y —z = 32 1)
w . 110-3.15-3.54 x + 3y + 10z =24 ~A2)
R~ e~ L9131 2x + 17y + 42 = 35 ..A3)

54
Step II (1) Puty = 3.54, 2= 19131 in (A)

By (1)
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B R L [ T
I

x= 28
By (3)

Bl @ 0Ty,

y= 17
By (2)

JUXIW (O 0y,

z 10
Step I (1) Puty =z=0in(A)
00} = 32+0-0 _, 4985
’ 28
(2) Putz=0, x = 1.4285 in (B)
o 36-20.4285)-0 _ ) 99437
o= 17
(3) Put x = 1.4285, y = 1.92437 in (C)
24 -1.4285-3(1.92437) _ 1.7084

7 =

10
Step II (1) Put y = 1.92437 and z = 1.7084 in (A)
) x® = 0.92896
(2) Put x = 0.92896 and z = 1.7084 in (B)
y® = 1.54756
(3) Put x = 0.92896, y = 1.54756 in (C)
z? = 1.84284
Step III (1) Put y = 1.54756, z = 1.84284 in (A)
x® =0.98759
(2) Put z = 1.84284 and x = 0.98759 in (B)
y¥ = 1.50903
(3) Put x =0.98759, y = 1.54756 in (C)
29 = 1.84853
Step IV (1) Put y = 1.50903, z = 1.84853 in (A)
ﬂ x% =0.9933
3 (2) Put x = 0.9933, z = 1.84853 in (B)
y* = 150702
(3) Put x = 0.9933, y = 1.50702 in (C)
z® = 1.84856

Step V (1) Put y = 1.50702, z = 1.84856 in (4)
x® = 0.99359
L (2) Put z = 1.84856, x = 0.99359 in B)
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y® = 1.50698
(3) Put y = 1.50698, x = 0.99359 in (C)

2™ = 1.84855

(51. yn) - y(m‘ z“’ - Z(BJ

vox@ g x
. x=0.9935, y = 1.5069, z = 1.5069 u

——

= Objectives [

Gauss Elimination method is a :

(a) Direct method (b) Indirect method
(¢) No method (d) Threeway method
Gauss-Seidel iterative method was :

(a) Pre—calculated values from present intration

(b) x;(0) for all i

(c) x,(1) for all i

(d) None of them

Gauss-Jordan method is a : .
(a) Three way method (b) Indirect method
(c) Direct method (d) Iterative method
LU decomposition method is also known as :
(a) Doolittle's method

(b) Factorization method

(¢) Crout's triangularization method

(d) All above
Cholesky decomposition method uses when :
(a) Matrix A is square (b) |Al=0

(c) A is symmetric (d) None of them

Jacobi-Iteration method is :

(a) Direct method (b) Indirect method

(c) No method (d) Three way method

Gauss-Jordan method is

(a) Improvement on jacobi method (b) Iterative method

(¢) Direct method (d) All above

The necessary condition for convergence of a system

of equation by relation method, relaxation parameter

o is : :

(awo<l bo=1 (©)wc(0,2) (d) None of them
. The zeroth and first iteration of jacobi method of

solving 10x, + 2x, + x; = 9, 2x, + 20x, - 2x, = -44, -2x, +

3x, + 10x; = 22 are :
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) (0.0 009,22 22) ) (©0.0.0) (0, 8,-22 3,
(W€ (0,0,0 09, 22 22 (d) None of them
10. The zeroth and first iterate of Gauss-Seidel Met},
of 10x, + x, + x, = 12, 2x, + 10x, + xy = 13, 2x; + le..l‘
are :
(@) (12,0, 0)(1.2, 1.06, 0.948) (b) (0, 1.2,0) (1.2, 1.06, Om
(0012 (1.2, 1.06, 0.948) (d) None of them
11. By Jacobi lterative method if the initial lOllltlon
the following system of equation is (0, 0, 0) thep %
first iterative will be :
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)™ =D+ Ly Ux® + D+ Ly'b

(c) x*’ V= Dib + (L + U)x™]

x®* Ve D+ Us™-(D+ L'b
11. (1auss-Seldal Iterative method is :

@) x** " =-D' [Lx® + Ux®} + D'b

(b x** P = D! (Lx™ + Ux¥] ~ D'b

(©) x®* V=D (Lx®*¥ + Ux¥] + D"'b

(d) x®* P =-D (Lx® + Ux(** V] + Db o
18. In LU decomposition method, the value of L is

4 1, 0 0 1 00

10;_5,.f2.=3.4x—10y+32=—3.x+6y+102==_a': ‘ ‘“ L o e &0
(2) (03,03, 0.3) (b) (0.3, 0.3, 0.3) @) |10 = ®H0
(<) (03,03, -0.3) (d) (0.3, -0.3, -0.3) L b O i

12. By Jacobi-lteration method the first iterate I, 0 0
equations 27x + 6y -z =85,6x + 16y + 22 =72, x 4 y. © |1 lpy O (d) None of these
54z =110 are : Iy, 1 lw .
(a) (0,0, 0) (b) (3.148, 4.8, 2.037) 19, In LU-decomposition method, the value of U is:
(c) (3.148,0,0) (d) None of these . . B W u, 1 0

13, By Jacobi Iterative method if the initial solution g | : u. 0 U, Uy 1
the following system of equations is (2, 8, 0) the firy | OF ®) By B

