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Preface

These notes are a record of a one semester course on Functional Analysis that
I have given a few times to the second year students in the Master of Statistics

program at the Indian Statistical Institute, Delhi.

I first taught this course in 1987 to an exceptionally well prepared batch of five
students, three of whom have gone on to become very successful mathematicians.
Ten years after the course one of them suggested that my lecture notes could be
useful for others. I had just finished writing a book in 1996 and was loathe to begin
another soon afterwards. I decided instead to prepare an almost verbatim record of
what I said in the class the next time I taught the course. This was easier thought
than done. The notes written in parts over three different years of teaching were

finally ready in 2004.

This background should explain the somewhat unusual format of the book. Un-
like the typical text it is not divided into chapters and sections, and it is neither
self-contained nor comprehensive. The division is into lectures each corresponding

to a 90 minutes class room session. Each is broken into small units that are num-

bered.

Prerequisites for this course are a good knowledge of Linear Algebra, Real Anal-
ysis, Lebesgue Integrals, Metric Spaces, and the rudiments of Set Topology. Tradi-
tionally, all these topics are taught before Functional Analysis, and they are used
here without much ado. While all major ideas are explained in full, several smaller
details are left as exercises. In addition there are other exercises of varying difficulty,

and all students are encouraged to do as many of them as they can.

The book can be used by hard working students to learn the basics of Functional

Analysis, and by teachers who may find the division into lectures helpful in planning
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their courses. It could also be used for training and refresher courses for Ph.D.

students and college teachers.

The contents of the course are fairly standard; the novelties, if any, lurk in the
details. The course begins with the definition and examples of a Banach space and
ends with the spectral theorem for bounded self-adjoint operators in a Hilbert space.
Concrete examples and connections with classical analysis are emphasized where

possible. Of necessity many interesting topics are left out.

There are two persons to whom I owe special thanks. The course follows, in spirit
but not in detail, the one I took as a student from K. R. Parthasarathy. In addition
I have tried to follow his injunction that each lecture should contain (at least) one
major idea. Ajit Igbal Singh read the notes with her usual diligence and pointed out
many errors, inconsistencies, gaps and loose statements in the draft version. I am
much obliged for her help. Takashi Sano read parts of the notes and made useful
suggestions. I will be most obliged to alert readers for bringing the remaining errors

to my notice so that a revised edition could be better.

The notes have been set into type by Anil Shukla with competence and care and

I thank him for the effort.



A word about notation

To begin with I talk of real or complex vector spaces. Very soon, no mention is
made of the field. When this happens, assume that the space is complex. Likewise
I start with normed linear spaces and then come to Banach spaces. If no mention is

made of this, assume that X stands for a complete normed linear space.

I do not explicitly mention that a set has to be nonempty or a vector space
nonzero for certain statements to be meaningful. Bounded linear functionals, after
some time are called linear functionals, and then just functionals. The same happens

to bounded linear operators.
A sequence is written as {z,} or simply as “the sequence z,,”.
Whenever a general measure space is mentioned, it is assumed to be o-finite.

The symbol E is used for two different purposes. It could mean the closure of
the subset F of a topological space, or the complex conjugate of a subset E of the
complex plane. This is always clear from the context, and there does not seem any

need to discard either of the two common usages.

There are twenty six Lectures in this book. Each of these has small parts with
numbers. These are called Sections. A reference such as “Section m” means the
section numbered m in the same Lecture. Sections in other lectures are referred
to as “Section m in Lecture n”. An equation number (m.n) means the equation

numbered n in Lecture m.

Do I contradict myself?
Very well then I contradict myself
(I am large, I contain multitudes)

—Walt Whitman
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Lecture 1

Banach Spaces

The subject Functional Analysis was created at the beginning of the twentieth
century to provide a unified framework for the study of problems that involve con-
tinuity and linearity. The basic objects of study in this subject are Banach spaces

and linear operators on these spaces.

1. Let X be a vector space over the field F, where F is either the field R of real
numbers or the field C of complex numbers. A norm | -] on X is a function
that assigns to each element of X a nonnegative real value, and has the following
properties:
(¢2)  |lz]l =0 if, and only if, z = 0.
) lazll = |af ||z|l, forall a € F,z € X.
(@i) Az +yl <ol +llyll, forall z,ye X.
Property (iii) is called the triangle inequality.
A vector space equipped with a norm is called a normed vector space (or a normed
linear space).
From the norm arises a metric on X given by d(z,y) = ||z — y||. If the metric
space (X, d) is complete, we say that X is a Banach space. (Stefan Banach was a
Polish mathematician, who in 1932 wrote the book Théorie des Opérations Linéaires,

the first book on Functional Analysis.)

It follows from the triangle inequality that

[l =iyl | < flz -yl

This shows that the norm is a continuous function on X.
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Examples Aplenty

2. The absolute value | - | is a norm on the space F, and with this F is a Banach
space.
3. The Euclidean space F™ is the space of n-vectors z = (z,,...,Z,) with the norm

n
Izl == (3 la1%)2.
j=1

4. For each real number p,1 < p < oo the space £} is the space F" with the p-norm

of a vector z = (z1,...,Z,) defined as
" 1
Izl = O |z |P)7.
i=1
The co-norm of z is defined as

oo = max ;.

It is easy to see that ||z||, is a norm in the special cases p = 1,00. For other values
of p, the proof goes as follows.

(i) For each 1 < p < o0, its conjugate index (the Hélder conjugate) is the index ¢

that satisfies the equation

1 1
-4 =-=1.
b g
Ifl1<p<oo,and a,b> 0, then
p q
<Y (1.1)
p q

This is called the generalised arithmetic-geometric mean inequality or Young’s in-
equality. (When p = 2, this is the arithmetic-geometric mean inequality.)
(ii) Given two vectors  and y, let zy be the vector with coordinates (z1y1, ..., ZnYn)-

Use (1.1) to prove the Holder inequality

lzylls < llllpllyllg, (1.2)
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for all 1 < p < co. When p = 2, this is the more familiar Cauchy-Schwarz inequality.

(iii) Use (1.2) to prove the Minkowski inequality

lz +yllp < llzllp + [lyllp- (1.3)

5. The justification for the symbol || - ||o is the fact

Jmlzllp = flzloo-

6. Why did we restrict ourselves to p > 17 Let 0 < p < 1 and take the same
definition of || - ||, as above. Find two vectors x and y in F2 for which the triangle

inequality is violated.

7. A slight modification of Example 4 is the following. Let a;,1 < j < n be given

positive numbers. Then, for each 1 < p < o0,

lz] == (3 ejle;P)HP,

is a norm.

All the spaces in the examples above are finite-dimensional and are Banach spaces

when equipped with the norms we have defined.

8. Let C[0,1] be the space of (real or complex valued) continuous functions on the
interval [0, 1]. Let
Il = sup [f(¢)]-
0<t<1
Then C|[0,1] is a Banach space.
The space consisting of all polynomial functions (of all degrees) is a subspace of

C|0,1]. This subspace is not complete. Its completion is the space C[0,1].

9. More generally, let X be any compact metric space, and let C(X) be the space

of (real or complex valued) continuous functions on X. Let

I£]| := sup [ f()|.
reX
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It is clear that this defines a norm. The completeness of C'(X) is proved by a typical
use of epsilonics. This argument is called the £/3 argument.
Let f, be a Cauchy sequence in C(X). Then for every € > 0 there exists an

integer N such that for m,n > N and for all x

|fa(z) — fm(z)] <e.

So, for every z, the sequence f,(x) converges to a limit (in F) which we may call

f(z). In the inequality above let m — oo. This gives

|[fnlz) — f2)| <€

for n > N and for all z. In other words, the sequence f, converges uniformly to
f- We now show that f is continuous. Let x be any point in X and let £ be any
positive number. Choose N such that |fn(2) — f(2)| < &/3 for all z € X. Since fy is
continuous at z, there exists d such that |fx(z) — fn(y)| < /3 whenever d(z,y) < 4.
Hence, if d(zr,y) < 4, then

f(2) = f)l < 1f(2) — fn(@) + |fn(z) = In@)| + [ n(y) = Fy)l-

Each of the three terms on the right hand side of this inequality is bounded by /3.

Thus |f(z) — f(y)| <€, and f is continuous at z.

10. For each natural number 7, let C"[0, 1] be the space of all functions that have
continuous derivatives f(1), f2) .. £ of order upto r. (As usual, the derivatives

are one-sided limits at the endpoints 0 and 1.) Let

. - (4)
= su t)|.
||f|| ]'E:o: 0921 |f ( )|

The space C"[0,1] is a Banach space with this norm. (Recall that if the sequences

fn and f], converge uniformly on [0,1] to f,g respectively, then f is differentiable

and f' = g.)

11. Now let X be any metric space, not necessarily compact, and let C(X) be the
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space of bounded continuous functions on X. Let

If]l := sup |f()]-
zeX

Then C(X) is a Banach space.

Sequence Spaces

12. An interesting special case of Example 11 is obtained by choosing X = N, the
set of natural numbers. The resulting space is then the space of bounded sequences.

This is the space £y; if = (z1,Z2,...) is an element of this space then its norm is

[Zlloo := sup |z;l.
1<j<00

13. Let c be the subspace of /, that consists of all convergent sequences. Use an
€/3 argument to show that it is a closed subspace of £.

Let ¢y be the collection of all sequences converging to 0. This is also a closed
linear subspace of £.

We use the symbol cgg to denote the collection of all sequences whose terms are
zero after some stage. This is a linear subspace of ¢, but is not closed. The space

co is the completion of coy (the smallest closed space in £, that contains cyp).

14. For each real number 1 < p < oo, let £, be the collection of all sequences

z = (z1,Zg,...) such that 3352, |z;|P < oo.

(i) Use the convexity of the function f(t) = tP on [0, 00) to show that £, is a vector
space.

(ii) Note that £, C ¢y C loo-

(iii) The inclusions in (ii) are proper. (Consider the sequence with terms z,, = @)
(iv) The space £, for any 1 < p < oo is not closed in £.

(v) For z € £p, define

o0
lzllp = (3 lz; 7).

=1



6 Notes on Functional Analysis

Show that this is a norm. Imitate the steps in Example 4. Some modifications are
necessary. The Holder inequality (1.2) is now the statement: if x € £, and y € £,
then their termwise product xy is in 1 and the inequality (1.2) holds. With this norm
¢, is a Banach space.

(vi) Let 1 < p < p' < oo. If the series X |z;|P converges, then so does X |z; P, Thus

the vector space £, is contained in /. Further, for every = € £, we have
lzllp < ll2llp- (1.4)

This inequality can be proved as follows. Assume first that |||, = 1. Then |z;| < 1

for all j, and hence, |wj|p/ < |z;|P . This shows that
%P < TP =1,

and the inequality (1.4) follows. If z is an arbitrary element of £, then let y =
z/||z|lp- Then |yl = 1, and hence, |ly|l,y < ||yllp- This shows (1.4) is true for all

x € {p.
Lebesgue Spaces

15. Let I be the interval [0, 1] with the Lebesgue measure p. Let X be the collection

of all bounded measurable functions on I, and for f € X let

If1l == sup[£(#)]-
tel

Then X is a Banach space. (To prove completeness, recall that uniform convergence

of a sequence f, is enough to ensure that the limit f is measurable.)

16. Since sets of measure zero are of no consequence, it is more natural to consider
essentially bounded functions rather than bounded ones. Let f be a measurable

function on I. If there exists an M > 0 such that

p{teI:|f(t)] > M}) =0,

we say f is essentially bounded. The infimum of all such M is called the essential
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supremum of |f|, and is written as

[[flle = ess sup|f].

The collection of all (equivalence classes of) such functions is the space L0, 1]. It

is a Banach space with this norm.

17. For 1 < p < oo, let Lp[0,1] be the collection of all measurable functions on [0, 1]
for which fol |f(t)[Pdt is finite. Then L,[0, 1] is a vector space and

1= ([ |f<t>|ﬂdt)l/p

is.a norm on it. To prove this, one uses versions of Hélder and Minkowski inequalities
(1.2) and (1.3) in which sums are replaced by integrals.

The completeness of Lp[0,1] is standard measure theory. The assertion that
L,[0,1] is complete is called the Riesz-Fischer Theorem. (Warning: There are other

theorems going by the same name.)

18. The interval I can be replaced by a general measure space (X, S, 1) in which X
is a set, S a o-algebra of subsets of X, and p any measure. The spaces L,(X,S, 1),
1 < p < 00, can then be defined in the same way as above. (It is often necessary to
put some restrictions like o-finiteness to prevent unruly behaviour of different sorts.)

When X =N, and p is the counting measure, we get sequence spaces.

If 4(X) is finite, and 1 < p < p’ < o0, then the space Ly is a linear subspace of

L,. In this case we have
1£llp < (X) P27 £l (1.5)

for all f € Lyy. (This can be seen using the Holder inequality, choosing one of the
functions to be identically 1.) This is just the opposite of the behaviour of sequence
spaces in Example 14.

If u(X) = oo, no inclusion relations of this kind can be asserted in general.
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Separable Spaces

A metric space is called separable if it has a subset that is countable and dense
Separable Banach spaces are easier to handle than nonseparable ones. So, it is o

interest to know which spaces are separable.

19. The space C[0,1] is separable. Polynomials with rational coefficients are dens

in this space.

20. For 1 < p < oo, the space cgg is dense in £,. Within this space those that have

rational entries are dense. So the spaces £,, 1 < p < oo are separable.

21. The space £ is not separable. Consider the set S of sequences whose term:
are 0 or 1. Then S is an uncountable subset of £,. (It is uncountable because every
point in the unit interval has a binary decimal expansion and thus corresponds to ¢
unique element of S.) If z,y are any two distinct elements of S, then ||z — y|loo = 1
So the open balls B(x,1/2), with radii 1/2 and centred at points € S, form ar
uncountable disjoint collection. Any dense set in /4, must have at least one point ir
each of these balls, and hence can not be countable.

The subspace ¢ of £, is separable (cgg is dense in it) as is the subspace ¢ (conside;

sequences whose terms are constant after some stage).

22. For 1 < p < oo, the spaces L0, 1] are separable. Continuous functions are denst
in each of them. The space Lo[0,1] is not. (Consider the characteristic functions o

the intervals [0,¢], 0 <t < 1).

23. What about the spaces L,(X,S, u)? These can not be “smaller” than the space:
(X,S,u). If we put d(E, F) = u(EAF), where EAF is the symmetric difference o
the sets E and F, then d(FE, F) is a metric on S. It can be proved (with standard bu
elaborate measure theory) that for 1 < p < oo, the space L,(X,S, ) is separable i
and only if the metric space (S, d) is separable. Further, this condition is satisfied i

and only if the o-algebra S is countably generated. (The statements about £, anc
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L,[0,1], 1 < p < oo are included in this more general set up.)

More examples

24. A function f on [0, 1] is said to be absolutely continuous if, given € > 0, there

exists § > 0 such that

Zlf(f ti)l <e

for every finite disjoint collection of intervals {(¢;, t.)} in [0,1] with Y-, |t —t;] < 4.
The Fundamental Theorem of Calculus says that if f is absolutely continuous, then
it is differentiable almost everywhere, its derivative f’ is in L;[0,1], and f(t) =
fo f'(s)ds + f(0) for all 0 < t < 1. Conversely, if g is any element of L;[0, 1], then
the function G defined as G(t fo g(s)ds is absolutely continuous, and then G’ is
equal to g almost everywhere.

For each natural number r, let L [0 1] be the collection of all (r — 1) times
continuously differentiable functions f on [0, 1] with the properties that =1 g

absolutely continuous and f(") belongs to L,[0,1]. For f in this space define

1= 1l + 1 Dl + -+ 17

Then L(T [0,1], 1 < p < oo is a Banach space. (The proof is standard measure
theory.) These are called Sobolev spaces and are used often in the study of differential

equations.

25. Let D be the unit disk in the complex plane and let X be the collection of all
functions analytic on D and continuous on its closure D. For f in X, let
I£1l == sup |£(2)].
zeD
Then X is a Banach space with this norm. (The uniform limit of analytic functions

is analytic. Use the theorems of Cauchy and Morera.)
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Caveat

We have now many examples of Banach spaces. We will see some more in the
course. Two remarks must be made here.

There are important and useful spaces in analysis that are vector spaces and have
a natural topology on them that does not arise from any norm. These are topological
vector spaces that are not normed spaces. The spaces of distributions used in the
study of differential equations are examples of such spaces.

All the examples that we gave are not hard to describe and come from familiar
contexts. There are Banach spaces with norms that are defined inductively and are
not easy to describe. These Banach spaces are sources of counterexamples to many
assertions that seem plausible and reasonable. There has been a lot of research on

these exotic Banach spaces in recent decades.



Lecture 2

Dimensionality

Algebraic (Hamel)Basis

1. Let X be a vector space and let S be a subset of it. We say S is linearly

independent if for every finite subset {z1,...,x,} of S, the equation

ajxy + -+ apx, =0 (2.1)
holds if and only if a; = a2 = --- = a, = 0. A (finite) sum like the one in (2.1) is
called a linear combination of xy,...,x,.

Infinite sums have a meaning only if we have a notion of convergence in X.

2. A linearly independent subset B of a vector space X is called a basis for X if
every element of X is a linear combination of (a finite number of) elements of B. To
distinguish it from another concept introduced later we call this a Hamel basis or an
algebraic basis.

Every (nonzero) vector space has an algebraic basis. This is proved using Zorn’s

Lemma. We will use this Lemma often.

Zorn’s Lemma

3. Let X be any set. A binary relation < on X is called a partial order if it satisfies

three conditions

(i) z < x for all z € X, (reflexivity)
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ii) if x <y and y < x, then x = y, (antisymmetry
Y

(i) if z <y and y < 2, then x < 2. (transitivity)

A set X with a partial order is called a partially ordered set.

The sets N, Q, R (natural numbers, rational numbers, and real numbers) are par-
tially ordered if z < y means “z is less than or equal to y”. Another partial order
on N can be defined by ordaining that x < y means “x divides y”. The class of all
subsets of a given set is partially ordered if we say E < F' whenever E C F.

An element zg of a partially ordered set X is called a maximal element if there
is no element bigger than it; i.e., xg < z if and only if £ = xg. Such an element need
not exist; and if it does it need not be unique.

Let E be a subset of a partially ordered set X. An element xp of X is an upper
bound for E if x < x for all x € E. We say F is bounded above if an upper bound

for E exists.

A partially ordered set X is totally ordered if in addition to the conditions (i) -
(iii), the binary relation < satisfies a fourth condition:
(iv) if z,y € X, then either x <y or y < z.

Zorn’s Lemma says:

If X is a partially ordered set in which every totally ordered subset is bounded
above, then X contains a mazximal element.

This Lemma is logically equivalent to the Aziom of Choice (in the sense that one
can be derived from the other). This axiom says that if {X,} is any family of sets,
then there exists a set Y that contains exactly one element from each X,.

See J.L. Kelley, General Topology for a discussion.

4. Exercises. (i) Use Zorn’s Lemma to show that every vector space X has an

algebraic basis. (This is a maximal linearly independent subset of X.)
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(ii) Show that any two algebraic bases of X have the same cardinality. This is called
the dimension of X, written as dim X.

(iii) If B is an algebraic basis for X then every element of X can be written uniquely
as a linear combination of elements of B.

(iv) Two vector spaces X and Y are isomorphic if and only if dim X = dimY.

5. The notion of an algebraic basis is not of much use in studying Banach spaces
since it is not related to any topological property. We will see if X is a Banach space,
then either dim X < oo or dim X > ¢, the cardinality of the continuum. Thus there

is no Banach space whose algebraic dimension is countably infinite.

Topological (Schauder) Basis

6. Let {x,} be a sequence of elements of a Banach space X. We say that the series

%) N
an converges if the sequence sy = an of its partial sums has a limit in X.
n=1 n=1

7. A sequence {z,} in a Banach space X is a topological basis (Schauder basis) for
oo

X if every element x of X has a unique representation z = Zanwn. Note that the
n=1

order in which the elements x,, are enumerated is important in this definition.

A Schauder basis is necessarily a linearly independent set.

8. If {x,} is a Schauder basis for a Banach space X, then the collection of all finite
N

sums Zanwn, in which a,, are scalars with rational real and imaginary parts, is
dense IILIT 1X . So, X is separable. Thus a nonseparable Banach space can not have a
Schauder basis.

For n = 1,2,..., let e, be the vector with all entries zero except an entry 1 in

the nth place. Then {e,} is a Schauder basis for each of the spaces ¢,,1 < p < o0,

and for the space c¢g.
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9. Is there any obvious Schauder basis for the space C[0, 1] of real functions? The

one constructed by Schauder is described below.

Exercise. Let {r; : i > 1} be an enumeration of dyadic rationals in [0,1] :
0,1,3,4,3 1351 £, Let fi(t) = 1, fo(t) = t; and for n > 2 define f,
as follows. Let fr(r;) =0if j <n, fu(rs) =1, and let f, be linear between any two
neighbours among the first n dyadic rationals. Draw the graphs of f3, f4 and fs.

Show that every element g of C|[0, 1] has a unique representation g = Y a; fi:

(i) Note a; must be g(0);
(ii) a2 must be g(1) — ay;

(ili) proceed inductively to see that

n—1
an = g(rn) — Zaifi(rn)§
i=1

n
(iv) draw the graph of Y aif;;

i=1
(v) since the sequence r; is dense in [0, 1], these sums converge uniformly to g, as

n — 00.
Note that || f,|| = 1 for all n. Thus we have a normalised basis for C|0, 1].

10. Does every separable Banach space have a Schauder basis?

This question turns out to be a difficult one. In 1973, P. Enflo published an
example to show that the answer is in the negative. (This kind of problem has
turned out to be slippery ground. For example, it is now known that every I, space

with p # 2 has a subspace without a Schauder basis.)
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Equivalence of Norms

11. Let || - || and || - ||' be two norms on a vector space X. We say these norms are

equivalent if there exist positive real numbers C and C’ such that
Izl < Cllzl’, llzll" < C'lz]|

for all z. Clearly this is an equivalence relation between norms.

The metrics arising from equivalent norms are equivalent. Any sequence that
converges in the metric induced by a norm also converges in the one induced by an
equivalent norm.

We will see that if X is finite dimensional, then all norms on X are equivalent

to one another.

12. Let zy,...,x, be orthonormal vectors in the Euclidean space C". Then for all
scalars ai,...,an,

la1zy + -+ + annl2 = a1 |2 + - -+ + |an . (2.2)
The next lemma provides a good working substitute for this. It says that if z,,...,2,

are linearly independent vectors in any Banach space, then the norm of any linear

combination a;z; + - - - + a,T, can not be too small.
Lemma. Let {z;,...,z,} be linearly independent vectors in any normed linear
space X. Then there exists a constant C > 0, such that for all scalars a;,...,a,

laizy + - - + anzyl = C(lar]| + - -+ + |anl)- (2.3)

Proof. Divide both sides of the inequality (2.3) by |a1| + - - + |an|- The problem

reduces to showing that there exists C, such that if }_ |a;| = 1, then

”alxl + -4+ anxnu > C.
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If this were not the case, for each positive integer m there would exist agm), ey a%m)

with 3 Iagm)| =1 such that

1
lai™z1 + - + el < —. (2.4)
m
The sequence (aﬁ"‘), e ,aslm)) indexed by m is a bounded sequence in C". So, by

the Bolzano-Weierstrass Theorem it has a convergent subsequence. The limit of
this subsequence is an n-tuple (a1,...,a,) with }_|aj| = 1. Since z; are linearly
independent, this means

a1+ ...+ apxy # 0.

This contradicts (2.4) which says that agm)xl + -+ aslm)xn converges to zero as

m — 0O0. ]
13. Theorem. Any two norms on a finite dimensional vector space are equivalent.

Proof. Let {z,...,z,} be a basis for X. If x = a1z, + - - - + apzy, set
lzll1 = lar[+ - + |an].

This is a norm on X. Let || - || be any other norm. By the Lemma in 12, there exists
a constant C' such that

lzll = Cllz]lx.

On the other hand if C’ = max ||z;||, then

lzll < " lasl llz;ll < €Y laj| = C'lllls.

J

Thus || - || and || - ||; are equivalent. ]

14. Exercises. (i) Consider the space C" with the p-norms 1 < p < co. Given two

indices p and p/, find the smallest numbers Cp, ,y such that

llzllp £ Cppllz|lp for all z.
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(ii) Find an example of an infinite-dimensional vector space with two inequivalent
norms.

(iii) Show that every finite-dimensional normed linear space is a Banach space.

Local Compactness

15. By the Heine-Borel Theorem, the closed unit ball {z : ||z|2 < 1} is a compact
subset of C™. It follows that any closed ball (with any centre and radius) is compact.
A topological space in which every point has a neighbourhood with compact
closure is called locally compact. This property is the next best thing to compactness.
We have seen that all norms on a finite-dimensional space are equivalent. So,
the Heine-Borel Theorem says that all finite-dimensional normed spaces are locally

compact. We will see that no infinite-dimensional space has this property.

16. F. Riesz’s Lemma. Let M be a proper closed linear subspace of a normed

linear space X. Then for each 0 < ¢t < 1, there exists a unit vector x; in X such that
dist(z¢, M) > t.

(The distance of a vector x from a subspace M is the number dist (z, M) = inf {||z—

ml|:m e M}.)

Proof. Choose any vector u not in M, and let d = dist(u, M). Since M is closed,
d > 0. For each 0 <t <1, d/t > d. Hence, by the definition of d, there exists
To € M such that

d < |[u - zol| < d/t.

If x .= ﬂﬁgl—’ then for all z € M

1
[z = ¢l wmu—%mw—U+%H

[l — o

1
= v =z,

[
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where 1 = ||u — xo||z + xo. Note that for each x in M the vector z; is also in M.
So, by the definition of d

|[:c——a:||>———>t.
t|]| = =
“U—.’E()”

17. Exercises. (i) If X is finite-dimensional, its unit sphere S := {z : ||z]| = 1} is
compact. Use this to show that there exists a unit vector x such that dist(x, M) = 1.

