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2 Unit-1 =
Indian logic- Origins, The schools Vaisheshika, Catuskoti,
Nyaya, Jain logic, Buddhist logic, Navya-Nyaya, Influence of
Indian logic on modern logic, Boolean Logic and Indian Thoughts.
Relations- Bianry, Inverse, Composite and Equivalence
relation, Equivalence classes and its properties, Partition of a set,
Partial order relation, muaw:&@ ordered and m.o«n:u. ordered sets,

Hasses diagram. S
Lattices- Definiton and examples, Dual, bounded, distributive

and complemented lattices.

Let A and B be two non-empty sets, then the relation from A
to B is a subset of A X B and denoted as R, it is define as

R={(a,b):acAand be B}

ie.(a, b)e RoraRb.

Note— R c A x B. ie. wpmwcdmmﬁom>xw

Types of Relation

1. Reflexive Relation : A relation R c A x A is reflexive

—.,“m. z

VYactA=aRaor(a,a)eR
2. Symmetric Relation : A relation R c
symmetric if :
aRb = bRa fora,be A
3. Anti-Symmetric : A relation R c A x A is anti-
symmetric if ‘
aRb and bRa = a= v fora,beg A
4. Transitive : A relation R c A x A is transitive if
aRband bRc > aRec fora,b,cc A
5. Identity : A relation R ¢ A x A is identity relation if
aRbca=b Av a,bgA
6. Inverse Relation : Let R be a relation from
A to'B i.e. R ¢ A x B then the inverse relation of R is
denoted as R™! and define as
Rl={y,x):(x,y)eR,xe Aand y ¢ B}
i.e. R1cBxA
ie. xRy = yR!x
Composite-Relation : Let A, B and C be three non empty
sets, let R € A X B and S ¢ B x C be two relations then composite
relation of R and S is a relation from A to Ci.e. SOR c A x C and
define as

A x A is

(1]



2 / Mathematics (ITI-Year, Paper-I1)
SOR = {(x, 2) : 3y ¢ B such that (x, y) € Rand (y, 2) € 5 where

X € A and zz C} :
ie.(x,y)sR (v,2)eS=>(x,2) ¢ SOR
Equivalence-Relation )

A relation R c A x A is equivalence relation if :
(1) R is reflexive
(2) R is symmetric
and (3) R is transitive. |

Q.1. LetIbe set of integers and the relation xRy & x -y ig
an even integer, then prove that R is an equivalence
relation, where x,ye1.

Sol. Let1=[0,+1,+2,+3, ..} be set of all integers and relation R

define as ‘
aRb& a—bis an even integer

< a—b is divisible by 2. (%)
then we have to show that R is an equivalence n&m_uos ie.
we have to show that
1. R is reflexive : LetacI.

wa—a=0
and 0 is divisible by 2
= aRa By (*)

2. R is symmetric : Let a, b eI such that aRb then we have

to show that
bRa

-~ aRb

= a — b is divisible by 2 , by (*)

= — (b —a) is also divisible by 2

= (b - a) is also divisible by 2

=>bRa

= R is symmetric

3. R istransitive : Let a, b, c I such that aRb and bRc then
we have to show that aRe.

-~ aRb = a — b is divisible by 2 (1)
& bRe = b — ¢ is divisible by 2 : ..(2)
By (1) &(2)

(a —b) + (b - ¢) is divisible by 2

= a —cis divisible by 2

= aRe

= R is transitive

"+ R is reflexive, symmetric and transitive
= R is an equivalence relation.
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Q.2. Show that the relation R = {(x, y) ; x- y is divisible by

b, where x, y € I} is an equivalence relation.

or
‘ " Show that the relation “is divisible by 5", where x, Y,

e I is an equivalence nm_mnnoz.
Sol. Let I={0,+ 1, + 2, + 3 ..} be set of integers and R = {(x, y) : x
—y is divisible by 5, x, y ¢ I}

or xRy © x -y is divisible by 5 (%)

Then we have to show'that R is an equivalence relation i. e.
we have to show that

1. R is reflexive : Letx e I

v x—-x=0

& 0 is divisible by 5

= xRx. ) - (*)

= R is reflexive

2. R is Symmetric: Let x, y ¢ [ such that xRy then we have
to show ﬁrmﬁ yRx.

xRy  =x -y isdivisible by 5
- =- (y —x) is divisible by 5
. =Y —x is divisible by 5
= yRx
=R is symmetric

3. R is transitive : Let x, y, z¢ I such that xRy and yRz then
we wmé to show that xRz.

. xRy = x -y is divisible by 5 (1)

& YRz = y — z is divisible by 5 ..(2)

By (1) & (2)

(x-y) + (y - 2) is divisible by 5

= X -z is divisible by 5

= xRz

= R is transitive

<

** R is reflexive, symmetric and transitive
= R is an equivalence relation. o

Q.3. Prove that the relation “‘is equal to" in the set of all
real numbers in an equivalence relation.
Sol. Let R be set of all real number and relation R %mﬂa as
aRboa=bh ik g



A .
/ Mathematics (ITI-Year, Paper-1I)

then we have to show e:wo R is an equivalence relation i.e.,
We have to show that :

1. R is reflexive : Leta s R
a=a
= aRa
= R is reflexive

2. Ris symmetric: Let a, b e R such that aRb armb we have
to show that bRa

i a Rb
=> a=b by %)
or ° b=
= . : bRa by
= R is symmetric
th 3.Ris transitive : Let a, b, ¢ ¢ R such that aRb and bRe
en we have to show that aRec.

‘ aRb= a=b (D)
& BRe = br=io @)
By (D) & (@ o0 =

= aRe by *)

= R is transitive

w R is reflexive, symmetric and transitive

= R is an equivalence relation. u
Q.4. Iflissetofnon zero integers and a relation R defined

by xRy < x¥ = y*, where x, y eI then prove that R is an

equivalence relation.
Sol Let I ={+ 1, + 2, + 3 ...} be set of non zero integers and the
relation R defined as
' xRy o x¥ =y , k™)

then we have to show that R is an equivalence relation i.e.
we have to show that.

1. R is reflexive : Letx el

. X = x*

— xRx By (*)

= R is reflexive.

2. R is symmetric : Let x, y €I such that xRy then we have

to show that yRx

we wm<m to show that xRz.
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: xRy
=" =y*By (M)
or y*=
s yRx By ()

= Ris symmetric.
3. R is transitive : Let x, y, ze I such that xﬁw and yRz then

xRy
- =y (D)
yRz
Ha v =12 e
By () x =y
", R
& =07
(x»)¥ = (2*)* . - By (2
&% = ()
: xﬂ - NM
= xRz - By(

= R is transitive.
Hence R is an’equivalence relation. _

Q.5. LetN be set of natural numbers and the relation R be

defined in N x N by
(a,b)R(¢c,d) o a+d=b+c
where a,b, c,d € N, then prove that R is an equivalence

relation.

mo_ Let N be set of natural number and
NxN={@ab):aecN,beN}
and relation R defined by
(@b R deoat+td=b+c w(®

Then we have to show that R is an equivalence relation i.e.
we have to show that

1. R is reflexive : Let (a,b) e Nx N

atb=b+a

= (a, b) R (a, b) by (*)

= R is reflexive
2. R is symmetric : Let (a, b), (c. d) € N x N such that (a, b)
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R (c, d) then we have to show that (c, d) R (a, b)

(a, b) R (¢, d)
= atd=b+ec By (%)
o b+c=a+d
= c+b=d+a’
- ¢, dR(@a,Db) By (¥

= R is symmetric

3. R is transitive : Let (a, b), (¢, d) and (¢, /) € N X N such
that (a, b) R (c, d) and fc, d) R (e, f) then we have the show that (a,
bR (e, f

@ b R(cd)

= a+d=b+c ()
& - (¢, d) R (e, )
== ctf=d+e , -(2)
By (1) + (2) ‘
a+rd+c+f=b+c+d+e
a+f=b+e
= (a, b)R (e, )

= R is transitive
= R 5 reflexive, symmetric and transitive
= R is equivalence relation .

Q.6. Prove that the relation R on the set I of all integers
defined by

(a,b)eR < a-bis divisible by n, 1 <n ¢ N is an
equivalence relation.
Sol. Let I be set of all integers and relation R is define by
aRb < a — b is divisible by n ...(®
) then we have to show that R is an equivalence relation i.e.
we have to show that
-_.. R is reflexive : Leta ¢ |
a—-a=0
and 0 is divisible by n
= aRa
= R is reflexive

N.wmmmwgoeumnngnm.cmumcor nrmnmwcgmsémgg
to show that bRa ,

by (*)

Yashraj /7
' aRb ,
= a — b is divisible by n by (*)
= — (b — a) is divisible by n
— b — a is also divisible by n
= bRa ww‘ Anv

‘= R is symmetric

3. R is transitive: Leta, b, ceIsuch that aRb and bRe then
we have to show that aRc

-+ aRb

— a — b is divisible by n

& . bRc

— b — ¢ is divisible by n B

By(D & @

(a —b) + (b —¢) is divisible by n

— a —c is divisible by n

--(1) by (*)

= aRc

‘= R is transitive

-+ R is reflexive, symmetric and transitive

= R is transitive. | N

Q.7. If R is an equivalnce relation on a set A then prove
that R! is also an equivalence relation on A.

"Sol. Let Rbe an mpc?m_mbnm relation on a set A and R~ be inverse

relation of R on A.
Let a, b e A then . .

aRb = bR™a %)
We have to show that R™! is an equivalence relation i.e. we

have to show that

1. R is reflexive : Letac A

' R is reflexive

= aRa

= aR™la by (*)

= R!is reflexive

2. R7!is symmetric : Leta, be A

* R is symmetric

= aRb = bRa

aRb = bR™a ~41) by ()
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& bRa = aR'b
By (1) & (2) |
bR™'a = aR'p
. = R~!is symmetric
3. R™ is transitive : Let a, b ceA.
* R is transitive
= aRb and bRe = aRe
aRb = bR'a
bRc = cR b
& aRec = cR1a
By (2), 1) & (3)
cR™'b and bR — cR1la
. = R is transitive
= R'isan equivalence relation.
Q.8.
~ ProvethatRAn S
MOFH.mnmemm_um two e
have to show that R ~ S

L. R ~Sisreflexive : Let a e X
" Rand S are reflexive
= Am.mvmwgm?.mvmm
= - (a,a)eRANS
= R n S is reflexive
2. R N S is symmetric : Let a,beX
~* R and S are symmetric
=(@b)eR=>(,a)eR
and (a,b)eS = (b,a)e S
By (1) & _@ _
(a,b)eRNnS = (b,a)eRNS

= R N S is symmetric
3. R N Sis transitive : Leta, b, ce X
" R and S are transitive then

(a,b)eRand (b,c)eR = (a,c) R
and (a,b)eSand (b,c)eS = (a,c)cR

i . . e
s reflexive, symmetric and transitive

..(2) by (%

...(1) by (*)
.(2) by (*
...(3) by (*)

IfR and S be equivalence relations in the set X, then
is an equivalence relation in X.

quivalence relation in the set X, then we
is also equivalence relation i.e. we have to

(1)
(2)

(1)
..(2)
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By (1) & (2) .
(a, b)eRNnSand (b,c)eRNS=(a,c)e RN S
— R N S is transitive
.+ R n S is reflexive, symmetric and transitive )
— R ~ S is an equivalence relation =

Q9. If R! and S7! are inverse relations of the relation R
and S respectively, then prove that
(SOR)'=R'0S™

Sol. Let A, B and C be three non empty sets and R be relation

from AtoBie. RS A x B and S be relation from Btocie.Sc B
x C, then by definition of composition relation SOR is relation
from A to C1.e. SOR c A x C Now by definition of inverse relation.
(SOR)™! ¢ C x A is inverse relation of SOR.
Let (z, X) € (SOR)™! be arbitrary, forze C,xe A
(z, x) € (SOR)™
= (x, z) e SOR
= 3y e Bsuchthat (x,y) e Rand (y, z)eS
= . (v,x)eR'and (z, y) e S}
. (z,y) e S~ and (v, x) £ R
= (z, x) g R10S!
-, for (z, x) € (SOR)™
‘= (z,x) e R0 8™
'+ (z, X) is arbitrary

= (SOR)' c R0 S™! (D
Similarly we can prove that
R 0S81e (SORY? -(2)

By (1) & (2) .
(SORy ' =R*08" |

Q.10. Give an example of a relation which is reflexive but

neither symmetric nor transitive.
Sol. Let A = {a, b, ¢} be any set and

" R={(a, a), (a,b), (,b), (b o) (c c}

1. Reflexive " a, b,ce R and

aRa, bRb and cRe

i.e. every element of A is related to itself

is a relation in A.
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= R is reflexive

2. Symmetric . aRbbut b Raie. (b, a) # R

= R is not symmetric .

3. Transitive : Here (a, b) ¢ R i.e. aRb

and (b, ¢) ¢ R = bRe

but (a,¢) £ Rie.aRe

= Ris not a transitive relation
Partition of a set :

Let X be a non empty set and P be a set ot subset of Xie p
={A1, Az, A, ...} then P is called partition of X if

LAJVAUAjU ... =X
and N.thf.unhf then i
AinAj=¢ |

Partial order Relation [P.O.R.]

. A relation Ron a set X is said to be partial order relation if
it is : ,

(1) Reflexive : V a e X = aRa

(2) Anti-symmetric : Leta,be X, IfaRb and bRa

= a=b

(3) Transitive : Let a, b, c and aRb and bRc

=5 aRc )

Comparable-Elements [Law of Dichotomy]

Let x, y £ A be two elements and < be a relation define in A
then elements x and y are said to be comparable element if
eitherx <y ory <x.
Partially ordered set [Poset]

A set A with a partial ordering relation < on A is called a
partially ordered set (POSet) and it is denoted as (A, ).
Total ordering Relation [Total order relation]

A partial order relation defined on a set A is called total
order relation if every two elements in A are comparable.

Hasse-Diagram : A diagramatically representation of a

partially ordered set (POSet) is knotvn as Hasse-diagram of the
relation.

Maximal-Element : Let (A, <) be m.ﬁmwmm:w crdered set

Yashraj / 11

(POset) then an element u ¢ A is called a maximal element of A if
for each x € A such than
usgx

= u=x

Note : A maximal element in set is greater than each element
of the set.

Minimal Element : Let (A, <) be a partially ordered set
(POset) then an element [ € A is called a minimal element of A if
for each x € A such that

x<1

= (=x

Note : A minimal element in set is the smaller less than
each element of the set.

First-Element & Last Element

Let (A, <) be a partially ordered set (POset) then an element
a £ A is called first element if ‘

. a<x VxeA
and an element b € A is called last element if
. x<b

VxeA
Note : (1) First clement = lowest element ‘
’ = Zero element = lowest element
(2) Last element = greatest element
= Unit element = highest element

Q. 11. Let N be the set of positive integers. Prove that the
relation <, where < has its usual meaning; is a partial
order relation on N.
Sol. Let N be set of all positive integers, i.e. natural number and
relation '<' meaning is “‘less than or equal" then we have to show
that <is partial order relation i.e. we have to show that
1. <isreflexive : Letne N -
“* nis equal to itself
=>n<n
= < is reflexive
2. < is Anti-symmetric :
Let m, n & N such that m <n and n < m then we have to show
thatm =n

; m <n (D
and n<m -(2)
By (1) & (2) m=n

= < is anti symmetric
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3. £ is transitive :

Letm, n, k ¢ N such that m < n msm n < k then we have ¢4
show that

m < k
. ms<n (1)
& n <k (2)
By (1) & (2) m <k

= < 1s transitive.
Since < is reflexive, anti-symmetric & transitive
= <is partial order relation. L

Q. 12. Let S be any class of sets. Prove that the relation of

set inclusion (subset) c is a ﬁmz.,:-_ on.mmn nm:.sg_
on.
Sol. Let S be the set of sets and ¢ means subset or equal to thep
we have to show that C 18 a partial order relation i.e.
A: C isreflexive : LetAc S
= A is subset of itself
ile. AcA

= c is reflexive
@) cis anti-symmetric :
LetA BeS such that Ac Band B c A then we have to show

that
A=B
A AcB ...(1)
& BcA w2
thenby (1) & (2)
A=B

= C is anti-symmetric
(3) c is transitive :

Let A, B, C ¢ S such that A c B and B c C then we have to
show that

AccC :
g AcB (1)
and " BcC .(2)
By (1) & (2) _
AcC

= C is transitive
- ¢ is reflexive, anti-symmetric and transitive
= ¢ is partial order relation. , a

have to show that
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Q. 13. Prove that the relation of divisibility is a partial

order relation on N,

Or
Prove that the relation R = {(a, b) : aRb & a n__Smou
b, a, b € N} is a partial order relation.

Sol. _Lmn N be set of natural number and

={(a, b) : aRb <> a divides b, a, b £ N} (1)
.&ob we have to show that R is partial order relation, i.e. we

/

Auv R is reflexive : Letne N, n21
. every positive integer divide itself

e nRn

— R is reflexive

2) R is anti-symmetric :

Let m, n € N such that mRn and nRm then we have to show

thatm =1

. mRn
— m divides n
—» 3 n; € N such that

o _
m B H:
= n=nm ...(1)
& - nRm
= n divides m
= 3 n, ¢ N such that
I = n,
n
m = nen
m = ny(n,;m) by (1)
1=nn,g
It is only possible whenn, =n, =1
Put n; =1 in(1)
n=1m
m=n

= R is anti-symmetric
(3) R is transitive : Let m, n, k ¢ N such that mRn and nRk

then we have to show that mRk.

mRn
==m divides n
=> 3 n,; ¢ N such that
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Lop
m
. n=nm il

~ nRk

"= n divides k .

= 3 ny € N such that
r —
no M

= k= nyn

= k= Nynym Uu\ G.u
r )

— = non, = integer
- o1y g

= m divides k

= mRk

= Ris transitive

" R is reflexive, mbﬂlmwBann.ﬁ & transitive

= R is partial order relation. .
Q. 14 (a). Prove that a finite non empty poset (P, <) has at

_owﬁoumamnmaﬁw— o_m:amuﬁmn&ma—mumﬁoum
minimal element. ’

Sol Let (P, <) be a finite non—-empty poset.

Let x; be any element of P. If X; is not maximal element,
then there exist x, & P such that X1 <Xy

I x, is not maximal, there exist x5 € P such that x, <x3 and
80 on. Since P is finite, therefore this chain must end with some
element x, & P. Since, there is no element x of P such that

Xk <X
= X is maximal element. :
Similarly, we can prove that P has at least one minimal element.