. TR (PR L ¥ Uy e

iterate will be : al e T
51—y+z=10.2x+4y=]2,x+y+5z=—-1 u, u, Uy
(a) (26,23 -1.1) (b) (2.6, 2, ~1.2) (©) 0 u, uy, (d) None of these
(cj(2,26,-12) d)(2,286,-14) |0 0 uy,

14. The first iterate of system of equations by Ga
Seidal method : ! y
bx; +2x;-%,=6,%,+6x,-8x;=4,2x,+x, +4x35 7 1.(a) 2.(a) 3.() 4.(d) 54
(a) (1.2, 0.467, 1.033) {b) (1.2, 0, 0) 6.(b) 7.(d) 8.(c) 9.(b) 10-(2)
(c) (1.2, 0.467, 0) (d) None of them 11.c)  12.(b) 13.(b) 14.(2) 16,(d)

15. The first iterate of the following system of equat 16.(a)  17.(c) 18.(b) 19.(b)
by Gauss-Seidal method : 2x, - x, =7, -x, + 2x, -~ x; =1, |
A+ 2x3=1: 000

16. Jacobi-lterative method is :

(a) (2.5, 3.5, 1.25)

(b) (3.5, 2.5, 1.625)
i (16,25, 1.25)

(d) (3.5, 2.2, 1.625)

(a) Bl D’l[h - L+ v)x‘k’]
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x’ @
_— . M =1_ sl
= = Unit-1V el
: - . : =0.2
Numerical Solution of Ordinary Differential Eqyq When x=0 2
P 1 Ringle step methods- (i) Picard, (i) Taylor s series, (i) p " 1) =1- 0.2
, + ( : i g, yW=y(02)=1-02+
Runge-Kutta. 2. Mulitistep methods: (i) Pre "‘Cm"'cﬂrre%' i 2
G Modiiad Evler, (i10) Milne-Simpson. a _,V( '=y(0.2) = 0.8200
\ ge cond approxlmatlon
Picard's Method yD = yo+ Lf(x,y“’)dx
[Method of Successive integration] i3
= Ix—(1-x+—)]dx
) & ym_l-pjo[x Qa x+n)]
Let . =fix. ¥) (1) J x? bt
be gwven equation, and initial conditiojn, =1+ J"’ [—E+ -
“‘he{‘; Xx= Xo DYV =¥,
% ’ a x X2 2 1 dx
then W=y L f(x,y,)dx  (First approximatio, =3+ Ia =g
2 = . 3 :
y®=y 3 _L fx,y")dx (Second approximatiop =1+ [-‘%‘ +x* _x]o
& _ g re)) ; ; . )
Y=y, + L f(x.y”)dx  (Third approximatiop) O = X' +xi-_x+1 -(3)
SR 6
and n™ approximation is When x=02 0.2)°
ye =y o4 J fx,y* ) dx y®=y(0.2) = - 6 +(0.2)*-(0.2) +1
S dy N , y® = y(0.2) = 0.83867
= o = e : ; g 1 t1
dx Y~ ¥ Withy=1whenx=0then find the value Third approximation * oy dx
@ = Xy
of y when x = 0.2 by Picard's method. y Yot L"

Sol : Given that

x lj Xa s
o} e dx
t_i{__ y3=1+-[0|:x t 6 X x+1)
: dx 7Y e
with 3
. X%=0,y,=1 - A _x?eox-1dx
By Picard's method, firg; approximation y¥=1+ .Lo[ 6

ay - . 2 X X l.‘
YW=y, + | f(x 1 _,_3 +x° -
Yo I ( ,yo)dx 1 ,:__. x? -x

_ 24 3
l): z (1]
=14 -1y By () PR
; yO= — - px?-x+1 ...(4)
] Eece 24 3
2 x=0.2

[96]



S / Mathematios (111-Year, Paper-)
a3
w2 O, 02)?-0.2)4

B -
: 24 3
v = y(0.2) = 0.8374 Al

. dy
Q2 Use Picards method to solve e a1+ xy with ."l

vo=0
Sol : Given that

4 14
dx X ﬂ)
with X, = 2. Vo = 1 S

By Picard's method, first approximation

“.ul,‘ = Yo + J:{ f(x.yo)dx

¥ =0+ [[1+x0)dx By
= [, dx=[x];
yP=x-2

Second approximation
yo=y + L f(x,y®)dx

‘- (2 )

0+ [[[1+x(x-2)]dx

1
9

Wex_ x4 X _2 @
Third approximation 3

Y¥=y,+ f: £(x,y"*)dx

= 11 _x2 2 B
MJ’[ ”‘(" ?*?‘E)]d" by

By(l)_;

= [[[1+x-2eJax = ] 11 -2x-x"Jax |

Yashraj / 99

3 4
B B e S
:I[H: 2+3 3 }dx
x’ fi+f‘_i._£ 2’
=|1**3 "8 15 6 |,
« (]
xR L @LQ;@HAWH
=l”“f"‘§'*ﬁ'3" YT s 3¢
, < x* x' x' 52 3
y¥=%x-7*3 78 15 15

ard's method the apporximate y whenx=0,

Q.3 Use Pic
dy : - =0
: 8y .y ¢ywithx =0=y=%
1 given that dx
Sol : Given that
o oy e
with xo=0,50=0 . .
t approximation .