(ii) This need not be true if X is infinite-dimensional. Show that the choice
X = {feC[0,1]: f(0) =0}

1
M = {feX:/fzo}
0

provides a counter example.

18. Theorem. In any infinite-dimensional normed linear space the closed unit ball

cannot be compact.

Proof. Choose any unit vector z; in X and let M) be its linear span. By Riesz’s
Lemma, there exists a unit vector zo such that dist(zy, M;) > 1/2, and hence,
|lz2 — x1]] > 1/2. Let My be the linear span of z; and z2. Repeat the argument.
This leads to a sequence z, of unit vectors at distance greater than 1/2 from each

other. So, the unit ball is not compact. |

Thus a normed linear space is locally compact if and only if it is finite-dimensional.

This famous theorem was first proved by F. Riesz.



Lecture 3

New Banach Spaces from Old

Quotient Spaces

1. Let X be a vector space and M a subspace of it. Say that two elements z and y
of X are equivalent, z ~ y, if x —y € M. This is an equivalence relation on X. The

coset of x under this relation is the set
T=xz+M:={x+m:mée M}

Let X be the collection of all these cosets. If we set

T+y = r+y,

al = a,

then X is a vector space with these operations.
The zero element of X is M. The space X is called the quotient of X by M,
written as X/M.

If X = R?, a non-trivial subspace of it is a line through the origin. The space X

is then the collection of all lines parallel to this.

2. Let X be a normed linear space and let M be a closed subspace. Let X = X/M

and define

2] = dist (2,M) = inf |}z - m].
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Then this is a norm on X. (To make sure that ||Z|| is a norm we need M to be

closed.) Note that we can also write
|Z]| = inf ||z + m]|].
meM

We will show that if X is complete, then so is X.

3. We say that a sequence z, in a normed linear space X is summable if the series

Y-z, is convergent, and absolutely summable if the series Y ||z, | is convergent.

Exercise. A normed linear space is complete if and only if every absolutely

summable sequence in it is summable.

4. Theorem. Let X be a Banach space and M a closed subspace of it. Then the

quotient X/M is also a Banach space.

Proof. Let Z, be an absolutely summable sequence in X. We will show that &,

is summable. For each n, choose m,, € M such that

. 1 - 1
[Zn — Myl < niggd lzn — m| + o = 1%l + on

Since Y ||Z,,|| is convergent, the sequence z,, —my, in X is absolutely summable, and

hence summable. Let N

y = lim Z(xn —my).

N—o00 el

The coset y is a natural candidate for being the limit of the series 3 Z,,. Indeed,
N
1Y & =gl = 1 za—9)"
) n=1
N
= inf —y—
Jnf | n;wn y—m|

N N
1Y zn—y—=> mal
n=1 n=1

N
= 1Y (@n—ma) —yll.
n=1

IN
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The right hand side goes to zero as N — oo. This shows Z,, is summable. |

5. Exercises. (i) Let X be the Euclidean space C" and let M = C*, 1 < k < n.
Show that X/M is isomorphic to the orthogonal complement of CF.
(i) Let X = C[0,1] and let M = {f : f(0) = 0}. Show that X/M is isomorphic to the

scalars C. (Identify the scalar z with the constant function with value z everywhere.)

Bounded Linear Operators

6. Let X,Y be vector spaces. A linear map from X to Y is called a linear operator.
Suppose X and Y are normed linear spaces. Let
M = sup |Az|. (3.1)
llzll=1
If M is finite, we say that A is a bounded linear operator. From the definition of M
we see that

|Az|| < M ||z|| for all z € X, (3.2)

and hence, every bounded linear operator is a continuous map from X into Y. (If

Zn — x in X, then Az, — Az in Y))

Now suppose A is a continuous linear map from X to Y. By the € — § definition
of continuity, there exists a number ¢ > 0 such that ||Az|| < 1 whenever |z| < 4. If
z is a vector in X, with ||z|| = 1, then ||dz|| = . Hence §||Az|| <1, and ||Az| < 1/6.
Thus A is bounded.

Thus a linear operator is continuous if and only if it is bounded. If a linear
operator is continuous at 0, then it is continuous everywhere.
The set of all bounded linear operators from X to Y is denoted as B(X,Y'). This

is a vector space.
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7. For Ain B(X,Y) let
|A]l ;= sup [|Az]|.

llzl=1

It is easy to see the following

(i) [[Az|| < [|A]l [lz]  for all z.

(ii) ||A|| = inf{M : ||Az| < M|z|| for all z}.
(iii) [|All = supyz<; [ Az|l.

(iv) B(X,Y) is a normed linear space with this norm.

8. Elements of B(X,F) are called bounded linear functionals on X.

9. Each m x n matrix gives rise to a bounded linear operator from C" into C™.
Each element u of C™ gives rise to a linear functional via the map = — wu.x, where
u.x is the dot product.

Let X = L0, 1]. Then the map f ~— [y f(t)dt is a bounded linear functional.
10. Let X = L1[0,1]. Let K(x,y) be a measurable function on [0, 1] x [0, 1] such that
1 g1
/ / |K (z,y)|2dzdy < oco. (3.3)
0o Jo

We say that K is a square integrable kernel. For f in X, define K f as
1
(KN@ = [ K(e.)fw)dy. (3.4
By Fubini’s Theorem, it follows from (3.3) that
1
/ |K (z,y)|%dy < 0o ae.x,
0
and then by the Schwarz inequality
! 2 ! 2 ! 2
[ K@ws@as? < [ 1K@l [ 17@)Pd < o0 aea.

Thus K f is a well defined bounded measurable function and hence is in Ly[0, 1]. So,

the map f — K f is a linear operator on L0, 1]. It is easy to see that it is a bounded
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linear operator.

Indeed
1 1
IKFIE < /0 /0 K (z,y)|2dzdy] | 2.

There is nothing special about [0,1] here. It could be replaced by any bounded
or unbounded interval of the real line. The square integrability condition (3.3) is

sufficient, but not necessary, for the operator in (3.4) to be bounded.

11. Let X = C[0,1] and let K(z,y) be a continuous function on [0, 1] x [0,1]. For
f € X, let Kf be a new function defined as

1
(KN@ = | K(zy)fwady. (35)
Show that f — K f is a bounded linear operator on X.
The condition that K(z,y) is continuous in (z,y) is sufficient, but not necessary,

to ensure that the operator K is bounded. For example the operator K in (3.5) is

bounded if Jim fol |K (zn,y) — K(z,y)|dy = 0.

The operators K defined in (3.4) and (3.5) are said to be integral kernel operators
induced by the kernel K (z,y). They are obvious generalisations of operators on finite-
dimensional spaces induced by matrices. Many problems in mathematical physics
are solved by formulating them as integral equations. Integral kernel operators are

of great interest in this context.

12. Let X,Y,Z be normed linear spaces, if A € B(Y,Z) and B € B(X,Y), then
AB € B(X,Z) and

IAB|| < [|A]l [|B]- (3.6)
The space B(X,X) is written as B(X) to save space (and breath). It is a vector

space, and two of its elements can be multiplied. The multiplication behaves nicely

with respect to addition: A(B + C) = AB + AC, and (A + B)C = AC + BC.

13. If X is any normed linear space and Y a Banach space, then B(X,Y) is a Banach
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space. To see this note that if A, is a Cauchy sequence in B(X,Y) then A,z is a
Cauchy sequence in Y for each x € X. Let Az = lim A,z. The operator A is linear.
Further

| Az|| = lim || Anz|| < (sup [|An]])|]l.

Since A, is Cauchy, sup ||A,| is finite. Show that ||A, — A|| — 0.

14. Let A be a vector space. We say A is an algebra if there is a rule for multiplication

on A that sgtisﬁes four conditions

(i) a(be) = (ab)c,
(ii) a(b+ c) = ab+ ac,
(iii) (a+b)c= .¢‘z'c + bc,

(iv) A(ab) = (Aa)b = a(Ab),

for all a,b,c in A and for all scalars \.

If A has a norm that is submulticative; i.e., ||ab|| < ||a|| ||b]|, then we say that A
is a normed algebra. If A is complete in the metric induced by this norm, then A is

called a Banach algebra.

Our discussion above shows that if X is a Banach space, then B(X) is a Ba-
nach algebra. The study of Banach algebras has been a major theme in Functional

Analysis.

15. Exercise. Let A be an n x n matrix. Let X be the space C" with the £, norm,
where p = 1, or co. Regard A as a linear operator on X and find an expression for

its norm in each of the two cases.
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16. The space B(X,F) is called the dual space of X. The symbol X* is conventionally

used for it and its elements are called (bounded) linear functionals on X.

When F = C, some times it is more convenient to consider conjugate linear
functionals instead of linear ones: instead of demanding f(az) = af(z) we demand
f(az) = af(z). Some times the collection of such functionals is called the dual space.
This is just a matter of preference, it makes some formulas slightly simpler and some

others a little awkward.

17. We should emphasize that we will use the word functional to mean a bounded

linear functional.

If X is any vector space, then the algebraic dual of X is the vector space X’
consisting of all linear functional on X. If X is finite-dimensional and e,,...,e, is a
basis for it, then the linear functionals fy,..., f, defined by f;(e;) = d;; constitute a
basis for the dual space X’. Thus X and X’ are isomorphic vector spaces.

Let X be an infinite-dimensional vector space with a Hamel basis {ej,ea,...}.
Now the linear functionals { f1, f2,...} defined as above no longer constitute a Hamel
basis for X’. (Consider the linear functional f defined as f(e2,) = 1, f(e2n+1) =0,
for all n.) In fact the dimension of X’ is uncountable. Thus for infinite-dimensional
spaces the concept of algebraic dual is not as useful as in finite dimensions. For
Banach spaces, the dual X* (sometimes called the topological dual ) turns out to be

a very useful object.

Two examples

18. The kernel
K(z,y) = ——e ™ (3.7
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is called the Fourier kernel. Let

ENe@) = [~ K= —= [~ =i (38)

Then F f is called the Fourier transform of f. F is a bounded linear map from L; (R)
into Loo(R). Its norm is 1/+/2. It is a basic fact in Fourier analysis that F induces
a bijective map of Lg(R) onto itself and in this case its norm is 1. Note that the

Fourier kernel is not square integrable on R x R.

19. Let R} = [0,00) and consider the kernel
K(z,y) =™ (3.9)

on Ry x R4. The associated integral operator on Ly(R. ) is called the Laplace trans-
form C; ie.,

(chie) = [ e (y)dy. (3.10)

Like the Fourier kernel, the kernel (3.9) too is not square integrable. Like the Fourier
transform, the Laplace transform is a bounded operator on Ly(R,) and is bijective.
Let us calculate the norm of this operator on Ly(R ).

Let g = Lf. Then
s@P = | [ e i)yl
= [T () (i ) ay
So by the Schwarz inequality
2 * 12, [ 1/2 2
9@ < [ ey 2ay [ ey f(y)Pay. (3.11)
The first integral in (3.11) can be evaluated by a change of variables :

o0 o0
/ e~y 12y = x—l/z/ ety 124y
0 0

-1/2 R S -1/2
z 2/ e Vdt=+rzx
0
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Putting this into (3.11) and integrating we get

2 _ [% 24z < /7 [P 12 -2y 1/2 24, d 319
lgll* = A |g(z)|“dz < Tl ey |f(y)|"dy dz. (3.12)

Change the order of integration. The integral with respect to z can be evaluated

once again by a change of variables.

/°° e~z 2qg = /7y 112,
0

Hence we have from (3.12)

lol? <7 [~ 1£@)Pdy =712,

This shows that
L]l < /. (3.13)

Actually the two sides of (3.13) are equal. How does one prove this? This would
clearly be the case if we could produce a function f such that
WAl _ (3.14)
£l
The calculation above suggests a candidate. If f(y) = y~'/2, then Lf = /7 f. That
seems more than what we need for (3.14). However, the argument is flawed since this
function is not in L2(R4). What saves it is the observation that to prove ||L| = /7

we do not need (3.14). It is adequate to produce a sequence of functions f, for which

Il
TR

Exercise. Let 0 < a < b < oo and let f(y) = y~'/2 when y € [a,}], and f(y) =0
outside this interval. Show that for each € > 0 we can choose a and b such that

I££1I2 > (1 — &) ||f||%. This shows that ||£|| = /7.
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The Hahn-Banach Theorem

The Hahn-Banach Theorem (H.B.T.) is called one of the three basic principles of
linear analysis—the two others are the Uniform Boundedness Principle and the Open
Mapping Theorem. We will study them in the next three lectures. The H.B.T. has

several versions and several corollaries.

In essence the theorem says that we can extend a linear functional from a sub-

space to all of a vector space without increasing its size.

A real valued function p on a vector space X is called a sublinear functional if it

is subadditive and positively homogenous; i.e.,

plz+y) < p()+ply) foralayeX,

plazr) = ap(zr) fora>0,z¢€ X.

A norm is an example of a sublinear functional.

The H.B.T. for real vector spaces

1. Theorem. Let X be a real vector space and p a sublinear functional on it. Let
Xo be a subspace of X and let fy be a linear functional on Xj such that fo(z) < p(x)
for all € Xg. Then there exists a linear functional f on X such that f(z) = fo(z)

whenever 2 € Xy, and f(z) < p(z) for all z € X.

Proof. The idea is simple. Let 21 be a vector outside Xy. We will first extend fj to
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the space spanned by X and z;, and then use Zorn’s Lemma. Let
X1 :={z+oaz;:z € Xp,a € R}.

The representation of each element of X, in the form z + az, is unique. For every

pair z,y in Xj

fo(z) + fo(y) = fo(z +y) < p(z +y) < plx+x1) + ply — 71).

So,
fo(y) —p(y — 1) < p(z + 1) — fo(x).
Let
a = sup(fo(y) —p(y — z1)],
y€Xo

b = inf [pla+a1) — fola))

Then a < b. Choose any number ¢ such that a < ¢ < b. Then for all z € X,

fo(z) —c < p(z—x1),

fo(z) +c < p(z+21).

Let o be any nonnegative real number, and multiply both sides of these inequalities

by a. Then replace ax by z. This gives

fo(z) —ac < p(z —azy),
folz) +ac < p(z+ ax),
for all z € Xy, and a > 0. Hence
fo(z) + ac < p(z + az1)
for all x € X and for all a € R. If we define

fi(z + azy) = fo(z) + ac,

then we get a linear functional f; on X; and f;(y) < p(y) for all y € X;.
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Thus we have obtained an extension of fy to X;. Note this extension is not unique
since it is defined in terms of ¢, an arbitrary number between a and b. If X; = X,
we are done. If not, we can repeat the argument above extending f; to a bigger
subspace of X. Does this process of extending by one dimension at a time eventually
exhaust all of X7 We do not know this, and to overcome the difficulty we employ
Zorn’s Lemma.

Let F be the collection of all ordered pairs (Y, f) where Y is a subspace of X
that contains Xg, and f is a linear functional on Y that reduces to fo on X; and is
dominated by p on Y. Define a partial order < on F by saying that (Y1, f1) < (Y, f2)
if Y3 is a linear space that contains Y; and f; = f, on Y). Let G = {(Ya, fa)}aea
be a totally ordered subset of F. Then the pair (Y,g), where Y = U,cp Yo and
g(z) = fa(z) for z € Yy, is an element of F and is an upper bound for G. Therefore,
by Zorn’s Lemma, F has a maximal element. Let (Y, foo) be this maximal element.
If Yoo # X, then we could extend (Yoo, foo) by adding one dimension as before. But
then (Yoo, foo) Would not have been maximal. Thus Y, = X and if we put f = fo,

then f is a linear functional on X with the required properties. n

The H.B.T. for complex vector spaces

2. Theorem. Let X be a (complex) vector space and p a sublinear functional on it.
Let X be a subspace of X and fj a linear functional on X such that Re fo(z) < p(z)
for all z € Xy. Then there exists a linear functional f on X such that f(z) = fo(x)
whenever z € Xy, and Re f(z) < p(z) for all z € X.

Proof. Regard X as a vector space over R by restricting the scalars to real numbers.
Let go(z) = Re fo(z) for all z € Xy. Then go is a real linear functional on Xj
dominated by the sublinear functional p. So, go can be extended to a real linear

functional g on X dominated by p. Note that

go(iz) = Re fo(iz) = Re ifo(z) = —Im fo(z).
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So,
fo(z) = go(z) — igo(iz) for all z € Xj.
This suggests that we define
f(z) = g(x) — ig(iz) for all z € X. (4.1)

Then note that
Re f(z) = g(z) < p(z) forall z € X.

So far we can say only that f is real linear: ie. f(z +y) = f(z) + f(y) and
f(az) = af(x) for a € R. Let o + i3 be any complex number. Then using (4.1) we

see that
fll@+iB)z) = flaz+ Biz) = af(z)+ Bf(iz)
= af(z) + Blg(iz) — ig(—=)]
= af(z) + Blg(iz) + ig(z)]
= af(z) +iBlg(z) — ig(iz)]
= af(z) +iBf(z) = (e +if)f(z).
So f is complex linear as well. =

The H.B.T. for normed linear spaces
3. This is the original version proved by F. Hahn in 1926.

Theorem. Let X be a normed linear space. Let Xy be a subspace of it and let
fo be a linear functional on Xy such that |fo(z)| < C||z|| for all z € Xy and some
C > 0. Then there exists a linear functional f on X such that f(z) = fo(z) for all
z € Xo and |f(z)| < C|z|| for all z € X.

Proof. We will use the versions of H.B.T. proved in 1 and 2. We give the proof for

real spaces and leave the complex case as an exercise.
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Let p(z) = C||z|. This is a sublinear functional. Since fo(z) < p(z) for all
x € Xo, we can find a linear functional f on X that reduces to fy on Xy and such
that f(z) < p(z) for all z € X.

Since p(—z) = p(x), it follows that f(—z) < p(z); i-e., —f(z) < p(z). So |f(z)| <

p(z) = C||z|| for all z € X. So the theorem is proved for real spaces. [

The theorem says that a linear functional on Xy can be extended to X without

increasing its norm.

Corollaries of the H.B.T.

4. Proposition. Let X be a subspace of a normed linear space X, and let z; be a
vector such that dist (21, Xo) = § > 0. Then there exists a linear functional f on X
such that

Ifll=1, f(z1)=24, and f(z) =0 for all z € Xp.

Proof. Let X; be the linear span of Xy and z;. Every vector in X; can be written
uniquely as y = z + ax; with z € Xy, a € C. Let fi(y) = ad. Then f; is a linear
functional on X, fi(z1) = 6 and fi(z) = 0 for all z € Xj. If we show ||fi|| = 1, the
proposition would follow from the H.B.T.

Let = be any element of Xy and let o # 0. Then

Ifilz +az)] = |l <|of ||§ + z1]| (see the definition of §)

= |z + azi]-

So || fill < 1. Note that for each = € Xy, |fi(x —z1)| = . Choose a sequence z,, € Xg
such that ||z, — z1|| — 6. For this sequence |fi(zn — z1)|/||zn — z1]|| converges to 1.

Hence || f1]| = 1. [

5. Exercise. For each nonzero vector xg in a normed linear space X there exists a
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linear functional f on X such that ||f|| =1 and f(zo) = ||zo]|-

This shows that the norm of x can be expressed as

|f(@)]- (4.2)

|zl = sup
fex+ |ifl=1

For each pair of distinct vectors x1,x2 in X, there exists a linear functional f on
X such that ||f|| =1 and f(z1) # f(z2).

This last assertion is expressed by saying the space X* separates points of X.

6. Theorem. Let X be a Banach space. If the dual space X* is separable, then so
is X.

Proof. Choose a countable dense set {f,} in X*. For each n, choose z, € X such
that ||zn| = 1 and |fa(zn)| > 3fnll- Let D be the collection of all rational linear
combinations of elements of the set {z,}. Then D is countable. Its closure D is a
subspace of X. If D # X, we can choose a linear functional f on X such that || f|| = 1
and f(z) =0 for all z € D.

Since {fn} is dense in X*, there exists a subsequence f,, converging to f. Note

that
Sl < L] = [~ £) )| < 1 11

Thus || fm|| — 0. Since ||fm|| — || f|| and ||f|| = 1, this is a contradiction. ]
We will see that ¢] = £. So, the converse of the Theorem is not true.

7. Exercise. Let Xy be a proper closed subspace of X. Show Xy is nowhere dense

in X. (It can not contain any ball.)
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Banach Limits

8. Let £, be the space of real bounded sequences. A linear functional on this space
is called a Banach limit if
(i) f(z1,22,...) 20 ifallz, >0.
(i) f(za,z3,...) = f(z1,22,73,...).
(i) f(1,1,1,...) = L.

We will show that such a linear functional exists.

Consider the subspace ¢ in £ consisting of all convergent sequences. For an
element = = (xy,x9,...) of clet fo(x) = limz,.

This is a linear functional on c. For any = = (z1,%9,...) in £y, define

. — 1
p(.’l)) = inf {hmn-»oo; Z Lntk; } ’ (43)
Jj=1
where the inf is over all choices of positive integers r; ki, ..., ky.

Exercises. (i) Show that p is a sublinear functional.
(ii) Show that p(z) < lim z,,.
(iii) Show that fo(z) = p(z) for allz € c.

Hence, by the H.B.T., there exists a linear functional f on £, such that
f(z) <plz) forall z € ly.

(iv) Show that

lim z, < f(z) <lim z, forall z € 4.
(v) Let S be the linear operator on ¢, defined as
S{(zy,z9,...)) = (z2,3,...)-

Show that
plzr— Sz) <0 for all z.
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(vi) Show that f(z) = f(Sz) for all z.

This shows the existence of a Banach limit.

Exercises. (i) A sequence in ¢y is called almost convergent if all its Banach limits
are equal.

Show that z is almost convergent if

where p is defined by (4.3).

(ii) The sequence z is almost convergent and its Banach limit is £ if and only if

lim Tn+ Tpt1 + -+ Tppr-a
r—00 T

=4,

and the convergence is uniform in n.

Exercise. Find the Banach limit of the sequence z = (1,0, 1,0,...).

9. The Hahn-Banach theorem has other geometric versions concerning separation
properties of convex sets.

Let f be a nonzero linear functional on X. The set {z : f(z) = c} is called a
hyperplane.

Let X be a real normed linear space and let K be an open convex set in X.
One geometric version of H. B. T. says that any point y not in K can be separated
from K by a hyperplane; i.e., there is a linear functional f on X with f(y) = ¢ and
f(z) <cforall z € K.



Lecture 5

The Uniform Boundedness Principle

The Baire Category Theorem says that a complete metric space cannot be the
union of a countable number of nowhere dense sets. This has several very useful
consequences. One of them is the Uniform Boundedness Principle (U.B.P.) also

called the Banach-Steinhaus Theorem.

The U.B.P.

1. Theorem. Let X be a Banach space, and let {p)} be a family of continuous

nonnegative functions on X, each satisfying the conditions

pa(z+y) < palz) +paly) forall x,y,

pa(—z) = pa(z) forall z.

Suppose for each z,
suppr(z) < o0.
A

Then

sup sup pr(z) < oo.
A=t

(The hypothesis is that the family {py} is bounded at each point z; the conclusion

is that it is uniformly bounded over the unit ball of X.)

Proof. For each n, let

Cr := {z : suppy(z) < n}.
A
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We can also write

Crn = My{z: pa(z) < n}.

Since py are continuous, C, is closed. By the hypothesis X = U,C,. So, by the
Baire Category Theorem, there exists an ng such that the set Cy, contains a closed
ball B(zo, T).

Let z be any element of X such that i|lz|| < r. Then the vectors zq + z/2 are

in the ball B(xg,r). Since

T=x +—a£—(x—£)
T Ty

we have
T x
pz\(x) < p,\(l‘() + 5) +pA(1?0 - 5) < 2ny.

This is true for all z with ||z|| < 2r. Hence,

sup sup pi(z) < 2ng < oo.
X feli<2r

If 1 < 2r, the proof is over. If this is not the case, choose a positive integer m > 1/2r.

Now if ||z|| < 1, then |jz/m]| < 2r, and

X
pa(z) < mpx(—) < 2mn.

So, sup) sup|q|<1 PA(z) < 2mng < oo. [

2. Corollary. Let X be a Banach space and let {A,} be a family of bounded linear

operators from X into a normed linear space Y. Suppose for each z € X
sup ||Aaez|| < oo.
[23

Then

sup | Aa| < oo.
«x

3. The completeness of X is an essential requirement in the U.B.P. Consider the

space X = cgp in £. On this space define for each n, a linear functional f, as
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fn(z) = nz,. Then for each  in cyy

3171Lp | fr(z)] < 00

(because the terms of the sequence z are zero after some stage). However, ||f,| = n,

and hence

sup || fall = oo
n

Typical Applications of the U.B.P.

4. Proposition. Let {f,} be a sequence of bounded linear functionals on a Banach
space X. Suppose for each z, f,(x) converges to a limit f(z). Then f is a bounded

linear functional.

Proof. It is easy to see that f is linear. For each z, the sequence {fn(z)} is

convergent, hence bounded; i.e., there exists a number K (x) such that
sup |fn(z)| = K (z) < oo.
n
Hence, by the U.B.P., there exists a number K such that

sup sup |fn(z)| < K.
nxll<1

Hence supy;<: | f(z)| < K. [ |

In general, the pointwise limit of continuous functions is not continuous. The
proposition just proved says that this is the case when the functions involved are

linear functionals.

5. Proposition. Let X,Y, Z be Banach spaces. Let A, be a sequence in B(X,Y)
such that A,z converges to Az for each z € X, and B, a sequence in B(Y, Z) such
that By (y) converges to By for each y € Y. Then B, A,x converges to BAz for each

r e X.
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Proof. For each z, the sequence ||A,z| is convergent, hence bounded. So, by the

U.B.P. the sequence ||A,|| is bounded. This is true for ||B,|| also. Note that

|BpAnz — BAz| = | Bn(An — A)z + (Bp, — B)Az||

< 1Bnll I(An = A)z|| + [[(Br — B)Axz||.