Q. 14 (b). Prove that poset has at most one zero element .

and at most one unit element.
Sol. Let (P, <) be a poset
Suppose on contrary that P has two distinct
zero element say x, and x,
As x, is zero element then

xn IA. ﬁn .AHV
As x, is zero element then _
Sy 2)

By (1) & (2)

" Yashraj / 15
X1 =Xy
= zero element is unique.
Now, suppose on contrary, P has two distinct unit elements
say ¥y and Y.
As y, is unit glement then

Y25y, ...(1)
As ¥y 18 unit element then
4 Y15y, (2
By (1) & (2)
Y1Tye

= Unit element is unique.
Q. 15 (a). Draw the Hasse diagram of the set of positive
divisor of 18, with relation of divides.
Sol. Let A be the set of all positive divisor of 18 i.e.
A=1{1,23,6,9, 18}
Let R be given relation i.e. aRb < a divides b
.. its Hasse—diagram is give by

6 18

1 3 9

Q. 15 (b). Draw the Hasse-diagram of the set of positive
divisor of 30, with relation of divides.
Sol. Let A be the set of all positive divisor of 30, i.e.
A={1,2 3,5,6,10, 15, 30}
Let R be given relation i.e. aRb < a divides b.
.. Its Hasse—diagram is given by

6 30

15 -

1 5

0O 15 (~ DNraw +he Hacce—diagram of the set of suhsets of
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S = {a, b, ¢} with inclusion relation A c B.
Sol. Give that S = {a, b, ¢}, Let A be the set of all subsets of S i.q,
A=l B), (o), {ayb), fa, o), b, o), {a, b, o))
Let R be given relation i.e. aRb & A, c Ay
Its Hasse-diagram 1s,given below.

{a, " f{a,b,c}

_?_ c}

{a,b

?ﬂ’

¢ {b}
Q 16. If (A, <) and (B, <) are posets, then show that (AxB,
<)is also a poset with partial order relation define by

(@1, by) < (ay, by) a1<ajand by <b, when a;, a, € A,
V—« #vﬂ eB

Sol. Let A and B be two sets then

AxB={@a,b): aeAandbeB}.

<) and (B, <) are poset, then we have to show
» <) is also a poset with relation

(a1, b)) < (ay, by) = ay<azand b, <b, )
Wherea,, a,e Aand by, b, ¢ B. .

To show that *<'is partial order relation on A x B, we have to
show that ;

(1) < is reflexive,
LetacAandbeB
" <is reflexive on A and B
= a<aandbcz<b '
= (a, b) < (a, b) by (*)
= <isreflexiveon A x B. -
(2)<is anti-symmetric :
Let (aj, by), (a,, by) £ A x B such that
ANT .U“_.v < ANN. .—vmv and Amm- va < ANT T—v
then we have to show that
Aﬂu. _—.:v = ﬁﬁw. UNV
. Am,—. _u—v < AN&. Uwv

Given that (A,
that (A x B
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= a,sa; ..(1) Y
bySby ..(2) by (%)
' %a ‘ Amu. .Unv s Am.__ —u_v
= *mu <a; ..(3)
by <b, ..(4)
By (1) & (3)
. a) = a, " < i8 anti symmetric on A
& by (2) & (4)
b, =b, " S i8 anti symmetric on B
= (a),a) = (by, by)

= < is anti-symmetric on A x B,

(8) < is transitive :

Let (a;, by), (a3, by) and (ag, bs) € A x B such that (a1, by) < (a,,
by) and (a3, by) < (a, by) then we have to show that (a3, by) < (a3, by)

(a1, by) <(ay, by) _

’ a;sa; ..(1 5
- _& <b MNW by ()
& (as, by) < (a3, F_va
a, <a . :

- hech 0 by ()
By (1) & (3)

aj<a,anda, <ag
= a) <ag -.(8) "+ <1is transitive on A
& By (2) and (4)
. .UHM.UN NH_.Q_UMMUw
— b, < by ---(6) " <is transitive on B
By (6) & (6) . _

Amu. .V—v < Amw. Uwu —w% A.wv

= < is transitive on A X B,

.+ < is reflexive, anti-symmetric and transitive

= < is partial order relation on A x B

= (A x B, <) is a poset. "

Q. 17. If Z be a set of integers and the relation R defined
_ by
aRb © a = b", r ¢ N = set of positive integers then
- prove that (Z, R) is a poset.

- Sol. Let Z be set of integers and N be set of positive integers and

relation R defined by .
aRbe a=b"reN _ ™

a,beZ
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then we have to show that (Z, R) is a poset, i.e. we have g
show that relation R is partial order relation on Zie.
(1) R is reflexive :
Let x & Z, we know that
] “1leN
= xRx By ®)
= R is reflexive on Z
(2) R is anit-symmetric :
Leta,beZandr, s s N such that
.wwv and bRa then we have to show that a =b.

aRb = 3 r ¢ N such that
= a=br ..(1) by (%
& bRa = 3 s ¢ N such that
o b=ga° -(2)
By (1)
a=b"
- Am-mv..
a=a"™
= l=rs.
it 1s only possible when

r=1ands=1thenby (1) & (2)
a=b'and b=a!
= a=b.
= R is anti-symmetric on Z
" (3) R is transitive
Let a, b, c £ Z such that aRb and bRc then we have to show
that aRe .
aRb = 3 r ¢ N such that :
a=h' v (D
bRc = 3 s £ N such that .
b=c* . (2)
By (1)
a=b’
o Aoan
a=c"®

a=c

sayrs=teN
= aRe
= R is transitive

- R is reflexive, symmetric and transitive onZ

= R is partial order relation onZ = (Z, R) is poset.

“‘i\ll S - S
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Join and Meet :

The operation V is called join and operation A is called meet
in a poset (p, <).

LATTICE : A partially ordered set (A, <) is called lattice if A
i closed under V.and A, ie. v a,be A

= aVbe A

and aAbe A,

It is denoted as (A, <, V, A)

Dual-lattice : I.ct (A, <, V, A) be a lattice, then the dual
Jattice of (A, <, V, A)is (A, 2, A, V).

Sub-Lattice : Let (A, <, V, A) be a lattice and S c A the m is

called sublattice.

if (S, £, V, A) is a lattice.

Bounded lattice : A lattice A is called bounded lattice if its
upper bound and lower bound belong to A.

Complement of an element of a lattice : Lct (A, <, V, A)
be a a bounded lattice. Let 0 and 1 be lower bound and upper bound
of A respectively. Let a € A then complement of a is denoted as '
and define as
_ aVa'=

aAa'=0

Complemented - Lattice :

A bounded lattice (A, <, V, A) is called complemented lattice,
if the complement of each element of it exists in'lattice. |

'Q. 18. Prove that (P(X), c, V, A) is a lattice, where P(X) is

the power set of X, c

and meet define by
AVB=AUB

and AAB=A N B, where A,B¢ WOO

is inclusion relation and join

mo_ Let X = {a, b, ¢} be any set and P(X) be power set of X, i.e.

WOO - Ae. uﬂ. ANT ?w. AOY AD.UV. mm_ nw. ?. Ovv
then we have to show that (P(X), c, V, A) is a lattice. First
we show that (P(X), ©) is poset i.e. we have to show that
(1) c is reflexive : Let A ¢ P(X), we know that any set.is
subset of itself i.e.
AcA
= ¢ is reflexive on P(X).
(2) c is anti-symmetric : Let A, B € P(X) such that
AcBandBcA then we have to show that
A=B
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Since AcB . (1)
& BcA (2)
By (1) & (2)

A =B,

=Cis wnnlmwBEmnio on P(X).
(3) c is transitive : Let A, B, C & P(X) such that
AcBandBcC then we have to show that

) AcC
Since AcB | ()
& . BcC -(2)
By (1) & (2) AcC .

= C 1s transitive on PX)

mEOm. < is reflexive, anti -Ssymmetric & transitive on P(X)
= < 1S partial order relation on PX)
= (PQ), ©) is poset.
Now, since
AAB=AL3
and AAB=AnB

. We know that union and intersection of two subsets of a set
1S again a subset of the set

=VABePX®
AUB £ P(X)
AnBe P(X)
= P(X) is closed under V and A
= P(X) is a lattice. |

Q. 19. Let N be set of natural number and < means as usual
meaning and join and meet for a, b ¢ N are defined
as follows :

aVb = max (a, b)
aAb = min (a, b)
then prove that N is a lattice.
Sol. Let N be set of natural numbers and for a, b e N

asb¢« aislessthanorequaltob ...(1)
aVb = max {a, b} ..-(2)

| aAb = min {a, b} ‘ ...(3)
” First we show that (N, <) is poset i.e. we have to show that
(1) < is reflexive : Let a £ N, since any number is equal to
itself then o
a<a
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=» < is reflexive on N

(2) s is anti-symmetric: Leta, b e N such thata <b and b
< a then we have to show that

a=b
Since ash (1)
& b<a- ..(2)
By (1) & (2)

a=b

=> <18 anti-symmetric on N.

(8) <is transitive : Leta, b,ce Nsuch thata<bandb<a
then we have to show that

as<c
Since - a<h (1)
& b<c -2
By (1) & (2)

as<c
— < is transitiveon N
Since < is reflexive, anti-symmetric and transitive
= < 1s partial order relation on N
= (N, 5) is poset.
T - aVb=max {a, b}
&- aAb = min [a, b}
for a, b eN- .
. a<borbsc<a
If a <b then is maximum and a is minimum
& b <athen ais maximum & b is minimum
= aVbe N ,
aAbe N
= N is closed under V, A.
= N is a lattice. |

Q. 20. Let L be the set of all factors/divisors of 12 and Let
. " be the divisibility relation on L and
aVb = sup {a, b} = Le.m. {a, b}
and aAb =inf {a, b} = g.c.d. {a, b}
Prove that L is a lattice.
Sol. Let L be the set of all factors or positive divisors of 12 i.e.
L={1,23,4,6,12}

TS W e A A A TR R
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and fora, bs L & ble
alb & a divides b , (") = b divides ¢
To show that L is lattice, first we show that (L, |) is poset ie, = 3 ny ¢ N such that
we have to show that . c
(1) | is reflexive : Let a & L since every positive integer j a Mz
divisor of it self ¢ =bn,
= ”_D ) c= AH:Q.VHHN TV. AHV
= | is reflexive ¢ =njnya
(2) | is anti-symmetric : Let a, b ¢ I, such that alb and bla " < _ _
then we have to show that L ° a “mmz=neN
a=b ) = a divides ¢
Since ajb A .7 m_n :
=5 o fa.diviser of b = | is transitive
: -Since | is reflexive, anti—symmetric and transitive
3 : ,
= 3 n, £ N such that = (L, |} is poset.
b - Since aVb =lc.m {a, b} -
a 1 aAb =g.c.d {a, b}
Since bja b=nga : (1) Vi1l 2|3 ]|4]6 |12
= bis divisor of a - 11112 (3 ]4/|6]12
= 3 n, & N such that : . 21 2| 2|6 |4 |6 |12
g ‘ , 31 3] 6|3 |12]6 [12
b = h 4] 4 a4 J12]4 ]12]12
a =bn, 6| 6| 6 |6 |6 |12]6
a = (n;a)n, by () el
a= njn.a
. u. = bunuu
it is only possible when n,=1=n, L L = . 4 s
b=a 2 1 2 1 2 2 2
or a= U " 5
= | is anti symmetric \ 3 1 1 3 1 3 3
] (3) |is transitive : Let a, b, ¢ ¢ L such that alb and bjc then ol R - 1 o
we have to show that alc Since alb . 6 1 2131 2]16]|6
i - -
{ = adjvides b e I . 12] 1| 23| 4]6]12]T,
' 4 = 3n, € N such that
b Since all entries of T, and T, are elements of L then L is
Lom ~ closed under V and A
b=na’ . = L is a lattice : @
=n,

il
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Principle of Duality
The dual of any theorem of lattice is also a theorem,

Q. 21. Prove that dual of a lattice is also a lattice.
Sol. Let L be a non empty set and R be a partial order relation on
non empty set L.
= (L. R) is a poset.
Let R~ be the inverse relation of R on L
= R!is also partial order relation of L
= (L, R™) is a poset.
Given that L is lattice fora, be L
aVb = sup {a, b} =Lu.b {a, b}
aAb =inf {a, b} = g.l.b {a, b}
exists in L .
= aR (aVb) v
& bR (aVb)
(aVb)R'a .
(aVbh)R'b by def. of R™! - .
= aVb is lower bound of a and b with respect to R™!

Now if ¢ is any other lower bound of a and b with respect to
R then

=

cR'a and cR'b

=¥ ) aRc and bRc
= c s the upper bound of a and b with respect to R.
= (aVb)Re [- aVb =sup {a, b}
= cR,; (aVb) R
= (aVb) is the g1b. of a and b with respect to R~
= aVb =inf {a, b} in (L, R}
Similarly, we can prove that

‘aAb=sub {a, b} in(L,RH)m

Q. 22. Let 1 and 0 be the upper bound and lower bound for
- the lattice (L, <), then for each a € L, prove that

ﬁvw<wn~wumb>muh“
(2) aV0=a and aA0=0

Sol. Let (L, <) be a lattice, then fora,be L
aVb = sup {a, b} =l.u.b {a, b}
aAb=inf{a, b} =glb {a, b} .
Let 1 be upper bound and O be lower bound of L.
(1) * 11is the upper bound of L, then for a.e L ,
. aVls<l ..(1)

*)

Since aVl is supremum of a and | by (*) B
= 1<aVl
By (1) & (2) -2
aVl =]
Now, by (*) aAlis infimum ofaand 1
= aAl <a
Since as<a ~8)
& asl
= aAa <aAl
T a<aAl --(4) by Idempotent (a)
aAl =a
(2) Given that 0 is lower bound of L, then fora e L
0<a
and a<a
=5 0Va <aVa
OVa<a
Now by (*) 0Va is supremum of 0 and m...@ Eridmpate
= a<0Va
By (5) & (6) ~®
0Va=ga
Now, by (*) aAa is infimum of 0 and a
aAa <0 -
0<a 0
and 0<0
= 0A0 < aA0
0<aA0
By (1) & (8) O
aA0=0 |

Q. 23. Prove that for any positive integersaand b

t.cmfa,g.cd. {a,b}}=a
g.c.d. {a, l.c.m, {a, b}} = a.

.

Sol. Let N be set of all positive integers and “<' defined by

a<b o adividesb
then (N, <) be a lattice, with

aVb = Le.m. {a, b} ()
& aAb =g.cd. {a, b} (2
Now, by as absorption law
aA (aVb)=a (3
aV (aAb) =a ..(4)
Now lecm. {a, g.c.d. {a, b}
= l.c.m. {a, aAb} by (2)

= aV (aAb) by (1)
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=a by (4)
= lem. {a, ged. {a,b}} =1
and g.cd. {a, lLem. {a,b}}

= g.cd. {a, aVh} by (1)
= aA (aVb) by (2)
=a : by (3)
= g.ed. ?_nB {a,b}} =a .

Q. 24. Let (L, <) be a lattice and A and V denote the
operations of meet and join in L. Then for any a,
L, prove that
(1)asbo aAb=a
2)as<be=aVb=b
Sol. Let (L, <) be lattice and ovmnmgoum v m::m A join and meet
defined by

aVb =sup {a, b} (1)

aAb =1inf {a, b} -(2)
(1) Suppose that a £ b then we have to show that

aAb=a
Since < is reflexive
= aa .
Given that a<b
= ais lower bound of a and b
= . " a<inf{a, b}

a<aAb ...(3) by (2)

Since aAb is infimum of {a, b}, we have - .

aAb<a ...(4)
By (3) & (4) -a=aAb by anti-symmetric

~fora<b=aAb=a..(A)

Zoﬂ. suppose that aAb = a then we have to show that a <b.

Since aAb =inf {a, b}

= aAb<b

= a<b : (- aAb=a
. foraAb=a=a<b..(B)

By (A) & (B)

a<boaAb=a.
(2) Suppose that a < b then we have to show that

aVb=b
Since < is reflexive
=5 b<b
Since a<b (Given that)
= b is an upper bound of a and b
sup {a;b} <b
aVb < ...(5) by (1)

Yash
Again by (1) e
aVb = gup {a, b}
= b < aVb ®)
By (6) & (6) aVb=b

.fora<b=aVb=h .. .(A) by anti-symmetric

Zoi suppose that aVb = b then we have to show that

a<bh
"By (1) aVb = sup {a, b}
= a<aVb
asb o =begi
- foraVb=b=a<b . (B) 2 BYF=h given)
By (A) & (B)
as<beoaVb=h a
= = Objectives =
1. ..HWTP {1,3,5} and R {(1, 3), (1, 5), (3, 5)}, then the relation
is:
(a) Reflexive : (b) Symmetric
(c) Anti-symmetric (d) Transitive
2. .kum number of equivalence relation on the set {1, 2, 3,
4} 1s:
(a)4 () 15 (c) 16 (d) 24
3. .EMM mm_mﬁo= R={(1,1),(,3), 3, 2)} on the set A={1, 2,
3,4} is:
(a) Symmetric (b) Transitive
(c) Reflexive (d) Anti-symmetric
4. IfA={a,b,c}andR = {(a, a), (b, b), (b, ¢), (c, b)} then
the relation : .
(a) Reflexive and symmetric both but not transitive
(b) Symmetric and transitive both but not reflexive
(c) A partial order relation
(d) An equivalence relation.
5. IfA={1,2,3,4}and R ={(1,2),(2,1),4,1),Q,4), a 3)}:
(a) Reflexive (b) Symmetric
(c) Anti—symmetric (d) Transitive
6. IfA{a, b, c} and R = {(a, a), (a, b), (b, c), (b, b), (c, c)}
then the relation R is: ]
(a) Reflexive (b) Symmetric
(c) Anti—symmetric (d) Transitive .
7. IfA={l,2,3, 4} be aset then relation R = {(1, 1), (2, 2),

(3, 3), 4,4)} is :
(a) Symmetry (b) Partial order
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8.

10.

11

14.

15.

(¢) Identaty (d) Equivalence
IfA ={2,4,5,6) and R = {(2, 4), (2, 6), (6, 2), (5, 4), (4, 5))
then relation R is: '
(a) Reflexive (b) Symmetric
(¢) Transitive (d) None of these
Relation <" on set of natural numbers is :
(a) Both reflexive and symmetric but not transitive
(b) Both reflexive and transitive but not symmetric
(c) Both symmetric and transitive but not reflexive
(d) An equivalence relation.
Relation “'<" on set of integers I is :
(a) Reflexive, but not symmetric and transitive
(b) Transitive, but not reflexive and symmetric
(c) A partial order relation
(d) An equivalence relation.
Relation ~' on set of real number R defined as a ~ bs
laj2bjlanda-b20is:
(2) Reflexive but not symmetric and transitive
(b) Symmetric but not reflexive and transitive
(c) Transitive but not reflexive and transitive
(d) An equivalence relation
Relation "c' on set of sets is :
(a) Partial order relation
(c) Transitive and symmetric
(d) Transitive and anti symmetric _
IfR is equivalence relation then inverse of R i.e. R is :
(a) Partial order relation (b) Equivalence relation
(c) Not equivalence relation  (d) None of these
If R and S are relations in a set A, then :
(@) RU S and R NS are also relation in A but R — S is not
relation in A. o
(b) R—Sand RuUS are also relation in A but R n Sisnota
relation in A.
(c) R—Sand RS are also relationin Abut R U Sisnota
relation in A
(d) R-S,RuUSand R~ S are also relation in A
IfX = {a, b, ¢, d} then which of the following is not a
partition of X :

(a) P = {{a},{b,c,d}}
() P = {{a},{b,c},{c.d}}

(b) Equivalence relation

() P = {{a,b}.{c,d)}
(d) P = {{a},{b},{c,d}}

16.