By Picard's method, firs
yW =y, + I: f(x,y,)dx

y=0+ J:[x+0]dx By ()
T x
s == | =ar I
S o
U (D)
=2
Second approximation
ytg) =Yy + J: f(x,y“’)dx
b x2
y¥=0+ L[“?] By (1)
[xz X3 :"‘
=|—*+—
2 6]
siah )

o | M,

3
X

yo =X,
6
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Third approximation

® - Yo + Lf(x.y'”)dx
= x.\ xn
=0+ L[x+--+———]dx
% A by (2) |
2 4 sP
O o [_*_ LA
2 "247 6,
y® = ﬁ g % v 5;
Now, by (1), (2) & (3), When x =4, £
y®= O _ 4005
2
® _ (0.1)* (0.1
yoU= T+ 2) = 0.006167
and @ - 0.1)' (0.1)° (0.1)%
y —“——24 + T+ T = 0-00517
Taylor's Series
Let
= fi
. be give ax 1Y) ) § @F
h D equation, and initial conditiojn,
Whenx=x, = y=y,
Sol :
N= Y(!) = ¥o + (X -— XO) (y')o (x XO) (}’") + (x xo) (Y'")
F ooy
Q4. Solve ay i
e 1 - 2xy gien that y(0) = 0.
Sol : Given that
i ds
y' = e =1-2xy wl(l)
with
Yoy=01e.x,=0,y,=0
By Taylor's-Series ’
Y=o+ (x=x9) 0+ T2 gy EX) gy
Put x=x0=01n(1)

e=1-2.00=1

Y=y(X) =yo + (x —%Xg) (o +
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piff. (1) yi=0-2[xy + y] (2
_J ty") =-2[04+0] = .
Diff. (2) Y= [y ytey] =- 2y + 291 )
(ytu)o ) [0 + 2(1)] =
Diff. (3) v = [ty ey ] =—2xyi 2 @)
YMe=-2[0+0]=
Diff. (4) ¥ = [{xy'* +y"}+ 3y"*] (5)
y' =2 [xy" + 4y"]
oo =-2[0+4(-4)] =32
- By ("), with xg = 0 '
(x=07,, (x=0° o, x-0"
y:y(x)=0+(x—0)1+ x2T 0+ 31 (4)+ 21 .0 -
(=0 39y 4 ...
2x® 4
or y=x——-§—+-ﬁx + s

dy _ . 442 y(0) = 1, using TAYLOR'S Series

Solve =
and find y(0.1) and y(0.2)
Given that
y'= S—f S k1)
with yo =1 jie.xg=0,¥y,=1
By (1) (v)o-0+12"1
Diff. (1) yr=1+ 2yy' ..(2)
yh=1+2.1) D=
Diff. (2) yi=0+2{yy'+y y‘} «(3)
(y”’) =2[1(3) + 1] =2[4] =
Diff. (3) i\, - 2[ yym +yiyu}+ 2yi .y”]
i lv._zlyym.}_ 3ylylu] (4)
= (Y"’)o =2[ 1 @+ 3(1)(3)1 34

Put there values in Taylor s series 1.e.

(x xo)z

(x +x0)

(y")o +—=2—(y"), +.
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(x-0)° {x 0’ x-0r o . (x=x)¢

= y=vix)=1+(x- 031*'—'7,.—_' 3! 4! -3)'1_

(x -x,)* (x+x,)° .
o0t 3 —— )t

(x-0) ,(x-0" (x-x)°

\ - '\" = )(x) )0 (x x(l} (J )[) t
i - 3x° 1 ¥ _..ix‘
}_)(lx) ]+x+_+._x

e

Put x=01 4 - 63 SR S S E-0H0+ =7 3! 4!

y=y0.1)=1+(0.1)+ %(0-1)”5(0-”3*5(‘11)‘* L) NS AP
v =y(0.1) = 1.1165 > 6

Now Put x=0.21n (A) N y=y(x) =2 2_%,‘ +%9x 2 ™

Y=¥02)= 1402+ 202+ 5 (0 2 + —(o 2+

mrdinary Differential Equation]
y=y(0.2) = 1.2729

(Numerical Solution of differential equation)
(1) Euler's Method

d
Let ay =f(x, y) - (D

Q.6. Solve the equation %! = - yx* with y(0) =2 by Tay
= :
- Series.

Sol : Given that e dy 2

S s be differential equation of first order with initial condition
dx

y(xp) =yole. whenx=x,=y= Yo with given h and x, = x;+ nh

with Yo = 2 ie. Xg= 0, Yo = 2 then .
By (1) (yi)o = y(xl)&?YO + hi(x,, ¥o)
Diff. (1) y' = —[2xy + x%y!) Y2 =y(x2) =y, +hix,, y,)
("o =—[0+0] =0 In general,

: i e Yo = Y(X2) = ¥o + bf(x, 4, y,,)
Diff. (2) y= [2{xy +y}+{2xy +xy }] (2) Modified Euler's Method
: _ ¥y = [dxy' + X%y + 2] 7 i From Euler's Me(:lt}hod

4 . i § i ° i : y =y =y0+hf(x0’y0)
Diff. (3) ¥y = —[4{XY #h Y-}"i‘ {ZKY +xX7y }+ 2}"] 'By Modified Euler's Method

¥V =—[6xy" +6y' + x*yl]
(yw)_ﬂ = [0 +6.0+ O] =
e v = [6{r" +*} 6y +{xy" 2xy"]]
Y =—2 [8xy" + 125" + x%y")
¥99=-[0+0+0] =

{2) —

h
=yo t 2 [f(xo, yo) + fx, + )’:”)]

3) =

and Vi Yot EY [f(xo:' Yo + f(x,, yi*']
and so on, theny, = y,™ = y®™*?

oy dy _ b s i
Diff. (5) gi= —[8 {xy'“’ : y“‘}~_|- 12" + by 4 2y }] Q7. Solve the’ equation == 1 -y with initial condition
y¥ = [10xy™ + 20y + x%y"] © - x = 0, y = 0 using Euler's method and tabulate the

. solution at x = 0.1, 0.2, 0.3.
1Given that :

GNo=-[0+ 20 (-4) + 0] = 80

Put there values in Taylor's series i.e.