As n — oo both the terms on the right go to zero. [ |

Divergence of Fourier Series

6. Let X be the Banach space of continuous functions on the interval [—m,n]. The

Fourier coefficients of a function f in X are the numbers

™

1 —int
= — . 1
=5 / F(t)e~dt (5.1)
-7
The Fourier series of f is the series
et .
Y ane™. (5.2)
n=-—00

One of the basic questions in the study of such series is whether this series converges
at each point ¢ in [—7, 7], and if so, is its sum equal to f(t)?

An example to show that this is not always the case was constructed by Du
Bois-Raymond in 1876. The idea was to construct successively worse functions and
take their limit. This is called condensation of singularities and eventually it led to
the discovery of the U.B.P.

Using the U.B.P. it is possible to give a soft proof of the existence of a continuous
function whose Fourier series diverges at some point. A soft proof means that the

messy construction of an explicit example is avoided. Such a proof is given below.

7. For each f, let
N
An(f) = Z an
n=—N
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be the partial sum of the series (5.2) at t = 0. For each N, this is a linear functional

on X. We have

where

Dn(t) = — et

is called the Dirichlet kernel. One can see that

1 sin(N + 3)t
Dn(t) = or sin%

and using this

Jim / D ()]dt = oo. (5.3)

m
Note that |[Ax|| < [ |Dn(t)|dt. For a fixed N, let gn(t) = sgn Dy(t). This is a
-
step function and can be approximated by continuous functions of norm 1; i.e., there
exist ¢, in X such that ||¢,|| = 1 and lim ¢,,(t) = gn(¢) for every t. Hence, by the

Dominated Convergence Theorem

m—00

lim An(ém) = [ av(®Dn(®)dt = [ D).

m

Thus, ||An|| = [ |Dn(t)|dt and by (5.3) ||An] is unbounded. Hence by the U.B.P,
-7

there exists an f in X for which |Ax(f)| is unbounded; i.e., the Fourier series of f

diverges at 0.

Exercises.

8. A subset of a metric space is said to be meagre (of first category) if it is the union

of a countable family of nowhere dense sets.

Let X,Y be Banach spaces and let S be a subset of B(X,Y). Suppose there

exists a point zg € X such that the set {Azg: A € S} is unbounded. Show that the
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set
{z € X : sup ||Az|| < oo}
A€eS

is meagre in X. (Examine the proof of the U.B.P.).

9. For each t in [—m, 7] consider the set of all f in C[—m, 7] for which the partial
sums of its Fourier series Z ane'™ are bounded. Show that this set is meagre in

n=—N
Cl—m, .

10. Show that there exists a continuous function on [—m,n] whose Fourier series

diverges at each point of a dense set in [—m,7].



Lecture 6

The Open Mapping Theorem

Theorems that tell us that a continuous map is also open under some simple condi-
tions play a very important role in analysis. The open mapping theorem is one such

result.

1. Theorem. Let X,Y be Banach spaces and let A be a bounded linear operator
from X to Y. If A is surjective, then it is an open map (i.e., the image of every open

set under A is open).

A few comments before the proof might be helpful.

In the presence of linearity, continuity arguments are often simpler. A translation
on X is a map of the form T(z) = z + zy, and a dilation one of the form Ta =
ar,o # 0. If X is a normed linear space, then all translations and dilations are
homeomorphisms of X. If we show that the image under A of some open ball around
0 in X contains an open ball around 0 in Y, then it would follow that the image of
every open ball contains an open ball, and hence A is open.

If £ and F are two subsets of a vector space X, then E + F stands for the set
{z+y:z e E,ye F}, and oF for the set {ax : x € E}. Clearly 2E C E+ E. If
E is a convex set, then 2F = E + E. In particular this is true when E is any ball
in a normed linear space. The closure of a convex set is convex, and the image of a
convex set under a linear map is convex.

We will use the notation By (xzg,r) for the open ball of radius r around the point

Iy in X.
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Proof of the theorem. Let E = A(Bx(0,1)), and let F be its closure. The first
step of the proof consists of showing that F' contains an open ball By (0, 2¢), and the
second step of showing that this implies that E contains the ball By (0,e). We have
observed that this would suffice for proving the theorem.

Since A is a surjective linear map, we have Y = U2, A(Bx(0,n)) = UsZ nE.
Since the space Y is complete, the Baire category theorem tells us that for some m
the set mE = mF has a nonempty interior. Hence F' contains some open ball, say
By (yo, 4¢). The point yg, being in F, can be expressed as yo = lim Az, where z,,
is a sequence in Bx(0,1). The points —z,, are also in Bx(0,1), and hence —yjp is in
F. Thus By (0,4¢) = By (yo.4¢) —yo C F 4+ F = 2F, and hence By (0.2¢) C F. The
first step is over.

Let y be any point of By (0,2¢). Since y € F, there exists a point y; in E such
that ||y — y1|| < €. In other words, y — v is a point of By (0,¢) which in turn is a
subset of %F . Repeating the argument, we can find a point ys in the set %E such that
y — (y1 + y2) is in By (0,£/2), a subset of iF. Thus we have a sequence y,, = Ax,,

o0
where ||z, || < 1/2"7 !, and |ly — (y1 + - + yn)|| < /277! Let x = 3 1. Then
n=1

oG 20 oC
lzll < S 1/2" ' =2, andy= Y yn, = 5> Az, = Az. We have shown that every
n=1 n=1 n=1

point of By (0,2¢) is in the set 2E. Hence every point of By (0,¢) is in E, and this

completes the proof. u

2. The Inverse Mapping Theorem. Let X,Y be Banach spaces. If a bounded
linear operator A from X to Y is bijective, then the inverse A~! is a bounded linear
operator.

This is an immediate consequence of the Open Mapping Theorem. (Recall that

the inverse of a linear operator, if it exists, is linear.)

3. Remark. The crucial part of the hypothesis is that A is surjective. If the range
ran(A) were always closed, the theorem would be trivial: we would just say if A is

injective then its inverse A~! from the Banach space ran(A) to X is a bounded linear
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operator. However, ran(A) is not always closed. For example, let A be the map on
¢5 that sends the sequence {z,} to {z,/n}. Then ran(A) contains all sequences {y, }

for which
anlyn|2 < 00.

In particular, ran(A) contains the space cqp, and hence it is dense in 5. If it were
closed it would be all of 5. But that can not be, since the sequence {%} is not in

ran(A).

This example shows that the inverse of a bounded linear operator from a Banach
space onto an incomplete normed linear space need not be bounded. Rephrasing
this example in terms of infinite matrices makes the picture clearer. The operator
A acts on the standard basis {e,} as Ae, = e,/n, and hence it is represented by
the infinite diagonal matrix diag(1,1/2,1/3,...). Clearly A is injective and || 4| = 1.
However, the linear operator A~! from ran (A) into ¢, corresponds to the diagonal

matrix diag (1,2,3,...), and is not bounded.

The Closed Graph Theorem

4, If X,Y are vector spaces, then their direct sum X @Y is the collection of ordered
pairs (z,y) with z € X,y € Y, and with vector space operations defined as usual. If

X,Y are normed linear spaces, we define

Iz, 9l = llzll + llyll-

This is anorm on X @Y. If X,Y are Banach spaces, then X ©Y is a Banach space.
The maps P;(z,y) := z and Py(z,y) := y are called the projections onto X and
Y. They are linear and continuous. ‘
If A is a linear operator from X to Y, its graph is the set {(z, Az) : x € X}. This

is a linear subspace of X @Y.

5. Theorem. Let X,Y be Banach spaces and let A be a linear map from X to Y.
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Then A is bounded if and only if its graph is a closed subspace of X @Y.

Proof. Let G(A) be the graph of A. It is easy to see that if A is continuous, then
G(A) is closed.

If G(A) is closed, then it is a Banach space (in the space X ®@Y'). For an element
(z, Az) of G(A), let Py(z, Az) = z, Py(x,Az) = Az. Then P;, P; are continuous
linear maps from G(A) into X,Y, respectively. The map P, is a bijection. So, its
inverse P! is a continuous map from X onto G(A), by the Open Mapping Theorem.

Since A = P,P;!, A is also continuous. u

6. What does this theorem say? Let f be any map from X to Y. To say that f is
continuous means that if ,, — z in X, then the sequence f(z,) converges to a limit
y in Y and y = f(z). The Closed Graph Theorem says that if f is a linear map
between Banach spaces, then to prove its continuity we have to show that if z,, — x
in X and f(z,) — y in Y, then y = f(z). This makes it easier to check whether a
linear map is continuous.

The assertion of the theorem is not always true if X or Y is not complete. For
example, let Y = C[0,1] and let X be the linear subspace of Y consisting of functions
that have continous derivatives. The derivative map Af = f’ is a linear operator

from X into Y. It is not continuous but its graph is closed.

7. Exercise. Let X be a vector space with two norms ||.||; and ||.||2, both of which
make it a Banach space. Suppose there exists a constant C such that ||z|; < C||z]|2

for all x. Then there exists a constant D such that ||z||2 < D||z||; for all z.

8. Exercise. Let X be a Banach space with a Schauder basis {z,}. Let {a,(z)}
be the coeflicients of z in this basis; i.e., let £ = 3" an(x)z,. Show that each a, is a

bounded linear functional on X.
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[Hint: Consider the space Y consisting of all sequences a = (a1, az,...) for which
the series ) a,x, converges in X. Define the norm of such a sequence as
n
lall = sup, || > a;x;|l.
=1
Show that Y is a Banach space with this norm. The map T(a) = ) anz, is a

bounded linear operator from Y onto X. Use the Inverse Mapping Theorem now.]
Some Applications of the Basic Principles

9. Exercise. The algebraic dimension of any infinite-dimensional Banach space can
not be countable. (If X has a countable Hamel basis then X can be expressed as a

countable union of nowhere dense sets.)

10. Exercise. The algebraic dimension of /., is ¢, the cardinality of the continuum.
Hints : For each t in (0,1) let z; = (1,t,t2,...). Then z; € ¢, and the family
{z¢: 0 < t < 1} is linearly independent. One way of seeing this is by observing that

the Vandermonde determinant

1 - 1
tr -ty
=t -ty
i>j
tfll"l ool

is non zero if t; # t;. Thus dim £, > c. Since the cardinality of /, as a set is also ¢

(why?) if follows that dim{y = c.

11. Proposition. Every infinite-dimensional Banach space X contains a vector

space that is algebraically isomorphic to £.

Proof. Let f; be a nonzero continuous linear functional on X. Let Z; be its kernel.

Then Z, is a closed linear subspace of X and its codimension is one. Choose a vector
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z1 € X\Z; (the complement of Z; in X) with |z;|| = 1.

Now let fy be a nonzero continuous linear functional on Z; and let Zy be its
kernel. Choose a vector z3 € Z;\Z; with ||z2|| = 1/2. Continuing this process we get
a decreasing sequence of subspaces X D Z; D Z2 D ..., and a sequence of vectors
T, such that ||z,| = 1/2"7}, and 1,...,2, & Zn.

For an element a = (aj,az,...) of ¢, let T'(a) = 372, anzy. Since

> llanzall <3 lanlllzall < llaloo D lzall = 2llalloo,

the series Y a,x, is convergent and T is a bounded linear map from ¢, into X. It
is easy to see that T'(a) = 0 if and only if a = 0. So, T is injective. Thus T is an

algebraic isomorphism of ¢, onto its range.

12. Corollary. The algebraic dimension of any infinite-dimensional Banach space

is at least c.

13. An isometric isomorphism is a map of one normed linear space onto another

that preserves norms and is a linear isomorphism.

Proposition. Every separable Banach space X is isometrically isomorphic to a

subspace of /.

Proof. Let D = {z1,x2,...} be a countable dense subset of X. By the H.B.T. there
exists linear functionals f,, on X such that ||f,|| =1 and f,(x,) = ||z,]||- For each x

in X let
Tz = (fi(z), fo(x),...).

Since |fn(z)| < ||z||, Tz € oo. Thus T is a linear map from X into o and ||Tz|| <
lz||. It remains to show that ||Tz|| = ||z|| for all z. Given any x choose a sequence
Zm in D such that z,, — z. Then ||z,|| — ||z|| and ||Tz.,|| — ||Tx||. But for each

M, [TZm| = sup, |fn(2m)| = [[Zm|l. So [Tz|| = ||| u
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14. The sequence spaces £,,1 < p < 00, and cp seem more familiar than abstract
Banach spaces since we can “see” sequences. Proposition 13 says every separable
Banach space is (upto an isometric isomorphism) a subspace of ¢,. For long func-
tional analysts sought to know whether every infinite dimensional separable Banach
space contains a subspace that is isometrically isomorphic to either ¢y or to some

25, 1 < p < oco.In 1974, B. Tsirelson showed that this is not always so.



Lecture 7

Dual Spaces

The idea of duality, and the associated notion of adjointness, are important in func-
tional analysis. We will identify the spaces X* for some of the standard Banach

spaces.

The dual of C"

1. Let f be a linear functional on C”. If ¢4, ..., e, is the standard basis for C", then

the numbers 7; = f(e;) completely characterise f. The action of f on any element

z = (x1,Z2,...,Z,) of C" is given by the formula
n
fl@) =3 z;m;. (7.1)
=1
Any vector 17 = (n1,...,7n) gives rise to a linear functional f on C™ via this formula.

Thus the vector space dual to C™ is C” itself.
Every linear functional on C" is continuous (no matter what norm we choose on

C™). However, its norm will, of course, depend on the norm we choose for C™.

2. Consider the space Z;,‘, 1 < p € . We will calculate the norm of a linear
functional f on this space in terms of the vector n with which f can be identified as

in (7.1).

(i) Let 1 < p < oo. By Holder’s inequality |f(x)] = |3 z;n;| < llzflplnllq. So,
1f1Il < linllq- Show that this is an equality by considering the special vector x defined
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by
0 if = 0
Ty =
Imi|?/m: if n; #0.
(ii) Let p = 1. Note that
If@)] < >zl Insl
< max|n;| Y lej] = [1nllsoll]1-

So, || fIl < |Inllso- Show that this is an equality by considering the vector = defined
by
|mel/mi 3f [mil = |mlloo
0 otherwise.
(iii) Let p = oo. Once again note that |f(z)] < |71 ||z]lcc- So |IfIl < |7l - Show
that [[f]| = [l

The conclusion is

(6p)" =€y for 1 <p<oo.

Of course this equality is to be understood in the sense that we do not distinguish

between isometrically isomorphic spaces.

The dual of 7,

3. The arguments we have given can be pushed to study sequence spaces. A little
extra care is required to handle infinite sums.
Let 1 < p < co. The standard basis e; is a Schauder basis for £,. For f € {7, let

n;j = f(e;). For each natural number n,

Ief;;,“?llllp:l

7 = sup  |f@)] < ]l
j=1

This is true for all n. So, n € £, and |9y < || f]|-
Let x be any element of ¢,. By Hélder’s inequality Y |z;n;| < |[nllq ||zll,. We
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can write £ = ) z;e; (a convergent series in ¢,). Then since f is continuous,

(@) =13 zimsl < linllg lzllp-

So, [ fIl < lInllg; and hence [|f|| = [Inllq-

Thus ¢, can be identified as a subspace of ;. But every element n of ¢; acts
as a linear functional on ¢,, by sending an element x of ¢, to }_x;n;. This linear
functional f is bounded, the correspondence between n and f is linear, and ||f|| =

[Inllq- (Holder’s inequality again.) Thus

€, =14, for 1<p<oo.

Exercise. Show that ¢7 = /. (The argument is similar to the one used above.)
Thus
£, =14, for 1 <p<occ. (7.2)

4. How about the remaining case p = 007 Since ¢, does not have a Schauder basis
we can not imitate the earlier reasoning. In any case £;_ could not be ¢,: we have
seen that a nonseparable space can not have a separable dual.

What then is the dual of £o,? We will not calculate it here. There is a very
general theorem called the Riesz Representation Theorem that describes the dual of
the space of bounded continuous functions on a locally compact Hausdorff space X.

(See W. Rudin, Real and Complex Analysis.) When X = N, this space is {..

5. Well, if ¢, is not the dual of /., is it the dual of some other space? (Incidentally,
not every Banach space is the dual of another. The space C[0, 1] is not the dual of

any Banach space. We will not prove this fact here.)
Proposition. ¢; = cj.

Proof. Once again, the standard basis e; is a Schauder basis for ¢y. Let f € cg
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and let n; = f(e;). If n; = |n;| exp(i6;), then for every n we have

n

Z|nj| = Zexp —16;) Z f(exp(—1i6;)e;)
j=1

_ ( —7,01,6-102’” —"0" 0 0 ) S ”f”

Hence n € ¢; and ||n|l; < ||f|l. If = is a vector in the space cgp and ||| < 1,
then |f(x)| < |[nl|l1- Since cgo is dense in ¢y, this shows that || f|| < ||n|l;. Hence

lfIl = |Im|l1- Thus we have an isometric isomorphism between the spaces ¢} and ¢;.

6. (i) Show that ¢, is the dual of the space ¢ as well. [Hint: Let e, j = 1,2,...,
be the standard unit vectors and e = (1,1,1,...). Then {e,e;,ez,...} is a Schauder
basis for the space c. |

(i) Show that the spaces ¢y and c are not isometrically isomorphic. [Hint: the unit

ball in ¢ has two extreme points (z, = 1 and z, = —1), the unit ball in ¢y has none.|

7. The dual of the space Ly[0,1] for each 1 < p < oo is L4[0,1]. The proof uses
Holder’s inequality for integrals and very standard measure theory arguments.
This statement is true for L,(X,S,u) with some restrictions on the measure

space (like o-finiteness).

The dual of C[0,1]

8. Let g be a function on [0,1]. Let P be a partition of [0,1] as 0 =tp <¢t; < --- <
t, = 1. Let

n
Z J l)la
and

V(g) = supwv(g; P), (7.3)

where the supremum is taken over all possible partitions P. If V(g) is finite we say
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that g is of bounded variation, and then V(g) is called the total variation of g. The
space BV|0,1] consisting of all such functions is a vector space. Every absolutely
continuous function is in this space. There exists a continuous function that is not of
bounded variation (consider ¢sin(m/t) near zero). A function of bounded variation
need not be continuous (consider characteristic functions of intervals).

If we put ||g|| = V(g) we get a pseudonorm: all properties of a norm are satisfied
except one; ||g|| could be zero without g being zero. Every constant function has
zero total variation; the converse is also true. To get over this we could consider
two functions of bounded variation to be equivalent if their difference is a constant.
The space BV[0,1] then consists of equivalence classes of functions with respect to
this relation. Alternately, we could modify the definition of ||g|| by putting ||g|| =
|g(0)| + V(g)- In either case we get a normed linear space which is in fact a Banach

space. (Try to prove this.)

9. Every g in BV[0,1] gives rise to a linear functional g* on C|0, 1]:

g*(f)=/fdg,

where the integral is the Riemann-Stieltjes integral. We have

g1 < [1711dg] < Ifleolgl]

Thus ||g*|| < llgll-

10. We will show that conversely, every bounded linear functional on C|0, 1] arises
in this way.

Let ¢ € (C[0,1])*. The space C[0, 1] is contained in the space B[0, 1] consisting
of all bounded functions with the || - ||c norm. By the Hahn-Banach Theorem ¢ can
be extended to a linear functional on B[0,1] and the extension has the same norm
as .

Let xo be the zero function, and for 0 < ¢ < 1 let x; be the characteristic function
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of the interval [0,¢). Let g(t) = ¢(x¢). We will show that g is of bounded variation.

For any partition 0 =ty < t; < --- <t, =1,
n
Z lg(t:) — g(tic1)l = ) _[g(t:) — g(ti—1)] sgn [g(t:) — g(ti-1)]
i=1
n
= > le(xt) — o(xe,)] sen [g(t:) — g(ti1)]
i=1
= ¢ (Z(Xti — Xti_,) sen [g(ti) — g(ti—l)]) .
i=1
We have here the linear functional ¢ acting on an element of B[0, 1]. The || - || norm
of this element is 1 (at any point ¢ only one of the x¢,(t) — x¢,—1(t) is nonvanishing;
sgnz is a number of modulus 1). Thus v(g; P) < ||¢|| for every partition P, and

hence

Vi(g) < llell-

Note that g(0) = ¢(x0) = 0 and for each ¢

o(xt) = g(t) — g(0) = / xtdg.

Now follow the usual path in constructing integrals. Extend this relation to all step
functions by linearity, and then to all continuous functions by taking limits. We thus

have
:/fdg for all f € C[0, 1],
and further,

el = llgll =V (9)-

11. The space BV[0,1] contains some ill-behaved functions. For example, consider
for 0 < ¢ < 1 the delta function

1 if t=c

0 if t#c

6c(t) =

We have V(6.) = 2, but [ fdé. = 0 for all continuous f. In other words

1621l = 0, but [|6.|| = 2.
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How does one get over this? One needs to do a little more work than that for

the pseudonorm problem in Section 8.

12. Let g € BV[0,1] and suppose g(0) = 0. Then there exists a unique function §
in BV[0, 1] satisfying the conditions §(0) = 0, § is right continuous on (0, 1) and

/fdg:/fdg for all f € C0,1].

This is an exercise in epsilonics. Every function of bounded variation has a countable
number of discontinuities. We can choose g(t) = g(t*) for all ¢ > 0.

Check that g satisfies the requirements and also that ||g|[-< ||g]|-

13. We say that a function g in BV[0,1] is normalised if g(0) = 0 and g is right

continuous on (0,1). The collection of all such functions is denoted as BV N[0, 1].

This is a Banach space with the total variation norm.

14. The Riesz Representation Theorem. The dual of the space C[0,1] is
the space BVN|[0,1]. Each element g of BVN|[0,1] can be identified with a linear
functional g* on C[0, 1] by the relation

g = [ fdg, feclo,u.

This gives an isometric isomorphism between BV N|0,1] and (C|0, 1])*.

We have seen all the essential details of the proof.

15. Every real function of bounded variation is the difference of two monotonically
increasing functions.

Let us consider the space Cg[0,1] consisting of real continuous functions. We
want to know for what bounded linear functionals ¢ on this space the function g
associated to it by the Riesz Representation Theorem is monotonically increasing.
‘(The measure corresponding to a monotonically increasing function is positive; that

corresponding to the difference of two such functions is a signed measure.)
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Positive Linear Functionals

16. A function (on any domain) is called positive if it takes nonnegative values; i.e.,
f(x) >0 for all z. We write this briefly as f > 0.

A linear functional ¢ on C[0, 1} is said to be positive if p(f) > 0 whenever f > 0.
(Note ¢(f) is a number.)

The study of maps that preserve positivity (in different senses) is an important

topic in analysis.

17. Let ¢ be a positive linear functional on Cg[0,1]. Then |¢|| = ¢(1), where 1
denotes the function taking the value 1 everywhere. This fact is easy to prove. Just
note that for every f

IflIL £ f > 0.

Since ¢ is positive and linear

[flle(1) £ o(f) 2 0.

So,
le(H) < (I fllp(2).

Thus [||| < ¢(1). Since (1) < |||l [[1]| = [l¢ll, this means o] = ¢(1).
A corollary of this is that any extension ¢ of ¢ to Bg[0, 1] obtained via the Hahn-
Banach Theorem is also positive. If not, there would exist an f with 0 < f <1 such

that ¢(f) < 0. Then

el 2 ¢(1 = f) = #(1) = &(f) > 4(1).

But we know ||@|| = ¢(1).

18. A linear functional ¢ on Cg[0,1] is positive if and only if

o) = [ fdg
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for some monotonically increasing function g on [0, 1].
To prove this choose the g given by the Riesz Representation Theorem. Let

0<t <ty <1. Then

g(t2) — g(t1) = P(xt, — xt,) > 0.

A linear functional ¢ on Cg[0,1] is called unital if (1) = 1. We have proved
that a linear functional ¢ on Cg[0, 1] is positive and unital if and only if there exists

a probability measure y on [0,1] such that

olf) = [ fau.

(A probability measure on X is a measure such that u(X) =1.)

Exercises

19. For 0 <t <1 let y; be the linear functional on C[0,1] defined as

Find the function g in BV N[0,1] that corresponds to ¢; according to the Riesz

Representation Theorem.

20. Show that the space BV N|0, 1] is not separable. This is another example of a

situation where a separable Banach space has a nonseparable dual.
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Some Applications

The Montel-Helly Selection Principle

1. Theorem. Let p, be a sequence of probability measures on [0,1]. Then there

exists a subsequence u,, and a probability measure p such that

/fdumﬂ/fdu as m — oo

for all f € C[0,1).
(In a terminology that we will learn later, this says that the set of probability

measures on [0, 1} is weak* compact)

Proof. Let {f;} be a dense set in C[0,1]. Since |[ fidu,| < ||fill< for all n, the
sequence { [ fidu, : n € N} is a bounded sequence of complex numbers. Hence there
exists a subsequence py,, of g, such that [ fidu,, converges. By the same argument,
there exists a subsequence fi,, of i, such that { fodu,, converges. By the diagonal
procedure we get a subsequerce i, of pp, such that for each j, the sequence [ fidn,
converges as m — oc.

Using an ¢/3-argument, one can see that for every f in C10,1] the sequence
[ fdum, is Cauchy and hence convergent. Let A(f) = limy,—.oc [ fdp,,. Then A is a
linear functional on C[0, 1], |[A(f)| < l|fll~, and A(1) = 1. By the Riesz Representa-

tion Theorem, there exists a probability measure u such that A(f) = [ fdp.
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Positive definite sequences

2. Let u be any positive finite measure on the interval [, 7]. Let

1 7

— [ e ™ du(z). 8.1
el SR C (8.1)

an =

The sequence {a,}nez is called the Fourier-Stieltjes sequence corresponding to p.
Let N be any natural number, and pick up any complex numbers zy,....2n-1.
Then
Y s
0<r.s<N-1

1 w : )
= 5 / Z e’(s”r)‘”z,.i,qd;t(;c)
TS 0<r,s<N—1

- 1/7r
T -

2
du(r).