17.

18.

20.

21.

22.

23.

24.

25.

26. .

217.

28.

e S, ¢ g
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NnSis:
(b) Equivalence relation
(d) None of these

IfR n:.a_ 8 are equivalence relation then R
(a) Partial order relation

(c) Not on equivalence relation
If1* is set of all positive integers, then the relation ‘R’
defined on I" by xRy ¢ x divides y is :

(a) reflexive and symmetric both but not transitive

(b) Symmetric and transitive both but not reflexive
(c) A partial order relation ‘

(d) An equivalence relation

In the set of integers I, the relation ‘<is:

(a) Reflexive but neither symmetric nor transitive
(b) Transitive but neither reflexive nor symmetric
(c) A partial order relation

(d) An equivalence relation

Hasse-diagram represents :

(a) A poset (b) A Lattice

© A um_,.mm.on (d) None of these

Relation 'c" on power set of X is :

(a) An equivalence relation  (b) A partial order relation
(c) Not a partial order relation (d) None of these
Discoverer of Hass diagram Halmut Hasse was from
the countrary :

(a) France (b) USA.

(c) Germany (d) Britain
Number of elements in chain is called :
(a) Height (b) Length

S

(c) Width (d) Vertex
Number of operation in lattice is :
(a) 1 (b) 2 ©3 o

In relation R two elements a and b are said to be
comparable. One statement is false :
(@@b)eR () (@b)eR () ba)eR (da=b

Greatest element in poset (P{a, b, ¢}, ©) is

(a) 0 M1 (€) w (d) {a, b, ¢}
Least element in poset (P(a, b, ¢), ©) is :
(@0 ()1 (c) o @ ¢

“The dual of any theorem of lattice is theorem" this
principle is known as :

(a) Idempotent law (b) Distributive law

(c) Absorption law g (d) Principle of duality

Let 1 be upper bound of lattice L, then for eachac L,
(@) aVl=o - (b) aVl=a

(c)aVl=1

(d) None of these

il o 9N
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29. Let 1 be an upper bound of lattice L then for eacagy,

= aAl=a ,
M“W m_— M~o MMW None of these
30. Let o be a lower bound of Fa%%@ L, then for eachag], "
= alo=a :
MMW M»M = wo (d) None of these
31. Let o be the lower bound of lattice L, then for eac},
acglL:
(@) aVo=o0 () aVo =1
(c)aVo=a (d) None of these
s2. Let L be a lattice then for each a,b € L:
(a) aA(aVb) =b (b) aA(aVb) =0
(©) aA(aVb) =1 (d) aA(aVb) =a

33. LetL be a lattice then for each a, beL.
(a) aV(aAb) = a () aV(aAb) =b
(c) aV(aAb)=0 (d) aV(aAb) =1 . .

34. IfR is an partial ordered relation and R™" be inverse
foRthenR'is: : .
(a) Equivalence relation (b) Partial order relation
(c) Not partial order relation (d) None of these

35. Let I' is the set of all positive integers, then the
relation R defined on I* by xRy ¢ x divides y is

(a) A partial order relation (b) An equivalence relation
(c) Total relation (d) None of these
36. Let (L, <) be a lattice, for a,be L and a < b then
- (@ aAb=a (b) aAb=b
(c)aAb=1 (d)aAb=o
37. Let (L, <) be a lattice, fora,b e L, and a £ b then
(a) aVb=a : (b) avb=Db
(c)aVb=1 (d) aVb=o0

(Answer )

(1)d @b (3)a 4)b (6)b (®)a
(Me ®)d ©b (10c (Al)d = (12)a
(13)b (149d (15c (@(16)b  (A7c (18) ¢
(i9%a (200b (@hc  (22b  (23)b (24) b
(25)d 26d @nd (28)c (29) b (30) a
(31)c 32d (33)a (39b  (35)a  (36)a
BDb

0oa

¢ : ——
—————————\ Unit-11 = —
——

._mo&an.: Algebra- Definition and properties, Switching
circuits and its applications, Logic gates and circuits.

ma&n.n: functions- Disjunctive and conjunctive normal
forms, Bool's expansion theorem.

Minimize the Boolen function using Karnaugh Map.

—_—
woo_mnﬂ - Emornn : Let B be a non empty set and “"+" and
« "be two binary & **' " be unary operation then algebric structure

(B, + - ) is called Boolean Algebra if it satisfy the following
properties :

1. Closure property:va,bsB
= (a+b)eB and (a.b)e B
2. = Commulative property : v a,beB
_ (1)a+b=b+a @) a.b=b.a
3. Existence of identify elements -
There exist two elements O and 1 in B such that
()a+0=a YaeB (i)a. l=aVaeB
4.  Both identities are not onﬁm. le.
0=1 ;
5.  Distributive property: vV a, b, ce B
() (@+b).c=ac+bec
(l)a+bc=(a+b).(a+c)
6. Laws of complement :
for each a € B, 3 a' ¢ B such that
Ma+a'=1 (i)aa'=0
then a' is called complement of ' a.

Basic Theorems of Boolean - Algebra :

Q.1. Prove that :[ —.mmavonog law] VacB
(i) ata=a (ii)a.a=a
Proof L.H.S. of (1)

=a+a
=(a+a).l
=(a+a).(a+a)
=a+a.a'
=a+0 v ata'=1
=a by distribution
=R.H.S. vaa=0
L.H.S. of (2)
=a.a '
=a.a+0

[31]
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=aa+taa
=a(a+a)
=a.l
=a
=R.HS.
Q.2. Theorem VasB
Na+1=1 @) a.
Sol. : LH.S. of (1)
=a+l
=a+(a+a)
=(ata)t+a'
=a+a'
=1
=RH.S.
LHS. of (i)
=al
=af{a.a)
=(a. a).a'
=a.a'
=0
=RHS.

vaa'=0
by distribution
cata's

0=0

el s e

by Associative law
by Idempotent law
watal=1

.

by Associative law
by Idempotent law
vaa=0

Q.16. Theorem m:umogmou -laws] VaeB
@a+(ab)=a (@)ala+b)=a

Sol. LHS. of (i)

=a+ (ab)
=a.l+ab

) =a.(1+b)-
=al
=a
=RHS.
L.H.S. of (ii)
=a.(a+b)
=(a+0).(a+h)
=a+0b
=a+ Q
=a
=R.H.S.

by distribution
va+l=1

by distribution
v ald=0

Q.3. Theorem : (Involution - law) V ac B

(@) =a
Sol.: LH.S.
=(a)'
=1.a"
=(a+a"). (a)
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=a.(a') +a'.(a) by distributic

=a.(a)+0 “aa=0

=a. (a) +a.a' vaa=0

=a.[(a) +a]

=a.l ca'+a=1

=a

=R.HS.

Q4. ._,._.mw..mg : [De-morgan's law] V a, be B.
() @+b)=a'b (ii) (a.b))=a'+b".

Proof: (i) (a+b) =a'p’

that is, we have to show that complement of a + b is a'b),

that is, we have to show that
M @+b)+ab =1
(2)(@a+b).ab'=0
L.H.S. of (1)
(@+b)+a'b
[(@a+b)+a. [(a+b)+Db]
=b+@+a)). [a+@®+D))
=[b+1].[a+1]
=11
=1
=R.H.S.
= (a +b)+ab' =1
. Now, L.H.S. of (ii)
=(a+b). (a'b")
=a. (a'b") +b. (ab)
=(a.a") b+ (b.b") .a'
=0.b+ 0.2
=0+0
=0
=R.HS.
= (a+b).(@.b)=0
By (1) & (2)
(@a+b)=ab
Now,We prove
(ab)=a+b

1

by distribution

by distribution

by Assosiative law
vata' =
vat+tl=1

..
by distribution
by Associative
& commulative

«.(2)

i.e. we have to show that complement of abisa' +b', ie., we

have to show that
(i) (ab+@+b)=1
(@) (ab).(@+b)=0
LH.S. of (1)
=(ab)+(a'+b")
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=@+b)+abd
=[@ +b) +a]. [(a' +b) +b]
=b'+a+al.[a+b+b]

By Commulative

by Commulative

= K v ca+t a'=
M_W.um...:.ﬂﬂ.?: . ca+l=1
=1
=R.H.S.

= (@b+@+b)=1 (A)

LHS. of (2) :
=(a.b). (a'+b")
=(ab).a'+ab. ) o
=(aa’).b +a(bb) by Associative
=ob+ao ~aal=0
=0+0
=0
=RHS.

= (ab)(@+b)=0 ...(B)

By (A) & (B)

(ab)l=a'+b'

Note (1) 1'=0

@0=1

Q.5. Simplify the following by using Boolean Algebra :
@) [a+(a'.b).[a'+a.b] ’
(i) ab+[(a+Db".b]
(iii) ab+ab'+adb+ad
(iv) ab+b.c+be
v) [{@Db)+c.ato)}
(vi) (a+b).(@ +Db).(a'+b’)
(vii) [fa'b) +c} + (a' + )]
(i) [a+a'b].[a'+a.b] o
= [(a+a").(a+Db)].[(a'+a).(a"+b)] By distribution

= [l(a+b).[1(a' + b)] vata'= _
=(b+a).(b+a) by commutative Prop.
=b+aa'- by distribution
=b+0'
=b - Ans.

(ii) ab+[(a+Db).b] _ !
=ab+[ab+Db.b] By distribution

=a.b + (ab)’
=1

(iii) a.b+ab'+a'b+a'b

=a.(b+b)+a" (b+b)
=a+ta' e
=1

(iv) ab+b.c+bc

=ab+b.(c+c)
=ab+b
=b+b.a

=b

V) [{@b)+d.a+o)]
=[{@) + @) +c}.(a + o))"

=[@@+b+c). (a+o)
=[a+c)[(a+c)+b]
=[(a+0)]

=a'c

(vi) " (a +Db').(a' + b).(a"+b)

=(a+b") [a'+bb]
=(a+b.a'
=aa'+b.a'
=0+a'b

=a'b'

(vii) [{(@'b")' +c} +(a'+c))’
=[{@Y+®) +c+@+c))"'

=[la+b+c+(a +c))
=[a+a'+b+c+c]
=[a+b+1]

=7
=0
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v aa'=0
Ans,

By distribution
ata'=1
Ans,

by distribution

A-o m + n— - H

by commulative law
by Absorption law
Ans,

by De-morgan law
by involution law
by commutative law
by Absorption law
by morgan law
Ans,

by distribution
aa'=0
and commutative law

Ans.

By De-morgan law

by involution law

by commulative law
ata'=1

vatl=1

... H. = o

Ans.

Prove thata.b+b.c+c.a=(a+b).(b+c). (c+a)
Sol.: R.H.S.

= (a +b). (b+c). (cta)
= (a + b).(ct+b).(cta)
=(a+Db). [c+b.a]

by commutative law
by distribution
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=(@+b)c+(@a+b) ba -
=ac+bc+a. (b.a)+b, (b.a) e
=ca+bc.+a,b+ba byidempotent & commutatiy,
=ab+be+ c.a .
=L.HS. Ans.
Q.7. Prove that
pQ.r+pgqr +pqr+p.qr=pq+qr+rp
Sol.: LHS. ‘
=pqr+pqr+pgq.r+p.qr
=pqr+p.qr+pgr+pgqr +pgr+p.ar
by idempotent law
=p.qr.+p.qr! +p.qr+p.qr+pqr+p.qr
, By commutative law
=p.q. AH + H.-v +pr Aﬂ + G.V.._.. q.r. Q.u + mu.v wu\ &mﬁﬂm_ﬂuﬂﬁbﬂ

=p4q.tpr+aqr ~ata' =
=pgqt+qr+ar. by commutative law
- =pq.tqr+rp
=R.H.S. Ans.
Switching Algebra

Switching is a device which is connected to an electric circuit
and remains only in one of the two positions — closed or open.

x=0 x=1

\ o off

open switch

There are two types of switching circuit :
(1) In parallel

—e—o— 0N
closed switch

.

X+y

22

(2) Inseries:
X.y

—0—0)—

Q.8. For the following switching functions, draw a
simpler stwitching circuit :
@ Py =xy +xy.
i) (xy,z)=xyz+xyz+x.y.z
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@) f.ar)=(@+q).(q+r).(r'+p)
iv) f(x,y,2)=xy'z+(z+y)xX
W fxy 2z2)=xz+[y.¢'+2). (x'+x29]
vi) fxy,z)=xyz+(x+y).(x+2z)
(vil) f(x,y,2)=(x+y+2z). & +y)
(viid) f(x,y,2) = x.y + [z.(x' + ¥')]
sol. : () f(x, y) = xy' +xy
=x.0'+y)
= fx,y,z)=x
-. Switching circuits are as :

O>—D

by distribution

-
S TS

(i) fx,y,z) =xyz+xy.z+xy.z
=xyz+x+x)y'z
=xyz +y'z
=(xy +y)z by distribution

. =[x +y).G +y)lz

= fx,v,2z) =[x+y]z

.. Switching circuits are as :

OmOz0
Satia0

by distribution

) L (D—>

_ Simpler
(iii) f(p,qr) =@ +@-(q+r) @' +p)
=(q+p)(q+1) (' +p)
=(q+px) (' +p)
=qr'+qp' +p.rr' +prp'
=qr'+qp' +0+0 va-a'=0
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= fip.qr) =q @' +p"
.. Switching circuits are as :

® @ (©)
oo ol
()

(v fix,y.2) =xy'z+(@z+y)x'
=xy.z +zx'+yx' By Distribution
=(x'+xy)z +x'y .
=x'+x)x'+y))z+xYy ,

= fix,y,2) =x'+y)z+xly

. switching circuits are as :

CO—)—®
&)
ey
[

W fx,y,2) =xz+[y.(¢y' +2). X'+ x2')]
=xz + [(y.y' +y.2).(x' + x).(x' + 2")] by
distribution ,
=xz + [(y.2).(x' + 2")]
=xz + [(y.2)x' + (yz).2]

=xz + [x'yz + 0] “aa'=0
=xz+x'yz
=(x+x'y)z by distribution

B .
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=x+x)(x+y)z
= f(x,y,2) =(x+y).z.
. Switching circuits are as :
()—z
i ) )
= A
@ @
Simpler.

Vi) f(x,y,2) =xyz+(x+y).(x+2)
=xy.z+(x. +y. z).
=xyztx+tyz
=x+y.z+xyz

= f(x,y,2) =x+yz

.. Switching circuits are as :

1 o o | .
ol Lo-
i . =

Simpler.

by distribution

commutative
by Absorption

(vi) f(x,y,2) =(x+y+z).K&'+y)
=@y +x).(y+(x+z) bycommutative law
=y+x.x+2) by distribution
=y+x'x+x'z

= fix,y,z)=y+x'z

.. Switching circuits are as :

.
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X)

€

OO0 OO

- L

(viii) f(x,y,2) =xy+[z.(x"+y)]

=xy+z.&xy)' By De-morgan la%
=(xy+2).(&xy+xy)] By distribution
=(xy +2). \a+a'=1

= flxyz)=xy+z
.. Switching circuits are as :
x o)
/

()
O,
&
()—
~ Simpler .
(2)

Q.9. Find the Boolean functions of each of the following
circuits and design them in simplified forms :

Sol. : There are three switches, there fore
fix,y,z) =(x+y). (x+2) +y [x + yz] ..(1)
=x+yz+xy+yy.z By distribution
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by commutative
by absoption & idempolment

=X txy+yz+tyz
= fx,y,2)=x+yz

. So the simplified circuit is

(x)

)

Solu : There are three switches, there fore
f(a,b,c) =a.c+b. (b'+c). (a' + be")
=a.c+ (b.b'+ be).(a' + be') by dist.

=a.c+b.c[a'+bc ~aa'=0
=a.c +a'bc + be. be' by dist.
=(a+ab)c -~ aa' =0
=(a+a") (a+b)c & dist.

= fla,b,c)=(a+b).c
So, the simplified circuit is :

®

Sol. There are three switches, therefore
=> fxy2z)=xz+y. ¢ +2). K +x2)
. =xz+ (y.y' +y.2). [(x'+x).'+2))]
by distribution

=xz+yz (x'+2z)
=x.z +x'yz +yzz'
=xz+x'yz+0
=(x+x'y)z
=x+x)(x+y)z

= fxy,z2=x+y)z

By distribution
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So the simplified circuits is

There are four switches, therefore
fla,b,c,d)=(a+c)b+(bd+ d).b
=(a+c)b+db
=[(a+c)+d].b
= f(a,b,c,d)=[a+c+d]b
So, the simplified circuit is :
—(

—o——0—
Q.10. Construct a circuit for the Boolean function :

afc.(x+y)+bdel+r.t.(p+ q.z)
Sol : The switching circuit of the given function is :

by distribution

obtained by applying binary operation (+) and (.) and a unary
operation of taking complement (') on the finite number of elements
of a Boolean algebra (B,+,-,) where the elements of B are either
the variables or constants (0 or 1).

-
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Minimal Boolean function : A minimal Boolean function
in all n-variables x;, x,, ...... X, i8 the product of all n-letter i.e.

m_,w.n.mu ........ m:.irmnm m,ux_,cnu.m. .
pisjunctive normal form [Canonical form]
A Boolean polymial which can be written as sum of the mini-

mum Boolean functions, is called disjunctive normal form.

Complete disjunctive normal form [Complete canonical form]
A disjunctive normal from of n-variables is called complete
disjunctive normal form if it contains 2 - terms.

Conjunctive normal form [Dual conocial form)]
. A m.oo_mmu polynomial of n-variables x,, x, ....... X, is called
conjunctive norm form if it is the product of distinct factors, where

each factor in the sum of all distint n-letters, ie. v (X, + X, + X, +

+ X,) when X, =x;orx;.

Complete conjunctive normal form
[Complete dual cononical form]

A conjunctive normal form in n-variables is called complete
conjunctive normal form if there are 2" distinct factors. .
Q.11. Bool's expansion Theorem : State and prove Bool's

expansion theorem. Or

(A) Every function without constant of a Boolean
algebra can be expressed as disjunctive normal
form.