1

fx,y)=1-y ) sk )

gle
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X =0 y,=0andx, =0.1.x,=02 %7 04
X, = x; + nhthenx; =xp+ h=>h=x-X=0.1
By Euler's method
¥, = }-(‘l) =¥y + hf()‘{); Yn)
v, =y(0.)=0+(0.1)[1-0)

By )
y; =01
and vy =y, + hf(x, 1))
vy = ¥(x9) = 0.1+ (0.1 [1~ 0.1}
= v, =y(0.2)=0.1+ 0.09=0.19
and vy = ¥(xy) = y; + hf(xz, ¥2)
vy = ¥(0.3)=0.19 + (0.1) (1-0.19]
y,=0271
& Its table
X 0.1 0.2 0.3
y 0.1 0.19 0.271 §

Q.8.  Use Euler's method to find y(0.4) from diffe“em.ia]

d
equation -&if =xy, y(0)=1.

Take for each step h=0.1
Sol. : Given that

d
‘d‘x}‘, = ff.‘(, ¥) =Xy (t)

&y0)=1,ie.x=0y,=1& h=0.1
x, =04, " x,=x,+nh
=x,=0+1(1)=x,=0.1,and s0,x,=0.2, x; = 0.3 &xf;'—‘().q
By Euler's method
¥1 = y(xy) =y, + hilxq, y0)

= y, = y(0.1) =1+ (0.1) [0(1)]
¥ =y(0.1)=1
& ¥z = y(x;) =y, + hi(x,, y))

=14 (0.1) [(0.1) (0.1) (1)] = 1 + 0.01
ys = y(0.2) = 1.01
¥3 = y(x3) =y, + hilxy, y5)
¥, = y(0.3) = 1.01 + (0.1) [(0.2) (1.02)]
¥y, = 1.0302 ’
¥4 =y(0.4) = y(x,) = y; + hf(x, y5)
¥¢ = y(0.4) = 1.0302 + (0.1) [(0.3) (1.0306)]
¥, = 1061106 ]

Now

Yashraj / 105
Q.9. Using Euler's method solve the differential equation

in six steps %i—( =x +y, y(0)=0, choosing h = 0.2

Sol. Given that % =f(x, y)=x +y .

with y(0) =0 = when x,=0,y,=0&h=02,h=6
“ Xp=Xg+xh, . x,=0.2,x,=04,x;=086,x,=08, %= 1.0,
xg=12
By Euler's method
Y1 =y(x)) =y, + hf(xg, yo)
= y=y(02)=0+(02)[0+0]=>y,=y02)=0 By (")
and y, =y(xy) =y, +hf(x,, y,)
¥2=y(0.4)=0+(0.2) (0.2 + 0] = 0.04
Y3 = y(x3) =y, + hf(x,, y,)
Y3 =y(0.6) = 0.04 + (0.2) [0.4 + 0.04]
y3;=0.128
Ya=y(xy) =y, + hilx,, yy)
=0.128 + (0.2) (0.6 + 0.128]
¥4 =y(0.8) =0.2736
and " y; = y(xg) =y, + hi(x,, y,)
¥s = y(1.0) = 0.2736 + (0.2) [0.8 + 0.2736]
¥s =y(1.0) = 0.48832
& - Yo = y(xs) =y, + hf(xs‘ Ys}
¥ =y(1.2) = 0.48832 + 0.2(1.0 + 0.48832)
¥e = y(1.2) = 0.785994

By (*)

By (*)

By (*)

By ()

dy y-x
.10, Gi - = ith initi iti = =
Q iven = vis with initial condition y = 1 at x

0. Find y for x = 0.1 by Euler's method (five steps)

. dy y-x
Sol. : Given that E-m = f(x, y) (%)
with x,=0,y,=1,x,=0.1,n=5
Xy =x+nhoh= X L

then x, =0.02, x, = 0.04, x, = 0.06, x, = 0.08, x, = 0.1
By Euler's method

Y1 = ¥(x,) =y, + hi(xg, yo)

By (*)

1-0
= ¥ = y(0.02) = 1 +(0.02) [m}
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v, =¥(0.02) = 1.02

and vy = y(xo) =y, + il v
1.02-0.02
vy = y(0.04) = .02 +(0-02) {192+ 0.02
=  v,=y(0.04)=10392
& yy=ylxg) =yo + bfxe )

1.0392-0.04

v, = y(0.06) = 1.0392 + (0.02) [7639—27032]‘ By

and y,=y(x)=yst hf(x3, ¥a)
1.0577-0.06

V4= y(0.0S) = 1.0577T+ (0.02) [1_0577 + 0-06] By (‘)\‘

& ys=y(x) =¥y +hixe YY)
10756 - 0.08
yg = y(0.1) = 1.0756 + (0.02) | 70756 1 0.01

vy = y(1.0) = 1.0928

: . dy
Q.11. Find the value of y at x=0.1 for given dx =

Ang, g

x’+y

with y(0) = 0.94 take h = 0.1 by usin modified Euley,

method.