N-1
Z e—zrmzr
r=()

Hence,

> arszz 2 0. (8.2)
0<r,s<N-—1

3. A doubly infinite sequence {ay }nez 18 said to be positive definite if the inequality

(8.2) is satisfied for all N and for all choices of N complex numbers zg,....zn-;.

4. The condition (8.2} can be expressed by saying that for all N, the matrices

ap -y Q-2 - QG (N-1)
[£3] ag a.)
asg ay ag
as ay
| AN-1 aN-2 ag R

are positive semidefinite.

Thus the terms of a positive definite sequence must satisfy the following condi-
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tions
(i) a—p = an, for all n,
(ii) ag > 0,

(iii) |an| < ap for all n.

5. We have seen that the Fourier-Stieltjes sequence associated with a positive finite
measure on [—7,7] is a positive definite sequence. One of the basic theorems of

harmonic analysis says that every positive definite sequence arises in this way.

The Herglotz Theorem

6. Theorem. Let {a,}ncz be a positive definite sequence such that
ap = 1. (8.3)
Then there exists a probability measure p on [—m, 7] such that

an ! / e M du(x).

.—_—2—7-—[_—‘”

(Note that (8.3) is just a convenient normalisation.)

Proof. The inequalities (8.2) are valid for all N, and for all complex numbers
20,...,2N—1. Make a special choice z, = €™, 0 < r < N — 1, where z is any real

number. We have

Z ar_sei(r—s)x > 0.
0<r,s<N-1

This inequality can be stated in an equivalent form

N-—1 )
> (N = |k])age™® > 0.
k=—N+1

For each natural number N, let

fn(z) = Nf ( - %) axe'*®.

k=—N+1
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Then fy(z) > 0 for all x, and

1 ™
o /_7r fyn(z)dxr =ap =1.

If F is any measurable subset of [—m, 7], let uy(E) = 717; Jg fn(z)dz. Then py is a
probability measure. By the Montel-Helly Principle there exists a subsequence un
and a probability measure p such that for all f in C[—m, 7], [ fdun converges to
[ fdp as N — oo.

In particular

L (™ ine ; 1 [T —ine
or | e au) = Jlim o [ e dun(a)
-7 -
: 1 m —ine
= Iélmw%/ e "™ fy(x)dx
- -
o lNl)
- 1\}5“00( N )
= an.
This proves the theorem. |

Holomorphic maps of the disk into a half-plane

7. Let {a,}nez be a positive definite sequence. Consider the power series
a
f(z):?0+a1z+a2z2+-~ (8.4)

Since |a,| < ag for all n, this series converges in the unit disk D = {z : |z| < 1}. For

every z in D we have

2Re f(z) _ f(2)+f(2)

1—|z)2 1-2z
o0 o0 o0
= Z Zmzm { ar2® + Z a_kék}
m=0 k=0 k=1

00 00 00 00
— Z Zakzm+kzm + Z Za_kzmzm-}-k

=0 k=0 m=0 k=1

3
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o0 0o 00 o0

S IEEES 3B DR
s=0r=s r=0s=r+1
o9

= Z ar_s2"Z°.
rs=0 .
This last sum is positive because the sequence {a,} is positive definite. Thus the
function f defined by (8.4) is a holomorphic map of D into the right half plane
(RHP).
It is a remarkable fact of complex analysis that conversely, if the function f maps

D into the RHP then the coefficients of its power series lead to a positive definite

sequence.

8. Theorem. Every holomorphic function f mapping D into the RHP can be
represented as

flz) = iv+ / Tz, (8.5)

et — 2
where v = Im f(0), and « is a monotonically increasing function on [—m,7].

The expression (8.5) is called the Riesz—Herglotz integral representation.

9. What does this theorem say? Let C be the collection of all holomorphic functions
mapping D into the RHP. Constant functions (with values in the RHP) are in C. It
is easy to check that for each t in [—m, 7] the function

e’t+z
et — 2

Hy(z) = (8.6)

is in C. Positive linear combinations of functions in C are again in C. So are limits
of functions in C. The formula (8.5) says that all functions in C can be obtained
from the family (8.6) by performing these operations. (An integral is a limit of finite

sums.)

10. The theorem can be proved using standard complex analysis techniques like

contour integration. See D. Sarason, Notes on Complexr Function Theory, TRIM,
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Hindustan Book Agency, p.161-162. The proof we give uses the Hahn-Banach and
the Riesz Representation Theorems.
A trigonometric polynomial is a function
ag al .
9(0) = > + Z(an cosnf + b, sinnb), ap,b, € R. (8.7)

n=1
The numbers a,, b, are called the Fourier coefficients of g, and are uniquely deter-
mined by g. The collection of all such functions is a vector space, and is dense in

Cr|—m, 7). For brevity, we will write

un(0) = cosnf, wvp(0) = sinnd.

11. Proof of the Theorem. Let f be a holomorphic function on D. Let f(z) =
Y22 o cn2™ be its power series expansion. Let ap, B, be the real and imaginary parts

of ¢,, and let z = re® be the polar form of z. Then

Re f(2) = ap + i "™ (anun(0) — Brvn(0)). (8.8)

n=1

A(l) = o, A(un) = 5 A(’Un) =5 (89)

Note that
”rn(anun - ﬂnvn)”oo < 2|Cn|7'n-
Since Y o2 |cn|r™ is convergent, this shows that the series in (8.8) is uniformly

convergent on [—m, 7). So, from (8.7) and (8.8), integrating term by term and using

orthogonality of the trigonometric functions, we obtain

1 /9(9) Re f(re)do =

N
apa 1 ,
o 0 4 3 nEZI " (anan — Bnbn).

2
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Hence

Alg) = lim 5 [ 9(0) Re f(re)ao.

This shows that A(g) > 0 if g > 0 (recall f maps D into the RHP). By continuity,

A can be extended to a positive linear functional on all of Cg[—m, 7). We have
[All = A(1) = ao.

By the Riesz Representation Theorem, there exists a monotonically increasing func-

tion @ on [—m, ] such that

Mm:[kmmm for all g € Cg|—, 7).

We can define a linear functional A on the space C[—m, 7] of complex functions by
putting

A(g1 +ig2) = A(g1) + iA(g2), 91,92 € Cr[—, 7]

We then have .
A(g) = /g(t)da(t) for all g € C[—m,m].
—T

Now for each z € D look at the function

et + 2 2ze% N i
H,(t) = P = 1+m=1+222n6 int
n=
[e o]
= 1+2) 2™{un(t) — iva(t)}. (8.10)
n=1

Use (8.9) to get

A(Hz) =ap+ Z(an + iﬁn)zn = Z(an + iﬂn)zn - ’LﬁO = f(z) —iIm f(O)

n=1 n=0

So,

- L eit 2
ﬂa:umﬂm+MH9:umﬂm+/ T2 dat).

_p el —z

12. Corollary. Let f(z) = co + ¢z +c22? + - - - be a holomorphic function mapping
D into the RHP. Let {a,}necz be the sequence in which ag = 2 Recg,an = cp,a—p =

¢ for n > 1. Then {a,} is a positive definite sequence.
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Proof. The integral formula (8.5) shows that

et + 2
et — z

56 =yl -0 + [ G date)

Expanding the integrand as the (first) series in (8.10), this gives
1 ™ 00 T .
£ = [5-a)+ [ da)| +23 | [" edate)| .
2 - n=1 "7
By the uniqueness of the coefficients of a power series

ag = 2/ da(t)
ap = 2/ e ™da(t).

Thus the sequence {an }nez is positive definite. [ |

13. The Riesz—Herglotz Integral Representation plays a central role in the theory of

matrix monotone functions. See R. Bhatia, Matriz Analysis, Chapter V.
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The Weak Topology

When we say that a sequence f, in the space C|[0, 1] converges to f, we mean that
I frn — fli = 0 as n — oo; and this is the same as saying f,, converges to f uniformly.
There are other notions of convergence that are weaker, and still very useful in anal-
ysis. This is the motivation for studying different topologies on spaces of functions,

and on general Banach spaces.

The weak topology

1. Let S be any set and let (T,{{) be a topological space. Let F be a family of maps
from S into T'. The weak topology on S generated by F (or the F—weak topology) is

the weakest (i.e., the smallest) topology on S for which all f € F are continuous.

Exercise. The collection
(P f7 Uy U e, fje Fo1< <k k=12, .}

is a base for this topology.

2. Examples. 1. Let C[a,b] be the space of all continuous functions on [a,b].
For each z € [a,b] the map E.(f) = f(z) is a map from Cla,b] to C, called the
evaluation map. The weak topology generated by {E. : x € [a,b]} is called the

topology of pointwise convergence on Cla, b}.

2. The product topology on R™ or C™ is the weak topology generated by the

projection maps 7; defined as m;(z1,...,2,) = x;,1 < 7 < n.
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3. More generally, if X, is any family of topological spaces the product topology
on the Cartesian product I1,X, is the weak topology generated by the projections

Te ONto the components X,.

3. Now let X be any Banach space and let X* be its dual space. The weak topology
on X generated by X* is called the weak topology on X. For this topology, the sets

N(fr1,--oh frse) = {z: |fi(@)] <e, 1 <i <k},

where e > 0,k =1,2,..., and f1, fa,..., fr are in X*, form a neighbourhood base

at the point 0. A base at any other point can be obtained from this by a translation.

4. For brevity, memnbers of the weak topology on X are called weakly open sets.
Phrases such as weak neighbourhood, weak closure etc. are used to indicate neigh-
bourhoods and closures in the weak topology.

The topology on X given by its norm is called the norm topology or the strong
topology or the usual topology on X; the adjective chosen depends on the point of
view to be emphasized at a particular moment.

A sequence z, in X converges to x in the norm /strong/usual topology if
|zn, — z|| — 0. We write this as x, — x. The sequence x, converges to x in the
weak topology if and only if f(x,) converges to f(x) for all f € X*. We write this

as Tn — T, and say z, converges weakly to x.

5. If £, — x it is clear that z,, — . The converse is not always true.
Example. Let X = Ly[—m,7]. Then X* = X. Let v,(t) = sinnt. Then for all f in
X, we have lim,_.oc f(vn) = limp_,o [7, f(t)sinnt dt = 0 by the Riemann-Lebesgue

Lemma. So, the sequence v, converges weakly to the function 0. On the other hand

m
|vn | = / | sin? nt|dt = .

-

So v, can not converge to 0 in norm.

6. Exercise. Show that the norm topology on X is stronger than the weak topology
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(i.e., every weakly open set is open in the usual topology).

If X is finite-dimensional, then its weak topology is the same as the norm topol-

ogy.

7. Exercise. The weak topology on X is a Hausdorff topology. (Hint: Use the
Hahn-Banach Theorem.)

8. If a sequence {r,} in X is convergent, then it is bounded; i.e., there exists a
positive number C such that ||z, || < C for all n. This happens to be true even when
{zn} is weakly convergent.

The proof that follows uses the Uniform Boundedness Principle, and a simple
idea with far reaching consequences—turning duality around by regarding elements
of X as linear functionals on X*. Every element x of X induces a linear functional
F, on X* defined as

F.(f)= f(z) forall feX*.

It is clear that F} is a linear functional on X*, and the map x — F, is linear. It
follows from the definition that ||F;|| < ||z||. The Hahn-Banach theorem impiies the
stronger assertion that |Fy|| = ||z||. (We can find an f in X* with ||f|| = 1, and
f(z) = [lzll.)

Now suppose {z,} is a weakly convergent sequence. Then for each f in X*, the
sequence {f(zy)} is convergent, and hence bounded. This means that there exists a

positive number Cy such that

Sl;plf(wn)l < Cy.

In the notation introduced above this says

SITllplen(f)l < Cy.

Hence by the Uniform Boundedness Principle, there exists a positive number C such
that
sup || Fz, || < C,
n
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which is the same as saying sup ||z, || < C.
n

9. We will use this to show that the weak topology on ¢,, 1 < p < o0, can not be
obtained from any metric.

Let e, be the standard basis for ¢,, and let
S={nYe,:n=1,2...}.

This is the collection of all vectors of the form (0,0, ... ,nl/4.0,.. D), n=1,2,....
We will show that the set S intersects every weak neighbourhood of 0 in ¢,. If V

is such a neighbourhood, then it contains a basic open set
N(f0,.. f®e) = {s ety |fD@)| <e1<j <k},

where ¢ is a positive number, and fU) are elements of 4. If fO = (fl(j), 2(j), .. ) ,

then by definition, f0)(z) = 22, fx G )a:n, for every x € £,. In particular,
O (nl/qen) =nl/9f9) for all n.

So, if the set S does not intersect V, then for some j we have ’nl/ q f ’ > ¢ for all n.

This implies that

ilf(”’ > 1/ , for all n.
j=1

Ify = (y1,¥2,-..) is any vector, let us use the notation |y| for the vector (|y1], |y2],---)-
Clearly, if y is in ¢4, then so is |y|. For 1 < j < k, each ‘f(j)\ is in 44, and hence so is

their sum f = Zle ‘ fu )l . But if the last inequality were true we would have

S 1fal? > Z%

and that implies f cannot be in ¢;. This contradiction shows that S intersects V.
This is true for every weak neighbourhood V of 0. Hence 0 is a weak accumulation
point of the set S.

Now if the weak topology of ¢, arose from a metric there should be a sequence
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of elements of S converging (weakly) to 0. Such a sequence has to be norm bounded.
However,

Int/%el, = n'/2

and hence no sequence from S can be norm bounded.

10. A topology (a collection U of open sets) on a given space X is called metrisable
if there exists a metric on X such that the open sets generated by this metric are
exactly those that are members of U.

We have seen that the weak topology on £,, 1 < p < 0o, is not metrisable. In
fact, the weak topology on any infinite-dimensional Banach space is not metrisable.

We will prove this a little later.
Nets

11. We have seen that in a topological space that is not metrisable, sequences
might not be adequate to detect accumulation points. The remedy lies in the intro-
duction of nets. Reasoning with nets is particularly useful in problems of functional

analysis.

A partially ordered set I, with partial order <, is called a directed set if for all

a, B € I, there exists v € I such that a <~y and 8 < ~.

The sets N and R with their usual orders are directed sets. The collection of all
subsets of a given set with set inclusion as the partial order is a directed set. Let
I be the collection of all neighbourhoods of a point z in a topological space X. Say

N; < Ny if Ny C Nj. Then I is a directed set.

Let X be a topological space. A netin X is a map a — z, from a directed set
I to X. (When I = N this is just a sequence in X.) Sometimes we denote the net by

{za}aer or simply by z,.

12. We say that a net {zq}acs eventually satisfies a property P, if there exists v € I
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such that the property P is satisfied by all z, with v < a. We say that {z4}aer
frequently satisfies P, if for each v € I, there exists an a such that v < « and z,

satisfies the property P.

We say that the net x, converges to x (x4 — x) if for each neighbourhood N
of z, xz, is eveutually in N. A point z is called a cluster point (or an accumulation

point) of the net {z,} if z, is frequently in each neighbourhood of ..

13. Proposition. Let E be a subset of a topological space X. Then a point z is in

the closure of E if and only if there exists a net {z,} in F that converges to z.

Proof. If a net z, in E converges to x. then each neighbourhood of x contains
an element of E. So z € E, the closure of E. To see the converse, suppose r € E
and let I be the collection of all neighbourhoods of = with the partial order N; < Ny
defined to mean No C N;. Given N € [, there exists a point xy in £ N N. Then

{.’L‘N}N51 is a net that converges to . [ ]

14. Exercises. 1. If X is a Hausdorff space then a net x, in X can converge to at

most one limit. (The converse is also true.)

2. A map f from a topological space X into another topological space Y is
continuous if and only if the net f(x,) converges to f(x) in Y whenever the net z,

converges to x in X.
15. Let {zq}aer and {yg}pes be two nets. We say {z,} is a subnet of {yg}, if there
exists a function F': I — J such that

(7) Ta = Yp) forallael
(i)  For each 8 € J, there exists a € I,such that 3 < F(a/) ifa < o'.

(The second condition says that F(a) is eventually larger than each 3 in J.)

16. Exercises. 1. Every subsequence of a sequence is also a subnet of it. ( But

every subnet need not be a subsequence.)
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2. A point z is a cluster point of a net {z,} if and only if a subnet of {z,}

converges to .

17. Theorem (Bolzano—Weierstrass Theorem). A topological space X is compact

if and only if every net in X has a convergent subnet.

18. The Tychonoff Theorem. If { X, } is any family of compact topological spaces,
then the product topological space [][ X, is compact.
«

19. Warning. All this might suggest that everything is simple. We have to merely
replace the subscript n in z,, by « and pretend nothing else has changed. This is

not so. Here are two of the pitfalls.

(i) A net in a normed space may be convergent without being bounded. (Have

we seen an example already?)

(ii) A sequence may have a convergent subnet without having any convergent

subsequence. (We will soon see an example.)

20. Though the weak topology on an infinite-dimensional Banach space X is not
metrisable, it is possible that some useful subsets of X could be metrisable. For
example, if X* is separable, then the unit ball of X with the weak topology is

metrisable. We will prove this in a special case later.



Lecture 10

The Second Dual and the Weak* Topology

The Second Dual and Reflexivity

1. The dual of X* is another Banach space X™*. This is called the second dual or
the bidual of X. Let J be the map from X into X™** that associates with x € X the

element F, € X** defined as
E(f) = f(z) forall fe X*.

Then J is a linear map and ||Jz|| = ||z]|. (See (9.2).) Thus J is an isometric imbedding

and we can regard X as a subspace of X**.

2. If the map J is surjective, then X is isomorphic to X** via the map J, and we
say that X is reflexive.

Note that we are demanding not just that X be isomorphic to X**; we want the
natural map J to be an isomorphism. There is an example where the spaces X and
X** are isomorphic but the natural map J is not an isomorphism. Such spaces are
not reflexive.

Every finite-dimensional space is reflexive. The ¢, spaces are reflexive for 1 <

p < oo, but not for p = 1, oo.

3. Show that a Banach space X is reflexive if and only if X* is reflexive.
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The weak* topology

4. Let X* be the dual of a Banach space X. The usual topology on X* is the one
generated by its norm. Its weak topology is the weak topology generated by its dual
X**. There is one more topology on X* that is useful. This is the weak topology
on X* generated by the subspace X of X**; i.e., the weakest (smallest) topology on
X* for which every element of X, acting as a linear functional on X*, is continuous.

This is called the weak* topology on X*.

=

5. Note that a net f, in X* converges to f in the weak* topology if and only if
fa(z) — f(z) for all z € X. So, this is the topology of pointwise convergence.
The weak* topology is weaker than the weak topology on X*.

If X is reflexive, then the weak topology on X* is the same as the weak* topology.

6. The Banach—Alaoglu Theorem. Let X be any Banach space. Then the unit
ball {f € X*:||f]] <1} in the space X* is compact in the weak* topology.

(This is the most important theorem on weak* topology.)

Proof. For each = € X consider the set B, = {z € C: |z| < ||z||}. This is a compact

subset of the complex plane. Consider the space

B:=[] B:

zeX
with the product topology. By Tychonoft’s Theorem B is compact.

What are elements of B? They are maps b from X into U, B, such that b(x) is
in By for each z € X; i.e., they are maps b: X — C such that |[b(x)| < ||z||. Among
these tlie linear maps are exactly the elements of the unit ball B of X™*.

If we show B is a closed subset of B it will follow that B too is compact in the
topology it inherits from B. But this inherited topology is the topology of pointwise

convergence; this is the same as the weak* topology.
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Let f, be any net in B and suppose f, converges to an element f of B. We have

to show that f € B. Note that

flaiz +a2y) = lim fa(arz + azy)
= lim(alfa(x) + a?f(x(y))
a1 f(z) + a2 f(y).

Thus f is linear. Since f € B, we already know |f(z)| < ||z||. Thus ||f]] < 1. So
fenB. [ |

7. If X is reflexive, the unit ball of X* is weakly compact. (The weak topology and
the weak* topology are the same in this case.)

If X = X* (as is the case when X is ¢y or L;) then the unit ball of X is weakly
compact.

Recall that the unit ball of any infinite-dimensional space can not be compact in
the strong (usual) topology. This weaker compactness can still be very useful.

It can be proved that a Banach space is reflexive if and only if the weak and the

weak* topologies coincide.

8. The Montel-Helly Selection Principle is a special instance of the Banach—Alaoglu

Theorem.

9. Theorem. Every Banach space is isometrically isomorphic to a closed linear

subspace of the space C(X) of continuous functions on a compact Hausdorff space

X.

Proof. Let X be the closed unit ball of the dual space X* with the weak* topology.
We have seen that X is compact. Every element z of X can be thought of as a

continuous function on X. n
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Earlier we saw that every separable Banach space is isomorphic to a subspace of
¢ In this theorem the condition of separability has been dropped. If the Banach
space X is separable, then the space X in Theorem 9 is the Stone-Cech compactifi-

cation of N.

Exercises

10. Show that the only linear functionals on X* that are weak* continuous are the
elements of X.

The only linear functionals on X that are weakly continuous are the elements of
X*. (Thus a linear functional on X is weakly continuous if and only if it is strongly

continuous.)
11. A subset of X whose linear span is dense in X is called a fundamental set.
Show that z, — z if and only if {llzx||} is bounded and f(z,) — f(z) for every

element f of a fundamental set in X™*.

12. Let 1 < p < oo. Show that a sequence {z,} in ¢, converges weakly to
if and only if {||zn|lp} is bounded and z, converges coordinatewise to z; i.e., if
Tp = (§§"),g§"), ...) and z = (&,&s,...), then for each j the sequence €§n) converges

to £ as n — oo.

13. A sequence {f,} in X* is weak* convergent if and only if {|| f,||} is bounded and

{fn(z)} is a Cauchy sequence for each = in some fundamental set in X.

Annihilators

14. Let S be any subset of a Banach space X, and let

St={feX":f(z)=0forall ze S}
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Then S+ is a (closed linear) subspace of X*. This is called the annihilator of S (the
collection of all linear functionals that kill every element of S). If [S] denotes the
closed linear space spanned by the set S, then S+ = [S]*. The notation S+ suggests
orthogonality, and indeed there are several similarities with that notion.

It is easy to see that S+ = {0} if and only if S is a fundamental set in X.
15. Let X/M be the quotient of X by M. The dimension of this space is called the
codimension of M in X. In symbols

codim M = dim X/M.

Exercise. Show that if X is finite-dimensional, then dim X = dim M+ codim M.

In the proof of the next theorem we use the following:
Proposition. Let X be any normed linear space and M a closed subspace of X.
If N is any finite-dimensional subspace, then the sum M + N is a closed subspace

of X.

Proof. Let X/M be the quotient space, and @ : X — X/M the quotient map.
The image N = Q(N) is finite-dimensional, and hence closed in X/M. Since @ is
continuous, Q@ (N) is closed in X. But Q" }(N) = M + N. [
16. Theorem. Let M be any closed subspace of a Banach space X. Then

codim M = dim M*t, (10.1)
in the sense that either both sides are infinite, or they are finite and equal.

Proof. Suppose codim M is a finite number m. Let X = X /M. This is an m-

dimensional space; choose a basis Zi,...,Zn in it. Let u be any element of X, and
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let @ be the element of X corresponding to u. We can write
w=&T1 4+ {nTm.

Then we must have

u=&x+ -+ & om+ v

for some v € M. Thus the space M, together with the vectors xz1,....x,,, spans X.

Let M; be the subspace spanned by M and the vectors ry...., 21, Tj11.. .., Zm.
Then Mj,1 < j < m, are closed subspaces of X containing M. By the Hahn-Banach
Theorem we can find f; in X* such that f;(M;) =0 and fj(z;) = 1. We thus have

a collection f;.1 < j < m, such that

fi(M) =0, fj(ax) = 6. (10.2)

This last condition shows that f; are linearly independent. We will see that they
form a basis for M*.

Let f be any element of M L For k=1.2,...,m, we can write
m
Fla) =Y f@))f(aw)
j=1

because of (10.2). Since M and the z span X, this shows

m

F=> F=)f;

j=1
Thns f;,1 < j < m form a basis for M L. SodimM*t =m.
Now suppose codim M = oo. Choose a vector r; in X not in M. Let M, be the
space spanned by M and x;. Choose a vector z2 in X not in M;. Let Ay be the
space spanned by M; and x9. Since codim M = oo, this process can be continued

indefinitely leading to a strictly increasing sequence of closed subspaces
McM CMyC---CX.

The inclusions

X*>M*t oMt > >{0}
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are strict inclusions because of the Hahn-Banach Theorem. Thus M1 is infinite
dimensional.

We have proved the equality (10.1). [ ]

17. Exercise. Prove that

dim M = codim M*. (10.3)

18. Corollary. If M is a finite-dimensional subspace of X, then M+t = M.

Proof. Note that M is a subspace of X, whereas M+ is a subspace of X**. So
the asserted equality is to be interpreted as an isomorphism. To prove it note that

M C M*+. By the equalities (10.1) and (10.3)
dim M = codim M+ = dim M*+.

If diin M < oo, this is sufficient to conclude that M = ML+, [ ]

19. Exercise. If f,,..., f, are linearly independent elements of X*, then there exist

x1,...,&, in X such that fi(x;) = ;.

20. Exercise. The kernel of a linear functional is a vector space of codimension
one. So, if X is infinite-dimensional and fy,..., fr are linear functionals on it, then
the set

{z: fi(z) =0,1<j <k}

is an infinite-dimensional subspace of X. Thus any weak neighbourhood of 0 contains
an infinite-dimensional subspace (and hence a line through the origin).