(B) Every function without constant of a Boolean

, algebra can be expressed as conjunctive normal

form. v
Sol.: (A) Let f(x,, x,, ..... x,) be Boolean function of n-variables
without constant, it can be expressed as disjunctive normal
form as follows :
(1) First use De-morgan's law as
(atb)=a'b'and (a.b)=a'+b'
(2) Next use distributive property i.e.
(a+b).(atc)=a+b.c
(8) If function f contains same terms free from x; or x', then
we multiply this term by 1 =x; +x',.
Repeating this process several times, every term of f is so
expressed that each term contains all n-variable (x; or x.m.,

(4) If some terms are repeated then remove it by idempo-
tent law i.e.a+a+a=a.
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B)

Q.12. Express the following functions into disjunctive and

Thus f is expressed in digjunctive normal form.

ot Bixy; oo .ol x,) be Boolean function of n—variable,
without constant, it can be expressed as conjunctive normg)

form as follows :

(1) First we use, De-morgan's law-i.e.
(a+b)=a'band (a.b)=a'+b"

(2) Next we use distributive property ie
a+be=(a+b)(a+o

(3) If function f contains some terms free from X, or X', then

we add this term by 0 = x,.x,’

Repeating this process several times, every term of fig
so expressed that each factor contains all n—variableg

(x; or x;)).

(4) If some factors are repeated then remove it by idempo.-

tent law ie.a.a=a
Thus f is expressed in conjunctive normal form.

conjunctive normal form:

(D) fx,y,z2)=xy' +xz2+xy

@ flx.y,2)=xyz+x+y).(x+2)
B f(x, y; 2) = (x +y + 2).(xy + x'2)'

Sol: f(x, y, z) = xy' + xz + xy ...(1)

(a) Disjunctive normal from by (1)
fx,y, z) =xy' + xz + xy
=xy'.1l+xz.1+xy.1 _
=xy' (z+z)+xz(y+y) +xy (z+2)
=xy'z + xy'z' + xyz + Xy'z + Xyz + xyz'
=xyz + xy'z + xy'z' + xyz'
f(x, y, z2) =xyz +xyz' + xy'z +xXy'z".

Which is required disjunctive normal functions.

(b) Conjunctive normal form

By (1) _

fix,y,2) =xy' +xz+Xxy
=x(y+y)+xz
=X + Xz
=x
=x+ u@x
=(x+y)x+y) .
=(x+y+zz) (x+y +22)
=(x+y+2z) (x+y+z) (x +y'+2) (x +y' +2)
f(x,y,2) =(x+y+2) x+y+2z) (x+y'+2z) (x +y' +2)
Which is the required conjunctive normal form
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VY, Z) =xyz +
(a) &mu.:doﬂe.w nowﬂmw.mowhn i
By (1) f(x,y,2z)= xyz+ (x +y).(x +z)
=Xyz + (x + yz)
=Xyz+x+yz
=Xyz+x(y +y) +yz (x +x)
= XyzZ+ Xy +xy' + xyz + x'yz
TXyzHxy (z+2) +xy' (x + 2) + x'yz
_ (By idempotent law)
= Xyz + Xyz + xyz' + xy'z + Xy'z'+ x'yz
Which i the squined ooyt Lot 3
e required disj i i
e Muonaﬂgﬁ.ﬁwm normal boolean function.
(&) By () f(xy,2) =xyz+ (x +y).(x + 2)

=xXyz+x+yz by distributive law
=x+yz+xyz )
=x+yz by absorption law

(x+y)(x+2z) by distributive

law

(x+y+2z2") (x+z+yy")
p w?+w+5?+w+~im+n+§@+w_+uv
. My ) sty (xty+a)x+y +2)
Which is required conjunctive normal form_
3) f(x,y,2) = (x +y + 2).(xy + x'2)
= (x+y +2) [(xy)".(x'2)'] By De-morgan's
=&y +2) X+ ) [E)+2))
fxyz) =(x+y+2) (x' +y) (x + 2 (D)
(a) Disjunctive Normal Form
fx,y,2) =(x+y+2) &' +y) (x + 2)

, =(x+y+2) [ +y)x+(x +y) 2]
u?+%+svTcn_+5x+x.n.+w.u__
=(x+y+2) [xy'+x2 +y2]
=(xtytz)xy'+(x+y+z)xz +

x+y+2z)y2
={x.xy' +xyy' +xy'z} + {xx'z + x'yz' + x'zz'}
: +{xy'z' + yy'z' +y'zz}}
=xy'+0+xy'z+0+x'yz'+0+xyz'+0+0
= x.%- + x%-N + %.%N- + MU\-N-
. =xy'(z+2') +xy'z +x'yz' + xy'z'
=xy'z + xy'z + xy'z' + xX'yz' + xy'z'
f(x, y, z) =xy'z +xy'z' +x'yz'
Which is the required disjunctive normal function.
(b) Conjunctive Normal Form:
By (1)
f(x,y,2) = (x+y+2).(x+y) x+2)
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=(x+y+z).(x +y +zz).(x+ 2z +yy)
=(x+y+2) (X'+y' +2) Ax.+u~.+u.v Ax+%+5

(x +y'+ 2

»K%.%. z) "A%.—.W...Nv Aun+w~+N.v OA.._.%..TN.V AN.+V~.+NV

x'+y' +2y

Which is the required conjunctive normal form. n

Q.18. Express the following function into disjunctive and

conjunctive normal form:
1) f(x, y, z) = (x.y' + x2)' + x'
(@) fix, y, 2) = [(xy") + 2") [z + x]'
®) f(x, y,z) = (x' +y).(x + 2z)' + (v.2)'
4) f(x, y,2) =(x +y) (x +y') (x' +2)
f(x,y, z) = (xy' +xz) + X'
=[x.¢"' +2)]' + X'
=x'%* (y' + 2)' + x' by distributive law
=x'+x'+ (v).z' by de—morgan's law
f(x, v, z2) =x'+yz' ....(1) by idempotent law
(2) Disjunctive normal form
By (1) fkx, vy, 2 =x"+yz
=x' (7 +y) +y2 (& +x)
=x'y + x'y' + xyz + x'y2'
=x'y (z+2z)+x'y (z+2)+xyz' +xyz
=x'yz + x'yz' + x'y'z + x'y'z' + xyz' + x'yz'
 f(x,y, z) =xyz' +x'yz +x'yz' +x'y'z + x'y'z'
Which is the required disjunctive normal form.
(b) Conjunctive normal form :
by (@) f(xy,z) =x'+yz'
=x'+y) &' +2)
=(x'+y+zz) (x'+2z' +yy)
=@+y+) X+y+z) X +y+z) X' +y' +2)
fx,y,2) =(x'+y+2) @ +y+2z) x'+y +2z)
Which is the required conjunctive normal form. :
2. fx, y, 2) = [(x'y) +2].[z + xT'
=[x+ ) +2).[2".(x)]
by dist & De-morgan law
= [x'+y +2') [x2]
- g-N- + x%N— + xN-N-
f(x, y, z) = xyz' + xz' . , (D)
(a) Disjunctive normal form:
By (1) f{(x,y,2) =xyz' +xz'
=xyz +xz' (v +y)
= a%N. + vﬁ%N. e un%‘N.
f(x, y, z) = xyz' +xy'z'
Which is required disjunctive normal form.
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(b) Conjunctive normal form:

By (1) f(x.y,2) =xyz' + xz'
=xz'+ yxz'
= xz' by absorption law
=xz'
=xz'+yy'
(v +x2').(y' + x2') by distributive law
r@+xv@+w.v.h<_+xv@.+u.v
IAN+%+NNQ@+N.+§$ x+y'+2z2)
_ '+ 2+ xx)
. STy ) (x+y+2) (x+y+2) (K +y+2) -
g X+y' +z) (X +y' +2).(x+y +2).(x +y +2)
(x,5,2) =(x+y+2) (x+y+z)(x+y'+2) (X' +y+2)

Which is the required conjunctive normal form Fry)
3) f,y,2) = (X +y).(x +2) + (y.zy
(x)'y] [x.2] +y + 2
(xy) (x'z) +y' +2'
fix,y,2) =y'+2' ....() \aa=0
(a) Disjunctive normal form

By (1)°

Il

]

fx,y,2) =y' +2 .
=y'(x+x)+ 2z (x+x)
=xy'+x'y' +xz2' + x'z'
=xy' (z+2) +xy' (z+2) +x2' (y +y) +x'z2'
+ )
=Xy'z+xy'2'+x'y'z +x'y'z' + xyz' +W,%.N.%N
S x'yz' + x'y'z'
TXyz+xyz'+xy'z' +x'y'z' +x'y'z + X'yz'
f(x, y, z) =xyz'+ xy'z + xy'z' + x'yz' + X'y'z + x'y'z'
Which is the required disjunctive normal form
(b) Conjuctive normal form : S
By (1) f(xyz2) =(@'+2)
= Q' + N.v + ﬁ- "
fx,y,2) =(x+y'"+2) (x' +y' +2)
Which is the required conjunctive normal form.

4) fx,y,2) =(x+y) (x +y) x' +2) ssld)
=(x+yy) x'+2)
=x(x'+2)
=xx'+xz
fx,y,z) =x2 . )
(a) Disjunctive normal form by (2)
f(x,y,z) = xz
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=xz(y+y)
f(x, y, 2) = xyz + xy'z
be required disjunctive normal form.
(b) Conjunctive normal form : By (1)
fxy.2) =x+y) (x+y) &' +2)
=(x+y+zz) (x+y' +22) (x'+z+yy)
=(x+y+2) (x+y+2z) (x+y' +2) X +y' +2)
x+y+2z) (X +y +3)
fix,y,2) =x+y+z)x+y+z) (x+y' +2) (x+y'+2)
. X+y+z) X +y +3z)
Which is the required conjunctive normal forms. n

Q.14. Change the following Boolean function to disjunctive
and conjunctive normal form: ,
Of@Ey 2)=[x+Ex+y)]Lx+¢2)]

@ flx,y,2) =[x+ x+y)] [x+ (2]
Solu. : (1) fx,y,2) =[x+ @ +y)][x+F'2)]
=[x+&)y] x+ )+ ()]
=x+xyl[x+y+7] .
fx,y,2) =x[x+y+z] )
(a) Disjunctive normal form : By (1)
fx,y,2) =x[x+y+7]
=xx + Xy +xz
=x(y+y)+xy(z+2)+xz(y +y"
=xy +xy"+xyz + Xyz' + Xy2z + xy'z
=xy(z+2) +xy' (z+2z) +yyz +wys - xy'z
=xyz+xyz'+xy'z +Xy'z' +Xyz + xyz . y'z
f(x,y,z) = xyz + xyz' + xy'z + xy'z’
Which is the required disjunctive form
(b) Conjunctive normal form:
By (1) :
f(x,y2 =x&x+y+2z)=x+y+2) x+vy}
=(x+y+z) x+y)(x+y)
=x+y+z)(x+y+zz)(x+y +zz) .
=(x+y+z) (x+y+z) (x+y+z2) (x+y'+2)
. x+y +2)
f(x,y,2) =x+y+z)(x+y+2) (x+y'+2) (x +y' +2)

Which is the required conjunctive normal form.

2. f(x, y,2) =[x+ +y))x + '2)]

fx,y,z2) =[x+yl(x+yz) . 1)

(a) Disjunctive normal form : by (1)
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fx,y,2) =(x +y) (x + y'z)
Sx+y)x+(x+y)yz
— *H + “%- + x%.N_ + %'Q-N-
w “. + xw- + “%-N- + %-N-
=X +y) +xy' (2+2) +xy'2 +y'2 (x +x)
TXy +xy' +xy'z + xy'z' + xy'z' + xy'z'
_ - + u-%hN-
=xy A~+NV+Q.AN+NQ+N<_N.+HQ.N.
~ + xyz + x'y'z'
=Xyz+xyz'+xy'z' + xy'z + xy'z' + xy'z' +
_ N + “a L )
My, 2) =xyz+xyz +xy'z + xy'2 + u.mw” v
Where is Em required disjunctive normal form
(b) Conjuctive normal form: By (1)
fx,y,2) =(x +y) (x + y'z)
=x+y) (x+y) (x+2)
u%n ty'+zz) (x+2' + yy)
XY +2) x+y'+2) (x+
= _ y+z)x+y'+
- xy) =x+y+) (x+y+2) ?+u«.+u.v%. !
Which is the required conjunctive normal. [ |

Q.15. (a) Prove that the value of complete disjunctive

normal form (of three variable) is-
is'one.
(b) Prove that the value of complete ; :
normal form (three variable) mM nouo.ooE:Boﬁ_dm

Solu.: (a) Let f(x, y, z) be the complete the disjunctive normal

form of three variablesi.e. :
f (x,y,2) = xyz+xyz'+ xy'z + xy'z' + x'yz + x'yz' + X'y'z
_ + ﬁ-%_Nq
=xy z+2)+xy' (z+2) +xYy (2 + 2) + xv'
HK%+x<.+x.u~+x_%. v@ z) xy'(z+2)
=x(y +y)+x'@y +y)
=x+x'
fx,y,2z) =1
(b)Let f(x, y, z) be the complete conjunctive normal form of
three variable ie
fx,y,2) =(x+y+2).x+y+z).(x+y +2) x +y' +2)
X' +y+z)(X'+y+z2) X +y' +z) X +y +2)
=[x +y) +zz] [(x+y) + 22 [(x' +y) + zz).
[(x'+y" + 22
=x+y)x+y) X' +y) &' +y)
=(x+yy) (' +yy)
=x.x' ,
f(x,y,2) =0 . u
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— = Objectives = W
N > w
1. VasB.
@@)=a" ®@)y=a ©@)=0 @ @Y =1
2. Indempotent law is:
(@a+a=a () (@)=a (atab=a da+1=1
3. In aBoolean Algebra a + 1is equalto:
(@1 (®)q (©0 @) a'
4 InaBollean Algebraa+ab=ais:
(a) I[dempotent law (b) Absorption law
(c) De—morgan law (d) Associative law
5. In a Boolean Algebra, the dual ofa+1=1lis:
(a)a.0=1 . (b)a.0=0 (c)al=1 da+0=0
6. InBoolean Algebra, which of the following statement
is true:
(@) (xy)' =x"y' b)x'x'=1
© x.(x,y) =xy @ x+y)=x"+y'
7. In Boolean Algebra, the value ofa+a'bis:
(a)a+h. (b)a+b' (©a'+b da'+b'
8. InBoolean Algebra value ofa+a+..+taisn times:
(a) na (b) a® (c)a (d)n
9. In Boolean Algebra, (a +b). a'b'is: .
(a)a (b b ©1 (d)o
10. In Boolean Algebra, the dualofa.l=a :
(a)a.l=a (b)a.0=0 (a+a'=1 (d)a+0=0
11. Simplified function for the switching function :
fx,y)=x+xyis:
(a) x by (x+y d) x.y
12. The switching function for the following circuit is :
(@)xy+z @O &+y) .z ©xyz dx+y+z
13. Simplified function for the switching function f(x, ¥,
zZ)=xy+xy +x'y'is:
(a) xy (b) xy'
©x+y' (d) None of these
14. The value of Boolean function in complete disjuctive

normal form is:

(@1 ®0 (c) 2° (d) n?

16.
16.
17.
18.
19.
20.
21.
22.-

23.

24.

- 25,

26.
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The number of mini .
ables is: nimal Boolean function in n-vari-
(a) 2" (b) n? ©0
,AEV:M wale om.cwwav_mnm conjuctive HS.BM__V »._og is
a. . (¢) 2n :
Muw.n..w_mamnmw w.—:wosou of Boolean ?uoﬁmw MW. +x'v i
o) x Y X)y () xy +xy' ol
Minimum Boolean functions in ?Wo <MMW%-€ of these
are: esx and y
Am.v uﬂV\. @v xx' a. Anv s
’ P uﬂ%. X %h ] un. y f R i
The uE.bv.mn of minimum Boolean meM.A& Xy, X'y, xy
variables is : ion in three
The number of fundament @ 6
variable is: ntal Boolean functions in n-
(@) 2° &) o* © @
The number of fundament @ (2n)®
unriable is: ental Boolean functional in two

(a) 2 B4 (08

Disjuctive normal form of a + a'b is d) 16
Am.v ab'+ a'b' A.E ab+a'b’

(c) ab +ab'+a'b (d) ab'+a'b + a'b’
Disjuctive normal form of f(x, y) = x + y' is:
@x+y ®) xy + X'y .
(c) xy +xy' +x'y (d) None of these
Complement of Boolean function xy' + x'y + x'y' is:
mcx.+< ti ot 1 £ Q) = ¥3) @ ww i

onjunctive norm ior
i al form of Boolean function f(a, b) =
(@a+b (b)a'+b (c) a'b'

L ) ab
The disjunctive normal form of B ;
oolean fi i

¢ )= myie: n function f(x,

(a) xyz (b) x'y' © xyz +xyz'  (d) (xy)
1. (b) 2. (a) 3.(a  4.(0) 5. (b) 6. ()
7. (a) 8. (c) 9. (d) 10.(d) 1L (a  12.(b)
Hw an 14. (a) 15.(a) 16.(b) 17.cc) 18. ()
(a 20.(c) 21.@ 22.( 23
25.(a)  26.(c). n vone
o 0ao
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Graph-Definition, Type of Graphs, Subgraphs, Walk, path,
circuits, connected and disconnected graph. Euler graph. Hamjy,,
path and circuits, Dijkstra's Algorithem for shortest paths ;,
weighted graph.

Graph :

A graph G = (V, E) consists of a non—empty set V={v,, Va, v
..} of objects called vertices, and another set E = {e,, e,, ¢, W
whose elements are called edges, such that each edge ey is
identified with an unordered pair (v;, v;) of vertices. The sets V o,
V(G) and E or E(G) are called vertex—set and edge set respectively.

The vertices v;, v; associated with edge ey are called the enq
vertices of ;.

A graph with p vertices and q edges is called a (p, q) graph.

—_—

€s
Fig. A (6, 7) graph.
Self-loop :
An edge starts and ends on the same vertex, is called self-loop.

Parallel Edges : Two or more edges starts and ends with
the same pair of vertices, then they are said to be parallel edges.

Fig. Self loop and parallel edges.
[52]
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e, and e are parallel edges.

e is self loop.

Note : 1. A graph is also called a linear complex, a 1-complex
" one—dimensional complex.

2. A vertex is also reffered as a point, a node, a junctioma 0—
cell or 8 O0—complex.

3. An edge is also called a line, an arc, a branch, a 1—cell or a
1-gimplex. z

Incidence : When a vertex v; is an end vertex of some edge
e then vi and ej are said to be incident with each other.

Adjacency : Two edges are said to be adjacent, if they are
incident on a common vertex. Similarly two vertices are said to be
adjacent, if they are end vertices of the same edge.

Degree of a vertex : The number of edges incident on a
vertex v; of a graph, with self loop counted twice is called the degree
of v;, and it is denoted by d(vy).