d .
Sol. : Given thata% =f(x,y)=x"tY

x0= 01 yO = 094, h = 01 and X, = 01
By Euler's method

¥ =y, =y, + hf(xo, ¥o)
y" = 0.94 + (0.1) [0° + (0.94)]
y = 1.034
Now, by modified Euler's method
h £l
W =yo+ 5 U yo. + ix;. ) ")

1

- D =094 + 0— [(0’ +094) + [(().l)2 + (1.034)]
Yi 2

y‘l" =1.0392

(")

Q.12. Using modified Euler's method solve 2y
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& v =yt (0 0+ 5]
>y =094+ -02—1 [(0 +0.94) + (0.1)* + 1.0392)] By (")
Y9 =1.0395
Againy," =y, + ‘E [fGx, ¥o) + x5, ¥&]

v =0.94 + 92-1 ([0 +0.94] + [(0.1)* + 1.0395)]
¥ = 1.0395 '

N = (N

YW=y
¥1 = y(0.1) = 1.0395 -

=1+
as 1+ xy

with y(0) = 2, h = 0.1. Find y(0.1)
Sol : Given that

d
o =Ty =1exy Wi

Xo=0,y,=2,h=0.1andx, =0.1
By Euler's method
)" = ¥o + hf(xo, yo)
=2+(0.1) [1+(0)(2)]
=21

By modified Euler's method

s h
Y =yo+ 5 [ftxo, yo) + 1(x;, "]

v =2+ 2 1+ 0@)+ 1+ 0.1) @.1)

y;¥ =2.1105 By (*)

h
& yM=y+ P {fxo, yo) + f(x;, y))

0.
Yo =2+ 71 ([1+0] + [1+ (0.1) (2.1105)]
¥ =2.1106
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h 1y
s aj lf{x,). 311} + r(xl' Yy l

>y =2 Dl e+ (14 00) (21106)]
= vi' =21108
Yt = g

vy =y(0.1)=2.1106 N
Q.13 Use modified Euler's method to compute y £, X
0.05.
Given that : d_y
dx

Ye=1
Sol : Given that

=x+y with initial COl’lditiOns Xq=

dy
b =x+y=1{(x,y) (%)

withx,=0,y,=1,x,=0.05=>h=x,-X
h=005-0=0.05
By Euler's method

Y, =¥q+ hi(xg, yo)
v, =1+(0.05) [0+ 1]

v, =1.05
By modified Euler's method

VP Sy — [f(xo, vo) + (x5, v,")]

=1+ 9—3—0 [0+ 1] +[0.05 + 1.05]]
== ¥ =1.0525

& N - Yo

h
yl + ; [f(xO: YU) i f(xlr )’f“)]

= ° 2 [0+ 1) + (0.05 + 1.0525]

v =1.0526

h
& vV =yo+ 5 [f(xo, yo) + f(x,;, ¥i¥)]

B0
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0.05
5 LJL [(0+ 1) + (0.05 + 1.0526)]
o= 1,0526
f" =y, =y, = y(0.05) = 1.0526 s

Q.14. Using modified Euler's method, obtain a solution of

the equation 3-! =]1-ywithy(0)=0inrange0<x<
X

0.2 by taking h = 0.1
Sol. : Given that

«ﬁ =fix,y)=1-y (")
withx,=0,y,=0,h=0.1& xn=x,+nh
= x,=0.1,x,=0.2

By Euler's method
¥, = ¥o + hilx, yg)
=0+(0.1) [1-0]
y)! =0.1
Now by modified Euler‘s method :

(2) —

Y| - y() 2 [f(xfh yﬂ) g f(x]s y:”}

01 :
=0+ - -0 +a-01)
v =0.095

& W=yt 5 [f(xo, yo) = f(x,, y®))

=0+ [(1 0) + (1 - 0.095)]

”' =0.953
Again,y\V =y, + [f(xo' yo) + f(x, yi"))

0.1 .
=0+ 7 ((1-0)+(1-0953))
yiY =0.0952
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h . o
Again. v =¥+ 5 [fixo yo) 4 f(xy, v\l

01
w =0% = (1 -0+ 0.962)]
v'" = 00952
y, = 5'1(5)
vy = vw0.1) = 00952
Now. by Euler's method

vi¥ = wxy) =y, + hf(x,. ¥))
vV =0 18568
Now by modified Euler's method

= h
Y, =W+ 5 (. y)+ f(x,, }';“)]

. 0.1
¥, =00952+ — [(1-0.0952) + (1 - 0.1'8563)

2

¥ ¥7 =0.181166
£ h (2)
& v7Ent g My + G, v)?)]
0.1
=0.0952 + T [(1 - 0.0952) + (1 - 0.1811
v¥ =0.1813817

. h .
5 =N+ g I, y) + xe, v,

=0.952 + % [(1 - 0.0952) + (1 — 0.181381%

¥ =0.1813709

y\"Jl = y(:}
: ¥: = ¥(0.2) = 0.181370
Runge-Kutta Method
Given that
dy
& iy
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with y(x,) = yoie whenx =%, y =y, and b & x, = x, * nh

(1) Second Order Formula

1
yiey(m) =y, * 2 (k, + ky)
where k, = hf(x, yq)
& k? = ‘(lg +h, Yo !t h;.’
1
& ya=y(x) =y, + 5 Oy +ky

when k, =hflx, y)
& k, = hf(x, + h, y, + k,) and sc on
(2) Fourth Order Method

1
Y1 =y(x) =y, + s [k, + 2(k; + ky) + k,J
where k, = hf(x,, yp)

h k
kg = hf(xu"' E'YB + ‘i)

2
h
k:i = h—f[xu + E'yu * ‘53‘]
k, = hf(x, + h, y, + ky) ]
Q.15. Use Runge Kutta method to approximate, when x =

0.1.