Use this to show that in an infinite-dimensional Banach space the weak closure
of the sphere {z : ||z|| = 1} contains the point 0 and the ball {z : ||z|| < 1}. This

shows how weak the weak topology is.
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21. Exercise. The observation in Exercise 20 can be used to show that if X
is an infinite-dimensional Banach space, then its weak topology is not metrisable.
The weak closure of every sphere S, = {z : ||z|| = n} contains 0. If the weak
topology arose from a metric d, then for each n, there would exist z,, in S, such that
d(zn,0) < 1/n. The sequence {z,} is then unbounded (in norm) and, at the same

time, weakly convergent (to 0). That is not possible.



Lecture 11

Hilbert Spaces

To each vector in the familiar Euclidean space we assign a length, and to each pair
of vectors an angle between them. The first notion has been made abstract in the
definition of a norm. What is missing in the theory so far is an appropriate concept
of angle and the associated notion of orthogonality. These ideas depend on the in-
troduction of an inner product. Hilbert spaces are special kinds of Banach spaces
whose norms arise from inner products.

They are important for several reasons. Since they have a special structure, more
can be said about them; so we have a richer theory. They are important for applica-
tions: quantum mechanics, signal processing, wavelets. Our intuition works better
with them. Functional analysis leads us to use our geometric intuition to understand
the behaviour of spaces of functions. Typically, to understand convergence of a se-
quence of functions an analyst might draw a picture on paper where the functions
are represented by points; then argue by analogy to extend her reasoning from R?
to a Hilbert space and finally see whether the special nature of Hilbert space can be
dispensed with.

Hilbert space is named after David Hilbert, one of the great mathematicians of
the twentieth century. He used the space 5 in his study of problems concerned with
integral equations. The general theory of Hilbert spaces was developed later by John

von Neumann in 1928 to provide a mathematical framework for quantum mechanics.

Basic notions

1. A complex vector space X is called an inner product space if to each pair of
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elements x,y of X is associated a complex number (z,y), called the inner product of
x and y, that satisfies the following four conditions
(i) (x+y,2) = (x,2) + (y, 2) for all z,y,2z € X.
(il) (az,y) = afx,y) for all a € C.
(i) (x,y) = (y,z) (the bar denotes complex conjugation).
(iv) (x,z) > 0, and (z,z) = 0 if and only if z = 0.
Note that conditions (i), (ii) and (iii) imply that
(v) (z,y +2) = {z,y) + (7, 2).
(vi) (z,oy) = a(z,y).
Thus the function (-,-) is linear in the first variable and conjugate linear in the
second.
This convention is followed by almost all functional analysis books, and violated

by almost all physics and matrix theory books. The latter take the inner product to

be conjugate linear in the first variable and linear in the second.

2. A real vector space X is called an inner product space if there is defined a real
function (-,-) on X x X satisfying the properties (i)-(iv). The complex conjugation in
(iii) and (vi) is redundant in this case. We will talk of complex inner product spaces
most of the time. What we say is often true for real inner product spaces. (The

latter parts, involving spectral theory, require the underlying field to be complex.)

3. The space C" is an inner product space with the usual definition
n
(z,y) = Za:jgjj. (11.1)
=1

The space C[a,b] is an inner product space if we define

b
(.9 = [ f@)g@)ds. (11.2)
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4. Given an inner product on X, put
lz| = (z,2)*2. (11.3)

Then || - || defines a norm on X. To verify the triangle inequality one needs:

The Cauchy—Schwarz inequality.

[z, 9| < llzll [lyll- (11.4)

This can be proved as follows. If y = 0, both sides of (11.4) are zero. If y # 0, we
may replace y by y/||y||, and thereby assume ||y|| = 1. Then

0 <l = (z,m)yl* = (= - (&.y)y.x — (z,y)y)
= |lzl® = (z.y){z,y) — (x.y) W, 2) + [{z.y)|?

= Ja|® - [z, ).

(Some times (11.4) is called just the Schwarz inequality.) Thus X is a normed linear

space. The map (z,y) from X x X into C is continuous.

5. If the inner product space X with the norm (11.3) (induced by the inner product)
is a complete metric space, we say it is a Hilbert space. An inner product space is
some times called a pre Hilbert space. If it is not complete, then its completion is a
Hilbert space.

We will use the symbol H for a Hilbert space .

6. The space #5 is a Hilbert space with the inner product
o
(z,y) = ijgj. (11.5)
j=1

The space Ly[a, b] is a Hilbert space with the inner product

b

(.9 = [ f@)@da. (116)

a
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The finiteness of the sum in (11.5) and the integral in (11.6) are consequences of the
Schwarz inequality. The completeness of Ly[a, b] is the Riesz—Fischer theorem.

The space C|a, b] is a dense subspace of L[a,b]. It is not a closed subspace.

Exercises

7. The norm in any inner product space satisfies the parallelogram law

Iz +glI* + llz = yl* = 2(ll* + Ilyll*)-

8. Say that z is orthogonal to y (written z 1 y) if (z,y) = 0. Show that in this case
lz +yl* = lle = ylI* = l|z]|* + lly]I*.

This is called the Pythagorean Theorem.

9. The norm and the inner product are related by the polarisation identity
— 2 2 . .12 . .2
4z,y) = e+ ylI* = llo — yllI* +illz + iyl — iflz — yl|*. (1L.7)

This can be written compactly as

3

1 . .
(2,9) = 73 Pllz + Pyl
p=0

The polarisation identity allows us to recover the inner product from the norm.

In the case of a real inner product space the polarisation identity is

4z, y) = |z +y|* - |z - y|*

10. Suppose X is any normed linear space. From the norm on X we can define a
function () on X x X by (11.7). Then (z,z) = ||z||?>. However, (-,-) defines an
inner product on X if and only if the norm || - || satisfies the parallelogram law. (A

bit of work is required for the proof of this statement.)
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11. Let w be a primitive nth root of unity, where n > 2. Show that

n—1

1
(29) = = 3 wPlla + WPyl
p=0

This is a generalisation of the polarisation identity.

12. For z,y, z in an inner product space

1 1
o= ol + llo = 21 =2 (Jle = 3+ )P + 15w - 2)IP).

This is the Appolonius Theorem. It generalises the theorem with this name in plane

geometry: if ABC is a triangle, and D is the mid-point of the side BC, then

(AB)% + (AC)? = 2[(AD)? + (BD)?.

13. Let S be any subset of H. Let
St={zeH:z Ly forall yeS}.

Show that

Snst c{o}.

S+ is a closed linear subspace of H.

)
)

(i) {0}t =M, Mt = {0}.
) IfS) C Sy, then S§ C Si.
)

S c St

Subspaces, direct sums and projections

14. Theorem. Let S be any closed convex subset of H. Then for each z in H there

exists a unique point g in S such that

|z — zo|| = dist (z,S) := inf ||z — y||.
y€eS
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Proof. Let d = dist(z, S). Then there exists a sequence yj,, in S such that ||z—y,| —

d. By the Appolonius Theorem

“‘T - yn“2 + ”7“ - ym“2

1 1
2l = 3 + vl + 15— wl?)

Il

v

1
2d2 + illyn - ym“z’

(We have used the convexity of S to conclude ]ﬁ(yn + ym) € S.) As n,m — oo, the
left hand side goes to 2d%. This shows {y,} is a Cauchy sequence. Since S is closed

xp := limy, is in S and
[ = zo|| = lim ||z — yn[| = d.

If there is another point z; in S for which ||z — z,]| = d, the same argument with

‘the Appolonius Theorem shows that x; = xp. [ ]

The theorem says that each point of H has a unique best approrimant from any
given closed convex set S. This is not true in all Banach spaces. Approxination

problems in Hilbert spaces are generally easier because of this theorem.

15. Especially interesting is the case when S is a closed linear subspace. For each z
in H let
PS(x) = Zo, (118)

where zg is the unique point in S closest to x. Then Pg is a well defined map with

range S. If x € S, then Pg(z) = x. Thus Ps is idempotent; i.e.,
P2 = Ps. (11.9)
For each y in S and ¢ in R, we have
Iz = (zo + ty)lI* > ||z — zo||*.
From this we get

lz — zoll* + ¢*[lyl|* — 2t Re (z — z0,9) > |lz — 2ol
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ie.,
t2|jy||® > 2t Re (z — z0,v).
Since this is true for all real ¢ we must have
Re (x — z9,y) = 0.
Replacing y by iy, we get
Im (x — zo,y) = 0.

Hence
<I — To, y) =0.

Thus x — g is in the subspace St. Since SN S+ = {0}, we have a direct sum
decomposition

H=S®S* (11.10)
Recall that a vector space X is said to have a direct sum decomposition
X=VeoeWw, (11.11)

if V,W are subspaces of X that have only the zero vector in common, and whose
linear span is X. Then every vector x has a unique decomposition * = v + w with

veV, weW

16. Show that the map Ps defined by (11.8) is linear, ran Ps = S, and ker Ps = S*.
(The symbols ran and ker stand for the range and the kernel of a linear operator.)

By the Pythagorean Theorem
Izl|? = |Psz || + || (1 — Ps)z||*.
This shows that ||Ps|| < 1. Since Psz = z for all z in S, we have
|Ps|| = 1. (11.12)

(The obvious trivial exception is the case S = {0}. We do not explicitly mention

such trivialities.)
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The map Ps is called the orthogonal projection or the orthoprojector onto S. The
space S* is called the orthogonal complement of the (closed linear) space S. In this

case St1 = 8.

A problem with Banach spaces

17. The notion of direct sum in (11.11) is purely algebraic. If V' is a linear subspace
of a vector space X, then we can always find a subspace W such that X is the direct
sum of V and W. (Hint: use a Hamel basis.)

When X is a Banach space it is natural to ask for a decomposition like (11.11)
with the added requirement that both V and W be closed linear spaces.

Let us say that a closed linear subspace V of a Banach space X is a direct
summand if there exists another closed linear subspace W of X such that we have
the decomposition (11.11).

In a Hilbert space every closed linear subspace is a direct summand; we just
choose W = V. In a general Banach space no obvious choice suggests itself. Indeed,
there may not be any. There is a theorem of Lindenstrauss and Tzafriri that says that
a Banach space in which every closed subspace is a direct summand is isomorphic
to a Hilbert space.

The subspace ¢y in the Banach space ¢, is not a direct summand. This was
proved by R.S. Phillips in 1940. A simple proof (that you can read) is given in R.J.
Whitley, Projecting m onto ¢g, American Mathematical Monthly, 73 (1966) 285-286.

18. Let X be any vector space with a decomposition as in (11.11). We define a linear
map Pyw called the projection on V along W by the relation Pyw(x) = v, where

r=v+w,veV, we W, Show that

(i) Pyw is idempotent.
(ii) ran PV,W = V, ker PV,W =W.
(iii) I — Pyw = Pwy.
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Conversely supose we are given an idempotent linear map P of X into itself. Let

ran P =V, ker P = W. Show that we have X =V @ W, and P = Pyw.

19. Now assume that the space X in Section 18 is a Banach space. If the operator
Pyw is bounded then VW must be closed. (The kernel of a continuous map is
closed.)

Show that if V' is a direct summand in X, then the projection Py w is a bounded

operator. (Use the Closed Graph Theorem.) Show that |Pyw| > 1.

Show that every finite-dimensional subspace V of a Banach space X is a direct
summand. (Let vy,vy,...,v, be a basis for V. Every element  of V' can be written

as f: fi(xz)v;. The f; define (bounded) linear functionals on V. By H.B.T. they
j=1

can be extended to bounded linear functionals ﬁ on X. For each z € X let Pz =

3 Fi@y)

20. If V is a direct summand in a Banach space X, then there exist infinitely many
subspaces W such that X = V @ W. (You can see this in R?.) In a Hilbert space,
there is a very special choice W = V+.

In a Hilbert space by a direct sum decomposition we always mean a decomposition
into a subspace and its orthogonal complement.

We will see later that among projections, orthogonal projections are characterised

by one more condition: selfadjointness.

Self-duality

21. To every vector y in ‘H, there corresponds a linear functional f, defined by
fy(x) = (z,y) forall z€H.

This can be turned around. Let f be any (nonzero bounded) linear functional on H.

Let S = ker f and let 2 be any unit vector in S*. Note that x — (f(z)/f(z))z is in
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S. So
fl@) . _
(x — mz,z) =0,
ie.,
_ fl=z)
<.’L',Z> = m

So, if we choose y = f(z)z, we have f(z) = (z,y).
Note that ||fy|| = |lyll. Thus the correspondence y — f, between H and H* is
isometric. There is just one minor irritant. This correspondence is conjugate linear

and not linear:

fay = &fy'

The fact that H and H* can be identified via the correspondence y — f, is

sometimes called the Riesz Representation Theorem (for Hilbert spaces).

22. The Hahn-Banach Theorem for Hilbert spaces is a simple consequence of the

above representation theorem.

23. A complex-valued function B(-,-) on H x H is called a sesquilinear form if it is
linear in the first and conjugate linear in the second variable. Its norm is defined to be
IB|| = sup |B(z,y)|. If this number is finite we say B is bounded.

Let”zB”—b”:”; lbounded sesquilinear form. For each vector y let fy(x) := B(z,y).
This is a bounded linear functional on H. Hence, there exists a unique vector y’ such
that fy(z) = (z,y’) for all z. Put ¥’ = Ay. Now fill in the details of the proof of the
following statement:

To every bounded sesquilinear form B(-,-) on H x H there corresponds a unique

linear operator A on H such that

B(z,y) = (z, Ay).

We have ||B|| = ||A]l.



11. Hilbert Spaces 91

24. Earlier on, we had defined the annihilator of any subset S of a Banach space X.
This was a subset S+ of X*. When X is a Hilbert space, this set is the same as S+

defined in Section 13.

25. Note that x, converges to z in the weak topology of H if and only if (z4,y) —

(x,y) for all y € H.
Supplementary Exercises

26. Let f be a nonzero bounded linear functional on a Banach space X and let
S={xe X: f(xr) =1}. Show that S is a closed convex subset of X. Show that
1
inf ||z|| = —.
2=
So, if there is no vector z in X for which || f|| = |f(z)|/||z||, then the point 0 has no

best approximant from S.

27. Let X = C[0,1] and let Y be its subspace consisting of all functions that vanish
at 0. Let o(f) = [01 t f(t)dt. Then ¢ is a bounded linear functional. Find its norm
on X, and on Y. What are the points f in X and in Y for which ||| = |o(H)|/IIf]l-

28. Combine Exercises 26 and 27 to show that (the existence part of) Theorem 14

is not always true in all Banach spaces.

29. Let S ={r € R?: 21,29 >0, 2, + x9 = 1}. This is the line segment joining
the points (1,0) and (0,1). Each point of S is at ¢2 distance 1 from the point (0, 0).

Thus the uniqueness part of Theorem 14 is violated in this Banach space.
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30. Let V, W be any two subspaces of R? not orthogonal to each other. Show that

Pywl > 1.

31. A function f on H is called a quadratic form if there exists a sesquilinear form B
on H x H such that f(xz) = B(z,z). Show that a pointwise limit of quadratic forms

is a quadratic form.

32. A sesquilinear form B is said to be symmetric if B(z,y) = B(y,z) for all  and
y, positive if B(z,z) > 0 for all z, and definite if B(z,x) = 0 implies z = 0. Show

that a positive, symmetric, sesquilinear form satisfies the Schwarz inequality
|B(z,y)I* < B(z,7)B(y.y)-

(If B is definite, then it is an inner product and we have proved the inequality in

that case.) Hint : Consider B(z,y) + €{x,y).
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Orthonormal Bases

1. A subset E in a Hilbert space is said to be an orthonormal set if (e;,e9) = 0 for
all e1,e0 in E (e1 # e3), and |lef| =1 for all e in E.
A maximal orthonormal set is called a complete orthonormal set, or an orthonor-

mal basis. By Zorn’s Lemma every Hilbert space has an orthonormal basis.

2. It follows from the Pythagorean Theorem that every orthonormal set is linearly

independent.

3. Let {e; : 1 < i < n} be any finite orthonormal set. For each z in H, (z,e;)e; is the
n

component of x in the direction of e;. One can see that x — Z(x, e;)e; is orthogonal

i=1
T

to each e;, and hence to the sum Z(x, e;)ej. The Pythagorean Theorem then shows
j=1
that

n

D e <l (12.1)

J=1

This is called Bessel’s inequality.

4. Let {Zo}aer be a family of vectors in a Banach space. (The set I may be
uncountable). We say that this family is summable and its sum is z, if for every
¢ > 0, there exists a finite subset Jy of I such that

HZ%-QEH<E

acJ
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for every finite subset J of I that contains Jy. In this case we write

r=Y 2o

a€cl

Show that a sequence {z,} is summable if {||z,| } is summable.

5. Bessel’s Inequality. Let {e4}acs be any orthonormal set in H. Then for all x

>z ea)® < [l (12.2)

ael
Corollary. For each z, the set

E = {eq : (z,€q) # 0} (12.3)

is countable.

Proof. Let
En ={eq : |(z.€a)]* > |lz||*/n}.

Then E = U;2, Ey,. By Bessel’s inequality the set E,, can have no more than n — 1

elements. ™

6. Parseval’s Equality. Let {e,}qocs be an orthonormal basis in H. Then for each

reH

x = Z(x,ea)ea. (12.4)
a€el
lz||? = ZI T, eq)|”. (12.5)
a€cl

Proof. Given an z, let E be the set given by (12.3). Enumerate its elements as

{e1,e2,...}. For each n, let
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If n > m, we have
n

”yn—ym”2= Z |(Twei>|2'

i=m-+1
By Bessel’s inequality this sum goes to zero as n,m — oo. So y, is a Cauchy
sequence. Let y be its limit. Note that for all j
n
(x—y.ej) = (z,e)— lim ) (z,e:)ei e5)

n—0o0 ‘4
=1

= (.’13, €j> - (a:,ej) =0.
If eg is any element of the given set {e, }acr outside E, then (z,eg) = 0, and once

again (r —y,eg) = 0. Thus x — y is orthogonal to the maximal orthonormal family

{€a}acr- Hence z = y. Thus

T = Z(:r €a)€q-

a€l

Only countably many terms in this sum are nonzero. (However, this countable set

depends on x.) Further note that

Izl = > Iz, ea)?

a€l
n
= lim [Ilﬂfll2 - Zl |($»€i>|2]
i=
n
= nlggonx - Z:<x,ei)ei||2
= 0. -
This proves (12.5). [ |

Separable Hilbert spaces

7. Let {uy,us,...} be a finite or countable linearly independent set in H. Then
there exists an orthonormal set {ej,es,...} having the same cardinality and the
same linear span as the set {uy,}. This is constructed by the familiar Gram-Schmidt

Process.
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8. Theorem. A Hilbert space is separable if and only if it has a countable orthonor-

mal basis.

Proof. A countable orthonormal basis for H is also a Schauder basis for it. So, if
such a basis exists, H must be separable.

Conversely, let H be separable and choose a countable dense set {z,} in H. We
can obtain from this a set {u,} that is linearly independent and has the same (closed)
linear span. From this set {u,} we get an orthonormal basis by the Gram-Schmidt

process. ]

9. A linear bijection U between two Hilbert spaces H and K is called an isomorphism

if it preserves inner products; i.e.,

(Uz,Uy) = (z,y) forall z,y € H.

10. Theorem. Every separable infinite-dimensional Hilbert space is isomorphic to

0.

Proof. If H is separable, it has a countable orthonormal basis {e,}. Let U(z) =
{(z,en)}. Show that for each z in H the sequence {(z,en)} is in £2, and U is an

isomorphism. ]

We will assume from now on that all our Hilbert spaces are separable.

11. Let H = Lo[—m, ). The functions e, (t) = \/%ei"", n € Z, form an orthonormal
basis in H. It is easy to see that the family {e,} is orthonormal. Its completeness
follows from standard results in Fourier series.

There are other orthonormal bases for H that have been of interest in classical
analysis. In recent years there has been renewed interest in them because of the

recent theory of wavelets.
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12. Exercises. (i) Let {e,} be an orthonormal basis in H. Any orthonormal set

{fn} that satisfies

oo
Z llen — fn||2 <1
n=1
is an orthonormal basis. (Hint: If z is orthogonal to {f,} show 3 [(z,e,)|? < |Iz||?,
violating Parseval’s equality.)
(ii) More generally, show that if

Z llen = fall® < 00

n=1

oo
then {f,} is an orthonormal basis. (Hints: Choose N such that Z llen—fnll® < 1.

n=N+1
Let S be the closed linear span of {fn+1, fN+2,...}. For 1 <n < N, the vectors

oo

gn = €n — Z (€ns fm) fm

m=N+1
are in S*. Show that dim S* = N. The space S* is spanned by {gi,...,gn}
and by {f1,...,f~n}. So, if a vector z is orthogonal to the family {f,}, then it is
orthogonal to the family {f, : n > N + 1} and to {g1,...,9n}. Show that it is
orthogonal to {ej,...,en}. Use this and Part (i) to show that Parseval’s equality

forbids such behaviour.)

13. Metrisability of the unit ball with the weak topology. We have seen that
the weak topology of ¢2 is not metrisable. However, its restriction to the unit ball is

metrisable.

(i) Let H be any separable Hilbert space and let {e,} be an orthonormal basis

for H. Let B={z € H: ||z| < 1}. For z,y € B, let

d(z,y) = 5 ZI —y,en)]

Show that d is a metric on B.

(ii) Show that the topology generated by d is the same as the one given by the weak
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topology; i.e., d(zn,z) — 0 if and only if z,, — .

(iii) Show that the metric space (B, d) is compact.

14. Let H = Lo[—1,1]. Apply the Gram-Schmidt process to the sequence of func-
tions {1,t,t2,...}. The resulting orthogonal functions are

1 a
T 9npl din

These are called the Legendre polynomials. Show that the family {\/n +1/2 P,}

P,(z) (t?2 —1)".

is an orthonormal basis for H. (For proving the completeness of this system, the

Weierstrass approximation theorem may be useful.)

15. Let H = Lo(R). Apply the Gram—Schmidt process to the family

{e"tz/z, te“t2/2, th_t2/2, S

This gives the functions

dTl
fult) = (—1)"6“2/2315—,;@%2 — Hy(t)e /2, n=0,1,2,....

The functions H,(t) are called Hermite polynomials. Show that the members of
{fn(t)} are pairwise orthogonal, and normalise them. Show that the resulting family
is an orthonormal basis for H.

(Hint: To show comipleteness, we need to show that if
oo
/ g(t)e /2t"dt =0, n=0,1,2,..., (12.6)
— o0
then g = 0. Introduce the complex function

oo

G(z) = /g(t)e_ﬂ/ze“zdt.

—00
This is an entire function. Use (12.6) to see that G and its derivatives of all orders

vanish at 0. Hence G is zero everywhere. In particular

o0
/ g(t)e */2e"*dt = 0 for all z € R.

—00
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Multiply this equality by e~**¥, where y is a real number, then integrate with respect
to x from —a to a. This gives
sina(t —
/ g(t)e"tz/2 -n;l(—yy)dt =0, forall a,y €R.

-0

Conclude that g = 0.)

16. Let H = L2(0,00). The functions

d’n
Ln(t) = et@(e"tt”), n=012-

are called the Laguerre polynomials. Show that the family
falt) = e/, (1)
n\l) = Tl,!e n

is an orthonormal basis for H.

17. Let H = L,[0,1]. Let
Te(t) = sgn sin(2¥ - 27t), k=0,1,2,---,

where the value of 7(t) at a discontinuity is taken as the right hand limit. Equiva-
lently, on the dyadic intervals [j/25+1, (j + 1)/25%1),0 < j < 28+1) ri(t) takes the
value 1 if j is even and —1 if j is odd. The constant function 1 and the functions
i together are called Rademacher functions. They form an orthonormal family but
not a complete family. (The function cos 27t is orthogonal to all of them.)

This system is included in another family called Walsh functions defined as fol-

lows. Let wp(t) = 1. For n > 1, let

m
n=2nk‘2k where ny=0or 1
k=0

be the binary expansion of n. Let

m

wn(t) = ] lre(®)]™.

k=0
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The functions w, together with the constant function 1 are called the Walsh func-
tions. They are step functions that take the values +1 only. Note that if n = 2¥, then
Wp, = Tk. So this family includes the Rademacher functions. In fact it consists of
all finite products of distinct Rademacher functions. Show that the Walsh functions
form an orthonormal basis for H. (Hint: To check orthogonality, observe that if at

least two of the integers ki, ko, ..., k, are distinct, then

1
[ 7 O @)+, () 0.
0

T

To prove completeness, let f € H and define F(z) = [ f(t)dt. Then F'(z) = f(x)
0
almost everywhere. Show that the conditions f f(t)wy(t)dt = 0 lead successively to

the conclusions F(z) = 0 if x = k/2m, m = 0, 1,2,..., k=1,...,2™. Since F is

continuous, this implies F is zero everywhere; hence f is zero almost everywhere.)

18. Gram matrices. Let z,,...,z, be any vectors in a Hilbert space H. The
n X n matrix G(x,,...,z,) whose i, j entry is (z;,z;) is called the Gram matriz of
the given set of vectors. Its determinant is called the Gram determinant.

(i) Every Gram matrix is positive semidefinite; it is positive definite if and only if
the vectors z; are linearly independent. [Calculate (Gu,u).]

(ii) Every positive semidefinite matrix is a Gram matrix. [Hint: write a;; = (Ae;, ;) =
(AV2¢;, AV 2e;) ]

(iii) Let A;,1 < j < n be any positive numbers. Then the matrix whose 7, j entry is
;\i}r—/\j is positive semidefinite. [Hint: ﬁ/\] = Zoe“()"-“‘i)tdt.]

(iv) Calculate, by induction on n or by some other argument, the determinant of the

matrix in (iii); it has the value

1<'I<_[‘< (i = 2"
si<Isn

. 12.
TS (12.7)
1<i;j<n

19. Let z,,...,z, be linearly independent vectors in H, and let M be their linear
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span. Show that for every y in H

det G(y,z1,...,2n)
det G(xy,...,zn)

(Hint: Let y = = + z, where x € M,z € M*. Calculate G(y,z1,...,T,) by

[dist (y, M)]? =

substituting y = x + z and using the fact that a determinant is a linear function of

each of its columns.)