Isoleted vertex : A vertex v; of a graph is said to be an
isolated vertex, if d(v)) is zero, i.e. d(v;) = 0.

Pendant vertex : A vertex v; of a graph is said to be a
pendant vertex if degree of v; is 1, i.e. d(v)) = 1.

Examples :

pVy

e

Va €
€
Fig. A (5, 6) graph.
(1) v; and e, are incident to each other, similarly e; and v;
are incident to each other. .
(2) v, and v, are adjacent to each other, similarly e, and eg
are adjacen® to each other, also e, and e, are adjacent to
each other.
(3) ey is self loop.
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(4) e, and e are parallel edges.
®) d(¥)) =0, d(vy) =4, d(vg) =1

d(vy) =2, d(vg)=5.

(6) v, is isolated vertex, since d(v)) =0

(7) vgis pendent vertex, since d(vg) = 1. )

Order of the graph : The order of the graph is the numbey
of the vertices in the graph. It is denoted by p or n(V).

Types of the Graph.

(1) Null-Graph : A graph G = (V, E) 1s called to be nul
graph if the set of edges E is empty i.e. E = ¢, while the vertex set
V must not be empty 1.e. V= §. )

(2) Finite and Infinite graph : A graph G = (V, E) with g
finite number of vertices as well as a finite number o.m edges is
called a finite graph; otherwise, it is an infinite graph.

(8) Simple—Graph : A graph G=(V, E) which has neither a
self loop nor parallel edges is called a simple graph.

(4) Multi-graph : A graph with parallel edges or self loop
or both is called to be multi—graph. :

Examples :

[ [ ] [ ] [ ]
Fig. A null graph G = (8, 0) (Simple graph)

Fig. An infinite graph (Simple-graph)

LN

Fig. Multi-graph.

@ SRR

Fig. Multi-graph.

(6) Directed Graph [Diagraph] : A graph G = (V, E) is
directed graph, where each edge is associated with an ordered
pair of vertices called its end vertices.
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If each edge is associated with the pair (u, v) of vertices,
then e is said to be the (directed) edge from u to v. Thus, for directed

edge € edge e from vertex u to v, for edge e, u is the starting
vertex and v is the ending vertex. .

N
— o
1 “e, Vo g vy
Fig. Directed Graph.

mﬁﬂﬁ m_. = A<7 <m.v- lev = Aa«h- <Wv. mw = ﬁ<h- <Hvu mﬁ = Ad.—- 4&

e; =(vq, vy) and eg = (v,, vy).

(6) Complete Graph : [Universal Graph] or [Clique Graph]
— A graph is called to be a complete graph if there exist an edge
between every pair of vertices or if there is an edge from every
vertex to rest of the vertices.

The complete graph on n-vertices is denoted by K.

(7) Regular Graph : A graph is said to be a regular graph if
degree of each vertex of the graph is same.

(8) Cycle : A graph G is said to be a cycle ¢, n > 3 consists of
n-vertices and n—edges. ,

(9) Wheel Cycle : A graph W, n 2> 3 is said to be wheel—
cycle if we induct an additional vertex to a cycle ¢, and connect
this vertex to each of the vertices in c,,.

(10) Biparite Graphs [Bi-graph] : A graph G = (V, E) is
said to be biparite if there is a partition (V}, Vo) of Vie. V, UV, =
Vand V, "V, =4¢, V, # ¢ such that no two vertices of V, are
adjacent and no two verties of V, are adjacent. Each edge of G
connected a vertex of V, to a vertex of V.
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k, ks
Fig. Complete Graph k,

] .

Fig. Regular-Graph

DDO

Ce
m.-h Qv.nﬁn Cp-

AL

Wg

Fig. Wheel cycle W,
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a
b ‘e f g
b - ﬁ
e d
fa& g
h h

Fig. A bipartite graph.

(11) Complete Bipartite Grapk: : A bipartite (bigraph) G
= (V, E) is said to be complete bipartite, if G contains all edges

joining every vertex of <_ with vertex of V,, It is denoted by K, ,,,
where [V} = m and |V,| = .

Fig : complete bigraph K;,
Handshaking - Lemma

Q1. Prove that the sum of the degree of all vertices in a

graph G is equal to twice thie number of edges in G.
. Or

If G = (V, E) be ar undirected graph with e edges
and n vertices then prove that.

M..m? ) = 2e.

- Sol. Let Q V,E) Wm a graph with [V =n and |E| = e.

Since each edge in G is incident on two vertices, it contributes
two to the sum of the degree of the graph. Thus the sum of mmm.?m
of all the vertices in G is given by.

Mm?mv =2e.

i=1
. Even and Odd vertices : A vertex i e2id to be even vertex
if the degree of the vertex is even and a vertex is said to ba odd
vertex the degree of the vertex is odd.
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Q. 2. Prove that the vertices of odd de

in a graph i ways even.
Sol. Let G un%.n Mv hw “—nu.“_w,? where E be set of edges Mn V be the
set of all vertices of G. Let V, and V, denote the set ot even anq
odd vertices in G respectively, with
V,c Vand V,c Vsuch that

V.,uV,=Vand V.n Vo= ¢

gree (0dd <a~.nmoo$

Since
Y aw) - X dw)+ X d) Q1)
. veV T veV,
We know that
Y d(v) =2 |E|=sum of degree of all vertices of G
veV
& Y d(v) =2k - kN
vEV, ) . :
= Sum of even number
then by (1)
2E| =2k + Y, d(v)
veV,
Y d(v) =2 [[E[ -k} = an even number ~

ey, )
Since degree of each vertices of Vo is odd & its sum is even,
therefore it is only possible if the number of terms in the sum
must be even -
— the number of vertices in Vo is even
— the number of vertices of odd degree is always even.

Q. 3. Provethatthe maximum number of edges in a simple
. . nn-1
graph with n-vertices 1s —5
Sol. Let G = (V, E) be a simple graph i.e. it is without self loop and

parallel edges.

Let V ={vy, Vg, V3 .. V)

The vertex v, can be joined to the remaining (n — 1) vertices
Va, V3, V4 ... Vg1, Vp to obtained a maximum (n — 1) edges, say (V1.
va), (vi, va), (v, Vi), -.e (V1) V).

The vertex v, can be joined to the remaining (n — 2) vertices
Vy, V4, Vg, ... Vy to Obtained a maximum (n - 2) edges, say (Va, Vo)

(va, V) ... vy, Vo)
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mnommw&:m in this manner the vertex v, , can be joined to
the remaining vertex v, to obtained a single edge, say (v,_;, v,)

Hence the maximum number of edges in the graph G is

=Em-1D+m-2)+(n-3)+...+3+2+1

n(n-1)

= ——=7 ’ . _”...H+N+...+=u n(n+1)

2 2
Sub-Graph

A graph S is said to be sub—graph of G if all the edges and
vertices of the graph S are in G, such that each edge of S has the
same end vertices as in G.

, Or

Let G = (V, E) be a graph then a graph S = (V,, E,) is said to
be a subgraph of the graph G if V), is subset of V and E, is subset
of E such that each edge of S has the same end vertices in S as in

v, v,
.
&
e, e
A
€5
(A) Graph (B) Sub-graph (C) Sub-graph

Fig. Graph and sub-graphs.
Spanning-sub-graph : :
A subgraph S = (Vy, E)) of a graph G = (V, E) is spanning

- subgraph of G if V| =V i.e. both graphs have the same vertices.

==

Fig. Graph and its spanning graphs.
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Complement of a sub-graph

Let G = (V, E) be a graph and G, = V1, E1) be a subgraph of

the graph G. Then the complement of subgraph Gis wﬂ”ﬂwuromh.w
G, of G, i.e. Gy = (V3, E,) where E, = E - E, and V2 con 500y
the vertices with which the edges in E are incident.

Fig. (a) Graph, (b) Subgraph & its (c) Complement

Diecomposition
Let G = (V; E) be a graph then G is said to be decomposed
into two subgraphs G; = (V,, E}) and G; = (Vy, Eg) if
G, N G, =a null graph

) ﬁm— C.Om =G
Say Gu G, =G3 = (V3 Ey)
& . QHDQnHQaHQ?ML
Where . Vs=V,uVyand E;=E, VE;
and <¢H<—3<Nmﬁ.&.m»"m~3mw
Walk [Chain]

A walk in a graph G = (V, E) is a finite alternative sequence
of vertices and edges, beginning and ending with same or different
vertices, such that no edge can appear more than once, however a
vertex may.
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Vertices with which walk begins and ends are called the
terminal vertices of the walk,

a € b €, c

mq Qm .mu Wn

f € e & d.

Example : ae, be, ce; d and ae, ees be, ce; de, ee; f are
walks :

Open and closed walks : A walk with same terminal
vertices (Start and end vertices) is called closed walk, otherwise it
is said to be open.

Path [Simple-Path]
i An an open walk, in which no vertex appears more than once
ig called a path. .

The number of edges in the path is called length of the path.

An edge which is not a self loop is called a path of the
length one. c ‘

Cycle (circuit) [Circular path]

A closed walk in which no vertex (except its terminal vertices)
appears more than once is called a cycle and it is denoted by C,,
where K is the number of vertices in the cycle.

.mumav_.mm : (1) ae; be, ce3 d is open walk and a path.

(2) ces be, ces dey e is an closed walk, i.e. a circuit or circular
path.

Note : (1) In a path terminal vertices of degree one and rest
of the intermediate vertices degree two only.

(2) Length of path is always one less than the number of
vertices in that path.

Connected and Disconnected graph

A graph G is said to be connected, if there is at least one path
betweeen every pair of vertices in G. Otherwise G is disconnected.

Weighted-Graph : A number graph is a graph in which a
non-negative real number w(e) is called the weight (or length) of
the edge e. . :

Note : The weight of edge (v;, v;) is the distance between v;

‘and <w.

Weight of path : The weight (or length) of a path in the
Weighted graph G is equal to the sum of the weights of the edges
1 the path. .
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Shortest path

Shortest path between any two given vertices of a weighteq
graph is defined as a path of minimum weght (lenth).

Q. 4. Find the shortest path between & to z in the Bivep
weighted graph.

(]
Sol Let G = (V, E) be given graph, here .
V={ab,cde,z
Step 1
Let P, ={a}
and R,={b,cde, 3z )
Here the length of the vertices from the vertex a is
(b)=1 .
tc)=4
{d) =®
fe)=o
{(z)=
“¢(b) = 1 = minimum length (weight)
mN = mm. Gw
and R,={c.d,e, z}
Step I1. The length of the vertices from the vertex bie.
£{(c) = min{Provision length of vertex ¢, last minimum + length

of vertex c from b}

Here

=min {4,1+2}
= Kc)=3
¢(d) =min{Previous length of vertex d, last
minimum + Length of vertex d from b} . .
= min{wo, 1 + 7}
(d)=8
{(e) = min{eo, 1 + 5}
fle)=6
and £(z) = min{ew, 1 + o}
{z) =
here the minimum length =3 = {(c)
- P;=1{a, b, ¢}

Similarly
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& . R;=1{d, e, 2}
Step III : The length of the vertices from vertex c, i.e.
¢(d) = min{Previous length of d, last
minimum + length of d from c}
= min{8, 3 + x}
£(d) =8
fe) =min{6, 3+ 1} =4
NANV = B_..H-_ns. 1+ 8_. =
Here the minimum length = 4 = 1(e)
: P,={a, b, c, €}
R, ={d, 2}
Step IV : The length of the vertices from vertgx e ie.
¢(d)=min{8, 4+ 3} =7
‘ {(z) = min{wo, 4 + 6} = 10
here the minimum length = 7 — 1(d)
. Ps={a,b,c, e d} & R; = {z}
Step V : The length of the vertex from d
£(z) = min{10, 7 + 3}
¢(z) =10
.. Length of shortest path from a to z = 10, unit and a shortest
pathisalb2cle6z.

Q.5 (a) Find the shortest path from a to z in the given
weightedgraph :

Similarly

.

d 10 f

Sol. Let G = (V, E) be given graph and
V={a, b,cde,fz
Let - P = {a}
and w‘m = ?. C, nw. €, ﬁ- Nv
Step-I : The length of vertices from the vertex a.
= ¢b)=3
_ te)=
(d)=4
le)=14
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()=
£(z) =
_uoum the minimum length =3 = ()
v P; ={a, b}
Ry={c,d, e f 2} "
Step-II : The Fumnv of vertices from vertex b.
¢(c) = min{Previous length of c, last
minimum + length of ¢ from b}
= min{ew, 3 + 5}
Lc)=8
Similarly ¢(d) = min{4, 3 + ©} =4
_ {(e) = min{14, 3 +8} =11
£(f) = min{w, 3 + ©} =@
£(z) = minfw, 3+ ©} =@
here the minimum length = 4 =1(d)
= m.m ={a, b, d}
={c, e f 2}
Step-III : The -mumnr of vertices from vertex d.
£(c) = min{Previous length of ¢, last
minimum + length of ¢ from d}
=min{8,4+x} =8
Similarly #(e) = min{11, 4 + 12} = 11
¢(f) = min{ew, 4 + 10} =
' #(z) = minfeo] 4 + o} = ©
&mnm the minimum length = 8 =1(c)
P,={a,b,d,c}
R,={e,f 7}
mommTﬂw The length of vertices from vertex c.
S {(c) = min{Previous length of e, last
minimum + length of e from c}
= min{11, 8 + 6} = 11
Similarly ¢(f) = min{14, 8 + o} = 14
£(z) = min{, 8 + 8} =
mmum the minimum length = 11 = {(e)
- m.alrrc d,c, e}
={f, z}
m_.‘ovl< The Hmnnnw o». vertices from vertex e.
Bt £(f) = min{Previous length of {, last
. minimum + length of f from e}
=min{l4, 11+ 7} =14
) =14
{(z) = min{16, 11 + 13} = 16
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Here, the minimum length = 14 = £(f)

A Pg={a, b,d,c e, f}

. Rg = {z}
Step—VI : The length of vertex from f, i.e.
£(z) = min{16, 14 + 9} = 16.

.. The length of shortest path from a to z is 16.
& one of the shortest pathisa »>b—>c—> 2z

Q. 6.(b) Find the shortest path from a to z in the given
weighted graph :

d 4 f
Sol. Let G=(V, E) be agraphand V=1{a, b, c, d, ¢, {, 2}
Let P H = {a}
& ={b,c,d, e f 2z}
mnmvlu The length Om vertices from the vertex a, i.e.
tb)y=2
Le)=1
(d)=4
{(e)=c
{f) = oo
l(z)=w
monm the minimum length = 1 = £(c)
? ={a, ¢}
={b,d, e f 2z}
‘Step-1I : ,Epm Hmsmdw o». vertices from the vertex c, i.e.
£(b) = min{Previous length of b, last min.
+ length of b from ¢}
=minf{2, 1+ 2} =2
Similarly ¢(d)=min{4,1+2}=3
‘ ¢(e) = min{w, 1 + 5} =6
¢(f) = minfw, 1+ 7} = m
¢(z) = min{w, 1 + oo} =
mmnm the minimum length =2 = :5
& m.a ={a, c, b}
={d, e, f, 2}
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Step-1II : The length of vertices from the vertex b, i.e.
= mi . us length of d, last mip
£(d) = min{Previous " _Mn:mor ot d tomy
= min{8, 2+ °} =3
and £(e) = min{6, 2+ 3} =8
¢() = min{8, 2+ ©} =
{(z) = meng. 2+ o} =®
Here, the minimum length =3 = 1(d)
P,={a,c b d
R,={ef 2 34
Step-IV : The length of vertices from the vertex d, Le.
£(e) = min{Previous length of e, last min
+ length of e from d}
= min{5, 3 + o} =5
and €(f) = min{8, 3+ 4 =7
{(z) = min{o, 3+w}=o
Here, the minimum length =5 = £(€)
P.=1{a,cbd ¢
. Ry={f.2 .
Step-V : The length of vertices from the vertexeie.
£(f) = min{Previous length of f, last min.

+ length of f from e}

=min{7,5 +®} =7
£(z) = min{w, 5 + 1}=6
Here, the minimum length = 6 = £(z) .
= the length of shortest path from a to 218 6.
& one of the shortest pathisa >c—>¢e > 2.

Q.6. (a) Find the shortest path between a and z for the

following graph :

d . 6 ,m
Sol. Let G = (V, E) be given graphand V=1{a, b, ¢, d, e f 2
Let mv— Hﬁﬂv
@ w—"?.n.@-ﬂ-&. Nw

Step-I : The length of vertices from the vertex a i.e.
¢(b) = 22
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i{(c) =16
¢d)=8
f(e) =
{H =
{(z) =
Here the minimum length = 8 = £(d)
: P, ={a, d}
w.N = m”—u. c, e, H.u Nu.
Step-II : The length of vertices from the vertex d i.e.
¢(b) = min{Previous length of b, last min +
) length of b from d}
¢(b) = min{22, 8 + ®} = 22
Similarly ¢(c) = min{16, 8 + 10} = 16
Nmmv = BE*B- 8 + Sw =
£(f) = min{eo, 8 + 6} =14
¢(z) = min{eo, 8 + 0} =
Here, the minimum length = 14 = £(f)
* ww = ﬁ a, U. &.v
Ry={b,c,e 2z}
Step-III : The length of vertices from vertex fie.
{(b) = min{Previous length of b, last min.
+ length of b from f}
= min{22, 14 + 7}.
: () =21
& _ ¢(c) = min{16, 14 + 3} = 16
((e) = min{wo, 14 + o} = o
: {(z) = minfeo, 14 + 9} = 23
Here, the minimum length = 6 = {(c)
. H..a = .nN. Q.. ».. ﬁ.w
& R,;=1{b, e 2z
Step-IV : The length of vertices from vertex c, i.e.
¢(b) = min{Previous length of b, last min_.