Giventhatx-—(lwheny:laud%zx{.y

: dy
Sol. : Given that i +y (1)

withx,=0,y,=1,%,=0.1, h=x, -x,=0.1
By Runge Kutta Method (fourth order)

1
Yi=yx)=yo+ olki + 2k, +ky) + kJ
k,=hf(x .y)=01{0+1}=0Q1 By (1)

h k 0.
ky = hf[-‘u * 5-?»*-2*] = 0.1[[0*'*5‘-]*(1«»%1]]

= k, =011

. 0.1 0.11
ky= hf["o"’ “2”-3'0“" ‘;) =(0.1) [[0*’ ?)tlli,—g__]]

=
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k; = 0.1106

& kq = hﬂxo R, Yot k:l) = (0'1) o+ DL L 0.1 102)1
k, = 0.12106

Put these values in (%)

Yi=y0.D=1+ -:- [0.1+2(0.11 +0.1105) *+0.12105)
) 3}

¥, =1.11034 _ )
Q 16 Solve d_y.. = 1 for X = 0.5 by using Runge-—K“tta
o dx x+y
method with x, = 0, y, = 1 (take h = 0.5)
dy 1
Sol. : Given that 7— e (1)

with'x; =0, ys =1, h=05, x, =%p+ nh
X, =Xe+1h=0+05=x,=05
By Runge—Kutta method (fourth order)

Yy, =y(0.5) =y, + % [k, + 2(ky + ka) + ky)] (%
0.5
when k, =hf(xy, yo) = 0+1
= k,=05
1
h k o5 . 05
kgwhf(‘( +21YU+T)L]=O‘5 9£+1+9£-
2 D) 9
k, =0.3333
+£ +.k_i =0.5 —65—1—05333
ky=hi{x+gvo ) =05 |05 ) 0350
k; = 0.35294

< 0
& k,=hf(x, +h, y, + ki) =0.5 [0_5 el 0.35294] ~

k, = 0.26984
Put these values in (*)
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y, =y(0.6)=1+ % [0.5 +2(0.3333 + 0.36294) + 0.26984]
= ¥y, = y(0.5) = 1.356706 Ans.
Q.17. Use Runge Kutta method to find y when x = 1.2 in

dy .
steps of 0.1 given that o= x+y% y(1) =16

Sol. : Given that day = g%% 9 sk d )

withx,=1,y,=15h=01
Y Xg=Xp+tnh=>x;=1+(1)+1.1
X =1+20.1)=12

& By Runge Kutta Method (fourth order)

) :
Y1=y(&) =y, + 5 ko + 2(k, +ky) + k,] %)
when k; = hi(x,, y) = 0.1[0(1)? + (1.5)%] = 0.325

iy hf(xo 2 +5.,L] =(.1) [(“(0?1)) +(1'5+[%)ﬂ

k, = 0.38664

2 2

= k; = 0.39698

& k, =hf(xg+h, yo+kg)=0.1[(1 +0. 1)’ + (1.5 +0.39698)?)
= k, = 0.48085

Put these values in equation (*)

1 ,
Yi=y(l.)=156+ E [0.325 + 2(0.38664 + 0.39698) + 0.48085)]

=y(1.1) = 1.895515
Again by Runge Kutta Method

1
Yo=y(xg =y, + = [kx + 2k, + k) + k)] (%)

where k, =hf(x,, y,)= (o 1) [(1.1) + (1.895515)?)
1 kg 4802977

2
k; = hf(x. + %.'yl +-152L} =0.1 [[1.““-51-} [1 895515+‘°°3977] ]
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= Kk, = 0.58836 = kg = 0.01012661

h k
& Ky = hfol+-2'yl* él}

| (040.1)" +(1+0.01012651)"
&k4=hr(xﬂ+h' YO+kz)“0-l 10

zo_,\[l_u%z] +{ 1800616, 202290) *

1
thenby (M) y, =y(0.1) =1+ F [0.01 + 2(0.01012525
3 ky = 061172 big +0.01012651) + 0.010303555|
= : =0.1{(1.1 + 0.1)* + ' '
& ki =hf(x, +h,y, + ky) ( (1_8956)15 N 0.8117&) i =y, = y(0.1) = 1.01013451
k, =0.77262
Put these values in (**)

Q.19. Apply Runge Kutta method to find ¥(0.2) in steps of

0.1if gy

1 dx x +y*, given that y =1 when x = 0.
¥y =y(1.2) = 1.895515 + r [0.4802977 + 2

(0.58835 + 0,61172) + 0.77
¥e = y(1.2) = 2.6043579 ;

d
Sol. : Give‘n that E% =x+y?={(x, v)
Q.18. Apply Runge Kutta Method of fourth order to sol