20. \We know that the family f,(t) = t",n = 0,1,2,... is fundamental in Ls[0,1].
The following remarkable theorem tells us there is a lot of room here; much smaller
subfamilies of this family are also fundamental.

Miintz’s Theorem. Let 1 < n; < ny < --- be any sequence of integers. Then the

family {t"} is fundamental in L9[0, 1] if and only if

=1
) — =o0. (12.8)
j=1 nj

Proof. Let My, be the linear span of the functions t™, ..., t"™. The set {t"} would
be fundamental if and only if dist(f, My) goes to zero as k — oo. Since the family
{t™} is fundamental, this is so if and only if for each m dist(t™, My) goes to zero as
k— 'oo. By Exercise 19, this is so if and only if

det G(t™, t™ ... ™)

B " det G, ey 0 ferallm. (12.9)
Note that .
o L 1
)= [ L
t+7+1

0
Hence the ratio of the two Gram determinants occurring above can be evaluated

using (12.7). The answer is
)2

ﬁ (nj —m)
2m+ i (nj +m+1)2 2m+ ]:1 m+1)/n])

So, the condition (12.9) becomes

k
1
lim Z log(1 — ) —log(1 + 23] = —co. (12.10)
] n

k——»oo —
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Since
1 ;
lim M =1
z—0 xX

the series Y log(l + z,,) and Y z,, are convergent or divergent simultaneously. Use

this to show that (12.10) is true if and only if (12.8) is. [ |

Corollary. The family {t? : p a prime number} is fundamental in Ls[0, 1].



Lecture 13

Linear Operators

Let X,V be Banach spaces. For a while we will study bounded linear operators from

X to Y. These will just be called operators.

Topologies on Operators

1. The norm topology. We denote the space of operators from X toY by B(X,Y).
This is a Banach space with the norm ||A]| := sup ||Az||. The topology given by
flz||=1

this norm is called the usual topology, the norm topology or the uniform operator

topology on B(X,Y).

2. The strong operator topology. We say that a net A, in B(X,Y) converges
strongly to A if for each z in X, A,z converges to Ax; i.e., if || Aqx — Az|| converges
to zero for each x. We write A, - A to indicate this convergence. The associated
topology is called the strong operator topology. It is the weak topology generated by

the family of maps

F,:B(X,Y) — Y,
A - Az,

where r varies over X.

3. The weak operator topology. We say a net A, converges to A in the weak
operator topology if f(Aqz) — f(Az) for all f € Y*, z € X. We write this as
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AQ?A. This is the weak topology generated by the family

Frf:B(X,Y) — C,
A — f(Azx),

where z varies over X and f over Y*. If X,Y are Hilbert spaces, then A, - A if

and only if (A,z,y) — (Az,y) forallz € X, y €Y.

4. Caution. In Lecture 9, we defined the strong and the weak topologies for any
Banach space. The adjectives strong and weak are now used in a different sense. (The
“strong” topology of the Banach spaces B(X,Y) is its “usual” topology). For spaces
of operators the words strong and weak will be used in the new sense introduced

here; unless it is stated otherwise.

5. Examples. Clearly convergence in the norm topology implies convergence in the
strong operator topology, which in turn implies convergence in the weak operator
topology.
In the following examples, X and Y are the space £5.
(i) Let A, = %I ;le., Apr = %x for all xz. Then A, converges to zero in the

norm topology.

(ii) Let e, €9, . . . be the standard orthonormal basis for £5. Let P, be the orthog-
onal projection onto the linear span of {ej,...,e,}. Then I — P, is the orthogonal
projection onto the orthogonal complement of this space. Here P, — I in the strong
operator topology. But || — P,|| =1 for all n. So P, does not converge to I in the

norm topology.

(iii) The right shift operator S on s is defined as follows. Let z = (1,2, ...) be

any element of ¢5. Then

S((z1,z2,-..)) = (0,z1,z2,...).
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Then for all z,y in ¢5, and for all positive integers n
oo
(8"2,y) = 3 &ilinsi
i=1
So,
o0 [e ]
[(S"z,9) < (O =:l)? QO lynsal)/2.
i=1 i=1
As n — 00, the last sum goes to zero. So the sequence {S™} converges to zero in the
weak operator topology. However, ||S™z|| = ||z|| for all z and n. So {S™} does not
converge to zero in the strong operator topology. Hence it does not converge to any

limit in the strong operator topology, because if it did, then the strong limit would

also be a weak limit, and that can only be zero.

6. The strong operator topology and the weak operator topology are not metrisable.
While convergence of sequences does not reveal all the features of these topologies,
we may still be interested in sequences and their convergence. The Uniform Bound-

edness Principle is the useful tool in these situations.

Exercise. Let {A,} be a sequence of operators. Suppose {A,z} converges for each
x. Then there exists an operator A such that A, — A.

Is this true for a net instead of a sequence?

7. Lemma. Let {A,} be a sequence of operators in a Hilbert space H. Suppose

{A,} is a weakly Cauchy sequence. Then there exists an operator A such that

Ap — A.

Proof. The sequence {A,} is weakly Cauchy if for each z,y in H the sequence

{(Anz,y)} is a Cauchy sequence (of complex numbers). Let
B(z,y) = lim (A,z,y).

It is clear that B is a sesquilinear form. If we could show it is bounded, then we

would know from the Riesz Representation Theorem that there exists an operator



106 Notes on Functional Analysis

A such that
B(z,y) = (Az,y).

Then clearly A, = A. Since

[{Anz, 9} < || Anll 1]l 1yl

the boundedness of B would follow from that of the sequence {||A,||}. This is proved
by appealing to the Uniform Boundedness Principle.
First note that for each z,y, the sequence (4,z,y) is bounded. Regard, for each

fixed z, A,x as a linear functional on H acting as

(Anz)(y) = (Anz,y).

By the U.B.P.,

sup || A} < 0o for all z.
n

Once again by the U.B.P.,

sup || An|| < oo.
n

Operator Multiplication

8. Consider the space B(X). Let A, — A and B, — B in the norm topology. Then
show that ||A,B, — AB|| — 0. This shows that multiplication of operators is jointly

continuous in the norm topology of B(X).

9. Let A, and B,, be sequences in B(X) converging in the strong operator topology to
A and B, respectively. Use the U.B.P. to show the sequence {||A,||} is bounded; and
then show that the product A, B, converges to AB in the strong operator topology.

This argument fails for nets. Hence, it does not follow that multiplication of

operators is jointly continuous in the strong operator topology. In fact, it is not.
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Exercise. Let H be any infinite-dimensional Hilbert space. Let N' = {A € B(H) :

A? = 0}. Elements of A are called nilpotent operators of index 2.

(i) Let Ag be any element of B(H). Then sets of the form
{A: (A= Ag)zil| <&, 1 <i<n},

where ¢ > 0, n € N, and z1,...,x, are linearly independent, form a neighbourhood

base at Ag in the strong operator topology.

(ii) Let {z1,...,Zn, Y1,-..,Yn} be a linearly independent set in H such that
llyi — Aox;|| < € for all i. Define an operator A by putting Az; = y;, Ay; = 0 for all
i, and Au = 0 for all u orthogonal to {z1,...,Zn,y1,.--,Yn}. Then A? = 0. Show
that A belongs to the basic neighbourhood in (i).

(iii) This shows that the set N is dense in B(H) in the strong operator topology.
So, if squaring of operators were a continuous operation, then A" would equal B(H).

That can’t be.

Exercise. Here is one more proof of the same fact. Consider the set of all ordered
pairs (M,u) where M is a finite-dimensional subspace of H and u a unit vector
orthogonal to M. Define a partial order on this set by saying (M,u) < (N,v) if N
contains M and u. Now define two nets of operators as follows

Amuwr = (dim M) (z,u)zo,

1
Bomwz = go77{® 20l

where g is a fixed unit vector. Show that both these nets converge to 0 in the strong

operator topology; but their product does not.

10. Let X = ¢5. We defined the right shift operator S in Section 5(iii). The left shift

is the operator 1" defined as

T(($17$2, .. )) = (CEQ,CEg, .. )
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Note that for each z,|T™z| — 0. Thus {T™} converges to 0 in the strong, and
therefore also in the weak, operator topology. We have seen earlier that {S™} also
converges to 0 in the weak operator topology. Note that 77S™ = I for all n. This
example shows that operator multiplication is not continuous (even on sequences) in

the weak operator topology.

11. However operator multiplication is separately continuous in both the strong and
the weak topology; i.e., if a net A, converges, strongly or Weakly to A, then for
each B, A,B converges to AB in the same sense; and if B, converges, strongly or
weakly to B, then AB, converges to AB in the same sense. It is easy to prove these

statements.

12. Exercise. Let {e,} be an orthonormal basis for H. Let

oo

ds(A,B) = Y 2 l(A-Bleal,
dw(AB) = Y sil{(A-Bemen)
m,n=1

Show that these are metrics on B(H). On each bounded set of B(H) the topology
given by them is the strong (weak) operator topology.
Inverses

13. Let A € B(X). If A is bijective, then by the inverse mapping theorem, A™! is
also in B(X). Let G be the collection of all invertible elements of B(X). This set is
a multiplicative group. We have (AB)~! = B~14°1

14. Theorem. If |I — A| < 1, then A is invertible and

A ' =T+ (T -A)+(T-A>+---. (13.1)
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Proof. To see that the series is convergent, let

n

Sp=Y_(I-A).

=0

Then note that

n+m

1Snsm = Sall < D Il = A7
j=n+1

This goes to zero as n,m — 0o0. So {S,} is a Cauchy sequence. Hence the series in

(13.1) is convergent. Let T denote its sum. Note that
AS, =8, —(I-A)S,=1-(1- A"
So, by continuity of operator multiplication AT = I. A similar argument shows
TA=1 Hence T = AL |
15. If ||A|| < 1, then I — A is invertible and
I-A)1=T+A+A+... (13.2)

Note that
1

1-lA|
The series (13.1) or (13.2) is called the Neumann Series.

I = A)~H) <

16. The theorem just proved shows that G contains an open neighbourhood of I;
hence it contains an open neighbourhood of each of its points. Thus G is an open
subset of B(X).

More precisely, show that if A € G and ||A — B|| < 1/||A}||, then B € G and

A1)
1570 < ToaTAa= B
17. Show that
e AT A-B|
|IB~! - A7l < . )
| T AT 1A= B
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This shows that operator inversion is continuous in the norm topology. Thus G is a

topological group.

18. If X is finite-dimensional, G is dense in B(X). (Matrices with nonzero eigenvalues

are dense in the space of all matrices.)

19. This is not true in infinite-dimensional spaces. Let X = ¢5 and let S be the right
shift operator. Then S is left-invertible (because T'S = I) but not right-invertible
(if it were it would be invertible). We will show that no operator in a ball of radius

one around S is invertible. If ||S — A|| < 1 then

[T =TA|| =TS - Al <ITI |5 - All <1.

So T'A is invertible. If A were invertible, so would be T'; but that is not the case.

Exercise. The set of right invertible operators (a set that includes G) is not dense

in B(X). Nor is the set of left invertible operators.

If A is a linear operator on a finite-dimensional vector space, then one of the two
conditions, injectivity and surjectivity, implies the other. This is not so for operators

on infinite-dimensional spaces.



Lecture 14

Adjoint Operators

Every operator A from X to Y gives rise, in a natural way to an operator A* from
the dual space Y* to X*. Many properties of A can be studied through this operator
called the adjoint of A.

1. Let A be an operator from X to Y. For f € Y* let
(A*f)(z) = f(Az) for allz € X. (14.1)

Then A*f is a bounded linear functional on X; i.e., A*f € X*. It is obvious from
the definition that A* is a linear map from Y* to X*. The equation (14.1) is some
times written as

(A*f,z) = (f,Ax), z€ X, feY™" (14.2)

A is called the adjoint of A.

2. If feY* and ||f|| = 1, then

|A*fl = sup [(A*f)(z)] = sup |f(Az)| < sup [[Az|| = [|A]|.

zl=1 z||= z|=1
Thus ||4*|| < ||A|l, and A* is a bounded linear operator from Y* to X*. We can say
more:

A% = Al (14.3)
To prove this we need to show |[A|| < ||A*|. Let = be any element of X. By the

Hahn-Banach Theorem, there exists a linear functional f on Y such that ||f]] =1
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and f(Az) = ||Az||. Thus
|Az|| = f(Az) = (A*f)(z) < [[ A | f1| llzll = [[A*]] l|l=]-

This shows that ||A]| < ||A*|.

3. Exercise.

(i) Let A, B € B(X,Y). Then

(eA + BB)* = aA* + BB* for a,B €C.
(ii) Let A€ B(X,Y), B e B(Y,Z). Then
(BA)* = A*B*.
(iii) The adjoint of the identity operator on X is the identity operator on X*; i.e.,
I*=1.

(iv) If A is an invertible operator from X to Y then A* is an invertible operator
from Y* to X*, and
(477 = (A7),

4. The conclusion of (i) above is that the map A — A* from B(X,Y) to B(Y*, X*)
is linear; that of (ii) is some times expressed by saying this map is contravariant.

The equation (14.3) says this map is an isometry. It is, in general, not surjective.

5. Example. Let X =Y =/, where 1 < p < co. Let S be the right shift operator;

- ie., if £ = (z1,z9,...), then Sz = (0,z;,x2,...). Let T'= S*. This is an operator on
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¢y. What is it? Let f € £, and let g = §* f. The definition (14.1) says g(z) = f(Sz)

for all z in £,; i.e.,
G121 + gaxo + - = fory + fary + oo

This is true for all z. Hence

(glaQQa .. ) = (f2,f3, .. )

Thus T is the left shift operator on £4. It maps (fi, fa2,...) to (f2, f3,...).

Adjoints of Hilbert Space Operators

6. Let H be a Hilbert space. Recall that H is isomorphic to H* via a conjugate linear
map R that associates to y € H the linear functional f, defined as fy(z) = (z,y) for
all z € H. (See Section 21, Lecture 11.) So, for every A € B(H) its adjoint A* can
be identified with an operator on H. Call this operator A for the time being. We
have AT = R™YA*R (as shown in the diagram).

A*
H*

H*

At

If A*f, = f,, then Aty = 2. We have

(Az,y) = fy(Az) = (A" fy)(2) = fo(2) = (2,2) = (2, 4'y)

for all z,y. Thus
(Az,y) = (z, Aly) forallz,y € H.
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This equation determines A' uniquely; i.e., if there is another linear operator B on
H such that
(Az,y) = (z,By) for all z,y,

then B = A'. It is customary to call this operator At the adjoint of A. We will do
so too and use the symbol A* for this operator. Thus A* is the unique operator

associated with A by the condition
(Az,y) = (z,A*y) for allz,y € H. (14.4)

The correspondence A — A* is conjugate linear.

7. If H, K are Hilbert spaces and A is a linear operator from H to K, then A* is a
linear operator from K to H defined by (14.4) with z € H, y € K.

8. Theorem. The map A — A* on B(H) has the following properties :

(i) it is conjugate linear.

(ii) it is isometric, ||A*|| = ||A]| for all A.

(iii) it is surjective.

(iv) A** = A for all A.

(v) (AB)* = B*A* for all A, B.
(vil) I* =1.
(vii) If A is invertible, then so is A* and (A*)~! = (471)*.

Thus the map A — A* has properties very similar to the complex conjugation

z — Z on C. A new feature is the relation (v) arising out of non-commutativity of

operator multiplication.
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9. Theorem. For all A in B(H) we have
1A* Al = (| A)%. (14.5)
Proof. The submultiplicativity of the norm, and the property (14.3) show
1A% A < [|A*|| 1Al = (| AlI%.
On the other hand we have

IAz]|* = (Az, Az) = (A*Az, z) < || A*Az] |||
< AA| =)

for all vectors x. Hence ||A|> < ||A*A||. m
It is clear from this proof that
[AA%|| = |A* = | A*A| (14.6)

as well.

10. The property (14.5) is very important. A Banach algebra (see Lecture 3) with
an involution (a star operation A — A*) whose norm satisfies (14.5) is called a

C*-algebra. Study of such algebras is an important area in functional analysis.

Continuity Properties

11. Since ||A*|| = ||A]|, the map A — A* from B(X) to B(X*) is continuous in the

usual (norm) topology.

Let T be the left shift operator on £5. Then for every vector z, lingo |IT™z|| = 0.
n—
So the sequence {T™} converges strongly to the zero operator. On the other hand

(T™)* = S™, where S is the right shift. We know that {S™} does not converge
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strongly. (Section 5, Lecture 13). So, the map A — A* is not strongly continuous

on 5.

From the equation (14.4) it is clear that the map A — A* is continuous in the
weak operator topology of B(H). This is true, more generally, when H is replaced

by a reflexive Banach space.

Examples

12. Matrices. Let H be an n-dimensional Hilbert space and choose an orthonormal
basis for H. Every operator A on H has a matrix representation A = [a;;] with
respect to this basis. Show that A* is the operator corresponding to the matrix [a;i]

in this basis. This is the usual conjugate transpose of A.

13. Integral Operators. Let K be a square integrable kernel on [0,1] x [0,1] and
let Ax be the integral operator induced by it on L[0,1], i.e.

(k@) = [ K@i, f e Lo,

Let K*(z,y) = K(y, x). Show that the adjoint operator (Ag )* is the integral operator
induced by the kernel K*. (Use Fubini’s Theorem.)

Exercise. Let A be the operator on L3[0,1] defined as

Mﬂm=ﬁ%ma

Show that its adjoint is the operator

@@= [ rw

14. Composition Operators. Let ¢ be a continuous map of [0, 1] into itself. This
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induces a map ® of C[0,1] into itself defined as

(@f)(t) = f(e(®), feC0,1],te0,1].

Show that ® is a bounded linear operator on C|0,1], and ||®| = 1.
Recall that by the Riesz Representation Thoerem, the dual of the space C|[0, 1] is the
space of measures on [0,1]. Show that the dual operator ®* is the operator defined

by the relation
(®*1)(B) = (e~ (E)),

for every measure p and every measurable set E C [0, 1].

Exercises

15. Let A be an operator on a Banach space X. Then A** is an operator on X**.
We identify X as a subspace of X**. Show that the restriction of A** to X is the

operator A.

16. We have seen that if A is an invertible operator from X to Y, then A* is an
invertible operator from Y* to X*. The converse is also true. The proof is outlined

below.

(i) Let A* be invertible. Then A* is an open map. So the image of the unit ball
{g9: |lgll €1} in Y* under this map contains some ball {f : ||f|| < ¢} in X*.

(ii) For each z € X we have

|Az|| = sup{|g(Az)|:g € Y™, llgl| =1}
sup{|(A”g)(z)| : g € Y", [lg]| = 1}

> sup{|f(z)|: f € X", ||fl < c}
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= df|z]l.

This says that A is bounded below and implies that A is one-to-one and its

range ran A is closed.

(iii) It is easy to see that for any A € B(X,Y) we have (ran A)! = ker A*. So if
ker A* = {0}, then ran A is dense.

(iv) Thus from (ii) we see A is bijective.



Lecture 15

Some Special Operators in Hilbert Space

The additional structure in a Hilbert space and its self-duality make the adjoint
operation especially interesting. All Hilbert spaces that we consider are over complex

scalars except when we say otherwise.

1. Let H be a Hilbert space. If (z,y) = 0 for all y € H, then z = 0. Thus an operator
A on H is the zero operator if and only if (Az,y) =0 for all z, y € H.

Exercise. Let H be a complex Hilbert space and let A € B(H). Show that A =0
iff (Az,x) = 0 for all z. (Use polarization.) Find an operator A on R? for which

(Az,x) = 0 for all z and ||A]] = 1.

Self-adjoint Operators
2. An operator A on H is said to be self-adjoint, or Hermitian, it A = A*.

3. If A is self-adjoint, then for all z € H

(Az,z) = (z, Az) = (Az, ).

So, (Azx,z) is real. Conversely if H is a complex Hilbert space and {Az, z) is real for

all z, then A is self-adjoint.
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4. For every operator A on H, we have

sup [(Az,y)| = ||Az|,
llyll=1

and hence,

sup  |[(Az,y)| = sup || Az|| = [|A]l. (15.1)
lzll=1, llyll=1 |lz||=1

5. Theorem. If A is self-adjoint, then

|A|| = sup |[(Az,z)]|. (15.2)

llzll=1

Proof. Let M = supj, - |(Az,z)|. Then for each y € H, [(Ay,y)| < M |y|*. If
x,y are any two vectors, we have
(A(zty),(z£y)) = (Az,z)=+(Az,y) £ (Ay,z) + (Ay,y)
= (Az,z) £ (Az,y) £ (y, Az) + (Ay,y)
= (Az,z) 2 Re (Az,y) + (Ay,y).
There are two equations here. Subtract the second of them from the first to get
4Re (Az,y) = (Alz+y)z+y)—(Alz-y),z-y)
< M (e +yl?+llz - y]?)
= 2M (|le]® + yl?)

Replacing x by ez does not change the right hand side. Choose # such that

e (Az,y) > 0. The inequality above then becomes
a(Az, y)| < 2M (|le]? + [ly]?) -

Now take suprema over ||z|| = |ly|| = 1 and use (15.1) to get from this ||A| < M,
and hence ||A|| = M. ]

6. Exercise. Find an operator on the space C? for which the equality (15.2) is not

true.
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7. If A, and A; are self-adjoint, then so is aA; + BAy for any real numbers «, 5.

Thus the collection of all self-adjoint operators on H is a real vector space.

8. If A;, Ay are self-adjoint, then their product A;As is self-adjoint if and only if
A1A2 = AQAI.

Positive Operators

9. Let A be a self-adjoint operator. If for all z, (Az, z) > 0, we say that A is positive
semidefinite. If (Az,x) > 0 for all nonzero vectors x we say A is positive definite.
For brevity we will call positive semidefinite operators just positive operators; if we

need to emphasize that A is positive definite we will say A is strictly positive.

If A is any operator on a complex Hilbert space, then the condition (Az,z) > 0

for all z implies that A is self-adjoint. The operator A on R? defined by the matrix

1
A= shows that this is not the case in real Hilbert spaces.

-1 1

10. We write A > 0 to mean A is positive. If A > 0 then aA > 0 for all positive
real numbers a. If A, B are self-adjoint, we say A > B if A — B > 0. This defines
a partial order on the collection of self-adjoint operators. If A; > B; and A; > By,
then A, + Ay > B; + Bs.

11. Let A be any operator. Then A*A and AA* are positive.

12. Let A, B be operators on R? represented by matrices A = ,

11
B= . Then A > B. Is it true that A2 > B2?

11
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Normal Operators

13. An operator A is said to be normal if A*A = AA*. Self-adjoint operators are a
very special class of normal operators.

If A is normal, then so is zA for every complex number z. If A; and As are
normal, then A; + Aj is not always normal. The collection of normal operators is a
closed subset of B(H).

14. Lemma. A is normal if and only if

|Az|| = ||[A*z| for all x. (15.3)

Proof. For any vector z we have the following chain of implications

1Az]|* = | A*z|* & (Az, Az) = (A*z, A*2)

& (A*Az,z) = (AA™z,z) & ((A*A — AA)z,z) = 0.
The last statement is true for all z if and only if A*A = AA*. [ |

The condition (15.3) is a weakening of the condition Az = A*x that defines a

self-adjoint operator.
15. Lemma. If A is normal, then

| A% = ||A]1%. (15.4)

Proof. By the preceding lemma ||A(Az)|| = ||A*(Az)| for every x. Hence ||A2|| =
|A*Al|, and this is equal to ||A||? by (14.5). [
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100
The operator A on C3 defined by the matrix A= | ¢ ¢ 1 | is not normal but

000
the equality (15.4) is still true for this A.
16. Let A be any operator, and let
A+ A* A- A*
B = = . .

5 C 57 (15.5)
Then B and C are self-adjoint, and

A= B+iC. (15.6)

This is some times called the Cartesian decomposition of A, in analogy with the
decomposition z = z + iy of a complex number. B and C are called the real and

imaginary parts of A.

Exercise. A is normal if and only B and C commute.

Unitary Operators

17. An operator U is unitary if
UU=U00"=1I (15.7)

Clearly unitary operators are normal.

Exercise. Let U be a linear operator on H. Then the following conditions are

equivalent:

(i) U is unitary.

(ii) U is invertible and U~! = U*.
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(iii) U is surjective and

(Uz,Uy) = (x,y) for all z and y. (15.8)

(iv) If {en} is an orthonormal basis for H, then {Ue,} is also an orthonormal basis.

18. Exercise. Show that the condition (15.8) is equivalent to the condition
|lUz| = ||z|| for all z. (15.9)

In other words U is an isometry.

19. The properties listed in (iii) in Exercises 17, say that U preserves all the struc-
tures that go into defining a Hilbert space : U is linear, bijective, and preserves
inner products. Thus we can say U is an automorphism of H. If H, K are two
Hilbert spaces and if there exists a bijective linear map U from H to K that satisfies

(15.8) we say H and K are isomorphic Hilbert spaces.

20. An isometry (on any metric space) is always one-to-one. A linear operator on a
finite-dimensional vector space is one-to-one if and only if it is onto. This is not the
case if the vector space is infinite-dimensional. For example, the right shift operator

S on {3 is one-to-one but not onto while the left shift T is onto but not one-to-one.

Thus if H is finite-dimensional and U is a linear operator satisfying (15.8), or
the equivalent condition (15.9), then U is unitary. In other words a linear isometry
is the same thing as a unitary operator. If H is infinite-dimensional, then a linear

isometry is a unitary operator if and only if it is an onto map.

If ‘H is finite-dimensional and U any operator on it, then the condition U*U = I is
equivalent to UU* = I. This is not always the case in infinite-dimensional— consider
the shift S. So, it is necessary to have the two separate conditions in the definition

(15.7).
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21. Lemma. An operator A on H is an isometry if and only if

A*A=1. (15.10)

Proof. We have the implications

|Az|? = ||lz||? & (Az,Az) = (z,z) e (A*Az,2) = (r, 1)
& ((A*A-IDz,z) =0.