. +length of b fro
- min{21, 16 + 20} = 21 Bic)
and {(e) = min{w, 16 + 4} = 20

¢(z) = min{28, 16 + 10} = 23
mmﬁm. the minimunt wmﬁmﬁv =20= hAmv
. Hvu ={a, d, f c e}
Rs = {b. z}
Step-V : The length of vertices mn.oB e, le.
~ ¢(b) = min{Previous length of b, last min
+ length of b from e}
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= min{21, 20 + 2} = 21 : £(e) = min{w, 35 + 40} = 75
£(2) = min{283, 20 + 4} =23 n £(f) = min{w, 35 + ®} = >
mo.d. the minimum length = 21 = {(b) 1 £(z) = min{ew, 35 + o} = o
- Pg={a,d,f,c e b} 1 mmuo the minimum length = 41 = ¢(d)
Re={zg} L W ¥ P;={a, c, d}
Step-V1 : The length of vertex z from b, i.e. R,={c.e f 2
£(z) = min{Previous length of z, last min Step-III : The length of vertices from d i.e.
. +length of z from 1 £(c) = min{Previous length of ¢, last min
= min{23, 21 + «} + length of ¢ from d}
&Hz) =23 = min{45, 41 + 12} =45
= Length of shortest path from a to z is 23 and one of the l(c) =45
shortest pathisa>d>foz and ¢(e) = min{75, 41 + 35} = 75
Q.6.(b) Find the shortest path between a to z for the {(f) = min{w, 41 + 40} = 81
following weighted graph _ {(z) = min{w, 41 ¥ 0} =
il ” mmnm the minimum length = 45 = ¢(c)
b 40 e _w - P ={a, b, d, ¢
35 S wm .8 . ={e, f, z}
) ,. mnmnTHAw The Hmum&v of vertices from ¢, i.e.
a 19 11 z . £(e) = min{Previous length of e, last min.
127 d\40 > ‘ +length ofe from ¢}
45 20 = min{75, 45 + 0} = 75
(e) =15
‘ . 10 f anid £(f) = min{81, 45 + 10} = 55
Sol Let G=(V,E) be ﬁ{mme:\nﬁP b, c d, e, f, 2z} £(z) = min{w, 45 + ©} = ®
Let = {a} mmum. the minimum length = 55 = £(f)
& =fb,c,d, e f 2 _ 5 P5=1{a,b,d, ¢}
Step-1: The —mbmﬁ. on vertices from a i.e. # & Rs;=1{e, 2}
£(b) =35 | . Step-V : The length of vertices from fi.e.
t(c) = 45 , £(e) = min{Previous length of e, last min.
(d) = . . : + length of e from f}
fe)= =min {75+ 55+ 11} =66
(f)=w . ’ . le) =
{(z) = & £(z) = min{ew, 55 + 20} = 75
mﬂd. the minimum _numnr 35={(b) . mmwm the minimum _mbmﬂw 66 = {(e)
P, ={a, b} , ‘ . ={a, b, d,c,f{ e}
R,={c,d, e f 2} @ wa:ﬁ
Step-1I : The length of vertices from b i.e. Step-VI : The length of vertex z from vertex e
£(c) = min{Previous length of ¢, last min | £(z) = min{Previous length of z, last min.
+length.of c from b} + length of z from e}
= min {45, 35 + 19} = 45 = min{75, 66 + 8}
. Uo)=45 ] ((z) =15
and . £(d) = min{ew, 35 + 6} = 41 = length of shortest path from a to z is 75 and one of the

thortest path is a » ¢ = f = 2.
|

> -
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Q. 7. Prove that a simple graph with n-vertices must be

(n-1)n-2)
connected if it has more than 2 edges,
Sol. Let G be a simple graph of n—vertices. Choose n—1 vertices v,
(n-1)(n-2) '
Vs, Vg ... oy of G, we see that more than 2 number of

edges can be drawn between these vertices. Thus, if we have more
than (n — 1) (n — 2) edges atleast one edge should be drawn betweep,
the n™ vertices v, to some vertex v;, 1 £i< n-1of G.

Hence, G must be connected. .
Euler-Graph [Eulerian-Graph]

A walk covering all the edges of the graph and returning to
the initial vertex is called Euler-line and graph is called Euler—

graph of Eulerian—graph 3
r

A graph is called Euler graph if some closed walk in a graph
G contains all the edges of the graph.
Hamiltonion path and circuit

If a closed walk contains every vertex of the graph, such that
the degree of every vertex is 2, then the walk is nm.=mm Hamilton
circuit, and if walk is open then it is said to be Hamiltonion path.

Or

A circuit that passes through each of the vertices in a graph
G exactly once except the starting vertex (which is also end vertex)
is called 2 Hamiltonion circuit. . . . .

A graph G is Hamiltoriion graph if it contains a Hamiltonion
circuits. . )

Examples

€

e Vy © Vs
Fig. Eulerian-graph.

Ty
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(1) vi€1V2€4V1€2Vaegv,
and (2) viezv,4e,vse v e viegvae,v, are Eulerian—line.

Ve € Vs
e.
e 7
e g 8 v,
Vi
e
5 €10
€n
' €
v
8
e
e 4 3
V.
2 e, Vg

Fig. Hamiltonion-graph
(1) vie1VoesVaesvye vsegvy and
ANV 4—@~<wa<wmu<mm&<qmm<mmm<wmq<amm<~ are mmaﬂ—ﬁoaou

dreuits.

Note : 1. Euler graph is always connected graph.
2. Euler graph does not contain any isolated or pendent

vertex. z

3. All the vertices of an Euler graph are of even degree
© 4. Euler graph can be decomposed into ciruits. ’
5. Hamiltonion circuit is always connected graph.

Q.7. Prove that a graph G is Euler graph if and only if al]

vertices of G are of even degree.

Sol. Part-I : Suppose that graph G is Euler—graph

= It contains a Euler line (which is closed).
In tracing this walk we observe that every time the walk

meet a vertex v it goes through two new edges incident on v with
tne we “entered" v and with the other “exited'. This is true for all
ntermediate.

Vertices of the walk with also the terminal vertex, because

W ‘exited' and ‘entered' the same vertex at the beginnj
: ginnmn
nd of the walk respectively. i and

Thus degree of each vertex of Euler—graph G is even.
Part I1: Suppose that degree of all vertices of graph G is even
Now, we construct a walk starting an an arbitrary vertex <

ﬁuogn through the edge of G such that no edge is traced more
once. We continue tracing as for as possible. Since every vertex
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is of even degree, we can exit from each vertex we entre, the tracing
cannot stop an any vertex but end with v. Since v is also of evep
degree we shall eventually reach v when the tracing come to ap
end. If this closed walk have all edges of G, then graph G is Euley

graph. n

= Objectives Fbr————
> 5 e A —

—

10.

A graph G = (V, E) is said to be finite if :

(a) Set V of vertices is finite.

(b) Set E of edges is finite. 4
(© Set V of vertices and set E of edges are finite

(d) None of these.

The set E of edges of a null-graph is:
@e (b) {0} (c) {8}

A simple graph contains :-

(2) Self loop but not parallel edges.

(b) Parallel edges but not self loop

() Self loop and parallel edges

(d) Neither self loop nor parallel edges.
If v is a pendant vertex of a directed graph G, then

degreeof vis:

@0 ®)1 (©5 @2

If v is a isolated vertex of a graph G, then degree of v
is:

@0 (®)1 © -1 @2

A vertex v is odd vertex of graph a of order n if degree
ofvis: :

(2) even (b) odd (©n (d) None of these
A vertex v is even vertex of the graph G of order n, if
degreeof vis:

(a) even (b) odd (©n (d) None of these
The number of vertices of odd degree in a graph is
always: .

(a) even (b) odd (c) Prime  (d) None of these.

For an isolated vertex in a directed graph :
@d*w+d (=0 b)d*@) +d(v)=2
@d*'w+d(v)=1 (d) None of these

For a graph G = (V, E), if [E|denotes the number edge
in G, then the sum of the degrees of all vertices is equal

to
(a) [E| () 2[El ©3E  @IE+1

(d) None of these -

—

11.

12.

13.

14.
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Subgraph G' is spanning graph of G if :
(a) At least one vertex of G is present in G'
(b) Some vertices of G are present in G’
(c) All vertices of G are present in G'
(d) None of these.
In a directed graph :
(a) Direction are fixed
(c) Both (a) & (b)
Directed graph is finite if :
(a) Vertex set V is finite
(b) Set E of edges is finite
(c) Vertex set V and set of edges E both are finite
(d) None of these . .
Which of the following statement is false :
(a) Each subgraph is subgraph of itself
(b) A subgraph of a subgraph of a graph G is a subgraph of G
(c) A single vertex in a graph G is not a subgraph of G.
(d) A single edge in a graph G, together with its end vertices,

(b) Underlying graph is fixed
(d) None of (a) and (b)

" is a subgraph of G.

| 15.

16.

17.

18.

goéguﬁgmnommmmommbmmg-m m—.ﬂvrnvm
nwertices is : .

R

@ 3 (b) 2n
=] ‘

© u?m ) @ u?m+ 1)
The number of edges in a complete graph of n-vertices
is: .

2 ‘ n(n-1) n(n+1
(a) 2 (b) 2n (o) 5 [C)) .v+ )

IfG=(V,E, f) is a graph and R" be the set of m:..m-owmnca
real numbers, where f: E -5 R*is :

(a) A simple graph (b) A multigraph
(c) A weighted graph (d) None of these

Degree of each vertex in a comple graph of n-vertices
is: .

(@) n (b)n-1 c)n+1 (d) 2n

Degree of each vertex in a regular graph of n-vertices :
(@n " (b) 2n (© equal  (d) None of these
Order of a graph G is :

(a) Equal to the number of edges of the graph G
(b) Equal to the number of vertices of the graph G
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21.

25.

27.

() Equal to the sum of the number of edges and number o
vertices of the graph G

(d) None of these.

The minimum number of edges in & connected grap),
of n-vertices is :

(@n ®n-1 ©n+1 (d) 2n

In an undirected graph, the sum of degrees of all the
wvertices : i

(2) Must be even (b) Is twice the number of edgeg
(c) Must be odd (d) Both (a) and (b).
IfV={a,b,c,d} and E={(a,d), )a, d), (d, a), (b, a), (c, b),
(c, b), (8, ), (c, d) then G = (V, B} is: |

(a) a simple graph (b) a regular graph

(c) a multi graph (d) a weighted graph

An undirected graph contains an Eulerian circuit if
it is connected and has two vertices : .
(a) Odd degree _

(b) One of odd degree and other of even degee

(c) even degree

(d) None of these

A connected graph G is Eulerian graph if the degree
of every vertex in G is :

(a) odd (b) even (c) zero (d) None of these
The weight of a path of a weighted graph is :

(2) Equal to number of edges in the path

(b) Equal to number of vertices in the path

(¢) Equal to the sum of the weighted of the edges in the path

(d) None of these. .
Chinese Postman Problem is related to
(a) Euler graph (b) Hamiltonion graph
(c) Tree : . (d) None of these

= (Answer)

Mec Ma (3)c (9c  @5)b
2a ®a (149c (20D (26) ¢
3d @a (16)ec (@b 27 a
@b (10)b (16)c (22)d
B)a (1Dc (1Mec (23)c
®)b (12)a (18)b (24)a

000

\\\..||1
| ——=oE
= — = _ —

Trees and its properties, Rooted tree, Binary tree, Spanning
iree, Rank and nullity of a graph. Kruskal's Algorithem and Prim's
.tha:.u.._.ms. . ;

Matrix ..n.b-.mmm:.nanheu of graphs : Incidence and
Adjacency matrix. Cut set and its properties. Planar graph -

R%.:amo&. Kuratowski's two graphs.
S

Tree :
A connected simple graph having no circuits is called a tree

K5

Fig. Some Trees.

Note : |
1. A tree is a finite graph with at least one vertex:
2. Anisolated vertex is also a tree & it is called a degenerate
tree.
3. Aleaf (or terminal node) in a tree is a vertex of degree one.
4. A vertex of degree more than one is called a branch node.
5. A collection of disjoint trees is said to be a forest.

Rooted Tree :
A rooted tree is a tree in which one vertex is distinguished
from all gther vertices. This distinguished vertex is called the root

of the tree. -
[751]
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Any vertex of a tree may be designed the root, but we sha])
customarily draw a rooted tree with the root at the top (or at the

Fig. : Some rooted trees. -

Binary-Tree 4 . :
A binary tree is a special type of rooted tree, in which the
root is of the degree two and rest of vertices either of degree one

or three.
. Fig. Some binary tree. ‘
Q. 1. Prove that there is obmmubm only one path between
ir of vertices of a tree. ;
Sol mnMMMN MHM T be a tree then we have to show wrmﬁ..&mum
exist one and only one path between every pair of woiuomm. in .H,
Since T1is a tree then T is a connected graph ,.5355 oc..n—.tnm.
Suppose on contrary that there are two verticesuand vin T
such that there are two or more than two distinct paths wmgomd u
and v then the union of these paths will give us a circuit, which
contradict the fact that T is a tree. Hence there is one and only
one path between every pair of vertices in T._ B
Q.2. Ifin a graph G there is one and only one path
m between every pair of vertices then G is a tree.
| Sol. Suppose that G is a graph in which there is one and only one
” path between every pair of vertices, then we have to show that G
] is a tree.
,m Since there exists a path between every pair of vertices of G
i therefore G is connected.

50,_« ==

]
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n there is at
ere exist two
cts the given
Gisatree. W

m:_uvomwo on contrary there is a circuit in G the
least one pair of vertices u and v in G such nwm.o th
&mﬁ.ﬁmn paths between u and v, which contradi
condition. Hence G has no circuits in G therefore

&.u.mvn.o<onvn»nn-.mo i:..r .
n-vert =
Sol. Let T be a tree with n—vertices. oty ins (= 1) adgen.

We prove this theo :
rem by mat : -
smber of VeFticen y hematical induction on the

If n =1, then T has no edge
. number of edges in T

=0

=1-1

Fn—1 & ["n=1
If n = 2, then T has only one edge
.. number of edges in T

=1

=2-1

=n-1 [“n=2

Thus the theorem is true for n = 1, 2.

Now, suppose that the theor
less than n—vertices ....(*)

Since, in the tree T, there i _
; % . s € 1S one and onl r
pair of vertices in a tree, therefor ony path between eNery

e if we delete one ed _
(say) from T, then the graph will be dj gee=(u,v)
ik, EomtponEnts, Siice there 1sconnected. Let T, and T, be

are no circuits in T, th
components T} and T, both are tree and have less nvmb.ui,\mmwm‘mowm
Letn, <nandny<nbet rtices.

respectivaly, with m s e he number of vertices in T;and T,
Now by (*) .-.(1)
Number of edgesin T, =n, - 1
& Number of edges in T, =n, — 1
. Number of edges in T} and T, both = T ~=1 Fqapm [

= n, + Ng — 2 B
If we replace the edge e, then the number of edgesin T
=(n-2)+1
. =n-1
= the theorem is holds.
Directed graph

em is true for all tree having

A directed graph is said to be directed tree if it becomes a
tree when the directions of the edges are ignored.
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ya el
<

Fig. A directed tree.
Decision Tree or Sorting Tree . .
The sorting of the mail according to unique pin code or sorting
any other thing according to any symbol or number can be
considered with the help of the tree and such a tree are called
" Decision or sorting trees are labelled rooted .ﬁmmm which occur
in applications, especially in computer programming and computer
algorithms.
Distance Between Two Vertices )
i i d v of a connected
The distance between two vertices U anc v
graph G isdenoted asd (4, v) and defined as the Length of shortest
path betweenuand v ie. the number of edges in the shortest path
between uand v. i
Eccentricity of a Vertex

The eccentricity of a vertex v in a graph Gis denoted E(v) and

is the distance from the vertex v to the farthest from v in G, i.e.
m"?v = En?.< v

v, eG .
Centre of a Graph N
A centre of a graph G is a vertex with minimum eccentricity
in G.
A tree may have more than one centre.
Vy
vy 3 ﬁf
- . * Vg
s T. Vq
v
Y24 : 1 Vio
ZChis Fig. A groph (Tree) T,
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d(vy, v2) = 2; d(v,, vg) = 4; d(vs, vg) =3
E(v)=4 E(vg) =3
: E(vy) =4 E(vy)=3
. E(vy) =3 E(vg) =4
E(v,) =2 E(vy) =4
E(v) =3 E(vy0) =10
centre of the graph T, is v,
— o = —
u v w s
Fig. A graph (Tree) T,
E() =3, Ew)=2
Ewv) =2, , E()=3

.. The graph T, has two centre v and w.
Note : Every tree has either one or two centres.
Diameter of the Tree

The maximum distance between two vertices of a tree is
known as the diameter of tree.
Radius of a Tree
The radius of a tree is defined as the eccentricity of a centre.
diameter of T, = 4 & diameter of T, = 3
radius of T) = 2 & radius of T, = 2.
Level of a vertex in a Binary Tree

Let T be a binary tree and v be any vertex of T, then the
vertex v 18 said to be of level ¢ if v is distance of ¢ from the root.

Root

(Zero Level)

Level 1
Level 2

Level 4

Fig. Binary Tree
Q4 Prove that in a tree (with two or more vertices) there

are at least two pendant vertices.
- Sol, 1e

") t T be a tree with n—vertices. We know that a tree with n—
"“Eos has (n-1) edges then the sum of degree of all vertices in
®tree is 2(n — 1),
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Now 2(n — 1) degrees are to be d
0 that no vertex is of degree zero (Si
have zero degree).

If all vertices be of

vertices will be 2n, which is not true. b
If there is only one vertex of degree one, then the sum of

degeree of all vertices = 2n — 1, which is also not true.
If there are two vertices of degree one, then the sum of degree

of all vertices. =2n-2
=2(mn-1)

Hence there are at least two pende
The Height of a Binary Tree ~ . _
The height of a binary tree is defined as the maximum leve]

n the tree and is denoted by max-
e miimu ommmEM_ height of n—vertex

The minimum and maximum P u

binary tree are :
anasnnuuomuﬁb+ 1)-1] _

ivided amongest n—verticeg
nee in a tree no vertex cap

degree 2, then the sum of degrees of a]]

nt vertices in a tree.

n-1
& max {pax = ||m\ )
0-level m
1-level . _
|
;
2-level 2-level

3 level 3-levEl

4-level
5-level ‘

> 6-level

Fig. Two binary treewith 13-vertices (minimum and maximum height)

Rank and Nullity fo a Graph

Let G = (V, E) be a graph, where V be the set of vertices with

[V|=n and E be set of edges with [E|=e. Let K be the number of
K=1. Then

component of the graph. If graph is connected then

. ) Yash

rankof G=r=n-k e
nullity of G=v=e—-n+k

Note : )

(1) Rank of connected graph=r=n-1

(2) Nullity of connected graph=v=e—-n+1

(3) Rank of G = numbers of branches in any spanning tree of G

(4) Nullity of G = numbers of chords in G

(6) Rank + nullity = number of edges. L

Q. 5.

1““4@ that the number of vertices in a binary tree is
odd.

Sol. H\.mn T be a binary tree with n—vertices, by def of binary tree
E.umn.m is only one vertex of degree 2 and the remaining vertices of
binary tree T are of degree one of them. Therefore the number of
,.omm degree vertices of T is (n — 1) the number of odd de 1

in a graph is always even. : ree vertices
= (n —1) is even number.

= n is odd.
| |

Q. 6. (2) Find the minimum hei e Bixa
ght of i
ortices a binary tree with 9-
(b) ..m.mn:m the En.umnb& pPossible height of a binary tree
oL (@) Sﬂ““— 13 vertices and draw the graph of the tree
ol. (a) We know that the minimum heigh i ;
Sol. (2). 1ght of a binary tree of n—

min NBP.» = _”.—Oﬂmﬁu + Hv - S Atv
Here the number of vertices in binary tree = 9
-~ By ()

min NEE” = —.HONNAQ + “C - H_
= min £, =3 Ans

(b) We know that the maximum height of a binary tree of n—
vertices is

-

max lpgy = Tl
max 2 AJ
Here the number of vertices in binary tree n = 13
“ By (*)
13-1
max fnex = g =
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e S T r———e

with 13-vertices.
e following graph.