()
withxq=0,y,=1, h=01& - X, = Xq + nh
dy = Xy =0.1, XZ=0.2 ‘
10 ns x' +y? y(0) =1, for x = 0.1 By Runge Kutta Method
Sol. : Given that ' 1
B Yi=y(x) =yo+ 6 ki +2(k, + k) + k) (M
& o AN o where k; = hf(x,, y) = (0.1) [0 + 191 =0.1
withx,=0,y,=1& x;=0.1thenh=x;-x%,=0.1

By Runge Kutta Method of fourth order

Yi=y(x) =y, + % [k + 2(k, + ky) + k)] . -

h k 0.1) By
& k; = hf(xu +'-2--)'o + ‘2*') = 0_1[(0" '-vé*)-f(h —031-) ]

k, =0.11525

L Joran?
when k; = hf(x, + y,) = 0.1 T
= k, =0.01 '

« 2 01 27
(-3

h . k).
kz-_—_hf(xu+—2-,yo+-§L) =0.1 10

h k ' 0.1 0. = \2
kszhf(xo+-§.y°+—21) =0.1[(0+_2__)+(1+ 1;520] ]
= ky = 0.11686

& ky=hf(xo +h, yo + ko) = (0.1) [(0+0.1) + (1 + 0.11686%)
= k,=013474

Put these values in (*)

1
- Vi=YOD =1+ 5 [0.1+2(0.11625 + 0.11686) + 013474

‘ ! (140.01012625) |
(0*9'51"3 +§~————2--——-)- Y1 =y(0.1) = 111649

h —
ka=hf(x0+§ryo+fk§) =0.1 . ' 10 A

’ 1
- Nowy,=y(x)) =y, + o i+ 20k + k9 + kg, )
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b |
’ K 0.1 0.5172
& k:,:hl'\la*?,;-yu*—,}).-:0.1[3(1*'7_,:']*[1'2* 3 .

= k, = 0.5278

&k, = hﬂxo+h vo+ k9 = 0.1(3(1 + 0.1) + (1.2 + 0.5278%)]
=3 =0.6285

Put these values in (*)

where &, =Bfix,. v =1 [0.1 +(111649%)
= k, = Q13468

Ak
= r—v, +—] o
& X u[xi = 2]_9‘1

[l 1+ 9‘%)#(1.116494- -
= k, =0.15514

=nce l;=hf(=.+=.v.*%) ’

=y(l.D) =12+ % [0.444 + 2(0.5172 + 0.5278) + 0.6285]

=y(1.1) = 1.727 n
_ Q.15. Using Runge Kutta method to fourth order to solve
=n_l[(n.n(%l}(1.11«5494o‘mQ d—i =xy for x = 1.2 initially x = 1, y = 2 (take h = 0.1)
' d
= k; = 015758 ‘ ) Sol. : Given that : ‘&% =fx,y)=xy D)
""- ‘lztﬂ.:.ﬁ.)-mmmm(l 1164940,15 with %=1,y,=2,h=01& - x,=x,+xh
‘-P =5 ;=11 x=12
l‘dh'ﬂ_n("‘) ; ¢

_ By Runge Kutta Method (fourth order)
F:=y02)=111649+ 18[0.13465 +2

1
Y1=¥E) =¥ + <k + 2k, +ky) + k) (™
(0.15514 + 0.15758) + 0

where

k; = hf(x,, yo) = (0.1) [1(2)] = 0.2

h k .
& k3=hf(xu+'§»y° +—2-‘-} =(0.1) [(1+9-(;_1),[2 +¥]]
=

k, = 0.2205

ks =hf[x°+h.yu+£:} =(0.1) {[1-}9—.1_) [_? 0-2;?.05]]
= ky = 0.2215
& Kk =hilkgth iy +k9 =(0.1) (A +0.1) 2 +0.2215)]

¥ = 127356
Q4 Uu‘wmmhobhmywhen x—-’i_ .
€iven that y = whenx—landysatlsﬁgs

mg—:;xq.y!

= x fxy)=3x+y°

l.-ly—l.z,x Llthenh=x,-x,=0.1
&B&mplluu;wl o

k, = 0.2443
: Y= y) = ’.+ lkl*’z(k:+k,)+kd ﬂ Put these values in (*)
where : =y.1= 2+— (0.2 +2(0.2205 + 0.2215) + (0.2443))
m sl = 0.1[3(1) + (1.2%) = 0.444 : - y(L1= 22583
34 M‘nh’ i 1 ,AgmnbyRungeKuttaMethad
k’zu{xﬁ”'“"&] 0"[ (“—) (12+0444]] ] ye =y =y, * Gfk.+2(kg+k,)+k.] (")

k, =0.5172 where

L = hi(x,, y,) = (0.1) [(1.1) (2.2583)] = 0.24841
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h k |\
& k:=hf(xﬂ+§_yb+—l

= k, =0.27399
k, |
& k;—h.f[xl*— ¥ ‘_‘)";
LR BN 5 ,0373“
< (0.1) [(no J(-—"‘” -:-..”
= k,=0.27546 .
&k =hf(x, +h,y, +ky=(0.1)[1.1 0 I-uzmi‘vz"w
= k, = 0 304050

Put th(be values in (**)

- 1 : « P6{) P?T
yg:y(l.2):22583+-G{u_'uu 200 27599

=

* 0 27546) « O 304

4]

Yo =¥(1.2) = 253453
Predictor and Corrector Method [Milne's Method)

dy
Given that y!' = dx = flx. y)

x.hxi-x ‘J&\Q }.,‘_\,&h{hth\‘l
Le.