If
AA* =1 (15.11)

we say A is co-isometry. This is equivalent to saying A* is an isometry. An operator

is unitary if it is both an isometry and a co-isometry.

Projections and Subspaces

22. Recall our discussion of projections in Lecture 11, Sections 18, 19. A linear
map P on H is called a projection if it is idempotent (P2 = P). If S = ran P and
S’ = ker P, then H = S + &', and P is the projection on S along S’. The operator

I — P is also a projection, its range is S’ and kernel S. For example, the operator

1
P on C? corresponding to the matrix P = is idempotent. Its range is the

00
space § = {(z,0) : z € C}, and its kernel 8’ = {(z, —z) : € C}. A special property

characterises orthogonal projections: those for which S’ = S+.

Proposition. An idempotent operator P on H is an orthogonal projection if and

only if it is self-adjoint.
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Proof. Let € S, y € §'. Then Px = z, Py = 0. So, if P* = P, we have
(z,y) = (Pz,y) = (z, Py) = 0. This shows &' = S*.
Conversely let z be any vector in H, and split it as z = z + y with z € S, y € S*.

Let Pz = z. Then for any two vectors zj, 22

(Pz1,29) = (x1,22 +y2) = (z1,22) = (T1 + Y1, T2)
= (Zl,PZQ).

This shows P* = P. n

23. When we talk of Hilbert spaces we usually mean an orthogonal projection when
we say a projection. To each closed linear subspace S in H there corresponds a unique
(orthogonal) projection P and vice versa. There is an intimate connection between
(geometric) properties of subspaces and the (algebraic) properties of projections

corresponding to them.

24. Exercise. Every orthogonal projection is a positive operator.

25. Let A be an operator on H. A subspace M of H is said to be invariant under
A if A maps M into itself. If both M and M are invariant under A, we say M

reduces A, or M is a reducing subspace for A.

Exercise. A closed subspace M is invariant under A if and only if M" is invariant

under A*. Thus M reduces A if and only if it is invariant under both A and A*.

1
26. Let A be the operator on C? corresponding to the matrix A = . Then

00
the space M = {(z,0) : x € C} is invariant under A but does not reduce A.

Let M be the orthogonal complement of the 1-dimensional space spanned by the
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basis vector e; in 5. Then M is invariant under the right shift operator S but not

under its adjoint S*. So M does not reduce A.

27. Theorem. Let P be the orthogonal projection onto the subspace M of ‘H. Then
M is invariant under an operator A, if and only if AP = PAP; and M reduces A if
and only if AP = PA.

Proof. For each z € H, Px € M. So, if M is invariant under A, then A(Pz) € M,
and hence PAPx = APz. In other words PAP = AP. Conversely, if PAP = AP,
then for every x in M we have Ax = APx = PAPz, and this is a vector in M. This

proves the first part of the theorem. Use this to prove the second part as follows :

Mreduces A & AP = PAP and A*P = PA*P
& AP = PAP and PA = PAP
& AP = PA.

We have used the property P* = P at the second step here, and P2 = P at the
third.

Exercises

28. Let Pj, P; be (orthogonal) projections. Show that PP, is a projection if and
only if Py P, = P, P;. In this case ran PP, = ran P; N ran P,.

29. If PP, = 0, we say the projections P; and P, are mutually orthogonal. Show
that this condition is equivalent to saying that the ranges of P; and P, are mutually
orthogonal subspaces. If P, and P, are projections, then P, + P, is a projection
if and only if P, and P, are mutually orthogonal. In this case ran (P + P2) =

ran P, & ran P;.
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30. Let Pi, P, be projections. Show that the following conditions are equivalent

(i) ran Py € ran P,.
(ii) P < P,.
(iii) PPy = P,P; = Py.

(iv) |Piz|| < [|Pex|| for all z.

31. If P, and P, are projections, then P, — P, is a projection if and only if P, < P;.

In this case ran (P — P,) = ran P; N (ran Py)*.

32. Show that the Laplace transform operator £ defined in Section 19 of Lecture 3

is a self-adjoint operator on Lo(R. ).

33. The Hilbert-Hankel operator H is the integral kernel operator on Ly (0, 00) defined

as

_ [* [

Hf(x)= | Tty

dy.

Show that H = L2, where £ is the Laplace transform operator. This shows that
|H|| =m.



Lecture 16

The Resolvent and The Spectrum

A large, and the most important, part of operator theory is the study of the spectrum
of an operator. In finite dimensions, this is the set of eigenvalues of A. In infinite
dimensions there are comnplications that arise from the fact that an operator could
fail to be invertible in different ways. Finding the spectrum is not an easy problem

even in the finite-dimensional case; it is much more difficult in infinite dimensions.

Banach space-valued maps

1. Let z(t) be a map from an interval [a,b] of the real line into a Banach space X.
It is obvious how to define continuity of this map. If ||z(t) — z(to)l] — 0 as t — to,

we say z(t) is continuous at ty.

If z(t) is continuous at tp, then clearly for each f € X*, the {(complex-valued)
function f(x(t)) is continuous at ty. We say that z(t) is weakly continuous at to if
f(z(t)) is continuous at g for all f € X*. (If emphasis is needed we call a continuous

map strongly continuous.)

Strong and weak differentiability can be defined in the same way. If ¢y is a point

in (a,b) we consider the limits

lim z(to + ) — x(to)
h—0
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and

tm Jetot W= fatto)
If the first limit exists, we say z(t) is (strongly) differentiable at tq. If the second
limit exists for every f € X*, we say z(t) is weakly differentiable at ty. Clearly strong
differentiability implies weak differentiability. The converse is not always true when

X is infinite-dimensional.

2. Example. Let X = Ly(R). Choose and fix a nonzero element g of X. Define a
map t — f(t) from (—1,1) into X as follows. Let f(0) be the zero function and for
t#0let

F#)(u) =t e™™/* g(u).
Let ¢ be any element of X*(= L2(R)). Then

p(f(t) — »(f(0))
t

= [ g(uypw)du (16.1)

The integral on the right is the Fourier transform of the function g@ at the point
1/t. Since g and ¢ are in Ly(R), the function g is in L, (R). Hence, by the Riemann-

Lebesgue Lemma, its Fourier transform has limit 0 at +o0; i.e.,
lim  gp(1/t) = 0.
So from (16.1) we see that f(t) is weakly differentiable at ¢ = 0, and the weak

derivative is the zero function. If the map f(t) had a strong derivative at 0, it would

have to be equal to the weak derivative. But for all t # 0,
f(t) — f(0)
P22 = gl 2o

So the map is not strongly differentiable at ¢t = 0.

3. Let G be any open connected set of the complex plane and let z(z) be a map

from G into X. If for every point z in G the limit

i 2R 2()
h—0 h
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exists we say z(z) is strongly analytic on G. If for every z € G and f € X*, the limit

i L&) - f2(2)

h—0 h

exists we say x(2) is weakly analytic on G.

As for ordinary complex functions, this analyticity turns out to be a much
stronger property than in the real case. Here the strong and the weak notions coin-
cide. So questions of analyticity of the Banach space-valued map x(z) are reduced

to those about the family of complex-valued maps f(z(z)), f € X*.

4. Theorem. Let z(z) be a weakly analytic map from a complex region G into a

Banach space X. Then z(z) is strongly analytic.

Proof. Let f be any element of X*. Then (fozx)(z) = f(x(z)) is an analytic function
on G. Let (f ox)(z) be its derivative. Let 2y be any point in G and I a closed curve
in G with winding number 1 around zp and winding number § around any point

outside G. By Cauchy’s integral formula

_ 17 f(=()
flateo) = 5 [ 52 ac.
Hence for small A,

flx(z0 + h)}i — f(z(20)) —(f ox) (20)

N LI 1 feQ)
- 27rih/1“f(x(4))[C*Zo-h C—*Zo}dc 'A’?Tl'/r(C*ZO)QdC

LS f(z(<))
T 2mi /p (€ — 20— h)(C — Zo)de- (16.2)

Since T" is a compact set and f(z(-)) a continuous functions, the supremum

sup |f(z(¢))| = Cy
¢er
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is finite. Hence, by the uniform boundedness principle the supremum

sup sup|f(z(¢))| = C
IfI<1 Cer

is finite. (Think of z(¢) as linear functionals on X*.) Hence the quantity in (16.2) is
bounded by

Clh| / IdCI
18

¢ — 20 — h)(¢ — 20)?|
for all f with ||f|| < 1. As h — 0 this goes to 0, and the convergence is uniform for
If]l < 1. Hence the limit

i £20 +h) — 2(z0)
h—0 h

exists in X (see (4.2)). Thus z(z) is strongly analytic at zp. [ ]

Exercise. The space B(X) has three topologies that are of interest: norm topology,
strong operator topology, and weak operator topology. Define analyticity of a map
z +— A(z) from a complex G into B(X) with respect to these topologies. Show that

the three notions of analyticity are equivalent.

Resolvents

6. Let A € B(X) and let A be any complex number. It is customary to write the
operator A — A\l as A — A.

The resolvent set of A is the collection of all complex numbers A for which A — A
is invertible. Note that if (A — A\)~! exists, it is a bounded operator. (The Inverse

Mapping Theorem, Lecture 6.) We write p(A) for the resolvent set of A. The operator

R\(A)=(A-XN71, Xep(4)

is called the resolvent of A at ).
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If |A| > ||A]|, then ||A/A|| < 1. Hence I — A/) is invertible. (See Chapter 13,
Theorem 14.) Hence the operator A — A = A(A/A — 1) is also invertible. We have

(A—\)"1 = _§ ) (%)" for [A] > ||A]l. (16.3)

n=0

Thus p(A) is a nonempty set.

7. The Resolvent Identity. Let A\, u be any two points in p(A). Then

RA(A) = Ru(A) = (A - ) RA(A) R, (A). (16.4)

Proof. A simple algebraic manipulation using the definition of the resolvent shows

that
RA(4) = Ry(A) = Ry(A) [T — (A~ N, (4)]
= RA(A) I~ {(A - p) — (A - p)}Ry(A)
= R\(A)[(A — p)R.(A)].

8. Corollary. The family {R)(A) : X € p(A)} is a commuting family; i.e., any two

elements of this family commute with each other.
Exercise. Show that Ry(A) and A commute for all A € p(A).

9. Theorem. For each A € B(X) the set p(A) is an open subset of C, and the map
A — Ry(A) is an analytic map from p(A) into B(X).

Proof. The argument that was used to show that the set of invertible operators is
open in B(X) can be modified to show p(A) is an open set. Let \g € p(A). We want
to show that A € p(A) if A is close to Ag. We have the identity '

A=X = (A=20) [T = (A= 2o)(A = 0)7"]
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= (A=) [I = (A= Ao)Rx(4)].
The term inside the square brackets is invertible provided
(A = Ao)Ra (A)]l < 1,

ie., |A = Xo| < 1/||Rx,(A)|- Thus if X satisfies this inequality, then it belongs to
p(A). Hence p(A) is open. Further, this shows

Ry\(A) = i(x — X0)" [Ry, (A)]".
n=0

Thus Ry (A) is represented by a convergent power series in (A — Ag). Hence it is

analytic. [ ]

10. From the series (1'6.3) it is clear that

lim [[Rx(A)[| = 0.

PYRRES
So, by Liouville’s Theorem p(A) can not be the entire complex plane. (A bounded

entire function is a constant.)

The Spectrum

11. The complement of the resolvent set in the complex plane is called the spectrum

of A, and is denoted by o(A).

We have seen that this is a nonempty compact subset of C. We know that

a(4) c{A: Al <[lAll}

12. If X is a finite-dimensional space, then o(A) is a finite set. Its elements are the
eigenvalues of A. Every operator on an n-dimensional space has at least one and at

most n eigenvalues.



16. The Resolvent and The Spectrum 135

13. Let S be the right shift operator on £,, 1 < p < co. For any complex number A

the equation Sz = Az, i.e.,
(0,z1,x2) = A(z1,Z2,...)

can never be satisfied by any nonzero vector z. So, S does not have any eigenvalue.
At the same time we do know o(S) is not an empty set. So, a point can be in the
spectrum of an operator A without being an eigenvalue. This is because A — A can

be injective without being invertible.

Spectral Radius

14. The spectral radius of A is the number
spr (A) =sup{|A\|: A€ a(A)}.

This is the radius of the smallest disk centered at the origin that contains the spec-
trum of A. We know that
spr (A) < [|A]l. (16.5)

The spectral radius of a nilpotent matrix is 0; so the two sides of (16.5) need not be

equal.

o0
15. Consider a power series Y, Apz", where A, € B(X), and z € C. It is easy to

n=0

o0
see (following the usual arguments for the ordinary power series . a,2") that the
n=0
series converges uniformly on every closed subset of an open disk of radius R centred
at the origin, where

1 N
7= Tim|| A, ||*/™. (16.6)

The series diverges for all z outside this disk, and also for at least one point on the

boundary of the disk.
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16. Consider the series (16.3) — a power series in 1/\. This series converges when
Al > Tim] A"/
and then defines (A — A)~!. It does not converge for at least one point A with

|A| = Iim||A™||*/™. Hence
spr (A) = lim||A™||'/™. (16.7)
Much more interesting is the fact that lim here is actually the limit of the (convergent)

sequence || A™||}/™.

17. The Spectral Radius Formula. For every A € B(X), the sequence ||A™||'/™
converges, and

lim ||A™||'/™ = spr(A). (16.8)

Proof. Foe each n > 1 we have the factorings
A" —A\* = (A_/\)(An—l+/\An—2+“.+/\n—l)
(AP XA 2 4 AT (A - ).
So, if A™— \™ were invertible, then A— )\ would have a left inverse and a right inverse,
and would therefore be invertible. By contraposition if A — A is not invertible, then
nor is A™ — A". In other words, if A € 0(A), then A" € o(A™). Hence |A\"| < || A™||;

i.e., |[A| < ||JA™||'/™ for all n. This shows that spr (4) < lim||A™|'/". But we have

already obtained the equality (16.7). [ |

18. Our proof shows that

spr(A) = lim ||A"|"/™ = inf || A™||/".

1/n

This may lead one to believe that the sequence ||A™||'/™ is monotonically decreasing.

This is, however, not always true. Consider the operator A on the Hilbert space C2

01
given by the matrix A = . In this case ||A%||'/? is bigger than || A%||'/2.
2 0
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19. Exercise. If A is a normal operator on a Hilbert space. Then spr (A) = ||A]|.
(Use Lemma 15 of Lecture 15. In a finite-dimensional space prove this using the

spectral theorem for normal operators.) Find an operator A that is not normal but

has spr (4) = [|A].

20. Spectral Mapping Theorem for Polynomials. Let p be any polynomial,
and A any operator. Then

Proof. Let A € o(A). If p is a polynomial of degree n > 1, then p(z) — p()) is a
polynomial of degree n with A as a root and we can factor p(z) —p(\) as (z — A) g(2)

where ¢ is a polynomial of degree n — 1. Then
p(4) —p(A) = (A—N)q(A) = B, say.

If B were invertible, then the equation BB~! = B~!B = I can be written as
(A= Na(A)B™" = B~'q(A)(A - A).

This would mean A — X is invertible, which is not possible if A € o(A). Thus B is
not invertible; i.e., p(\) € o(p(A)). So p(c(A)) C o(p(A)).

Let A € o(p(A)). Factorise the polynomial p(z) — A into linear factors, and write
P(A) —A=c(A=A)(A=)X)...(A=)\p).

Since the operator p(A)— A is not invertible, one of the factors A— J; is not invertible.
Thus A; € 0(A) and also p(A;) — A = 0. This shows A = p(A;) for some A; € o(A4).
Hence o(p(A)) C p(a(A)). [

21. Exercise. If A is an invertible operator, then

oA =[o(A)] = {1/A: A ea(A)}.
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22. Exercise. For every A € B(X), we have

o(A) = oa(A").
[RA(A)]* = Rx(A*) for all X € p(A).

If X is a Hilbert space, then

o(A*) = o(A).
[R,\(A)]* = Rx(A*) for all)\ep(A).

Here the bar denotes complex conjugation.



Lecture 17

Subdivision of the Spectrum

Let S be the right shift operator on the space ¢;. Since ||S]| = 1 the spectrum o(S)
is contained in the closed unit disk D. We have seen that S has no eigenvalue. The
adjoint of S is the left shift operator T' on the space €. If A is any complex number
with |A] < 1, then the vector z) = (1, A2,...) is in £, and T'xy = Az). Thus every

point A in the disk D is an eigenvalue of T. This shows also that 0(S) = o(T) = D.

To understand how a point A gets into the spectrum of an operator A it is helpful

to divide the spectrum into different parts, and to study A and A* together.

1. The Point Spectrum. A number ) is an eigenvalue of A if there exists a
nonzero vector = such that (A — A)z = 0. The set of all eigenvalues of A is called the

point spectrum of A, and is written as o,(A).

We have seen an example where 0,(A) = ¢, and another where 0,(A) = o(A).

2. We say an operator A is bounded below if there exists a positive real number

such that ||Az| > aflz| for all x € X.

If A is bounded below, then A is one-to-one. The operator A on £,, 1 <p < oo

defined by Ae,, = e,/n is one-to-one but is not bounded below.

If A is invertible, then ||Az| > Mlzrﬂlll‘“ Thus A is bounded below.
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3. Lemma. If A is bounded below, then its range, ran A, is closed.
Proof. Let {Az,} be a Cauchy sequence in ran A. Since A is bounded below, the
sequence {z,} is also a Cauchy sequence. Let x be the limit of this sequence. Then

Az is the limit of {Az,} and is a point in ran A. [

4. Theorem. An operator A on the Banach space X is invertible if and only if it is

bounded below and its range is dense in X.

Proof. If A is invertible, then it is bounded below, and its range is all of X, not

just dense in X.

If A is bounded below, then it is one-to-one, and by Lemma 3 its range is closed.

So, if the range is dense it has to be all of X. Hence A is invertible. ]

5. This simple theorem leads to a useful division of the spectrum into two parts (not

always. disjoint).

Theorem 4 tells us that A\ € o(A) if either A — X is not bounded below or

ran (A — A) is not dense. (The possibilities are not mutually exclusive.) The set
oapp(A) := {A: A— Xis not bounded below}

is called the approzrimate point spectrum of A. Its members are called approxzimate

eigenvalues of A.

Note that A is an approximate eigenvalue if and only if there exists a sequence
of unit vectors {z,} such that (A4 — A)z, — 0. Every eigenvalue of A is also an

approximate eigenvalue.

The set
ocomp(A) := {A :ran (A — X) is not dense in X}

is called the compression spectrum of A.
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6. Finer subdivisions are sometimes useful. The set
ores(A) := ocomp(4)\op(A),

called the residual spectrum of A, is the set of those points in the compression

spectrum that are not eigenvalues. The set

ocont(4) = oapp(4)\ [0p(A) U ores(4))]
is called the continuous spectrum of A. It consists of those approximate eigenvalues

that are neither eigenvalues nor points of the compression spectrum.

Warning: This terminology is unfortunately not standardised. In particular, the
term continuous spectrum has a different meaning in other books. The books by
Yosida, Hille and Phillips, and Halmos use the word in the same sense as we have
done. Those by Kato, Riesz and Nagy, and Reed and Simon use it in a different

sense (that we will see later).

7. We have observed that for every operator A on a Banach space o(A) = o(A*).

This equality does not persist for parts of the spectrum.

Theorem. (i) ocomp(A4) C op(A*). (i) op(A) C gcomp(A4*).

Proof. Let M be the closure of the space ran (A — A). If A € ocomp(A), then M is
a proper subspace of X. Hence there exists a nonzero linear functional f on X that

vanishes on M. Write this in the notation (14.2) as

(f, (A=XNz)=0 forall z € X.
Taking adjoints this says

(A*=XN)f,z)=0 forallze X.

Thus f is an eigenvector and A an eigenvalue of A*. This proves (i).
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If A € 0,(A), then there exists a nonzero vector = in X such that (A — A)z = 0.

Hence

(f: (A= A)x)
((A* =N f,x) = 0 forall feX*.

0 forall fe X, ie.,

This says that g(z) = 0 for all g € ran (A* — A). If the closure of ran (A* — \) were
the entire space X*, this would mean g(x) = 0 for all g € X*. But the Hahn-Banach
Theorem guarantees the existence of at least one linear functional g that does not

vanish at z. So ran (A* — A) can not be dense. This proves (ii). =

8. Exercise. If A is an operator on a Hilbert space H, then

Up(A*) = Ucomp(A)

O'(A*) = Uapp(A*) U Uapp(A)

Here the bar denotes complex conjugation operation. (Recall that we identified H

with H* and A** with A; in this process linearity was replaced by conjugate linearity.)

The set 0,(A) consists of eigenvalues—objects familiar to us; the set oapp(A) is
a little more complicated but still simpler than the remaining part of the spectrumn.
The relations given in Theorem 7 and Exercise 8 are often helpful in studying the
more complicated parts of the spectrum of A in terms of the simpler parts of the

spectrum of A*.

9. Exercise. Let A be any operator on a Banach space. Then capp(A) is a closed

set.

10. Proposition. Let {\,} be a sequence in p(A) and suppose A, converges to A.

If the sequence {R),(A4)} is bounded in B(X), then A € p(A).
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Proof. By the Resolvent Identity
1R, (A) = R, (Al = [An = Am| [[Rx, (A)Rx,, (A)]-

Hence under the given conditions R)_(A) is a Cauchy sequence. Let R be the limit

of this sequence. Then
R(A—)) = lim Ry, (A)(A~ ) =1.

In the same way (A — A)R = I. So A — ) is invertible, and A € p(A). [ |
11. Theorem. The boundary of the set o(A) is contained in gapp(A).

Proof. If X is on the boundary of o(A), then there exists a sequence {\,} in p(A)
converging to . So, by Proposition 10, {||(A — A,)~!||} is an unbounded sequence.
So, it contains a subsequence, again denoted by {\,}, such that for every n, there
exists a unit vector , for which [|(A — A\,) " z,| > n. Let

= (A=) lz,
" ”(A - /\n)_lxn“ .

Then [[yn]l = 1, and [|(4 = An)ynll < 5. Since [[(A = Nyall < [[(A=An)ynll+ A= Anl,
this shows (A — A)yn, — 0. Hence X € oapp(A4). [ ]

12. Exercise. (The shift operator again)

Let T be the left shift on ¢;. Then T* = S the right shift on /. Since ||T|| =1,
we know that o(7') is contained in the closed unit disk D. From Exercise 16.22 we

know that o(S) = o(T). Fill in the details in the statements that follow.

(i) If [\] < 1, then zy := (1,A\,A%,...,) is in #; and is an eigenvector of T for

eigenvalue X. Thus the interior D° is contained in o, (T).

(ii) This shows that o(T') = oapp(T) = D.
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(ifi) If |]A] = 1, then there does not exist any vector z in £; for which Tz = Az.

Thus no point on the boundary of D is in o,(T).

(iv) The point spectrum o,(S) is empty. Hence the compression spectrum ocomp(7)

is empty. (Theorem 7.)
(v) 0cont(T) = Bdry D (the boundary of D).
(Vl) D°c Ucomp(S) = O'res(S).

(vii) Let |[A\| = 1. Then u = (X, )\?,...) is in €. Let y be any element of £y, and let
z = (S — A)y. From the relation

(x1,Z2,23,...) = (=Ay1, 41 — A2, Y2 — Ay, - - )
calculate y, inductively to see that
Yn = — Z /\Jl'j.
j=1
If flz — ullo < 1/2, then
Re Mz; = Re Mu; — Re M(u; — ;) > 1~ |ju — 2| > 1/2. (17.1)

Hence |y,| > n/2. But that cannot be true if y € £. So we must have ||z —

uflee > 1/2 for every z € ran (S — )). Hence A € ogcomp(S).

(‘i-’lll) D= Gcomp(S) = Ures(S).

The conclusion of this exercise is summarised in the table :

Space | Operator | o | o, Oapp | Tcomp | Ores | Tcont
2 T D D° D ¢ ¢ | Bdry D
Lo S D} ¢ | Bdry D D D ¢

13. Exercise. Find the various parts of the spectra of the right and left shift

operators on £, 1 <p < oo.
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14. Exercise. Let P be a projection operator in any Banach space. What is the

spectrum of P, and what are the various parts of o(P)?

Exercise. (Spectrum of a product)

(i) Suppose I — AB is invertible and let X = (I — AB)™'. Show that
(I -BA)(I+BXA)=1=(I+BXA)(I — BA).
Hence I — BA is invertible.

(ii) Show that the sets 0(AB) and o(BA) have the same elements with one possible

exception: the point zero.
(iii) The statement (ii) is true if o is replaced by op.
(iv) Give an example showing that the point 0 is exceptional.

(v) If A, B are operators on a finite-dimensional space, then 0(AB) = o(BA).
More is true in this case. Each eigenvalue of AB is an eigenvalue of BA with

the same multiplicity.

16. Exercise. Let X = C[0,1] and let A be the operator on X defined as

(Af)(z) = /0 " f(t)dt forall f € X.

Show that ||A|| = 1, spr (A) = 0, ores(A4) = {0}.



Lecture 18

Spectra of Normal Operators

In Lecture 15 we studied normal operators in Hilbert spaces. For this class the

spectrum is somewhat simpler.

1. Theorem. Every point in the spectrum of a normal operator is an approximate

eigenvalue.

Proof. If A is a normal operator, then so is A — A for every complex number A. So
(A = Nzl = [|(A — A)*z|| = [|[(A* — X)z|| for all vectors x. Thus X is an eigenvalue
of A if and only if A is an eigenvalue of A*. By Exercise 8 in Lecture 17, this means
that g,(A) = ocomp(A). In other words the residual spectrum of A is empty. The

rest of the spectrum is just oapp(A). n

2. This theorem has an important corollary:

Theorem. The spectrum of every self-adjoint operator is real.