Fig. Maximum height binary tree
Q. 7. Find the rank and nullity of th
, ‘ 5

$

4m Gm 4—

Sol. Let G be the group and n be number of ve

number of edges in G.
=5ande=8
18 Mwﬂﬂﬂuwwrmwmoonum%muvru 1 = number of component
‘ Since rankof G=r=n-k
>r=5-1=>r=4
and nullity of G=v=e-n+k
v=8-5+1=4

rtices & €

P Lt A
e O P G T K

et A

b |
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. 8. i
o “;..—ﬂ.m ﬂrﬂ rank auu ucuilily of the WO-—oamgn
1sconnected graph. .

Sol. Let G be the graph and n be the number of vertices and e be
the number of edges in G,

Heren=9and e =12

Since graph G is disconnected & there is 2 component.

= k=2

Since rank ofg=r=n-k

= r=9-2=r=7

and nullity of G=v=e—n+k.

= ¢”HN.Iw+NHV<”m. n

Q. 9. Find the rank and nullity of following graph.

Sol. Let G be the graph and n be the number of vertices and e be
the number of edges in G.
" Here n=10ande=15
Since graph G is connected
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= k = 1 = number of component .
Since rank of G=r=n-k '
= - r=10-1=>r=9
and nullity of G=v=e—-n+k
= : v=15-10+1=6
Minimally connected graph
A connected graph G is said to be minimally connected if
removal of any one edge from it disconnect the graph. . n
Q. 16. Prove that a graph is a tree if and only if .:,. is
minimally connected. i
- Sol. Suppose that graph G be a tree then there is one and only one
path between every pair of vertices, therefore, if we EEBE. any | . v,
edge between a pair of vertices, then the remaining graph will be 7 . 6
disconnected, and we know that a connected graph G is minim ally 5 v,
conriected if removal of any one edge from G disconnect the graph | " X .
G. Hence the tree is minimally connected graph. ; e,
Conversely : Suppose that graph G is minimally connected Voo ,
graph. Then we have to show that G is a tree. Tf the graph G has A v,
.circuit or parallel edges, then the removal of an edge from any o
circuit or from parallel edges will &_mnouumnnnm the mwwvr. .8, o s,
Therefore, the minimally connected graph has um:rmn.owunﬁa nor - Py Soms iponninginees bERranh G
parallel edges. Hence the minimally connected graph is a S.mw. (1) For tree S,
Spanning Tree [Skelton] : _ (1) Branches : e, ey, ), e; and e;
Let G be a simple graph. A mku.bgm tree of G is a subgraph @ MuWuo%wMMmWWv eg, €g
S of G that is tree containing all vertices of G. () Branches ey, 65, 5,4
Note : (ii) Chords : e, eg, ey
(1) Spanning tree is a subgraph of the graph. : (3) For Tree S;
(2) Spanning tree is a defined only for a connected graph. O Branches : e, e,, eg, €7, €5
(3) There may be more than one spanning tree in a graph. (ii) Chords : ey, ey, e;
(4) A spanning tree of the graph with n-vertices always . I Minimal Spanning Tree
consists (n — 1) number of edges. H..mn G be a weighted graph. A minimal spanning tree of G is
Branch and Chords of a Spanning Tree - | . @ spanning tree of G with minimum weight.
Lk G besvgnaph ani &b it epgriiiingienihanan edgs o, Methods of Construction of Minimum Spanning Tree
spanning tree S is called a branch of S, while an edge which is not m_monmwbmwﬂ_wﬂwmwm cwmom“om__ _W_ncmrw_ﬁmfmon_gm : HM z:w
: , ges of G in ascending order o

in S, but in G is called a chord. weights. ;

s
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First we select an edge of smallest weight in G which are not
loops (If there is more than one edge of minimal weight, arbitrary
choose one of these edges) Then for each successive step select
(from all remaining edges of G) another edge of smallest weight
that makes no circuit with the previously selected edges. We
continue this process until n — 1 edges have been selected, and
these edges from the desired minimal (shortest) spanning tree.

(2) Prim's Algorithm : Let G be a graph with n—vertices
say vy, Vg .... V.

First of all, we arrange the given weights of edges of G ig
an n X n table. The weight of the non existent edges (i.e. between
pairs of vertices where no direct edge exis) are taken as very large,
say . Thus we shall get a symmetric matrix of order n X n with

diagonal elements as empty.

Now, we start from vertex v; and connect it to the vertex
that has the smallest entry in first row of the table.

Suppose this vertex is v;, join v, and v; to obtain a subgraph
& connect this subgraph to a vertex which has smallest entry
among all entries in 1% and i rows. Let his new vertex be v,.
Then consider the tree with vertices v,, v; and v; as a subgraph
and continue the process until all the n—vertices have been
connected by n — 1 edges.

In case there is a tie for smallest m:ﬂ% then it can be broken

arbitrary. Thus we obtain the minimum spanning tree. ]

Q. 11. Find a minimal spanning tree for the following graph
using both Eﬁmrﬁ.m and prim's methods.

Sol. Let G be the given graph. There are five vertices in E.mﬁ: G
therefore any spanning tree of G will have 4 edges.

" 1. Kruskal's Method
Arrange erm all edges of G in ascending order of weights.
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Edges: (b,c) (ce) (c,d) (e,d) (ab) (be) (ad
Weight: 1 1 2 3 3 4 4

Step-I : Edges (b, c) and (c, ) are having smallest weight
first choose the edge (b, c) (arbitrary)

1
be e C
Step-1II : Choose the edge (c, mv
b T|H|4 c
1
te
Step-III : Next select the mnmm (c, d)
1
be H = <d
1

ee

. Step-IV : Edges (e, & and (a, b) are having equal impm_un
select Am b). E. we select (e, d), then we obtain a circuit

a
3

b 1 od

de

which is the required minimal spanning tree of graph G.
with weight =1+ 1+2+ 3 =7 unit.
2. Prim's Method
Since graph g has 5—vertices, therefore we arrange the given
weight of the edges in a 5 X 5 matrix as follows :
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abcde
ﬂ..lwouh,oog
b3 - 1 « 4
clee 1 - 2 1
dl4 = 2 - 8
el 4 1 3 -

Step-I : From vertex a, in I row, the smallest (minimum)
eight edgeis (a, b) =3

L

0
Step-II : In I and II rows ;
the minimum (smallest) weight edge is (b, ¢) = 2
. * . -

© c
Step-III : Now, in I, IT and IIT rows the minimum weight
edgeis(c,e)=1

¢d

_uol....‘ c . ) .

-y

o€ ;
Step-IV : Now, in I, II, III and V rows the minimum weight
edgeis(c,d)=2
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which is the required minimum spanning tree of
3+1+1+2=17unit weight. n

Q. 12. Find the minimal spanning tree for then following
graph using both Kruskal's and Prim's methods.
f 1 e 4

d

a 4 b 5 ¢
Sol. Let G be the given graph. There are six vertices in graph G
therefore any spanning tree for G will have 5 edges.
1. Kruskal's Method
Arrange the all edges of graph G in ascending order of
weights. .
mm.mmm : A&.. mv AD. Q.V AO. mv AN. D AO. U Am: #Uv A@- m.v @' OV ?- O
Weights : 1 1 2 3 3 4 4 5 5
Step-1: Edges (£, e) & (c, d) are having minimum weight
First choose the edge (f, e) (arbitrary)

m. [ o H . e
Step-II : Choose the edge (c, d)
fe 1
¢
Step-III : Next choose the edge (c, ) i
f 1 e d
— 3
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Step-IV : Edges (a, ) and (¢, f) are having equal wieght 3
we choose (a, ) (If we select (c, f), then it makes a circuit).

f 1 e d

a ¢

Step-V : Now choose edge (a, b)=4
(If we choose (e, d) = 4, then it makes a circuit)

f 1 e o d

P

a 2 b c

Which is the required minimal spanning tree of graph with
minimum weight
=1+4+2+1+3+4=11unit
2. Prim's Method :
Since graph G has 6-vertices, there fore we arrange the given
weight of the edges in a 6 X 6 matrix as follows :

a bcdef
al[~ 4 o o o 3]
b|4 - 5 = = 5
¢|]® 5 -1 2 3
dl® ® 1 - 4 o
e|le = 2 4 - 1
fl3 6 3 « 1 —

Step-I : From vertex a, In first row the minimum weight
edgeis (a, f) = 3.
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f
\
a

Step-II : In I and VI rows the minimum weight edge is (f, &) = 1

f I
3/
a

Step-II1 : In I, VI and V rows, the minimum weight edge is

(e,c)=2ie.

_ f x
p €

3/ 2

a ‘c

Step-IV: Now inl, VI, V and III rows, the minimum weight

edgeis (c, d) = 1.

f 1 '
. 3/
a [

Step-V : In I, VI, V, III and IV rows the minimum weight

edgeis (a, b) =4

[If we taking (f, ¢) = 3 or (e, d) = 4 then there is obtain a

Circuits].
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m w ) e Q

i ry b vc

Which is the required minimal spanning tree of graph with
minimum weight

=1+2+1+3+4=11unit. : B

Q. 13. Find a minimal spanning tree for the following graph

using both Kruskal's and Prim's method :

Sol Let G be the given graph. There are five vertices in graph G
therefore any spanning tree for G with have four edges.

1. Kruskal's Method :

Arrange the all edges of graph G in ascending order of weights:
Edges:  (vy, vo)(vy, V) (va, V) (v VO V3, Vi) (v, V) (1, vs) (v, v5) (V3, Vy)
Weights: 1 2 2 2 3 4 5 5 6

Step-I : Taking the minimum weight edge i.e. (v}, V) = 1

v, - 3 oV,

Step-II : Edges (v,, v5) and (v,, v3) are having same weight
select any one say (v}, v3) .

Vy'

Vi H @ <m
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Step-11I : Next takings (v,, v;).
Vs
2
Vi
(.m
2
<u & - H : ] <u
Step-IV : Now taking edge (v,, v,)
Vs
2
vy
3
V3
2
v, & 7 —e v,
which is the one of the required minimal spann; 1 1
nin y
b ne gy e sp g tree with weight.
2. wEH_.m Emnr.om : Since graph G has 5—vertices, therefoe
arrange the given weight of edgesin a 5 X 5 matrix as follows :
Vi Vo vy v, v,
wf- 1 2 3 47
Vol 1 = 2 4 35
Vj 2 2 - 6 e
vyl 3 4 6 - 2
<_w..ﬁ W w oo M -

Step-1: In first row, start from v,, the .E:usm_ weight edge

8 (v, vy) =1
v, e T .V,
Step-II: InIand Il rows, the minimal weight edge is (v, vy) = 2.
V3
2
& eV,
v 1 2
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A.f«—u .C#v = w . 0
(1f we take (vy, vg) = 2, then it makes a circuit)

—® Vo

Step-IV:InI, II, Il and IV rows, the minimal weight edge
wmA.ﬂw. 4mv =2.

Which is the one « * the required minimal spanning tree with

weight
=1+2+3+2=8unit.
Q. 14. Find aminimal spanning tree for the following graph
using both Kruskal's and Prim's method.

b d

) c 4 e
Sol. Let G be the given graph. Since given graph has 6 vertices,
therefore any spanning tree of graph G will have 5 edges.

J‘

Step-III : In I, 11 and III rows, the minimal weight edge iy -

Yashraj /95 .

1. Kruskal's Method : .

Arrange the all edges of graph G in ascending order of
weights :
Edges: (b,c) (d,e) (a0 (c,d) A5 (e (b d (e, (a,b)
Weights : 2 2 3 .3 3 4 5 5 6
Step-I : Taking the minimum weight edge (b, ¢) = 2
b

c
Step-II : Taking the next minimum weight edge (d, e) =2
b d

Cc e
Step-III : Taking the minimum weight edge (a, ¢) =
: b d .

3

N C e
Mnmvwz "Zoinmﬁbnﬁro_ﬁwiﬂaﬁmwmgm%mAn,&uw

b d

[S]

‘c e
Step-V : Now taking the minimal weight edge (d, f) = 3
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; - Step-IV : In I, III, IT & IV rows, the minimum weight edge
96 / Mathematics (ITI-Year, Paper-II) . . is(d e)=2.
Which is the one of the required minimal spanning B.mm.u with ,c )
minimal weight. .
=3+2+3+2+3 =13 umt. . . o N
2. Prim's Method . . o -
Here the number of vertices is 6, therefore its matrix of S
weights is given by : | | : .
_.M M M M M =] ‘Step-V : In I, III, II, IV and V rows, the minimum weight -~
M 6 — 9 5 o = , edgeis(d,e)=3
' c|3 2 - 3 4 oo
dl= 5 3 — 2 3
el = 4 2 - 5
fleo o = 3 5 -]

Step-1 : Start from vertex a. .
In I row, the minimum weight edgeis(a, ) =3

Which is the required E.EH.B.& wel
3 Eggimmmrnum+m+w+.m+wn5
: Q. 15. Find the minimal Spanning

graph using both Krushkal'

ght spanning tree with
unit. =

tree for the following
s and Prim's methods :

<b
; dge (c,b)=2 3 %
5 . . . Ou - .
Step-II : InT and III _.oi.m. the minimal weight edge w
o ol o .
. o
«1 IO.. m
M a 2 H
, 3 v, 3 - v, A
| Sol. Let G be the given graph. Since given graph has five vertices,
o min weight edge s therefore any spanning tree of graph G will have four edges.
Step-III : In I, III & 1I rows, the minimum e e
{c,d)=3 _ d Arrange the all edges of graph G in ascending order of

weights :

Edges:  (vy, v3) (Vy, Vg) (Va, v3) (v, V) (v, Vo) (Vg, Vo) (Vg, Vi) (vy, V1) (va, vy)
Weights : 1 2 2 3 3 3 3 3 4
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Step-I : Taking the minimum weight edge i.e. (Vy, V3) =1
Vs

.

Vi

. Step-11I : Since weight of edges (v,, v;) and (v, v3) are have
same weight, at random take any one say (vy, v;) = 2

- V3
Vs
2
Vi

Step-III : Now taking the edge (vy, v3) =2

Vi

Vi
Step-IV : Since weights of m@mmm V1, Vo), (V1, V), (Y2, Vo), (Vg
v;) are have equal. .
. taking (v,, vy

Which is the required minimal spanning tree, with minimal
weight =2+ 3+ 1+ 2 =8 unit.
2. Prim's Method

Here the number of vertices is 5, therefore its matrix of
éwﬁrn is given by
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Vi Vo V3 VgV
vl- 3 1 3 27
v,/ 3 - 2 3 o
vl 1 2 - 4 3
w3 3 3 - 3
Vi 2 3 3 _

Step-1 : Start from vertex vy
In I row, the minimum weight edge is (v}, v;) = 1

V3
1
Vi
Step-II : I - .
) um n [ and III rows, the minimum weight edge is
Vs
Step-1IT n
ep-lIII : I, IIl and V .. .
(va, vz) = 2. rows the minimum weight edge is

V.

Vi

Step-IV :In, III, V and IT rows, the minimum weight edge

is (v, vy) = 3.
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Which is the required minimal spanning tree with minimg)
weight =1+ 2+ 2+ 3 = 8 unit. n

Q. 16. Find a minimal spanning tree for the following graph
using both Kruskal's and Prim's methods :

{ 2% e

Sol. Let G be a graph with seven vertices, therefore any spanning
tree of G has six edges.

1. Kruskal's Method

Arrange the all edges of graph G in ascending order of
weights.
Edges: (b,¢0) g (ag (Ee (.8 @fH (g (b
Weight: 1 1 2 2 3 4 4 5

(c,d) d.g) (b,g) (d e
6 7 8 - 10

Step-I : Edges (b. ¢) & (f, g) are having same minimum
weight, therefore arbitrary, we can choose any one edge choose
the edge (b, c)

be- 1 e C
m«ﬁ?: : Now choose next edge (f, g)

f

g

be—soc

f:
Step-III : Again, edges (a, g) and (f, e) are having same
weight, taking any one say (a, g) .

%
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a g

b 0|H.|I¢ c
Step-IV : Now taking edge (f, e)

p o
[N

| v be : ecC
Step-V : Taking next minimum weight edge (c, g) = 4 (If we
choose (e, g) = 3 or (a, f) = 4 then it makes a circuit]

f 2

e

1 ¢
Step-IV : Now, taking next minimum weight edge (c,d)=6
If take (a, b) = 5, it makes a circuit.]

Which is the required minimal spanning tree, with minimum

|+ weight=1+1+2+2+4+6=16 unit.

2. Print's Method

Here the number of vertices is 7, therefore its matrix of
weight of edges is given by.
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a b d.

|
I - 3

g o

8 8
o

— W =~ & 0 o 0

3

g| 4 7
Step-I : Start from vertex a. o
In I row the minimum weight edge is (a, g) = 2

2
- ag—=0g

Step-II : In I and VII rows, the minimum weight edge ig
g R)=1

- 0O A 6O o P

o » 8§ 8
w

£

2

) ae— » g
Step-III : In I, VII and VI rows, the minimum weight edge

is(f e)=2.

(L)

—8 e

—

2

. ae— » g .

i Step-IV : In I, VII, VI and V rows, the minimum weight

edge is (g, c) = 4.
[If we take (e,

g) = 3 or (a, f) = 4, then it makes the circuits]

f 2 e

(S

Y

hE
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Step-V :In], VIII, VI, Vand III the minimal weight edge is

(b, c¢)=1 d
a
; a 1 c
Step-VI:In1, VII, VI, V & III, the minimal weight edge is
(c,d)=6

[If we take (a, b) = 5, it makes a circuit]

Which is the required minimal weight spanning tree of graph
G, with minimal weight
=1+1+2+2+4+6=16 unit.
" Matrix Representation of Graphs
A matrix representation of a graph is a very convenient and
useful way of graph, such a representation is only possible when
the number of vertices and edges are reasonable small.

There are two types of representation of graph into a matrix :
(1) Incidence matrix

(2) Adjacency matrix

Incidence matrix

Let G = (V, E) be a undirected graph with [V|=n and |E|=m
and no self loop. Then the incidence matrix of graph G with respect
to this ordering of V and E is n X m matrix i.e.