(D) Milne's Predictor (Extrapoiation) formaia

1

Yo=Yt 3 h{2y! -, » 2y]
(2) Milne's Corrector Formula
o=y, h [\ '{‘."23';!!
Y S22 3 o ]
g 2y, 1 and o on
& L Y 3 {y':'l\_-._\, i and so
dy x+3y
Q.16. Find y(2) if y(x) uasolunnuold g
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=10,x,=1.5&x,=20

& X5 = 0‘1—05 Xp 3
¥o=1,y, = 2636,y = 3.595. y, = 4.968.
y '-‘-?,h=05
c_dy o x+y
y-dx— 2 =f(x,y)
)'4=?.h=0.5

By Milne's Predictor Method

yi=vos 30(2 -y 2y &)

By (1)

0.6+ 2.636
Y, =l(x;, y) = —~—-————~—+2 = 1.568

] : .695
¥, =fx; yy) = 1_9+_;3§9_5 -4 529 = 2.2975

: 1.6+ 4.968
yi=lxyyy) = = = 3234

Put these values in eq.(A)
405 ¢
Fa= 21 ~{-:‘;l (2(1.568) - 2.2975 + 2(3.234))

¥, = y(20) = 68710
Now by corrector formula

e =¥5* %[y’, vy, ey ]

(By)

By (1)

Y, = fx, y) = 3-3942»-—'—0 = 4.4355

By
= 3508+ 2> {.'.2975 + 4(3.234) + 4.4355))
= 687316

Again by corrector fsrmula

LR AT TR 7) By

‘ 2+687316
By (1) (¥} = fix,.y/)= Ty = 443658
Putin (B
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U2 - .
:._.'.' =3385 + ? f‘iEJ - 4"323-4, - 4.48‘_‘,5_3}

¥5 = 687335
] =¥
st

-1
T, =520 = 6873

= Objectives

Using Euler's method. the value of y(0.2) for =Y dy

Sy,
. y(0)= 1L h=02is: dx ““_

{ay 12 (b) 1.02
{c) 121 {d) None of these

Using Euler’s method, the value of y(0. 2) for i._._ =1 '
e b

with y(0)=0,h=0.11is:

(ay 0.1 (b) 0.11

(c) 0.19 (d) 0.20

The value of y(0.4) using Euler's method from :y
- 2xy with y(0)=0,h=0.2is: -

(a) 0.3 (b) 0.384
(c) 0.33 (d) None of them

d
Using Euler's method for the solution —ii =yl-xly

¥(0) = 1 in steps of h = 0.1 the third appr()nm‘ -

solution is :
(a) 1.2348

(b) 1.3348
(c) 1.3648

(d) 0.2348

Using Runge-Kutte four order method for solving

=x +y with y(0) = 1, the values of y(0.1) is :
(a) 1.0103 (b) 1.003

(c) 1.1103 (d) None of these

d 1
Using Runge-Kutta method for solving dz 3

with y(0) = 1, h = 0.5 the value of K, is :

Yashraj / 121

(a) 0.3 (b) 0.3333
03 (d) 0.35294

dy _ ']
Using Runge Kutta method to solve 107‘; =x +y,
¥(0) = 1, h = 0.1 the value of Klis:
(a) 0.1 (b) 0.01
(c) 0.001 (d) None of these

The numerical technique of solving the ordinary
differential equation is used when: ‘
(a) Differential equation can be solved by analytic method

(b) Some differential equation cannot be solved by analytic
method

(c) Differential equation of higher order
(d) None of them

Milne's predictor formula for the solution of e
with y(xy) = ygis:

=f(x,y)

h 4h
(@ ys=yo+ 3 Rfi-f+2f) ®)y,=y.+ 3 (2f, - £, + 2f3)
. h N
(@) y,=yo+ 5 [2f,-f, +2f;] (d) None of these

Milne's corrector formula for the solution of d—i =f(x,y)

when y(x,) = y,:

h h
(a)y{=y2+—§{f2+4f3+f4] (b)Y4=Yo+§[fg+4f3+f4]

(d) None of these
By Runge Kutta of fourth order the value of y at the

h
(©ys=y. + Elfz —4f; + £}

dy
end of first sub interval for the equation a— = f(x, v)
with :

1
@y, =y, + 'é[k1+4k2+k3]

1
) yy=yo+ 5 [2ky + 2k, + ky+ky
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1

Q) y, SNy + ;{h,+gk?*ik;*ksl

Wy, =y, * ;;EM + &y + 2k, + 2k
12, By Euler's method n®

@y, =y +hilx, ;. v, ,) ®) ya = yo - bilx,,
© Fa=yo *hfx, 4y, ) @y, =y., +hifx,

13. By Runge-Kutta method of fourth order for —

dx

ﬁWJ‘!-‘\.&QM&eo‘k‘is: (___.ﬁ : ~
@) hiitx,, ¥9 (®) 4hf(x,, yo) RS ,?.ﬂ.ifﬁl., f(.ﬂ.!i =k ’_\r
© Mllxg + by, + ky) (@ 4hi(xs + b, yo + ko) AR W wy, mat,

Answer A A , U@ & Tz

: L 2.0) 3.0 4.(0) 5.(e)
6D 1M  s® 9 10 Bt fignaT % forg wort Breett
16 120 13.(d) A AT % &9 R Ui
ooo
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