A Hmﬂnxs

1 ifv;isincidentone,

wher ajj

0 otherwise

Itis also written as A(G). Any element of the incidence matrix
is either 0 or 1.
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Properties of Incidence- Matrix
(1) A row with all zero entries corresponds to an isolated vertay
(2) A row with a single unit entry corresponds to a penden
vertex.
(3) Since every edge in incident on exactly two vertices, each,
column of matrix A has exactly two 1's.
(4) Parallel edge in a graph produce identical column in jtq
matrnx.
Example :

The incidence matrix of the given graph :

e, & € € &
w1 1 0 0 0]
v.f1 0 0 1 1
o o 0 0 O
vso 1 1 1 1
vsfo 0 1 0 O

Adjacency Matrix :

Let G = (V, E) be a graph with [V|=n and |[E| = m and no
parallel edges n&oﬁ the adjacency matrix of graph G is ann Xn

. matrix i.e.

A = [aj]nxn

1 :ifv,isadjacenttov;
wigs %% |0 : otherwise

Yashraj / 105
It is a square matrix

Properties of Adjacency Matrix :
(1) Adjacency matrix is symmetric matrix.

(2) &: entries of principal diagonal of adjacency matrix all
o's if and only if the graph has no self-loop.

@1 t vt h e g r ‘'Srowpisthadegreei
of vi.
Example :
e, '
Va e, V3
€ . e, Vs
mw
\ €

The adjacency matrix of given graph

ViV VgV, vy
_ vwffo 1 0 1 0]
w1 0 1 0 o

vslO 1 1 1 0

o1 0 1 0 1
vslo 0 0 1 o]

Note :

(1) If graph G is disconnected and G, and G, are components

of G then the incidence matrix A(G) of graph G can be
given as :

AG) ©

AG=|" o iaq
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(@) Ifgraph Gis disconnected and G, and n» are componeng,
of the graph G then its adjacency matrix A(G) is givep a8

ABG=l 0iA@G)
Q. 17. Find incidence matrix and adjacency matrix for the
, following graph. o
€,
Vi
€

Sol. Let G = (V, E) be the given graph with V'={v;, v3, v3, v} &E -

={e,, ey, €5, €5, €5}; [V| =4 and [E[ =5
Let A be its incidence matrix then

e, € € € €

vwf1 0 0 1 O

vw o0 1 1 0 0
A=y|l1 1. 0 0 1

o 0 1 1 1],

Let B be its adjacency matrix then
v, Vo V3 V4

vwfo 0 1 1

v, 0 0 1 1
B=v|1 1 0 1

Vw1l 1 1 O

4x4

il
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Q. 18. Find the incidence matrix and adjacency matrix of
the following graph G :

vy ©2 Vs
e.
mH mm [
e
<M ks <.u
Qm .
bl
‘
V3

Sol. Let G = (V, E) be the given graph with V = {vy, v,
E = [e}, ey, €3, €4, €;, €5, e;} where [V|=4 and E|l=7
Let A be the incidence matrix of graph G the

Vs, v, and

& € & e e e e

w1 1 0 0 00 o]
V21 0 1 1 0 0 o
A="30 0 1 0 1 1 ¢
Va0 0 0 1 1 o 1
Vsl0O 1 0 0 0 1 1

Let B the adjacency matrix of graph G, then

—

Vi

= O O - O

Vs

QO = = O =

Vs

= = O = O

Vs

0

1
1
0
1

Vs

1]

0

1
1
O‘

Q. 19. Find the incidence matrix and adjacency matrix of
the following graph :
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€s

Sol. Let G = (V, E) be given graph with V.={v,, vy, V5, V4, v;} and
= {e,. s, €3, &y, €5, €5, €7, eg} where [Vi=5and [E|=8
Let A be incidence matrix of G then
e, e € € € € € e

w1 1 1.0 1 0 0 0 _

vw1 0 0 1 0 0 0 ¢
a=Yef0 01 1 001 1

vwo o o 0 110 1

V{0 1 0 0.0 1 1 0

Let B be the adjacency matrix of G then
) Vi V2 V3 Vg4 Vs

wo 1 1 1 1]

5 Vol 1 0 1 0 O
v. 1 1

=Yl 1 0
W1 0 1 0 1
vs{1 0 1 1 O]

Q. 20. Find the adjacency matrix and incidence Ebnl.u of
the following graph :

‘1“ﬂ|||||‘
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Sol. Let G = (V, E) be the given graph, with V = {v,, v;, v;} and E
= {e,, ey, e3}; where [V| =3 & |E| = 3.

Let A be adjacency matrix of G then

Vi Vv

vilo 1 1
A=V, 1 0 1
Vall 1 0

Let B be incidence matrix of G then

e e e

o]

1]

<

I\.r_
S =
= O =

0
1
1

Q. 21. Write the adjacency matrix of the following graph :

V3

vy

v, v,

Sol. Let V = {vy, vy, v3, vy,
G, with [V = 5.
Let A be the adjacency matrix of G then

v5} be the set of vertices of given graph

Vi Vo vy v, v,

<H|O 1-0 1 17

Va1 0 1 0 0

>H<w 0 1 1 1 1

Vall 0 1 0 1
Bl1 0 1 1 0 Jos
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Q. 22. Determine the adjacency matrix and _somn_a:oa
matrix by the pictures below :

Yashraj / 111

Q. 23. Find the adjacency matrix and incidence matrix of
the following graph :

v, ey v
Vil -
e, ) e, e,
) ) : \E p v, -
Sol. Let G = (V, E) be given graph with V'=1{vy, V2, V3, V4, V5, vg, v.) 5
and E= AOT eo, €3, €4 €s, €g €1 mmw where _<_ =7& _Hw_ =8 ‘ € e,
Let A be adjacency matrix of G, then
v, Vo V3 V4 V5 Vg Vr Vi
Y [0 1.0 0 08 Hg Sol bmnno_hw?‘ E) be given h with
) 1 graph with V={
Va 1 Q 1 0 0 0 0 — AQT €, €3, €y, es, e, mqv Wy, Vo, V3, Vy, <.mv and E
wo1 0 1 0 0 1 Let A be ad;
jacenc .
v/n o 1 0 110 y matrix of G the
A=vly 0 0 1 0 10 vy,
velp o 0 11 00 vl0 1 1 1 oF
v:l1 01 0 00 O V21 0 0 1 o
A= Vsf1 0 0 1 1
Let B be incidence matrix of G, then w111 ¢
. e € © Vs[00 0 1 1 o
-e € € & e € ©7 ©s i
vwf1 000 000 1 Let B be incidencé matrix of G then
. w1100 000 0 € "€ & e, e, e, e.
V3 01 1 0 0 O 1 0 v, _| 1 . 1 o o Om O.ﬂ.
v/o o 1 1 0 10 o w1001 00 o
vwlooo o0 1100 “vlo 001110 1
vio o0 0 00 11 Vii0O 0 0 0 0 1 1
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Q. 24. Write the incident matrix of the following graph ;

Vy e,
- <.n

m~ Vo

Sol. Let G = (V, E) be given graph and V = {v, Vs, V3, V4, V5} & B =

fe eu. E4, €5, g, Let A be incidence matrix of G, then
1 Quu 3“4 » 4 i )

e, e € € €& &

w1 0 0 0 0 0]
w1 1 1 0 00
wo 1 0 1 11
bnqh 0 0 0 0 1 1
vsfo 01 1 0 0]

~ Q. 25. Find the adjacency matrix of following graph :

Vo

2 v,
_—
] <‘
i
£ <m
i
. l,
Vg & 6

Sol. Let V = {v;, Va, V3, V4, V5, Ve} be set of vertices of the m?ﬁ__
disconnected graph G. Let A be adjacency matrix of G, then.

hE
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Vi Vo V3oV, v v
vwfo 1 1 0 0 0]
V21 0 0 0 0 O
sl 0 0 0 0 O
A=Y 0 0 0 0 1 1
Vsf0O 00 1 0 1
% <m-o 0 0 1 1 o;
| © Q. 26. Draw the graph represented by following adjacency
matrices: &
10 1 1 0
oL Ly 01 )
_ @[0! (®)|1 10 1
, 110
0110
Sol. (a) Let A be given matrix ie.
,, Vi Vv
V011
A=%|1 0 1
Vill 1 0
Its graph is : .
Vi
Vy —» v,
(b) Let A be given matrix i.e.
Vi Vo V3 v,
v]0 1 1 0
Vo]l 0 1 1
>u<m 1 101
VaLO 1 1 0




o

114 / Mathematics (I11-Year, Paper-11)

Its graph is v,

Vs

Cut-Set :

LetG=
a minimal set edges whose remova

Examples :

1 makes G disconnected

bmﬂf G = (V, E) be connected graph
where V = {vy, Va, V3, Vi Vs Ve, Vi)
W - m = wm—; €9, €3, €y, es, €6 e, mmw

Let S = {e4 subse
graph G a disconnected set. _
2 :
€ b

e . &

(V,E)bea connected graph. A cut set S of E of G i

t of E is cut set as removal of e ; will make

_ tree of G, since S contains at least one branc of
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Let G = (V, E) be a connected graph.

where V=[a, b,cde,f g
' E = Am_. €y, €3, €4, €5, €5, €4, €3, €9, m_o“
The sets S, = {e;, ey} and S, = {e;, ey} are cut sets. ]

Properties of Cut-Sets

Q. 27. Prove that every cut set in a connected graph G
contains at least one branch of every spanning tree.
Sol. Let G =(V, E) be a connected graph and T be a spanning tree in G.
Let S be an arbitrarily cut set in G. Let, if possible, assume
that S does not any edge of T, therefore the removal of S from G (i.e.
the graph G—S) can not disconnect the graph, since the graph G-S
contains the.spanning tree T which is a connected subgraph of G.
This is a contradiction to the definition of a cut-set S.
Hence S must contains at least one branch of spanning tree T.
Q. 28. Prove that any minimal set of edges containing at
least one branch of every spanning tree of a
connected graph G is a cut-set.
Sol. Let G = (V, E) be a connected graph, let S be a minimal set of
edges which contain at least one branch of every spanning tree of G.
Consider G-S, the subgraph of G after removal of edges of S
from G, then the subgraph G-S will not contain any spanning

every spanning tree
of G.

Therefore G-S is disconnected graph, Thus § is a minimal
set of edges which disconnectes G-S. Hence S is a cut-set.
Fundamental Cut-set

Let G be a connected graph and T be a spanning tree of G. A
fundamental cut set H of G with respect to T is a cut set of G
which contains exactly one branch of T.

Note : Since a spanning tree T of a ¢
vertices has n—1 branches. Therefore, the
cut-sets with respect to T.

Cut-Vertex, Bridge and Block

Let G = (V, E) be a graph.
(1) A cut vertex of a graph is that a vertex whose removal
increase the number of components.

(2) A bridge of a graph is that an edge whose removal
increase the number of components.

(3) A block of a graph is maximal non-separable subgraph
of G.

If G is non-separable, then G itself is often called a block.

onnected graph with n—
re are n—1 fundamental
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Planar-Graph

A graph G is said to be pl
in such a way that no edges cross one
vertices :

A drawing of geometric represe
surface with no intersection of its edges

anar if it can be drawn on a plapg
another except at commg,,

ntation of a graph of any
is called embedding of thg

A
of its edges is called non—planar graph

Examples :

(8}

graph.
graph G that cannot be drawn on aplane without crossing

L >

*>—

4
Fig. Some planar graph.

]
Vv, mu <u <a muw J\w
€
@ s A
e, e, €4 NG e,
vy ¥a
(© .
raph (a)

. Fig. Graph (b) R graph (c) are embeddings of the g
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H, H, H,

It is not a planar graph i.e. non—planar graph.
Q. 29. Draw the planar graph of the following graph :

€

: es G,
Sol. (1) Planar graph G,

'm...
€ € e

(2) Planar graph G,

3

' Map: A particular ion
: : planar representation of i
graph is called a map. ofa Bnite planar
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wma.o: : A planar representation of a graph G divides
plane into various digjoint areas bounded by edges and can n -
further subdivided is called the region. Phbs
—v-.wm-a—.nmmm of a planar graph : Let G be a connected plg
graph with n-vertices, e—edges and r-regions. nar
(1) Euler' formula
r=e—-n+2

uv Awlml
A-..VH-I “w
3)e<3n
(4)3n-e2e

(5) Tdeg(r) = 2e.
(6) A complete graph k,is planarif n < 5.
(7) A complete graph Ky qisplanarif m <3 orn<3.

Kuratowski's Two Graphs

1. First Kuratowski's Graph
A complete graph with five vertices is known ag mu.w

Kuratowski's graph.
It is denoted by k3. It is non—planar graph.

Fig. : First Kuratowski's graph ks
2. Second Kuratowski's Graph
A regular connected graph with six vertices and nine edges
is known as second Kuratowski's graph.
It is denoted by ks,s. It is also non—planar graph.
Kuratowski's second graph is also known as utility graph.

Fig. Second Kuratowski's graph kg,
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Q. 36. Show that k, is planar.
Sol. Since k, is complete graph and drawn as

a b

d ¢
[t can be drawn as

.d
. \ .. —ue
Since this figure is without crossings.
— k, is a planar graph.

Q.36. Prove that kj is not a planar.
Sol. Since ksis a complete graph with 5-vertices and 10 edgesi.e

n=5ande=10
which does not satisfied the condition
3n-326
= k; is not a planar.
Q.37. Prove that Qg is a planar.
Sol. Since cuboid Q3 is drawn as
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it can be drawn as

Since this figure is without edge crossing = it is a planar,

Q.17. Prove that ky 3 is non planar. ,
Sol. We know that kg , is planar if m <3 or n < 3 but kg4 not
satisfied the above condition.

= kg3 is not a planar.

Kuratowski's Theorem . .

homeomorphic to kg, k; or k.

A graph is non planar if and only if it contains a subgraph

= Objectives F=—x

I «

A connected graph without any circuits is :

(a) A path (b) Tree

(c) Root (d) None of these
In a binary tree the number of vertices are : -
(a) Even (b) Odd

(c) Prime (d) None of these
A tree has at least :

(a) One vertex (b) Two vertices

(c) Three vertices (d) None of these
A Leaf in a tree is a vertex of degree :

(a) One vertex (b) Two vertices

(c) Three vertices (d) None of these
A tree with one vertex Aﬂ?ommav is called :
(a) disconnected tree % (b) degenerate tree
(c) Forest . (d) None of these

A tree in which a vertex is of exactly two degree and,
rest of the vertices are of one or 3 degree is : |
(a) A decision tree (b) Rooted tree

(c) A binary tree (d) A spanning tree

10.

11.

12.

13.

14.

15.

17,

18,
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A tree with n-vertices has :

(a) n—edges (b) (n—1) edges

(c) (n + 1) edges (d) (n — 2) edges

The number n of vertices in a tree is always :

(a) Even (b) Odd

(c) Prime (d) None of these

Number of arms in a spanning tree, generated by a
graph with n-vertices : .

(@n () -1 (©n+1 (d) 2n

The minimum he¢ight of binary tree with 9-vertices
is:

(a) 2 ¢(b) 3 (©4 d) 5

For 14 vertices tree, min fp,,. =

(a) 10 (b) 14 (c) 3 d) 6

The maximum possible height of a binary tree with
13—vertices :

(a) 4 ()5
Rank of a graph G is :
(a) Number of edges in G (b) Number of chords in G
(¢) Number of branches in any spanning tree of G

(d) None of these ,

Nullity of a graph G is :

(a) Number of edges in G (b) Number of chords in G
(c) Number of Branches in any spanning tree of G ‘
(d) None of these

For a graph G, rank + nullity = %

(a) Number of edges in G (b) Number of chords in G
(c) Number of branches in any spanning tree of G

(d) Number of vertices in G.

Wﬂnmﬁr G with n-vertices, (n - 1) edges, and no circuit
is:

(a) Connected
(©) A network

(6 @7

(b) Disconnected
(d) None of these

- Every connected graph has at least :

(a) One spanning tree
(c) Three spanning tree

(b) Two spannng tree
(d) No spanning tree

- The tree whose one vertex differs from other is called :

(a) Degenerate tree
(c) Rooted tree

(b) Spanning tree
(d) None of these



122 / Mathematics (I11-Year, Paper-II)

19.

20.

21.

22,

23.

24.

26.

27.

28.

29,

30.

(a) |E|

A binary tree consists:

(a) Always an odd number of vertices

(b) Always an even number of vertices

(¢) Any number of vertices (d) None of these

The maximum height of a binary tree with 9-verticeg
is:

(a)2 ()3 (c) 4 )5

The maximum number of paths between each pair of
vertices in a tree is :

(a1l (®) 2 (©0 ()3

In any graph G = (V, E), i:..r, [V|]=n, |[E| = e and k jg
number of components, then nullity =

(@e-n+k b)e+n+k (c)e+n-k (d)e-n-k
In any graph G = (V, E), with [V|=n, |[E| = e and k ig
number of component then rank =

(@n-k b)e-k (n+k (de+k
The method to find minimum spanning tree is/are :
(a) Prim's’ (b) Kruskal's algorithm

(c) Both (a) & (b) (d) None of these
Every binary tree is: .

(a) Rooted tree (b) Spanning tree

(c) Design tree (d) None of these

The incidence matrix of a graph can be drawn if graph

is without :

(a) parallel edges (b) Self loop

(c) Both parallel edges and self loop (d) None of these
The adjacency matrix of graph can be drawn if graph

is without :

(a) Parallel edges (b) Self loop

(c) Both parallel edges and self loop (d) None of these
The adjacency matrix is :. .
(a) Square matrix (b) Symmetric matrix

(c) (a) and (b) both (d) None of these

All entries of principal diagonal of adjacency matrix
are : :

(@0 b1 (¢)-1 (d) None of these
The column sum in an incidence matrix for a simple

graph :

() V| (€2 (d)>2

)

31.

32.

33.

34.

35.

36.

37.
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Which of the following is not a type of graph :
(a) Eular (b) Hamiltonian () Tree  (d) Path
If a connected graph contains n-vertices, the rank of
its incidence matrix is :
(@n-1 (b) n
A connected planar g
edges, contains regions :
(a) 5 ()3 ()4
The equation of Euler's formula is :
(@ar=e—-n+2 (b)r=n—-e+2
(c)r=e-n—2 (r=n-e—-2
How many fundamental cut sets will be generated for
a graph with n-vertices :
(@nn-1 .(b)n+1 (©)nm+1) (n-1
.ru a complete bipartite graph k, , the number of edges
is : _
@m+n  (b)mn (© m (@ n
Which is the maximum number of edges in a bipartite
graph having 10-vertices :

(c)n+1 (d)>n
raph having 6 vertices and 7

@) 2

(a) 25 () 21 () 10 "d) 18
Mb @b Ba (@a G)b (B¢
(Mb &b @b  (10)b 1l c (12)c
3¢ (149Hb (15)a (@16)a (17Ha (@18)c
(199a (20)c (2l)a (22)a (23) a (24) ¢
@25a (26)b (27a (28)c 29a  (30)c
@Bd (32)a (33)b (34a  (35d (36)b
@37 a ,

0oo
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