Proof. Let A be any complex number and write A = u + iv, where p and v are real.

If A is self-adjoint, then for every vector x

(A = Nzl

(A =Nz, (A= Nz)
= {(A- N4 - Nz,z)
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= (A= wz|? + ||

> 2zl

So if v # 0, then A — X is bounded below. This means A is not an approximate

eigenvalue of A. Thus only real numbers can enter o(A). : [ |

Exercise. Find a simpler proof for the more special statement that every eigenvalue

.

of a self-adjoint operator is real.

Diagonal Operators

3. Let H be a separable Hilbert space and let {e,} be an orthonormal basis. Let
a = (ag,a9,...) be a bounded sequence of complex numbers. Let A,e, = anen.
This gives a linear operator on H if we do the obvious: let A, (3 &nen) = 3 &nanen.

It is easy to see that A, is bounded and

| Aall = sup|an| = [la]co- (18.1)

We say A, is the diagonal operator on H induced by the sequence a. We think

of it as the operator corresponding to the infinite diagonal matrix

(03]

Aa = (65)

4. Let a, 3 be any two elements of /. It is easy to see that

Aa+Ag = Aasgp,
AAg = Aug,
A; = A(j.
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Thus the map a — A, is a x-algebra homomorphism of £y, into B(H). The relation
(18.1) shows that this map is an isometry. Note that the family {Aq: a € o}

consists of mutually commuting normal operators.

The sequence 1 = (1,1, ...) is the identity element for the algebra . An element
« is invertible in £, if there exists § in £, such that a8 = 1. This happens if and
only if {ay, } is bounded away from zero; i.e., inf |a,| > 0. The diagonal operator A,

is invertible (with inverse Ag) if and only if « is invertible (with inverse ).

5. Proposition. The spectrum of A, contains all o, as eigenvalues, and all limit

points of {a,} as approximate eigenvalues.

Proof. It is obvious that each «,, is an eigenvalue of A,, and easy to see that there
are no other eigenvalues. Let A be any complex number different from all ;. The
operator A, — ) is not invertible if and only if the sequence {a, — A} is not bounded
away from zero. This is equivalent to saying that a subsequence a,, converges to A;

i.e., Ais a limit point of the set {an}.

Multiplication Operators

6. Let (X,S,u) be a o-finite measure space. For each ¢ € Loo(u) let M, be the
linear operator on the Hilbert space H = La(u) defined as M f = ¢f for all f € H.
We have then

Mol = l¢lloo,
My+My = Mpyy,
My,My = Mgy,
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The operator M, is called the multiplication operator on Lo(u) induced by . It is a

normal operator.
The map ¢ — M, is an isometric x-homomorphism of the algebra L, into B(H).

A diagonal operator is a multiplicaton operator: the space X = N in this case.

7. The function 1 that is equal to 1 almost everywhere is an identity for the algebra
L. An element ¢ of Lo, is invertible if and only if there exists ¥ € Ly, such that
@Y = 1 a.e. This happens if and only if ¢ is bounded away from zero; i.e., there
exists & > 0 such that |p(z)| > 6 a.e. The multiplication operator M, is invertible

(with inverse M,,) if and only if ¢ is invertible (with inverse 7).

8. Let ¢ be a complex measurable function on (X,S,u). The thick range of ¢,

written as tran g, is the collection of all A € C for which

u(e™ (D) >0

Thus A € tranp if ¢ assumes the value A on a set of positive measure in X. The
essential range of p, written as ess ran ¢, is the collection of all A € C such that for

every neighbourhood E of A

u(e™'(B) >0
Clearly tran C ess ran ¢. Let ¢(n) = 1/n for every n € N. Then the range of ¢
and its thick range are the set {1/n : n € N}. The essential range is the union of this

set and {0}. Let ¢(t) =t for each t in [0,1]. Then the range of ¢ and its essential

range are equal to [0, 1], while the thick range is empty.

9. Proposition. Let M, be the multiplication operator on Lo(x) induced by the
function ¢ € La(p). Then

o(M,) =essran ¢, o0p(M,) = tranep.
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Proof. The operator M, — ) is not invertible if and only if the function ¢ — Al is

not invertible. This is so if and only if

p({z:lo(z) - A[<d}) >0

for every 6 > 0. This is the same as saying A € ess ran . This proves the first
assertion. Let A € 0,(M,). Then there exists a nonzero function f such that
(p(z) = A) f(x) = 0. So p(z) = A for all x where f(z) # 0. Such z constitute a
set of positive measure. So A € tran . Conversely, if A € tran ¢, then the set
E = {z: ¢(x) = A} has nonzero (possibly infinite) measure. Choose a subset F' of
E that has a finite positive measure. Then the characteristic function xr is in Lo(u)

and is an eigenvector of M, for the eigenvalue A\. Thus A € o,(M,,). [ |

10. One of the highlights of Functional Analysis is the Spectral Theorem. This
says that every normal operator A on any Hilbert space H is unitarily equivalent
to a mul_tiplication operator; i.e., there exists a measure space (X,S,u) a unitary
operator U : H — Lo(i) and a function ¢ € Ly such that A = U*M,U. If A is

Hermitian the function ¢ is real, and if A is positive ¢ is positive.

Two sided shifts

11. Let ¢2(Z) be the space of all doubly infinite sequences {z,}>- such that

n=—o0

§ |zn|? < oo. The standard basis for this space is the collection {e,}o> __ of
3;&:;8 that have all entries zero except an entry 1 in the nth place. The right shift
or the forward shift on this space is the operator S defined as Se,, = e, for all n.
Its inverse is the left shift or the backward shift T defined as Te, = e,_; for all n.
The operators S and T are unitary. To distinguish them from the shift operators on

la = I3(N) these are called two sided shifts.

12. A weighted shift is a composition of a shift and a diagonal operator. More
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precisely a bounded two-sided sequence « is called a weight sequence. The weighted

backward shift with weight sequence « is the operator T defined as
Te, = ap_16n_1 for all n.

If a is bounded away from zero, then T is invertible, and its inverse is the operator

S acting as
1

Qni1

Se, =

ent1 for all n.

This is a weighted forward shift.

13. Exercise. Let T be a weighted backward shift with weight sequence a. Show
that

(@) 1T = lledloo-
(i) sprT = limy_o0 SUP,, |0n_10n_2 - - - Ctp_i| /.
[Use the spectral radius formula.]
(iii) If inf |an| =7 > 0, then || T = 1/r.

(iv) If o is bounded above by R and below by r, then o(T) is contained in the

annulus {\:r < |\ < R}.

[See Exercise 21 in Lecture 16.]

Discontinuity of the spectrum

14. Let T be the weighted backward shift on l3(Z) with weight sequence a in which

a_1 =0 and a, = 1 for all n # —1. By Exercise 13 (ii) the spectral radius of T
e

is 1. For each A with |A\| < 1, the vector zy = Y A”e, is an eigenvector of T with

n=0

eigenvalue A. So o(T') = D, the closed unit disk.
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Consider another weighted backward shift 7/ with weights o/ in which o’ ; =1
and o/, = 0 for all n # —1. For every real number ¢, let T, = T + ¢I". This
is a weighted backward shift with weight sequence a(e) in which a_,(¢) = € and
an(e) = 1 for all n # —1. Thus spr(T;) = 1. If € # 0, then T is invertible, and
by Exercise 13(ii) the spectral radius of T, ! also is 1. This means that o(T¢) is

contained in the boundary of the disk D.

This example shows something striking. The spectrum of T' = Ty is the unit disk
D. Adding a small operator €T” to T makes the spectrum shrink to the boundary of

D. (The operator ¢T” has rank 1 and norm ¢.)

15. Thus the map A — o(A) that associates to an operator A its spectrum is a

discontinuous map. Let us make this statement more precise.

Exercise Let (X,d) be any metric space and let E, F' be any compact subsets of X.
Let

s(E,F) = supdist (z, F) = sup inf d(z,y),
z€E zeE yeF

and

h(E,F) :=max (s(E, F), s(F, FE)).

Show that h(E, F') is a metric on the collection of all compact subsets of X. This
is called the Hausdorff distance between E and F. It is the smallest number § such

that any point of E is within distance 4 of some point of F, and vice versa.

The space B(H) is a metric space with its usual normn and the collection of
compact subsets of C is a metric space with the Hausdorff distance. The example in
Section 14 shows that the map A — o(A) between these two spaces is discontinuous

(when H is infinite-dimensional).

16. If a map is not continuous, one looks for some weaker regular behaviour it may
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display. It turns out that the spectrum can shrink drastically with a small change
in the operator (as our example above shows) but it can not ezpand in this wild a
manner. The appropriate way to describe this is to say that the map A — o(A)
is upper semicontinuous. By definition, this means that for every open set G that

contains o(A) there exists an € > 0 such that

|A-B||<e = o(B)CQG.

Exercise. Prove this as follows.

(i) For A € G, let ¢(\) = ||Rx(A)|| = ||(A—A)~1||. This function is continuous on
G’ and it goes to 0 as A goes to 0o. So ¢(A) is bounded on G’ by some number

K. Let e =1/K.
(i) Let |A— B| <e. If A € G, then
1
A-N—(B=)N|=4- S —

This shows B — ) is invertible; i.e., A € o(B).

Continuity of the spectrum in special cases

On the set of normal operators the spectrum is continuous.
17. Theorem. Let A, B be normal operators. Then

h(a(A), o(B)) < |A - B]. (18.2)

Proof. Let € = |A — Bj|. It suffices to show s(c(A), o(B)) < € and then invoke

symmetry. For this we have to show that for each A € o(A) there is a u € o(B) such
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that |\ — pu| < e. If we replace A and B by A — X and B — ), then neither the left
nor the right hand side of (18.2) changes. So we may assume A = 0 and then prove
that there exists u € o(B) with |u| < e. If this is not the case, then B is invertible
and spr (B~!) < 1/e. Since B is normal ||B~!(A — B)|| < ||B7}|| ||A — B|| < 1. This
implies I + B~1(A — B) is invertible, and hence so is B(I + B~!(A — B)) = A. But

this is contrary to our assumption that the point A = 0 is in o(A). [ |

18. When the space H is finite-dimensional the spectrum is continuous on all of
B(H). More is true in this case. Let A — Eig A be the map that assigns to A the
(unordered) n-tuple {\y,...,\,} whose elements are eigenvalues of A counted with
multiplicities. Then this map is continuous. (The set o(A) gives no information

about multiplicities of the eigenvalues.)

19. When H is infinite-dimensional, the spectral radius is discontinuous on B(H).

Study the example in P. R. Halmos, A Hilbert Space Problem Book that shows this.



Lecture 19

Square Roots and the Polar Decomposition

One of the most important and useful theorems of linear algebra is the spectral
theorem. This says that every normal operator on an n-dimensional Hilbert space
‘H can be diagonalised by a unitary conjugation: there exists a unitary operator U
such that U*AU = A, where A is the diagonal matrix with the eigenvalues of A
on its diagonal. Among other things, this allows us to define functions of a normal
matrix A in a natural way. Let f be any functions on C. If A = diag(A1,..., M)
is a diagonal matrix with A; as its diagonal entries, define f(A) to be the diagonal

matrix diag (f(A1),...,f(An)), and if A = UAU™, put f(A) =Uf(A)U*.

If A is a positive operator, then all its eigenvalues are positive. Each of them has

a unique positive square root. Thus A has a unique positive square root, written as

A2,

One of the important consequences of this is the polar decomposition theorem.
This says that every operator A on H can be written as A = UP, where U is unitary
and P is positive. The operator P, called the positive part of A is the positive square

root of the positive operator A*A.

The spectral theorem for infinite-dimensional Hilbert spaces will be proved later
in this course. It says that a normal operator A is unitarily equivalent to a multipli-
cation operator M. If A is positive, then we define AY? as the operator equivalent

to M‘Pl/Q'
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However, the existence of the square root A'/2 can be proved by more elementary

arguments. Though less transparent, they are useful in other contexts.

1. Let A be a positive operator. Then (z,y)a = (Az,y) is a symmetric positive
sesquilinear form. It is not always a definite form. The Schwarz inequality for such

forms (Exercise 32, Lecture 11) tells us

[(Az,y)* < (Az,2)(Ay,y). (19.1)

2. A convergence theorem. Let A, be an increasing sequence of self-adjoint

operators that is bounded from above; i.e.,
A S A< <A, < Zal

for some real number a. Then A, is strongly convergent.

Proof. We prove first that A, is weakly convergent. For each vector z, the sequence
(Apz, ) is an increasing sequence of real numbers bounded from above by a(z,z, ).
So the limit f(z) = Jim (Anz,z) exists. Being a limit of quadratic forms, this
is again a quadratic form; i.e., there exists a sesquilinear form B(z,y) on H such
that f(z) = B(z,z). (See Exercise 31, Lecture 11). Clearly B is bounded. So, by
the result proved in Section 23 of Lecture 11, there exists a self-adjoint operator
A such that f(zr) = (Az,z). This operator A is the weak limit of A,. We will
show that, in fact, A, converges strongly to A. There is some simplification, and
no loss of generality, if we assume A; > 0. (Add ||A4;]|| to all the A,.) Then for
n > m we have 0 < A, — A, < al. This shows that |4, — A,|| < a. (Recall that
|An — Apll = “31“1p1((An — Ap)z, z).) Using the Schwarz inequality (19.1) we get for
z|=

every r

( (An — Am)z, (An — Am)z >2

IN

((Ap — Az, z ) ( (An — Ap)?z, (Ap — Ap)z )

< ((An — Ap)z,z )3 |||
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Since A, is weakly convergent, the inner product in the last line goes to zero as
n,m — 00. So, the left hand side of this inequality goes to zero. This shows that
for every vector z, ||(An, — Ap)z|| goes to zero as n,m — oo. Hence A, is strongly

convergent; and its strong limit is A. |

We remark here that the proof above can be simplified considerably if we assume
that every positive operator has a positive square root: The weak limit A is bigger
than all A,, so A — A, is positive and hence equal to P? for some positive P,. For
every r

1Pazl® = (Plz,2) = (A~ An)z, 2)

converges to zero. Thus P, converges strongly to 0, and hence so does P2.

Existence of square roots

3. Theorem. Let A be a positive operator. Then there exists a unique positive

operator B such that B% = A.

Proof. We may assume that A < I. (Divide A by ||A||.) Consider the sequence X,
defined inductively as

Xo=0, Xp = 5—‘—421‘3(—3.

Each X, is a polynomial in (I — A) with positive coefficients. So X, > 0. It is easy
to see that X; < X9 < ... < X,, < ... < I. Hence, by Theorem 2, X,, converges
strongly to a positive operator X. So X2 - X2, and we have

I-A+X2 I-A+X?
2 2

X =s-lim
where s—lim stands for strong limit. The last equality shows that

A=T-2X+X%=(-X)2
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Let B = I — X. Then B is positive and B? = A. It remains to show that B is the
unique positive square root of A. Note that the operator B was obtained as a strong
limit of polynomials in A. Now suppose that C is any positive operator such that
C? = A. Then C® = AC = CA. Thus C commutes with A, and hence with B.
Choose any vector z, and let y = (B — C) z. Then

(By,y) + (Cy,9) = ((B+C)y,y )
= ((B+O)(B-C)z.y)
= ((B*-¢Yzy) =0
Hence (By,y) and (Cy,y) both are zero. (They are nonnegative quantities.) Thus
0 = ((B-O)y,y)=((B-C)’z,(B-C)z)
= ((B-C)z,z).

Since z is an arbitrary vector, this shows (B — C)® = 0. But then B — C must be
zero. (Why?). Hence B = C. [ ]

Exercise. If T is a self-adjoint operator and T™ = 0 for some positive integer m,

then T' = 0. (This answers the question at the end of the preceding proof.).

The Polar Decomposition

Let us recall how this decomposition is derived in the finite-dimensional case,
and then see the modifications needed in infinite dimensions. We use the notation

|A| for the positive operator (A*A)l/ 2

4. Exercise. For any linear operator A on H let ran A and ker A stand for the range

and the kernel of A. Show that

(i) ker A* = (ran A)*.
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(ii) ker (A*A) = ker A.
(iii) If H is finite-dimensional, then A, A*A and |A| have the same rank.

(iv) (ker A)* = ran A* (the closure of ran A*).

5. Theorem. Let A be any operator on a finite-dimensional Hilbert space. Then
there exist a unitary operator U and a positive operator P such that A = UP. In this
decomposition P = (A*A)l/ 2 and is thus uniquely determined. If A is invertible

then U is uniquely determined.

Proof. Let P = (A*A)l/2 = |A|. If A is invertible, then so is P. Let U = AP™!.
Then for all =

(Uz,Uz) = (AP 'z, AP 'z)
= (P'A*AP 'z,z) = (z, ).

This shows that U is unitary and A = UP.

If A is not invertible, then ran A is a proper subspace of ‘H and its dimension
equals that of the space ran P. Define a linear map U : ran P — ran A by putting
UPz = Az for every x € ‘H. Note that

|Pz|?> = (P%z,z) = (A* Az, z) = || Az|%.

This shows U is well-defined and is an isometry. We have defined U on a part of
H. Extend U to the whole space by choosing it to be an arbitrary isometry from
(ran P)* onto (ran A)*. Such an isometry exists since these two spaces have the
same dimension. The equation A = UP remains valid for the extended U. Suppose
A = U1 Py = Uy P, are two polar decompositions of A. Then A*A = P} = P22. But

the positive square root of A*A is unique. So P; = P,. This proves the theorem. ®m

6. Exercise. Show that every operator A on a finite-dimensional space can be
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written as A = P'U’ where P’ = |A*|, and U’ is unitary. Note that |A*| = |A] if and

only if A is normal.

7. Exercise. An operator A = UP on a finite-dimensional space is normal if and

only if UP = PU.

8. Exercise. Use the polar decomposition to prove the singular value decomposition:
every linear operator A on an n-dimensional space can be written as A = USYV,
where U and V are unitary and S is diagonal with nonnegative diagonal entries

81> - > sn.

9. Let S be the right shift on the space l;. Then S*S = I, and hence |S| = I. Since
S is not unitary we can not have S = U|S| for any unitary operator U. Thus the
polar decomposition theorem for infinite-dimensional spaces has to be different from

Theorem 5. The difference is small.

Partial isometries

10. An operator W on H is called partial isometry if |Wz| = ||z| for every z €
(ker W) .

Every isometry is a partial isometry. Every (orthogonal) projection is a partial

isometry.

The space (ker W)L is called the initial space of W, and ran W is called its final
space. Both these spaces are closed. The map W : (ker W)l — ran W is an isometry

of one Hilbert space onto another.

Exercise. (i) If W is a partial isometry, then so is W*. The initial space of W* is
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ran W and its final space is (ker W) . The operators P, = W*W and Py = WW*

are the projection operators on the initial and the final spaces of W, respectively.

11. Exercise. Let W be any linear operator on H. Then the following conditions

are equivalent :

(i) W is a partial isometry.
(ii) W™ is a partial isometry.
(ili) W*W is a projection.
(iv) WW* is a projection.
v) WW*W = W.

(vi) W*WW* = W*.

(Recall W is an isometry if and only if W*W = I. This condition is not equivalent

to WW*=1.If WW* =1, then W is called a co-isometry. )

12. Theorem. Let A be any operator on H. Then there exists a partial isometry W
such that A = W/|A|. The initial space of W is (ker A)* and its final space is ran A.
This decomposition is unique in the following sense: if A = UP, where P is positive

and U is a partial isometry with ker U = ker P, then P = |A| and U = W.

Proof. Define W : ran|A| — ran A by putting W|A|z = Az for all z € H. It is
easy to see that W is an isometry. The space ran|A| is dense in (ker A)* (Exercise!)
and hence, W extends to an isometry W : (ker A)J' — ran A. Put Wz = 0 for all
x € ker A. This gives a partial isometry on H, and A = W|A|. To prove uniqueness
note that A*A = PU*UP = PEP, where E is the projection onto the initial space
of E. This space is (ker U)* = (ker P)* = ran A. So A*A = P2, and hence P = |A|,
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the unique positive square root of A*A. This shows A = W|A| = U|A|. So W and U
are equal on ran |A| and hence on (ker A)l , their common initial space. [ ]

13. Exercise. Let A = W|A| be the polar decomposition of A. Show that

(i) W*A = |A|.
(ii) W is an isometry if and only if A is one-to-one.

(iii) W and |A| commute if and only if A commutes with A*A.



Lecture 20

Compact Operators

This is a special class of operators and for several reasons it is good to study them in
some detail at this stage. Their spectral theory is much simpler than that of general
bounded operators, and it is just a little bit more complicated than that of finite-
dimensional operators. Many problems in mathematical physics lead to integral
equations, and the associated integral operators are compact. For this reason these
operators were among the first to be studied, and in fact, this was the forerunner to

the general theory.

1. We say that a subset £ of a complete metric space X is precompact if its closure
F is compact. If X is a finite-dimensional normed space, then every bounded set is

precompact. The unit ball in an infinite-dimensional space is not precompact.

A set F is precompact if and only if for every € > 0, E can be covered by a finite

number of balls of radius ¢.

2. Let X, Y be Banach spaces. A linear operator A from X to Y is called a compact
operator if it maps the unit ball of X onto a precompact subset of Y. Since A is linear

this means that A maps every bounded set in X to a precompact subset of Y.

The sequence criterion for compactness of metric spaces tells us that A is compact
if and only if for each bounded sequence {x,} the sequence {Ax.} has a convergent

subsequence.
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If either X or Y is finite-dimensional, then every A € B(X,Y) is compact. The

identity operator I on any infinite-dimensional space is not compact.

3. If the range of A is finite-dimensional, we say that A has finite rank. Every
finite-rank operator is compact. We write By (X,Y’) for the collection of all compact
operators from X to Y and By (X,Y) for all finite-rank operators. Each of them is

a vector space.

4. Example. Let X = C[0,1]. Let K(z,y) be a continuous kernel on [0, 1] x [0,1]
and let A be the integral operator induced by it

1
(Af) () = /0 K (z,9)f (v)dy.

Then A is a compact operator. To prove this we show that whenever {f,} is a
sequence in X with ||f,|| < 1 for all n, the sequence {Af,} has a convergent subse-
quence. For this we use Ascoli’s Theorem. Since |Af,| < ||Al|, the family {Af,}
is bounded. We will show that it is equicontinuous. Since K is uniformly contin-
uous, for each £ > 0 there exists 6 > 0 such that whenever |z; — 23| < § we have

|K(z1,y) — K(x2,y)| < € for all y. This shows that whenever |z, — z3| < § we have

Aha(on) — Afa@)] < [ 1K(o19) - K@)l 1a(w)ldy

IN

1
e /0 | falw)|dy < e.

Thus the family {Af,} is equicontinuous. So by Ascoli’s Theorem it has a convergent

subsequence. Thus the operator A is compact.

The condition that K (z,y) be continuous in (z,y) is too stringent. If

Tn—T

1
lim /0 K (2, y) — K (z,y)] dy =0,

then the operator A induced by K is a compact operator on C[0, 1].

5. Theorem. Bj (X,Y) is a closed subspace of B(X,Y).
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Proof. Let A, be a sequence of compact operators converging in norm to a bounded
operator A. Given € > 0 we can find an n such that ||A, — A|| < €/2. Let S be the
unit ball of X. Since A, is compact the set A,(S) in Y can be covered by a finite
number of balls of radius £/2. Keeping the same centres and increasing the radii to

€ we get a finite collection of balls that covers A(S). Thus A(S) is a precompact set.

Corollary. If A € B(X,Y) and there exists a sequence A, € By (X,Y’) such that
|An — A|| — 0, then A € By (X,Y).

6. Exercise. Show that a strong limit of finite-rank operators is not always compact.

7. Exercise. Let o be a bounded sequence and let A, be the diagonal operator on

lo with diagonal a. Show that A, is compact if and only if oy, converges to zero.

8. Theorem. Let A and B be bounded operators. If either A or B is compact, then
the product AB is compact.

Proof. Let {z,} be a bounded sequence. Then {Bz,} is bounded and if A is
compact, then {ABz,} has a convergent subsequence. If B is compact, then {Bz,}

has a convergent subsequence. The image of this subsequence under A is convergent.

Exercise. Let A and B be bounded operators. If AB is compact, then is it necessary

that either A or B is compact?

Exercise. If A2 = 0, then is it necessary that A is a compact operator?

We have seen that the space By(X) is a vector space of B(X). Theorem 8 says
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that By(X) is a two-sided ideal in the algebra B(X). By Theorem 5 this ideal is

closed.

9. Complete Continuity. A linear operator from X into Y is bounded if and
only if it is continuous. This can be expressed in another way: A is bounded if
and only if it maps every convergent sequence in X to a convergent sequence in Y.
The convergence we are talking of is the usual (strong) convergence in the respective

norms of X and Y. To emphasize this let us say A is bounded (continuous) iff

th—T = Azn—Az. (20.1)

Now suppose {z,} is a sequence in X converging weakly to z. Then for every
gevyY*
<g’A(I‘n - .’L’)) = <A*gwxn - IL’) - O;

i.e. Az, converges weakly to Az. Thus for every bounded operator A

Th—T = Azpn_Az. (20.2)

We say that A is completely continuous if it satisfies the stronger requirement

Tnpt = Azn—_ Az (20.3)

10. Theorem. Every compact operator A is completely continuous.

Proof. Let zn, —z. Then the sequence {||z,||} is bounded. (Lecture 9, Section 8.) If
Az, does not converge strongly to Az, then there exists an € > 0 and a subsequence
{zm} such that ||Az,, — Az|| > € for all m. Since {z,,} is bounded and A compact,
{Azn,} has a convergent subsequence. Suppose y is the limit of this sequences.
Then y is also its weak limit. But by (20.2) we must have y = Az. This leads to a

contradiction. u
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Exercise. Let A be a compact operator on H and let {e, } be an orthonormal basis.

Then the sequence {Ae,} converges to 0.

11. Theorem. If A is a completely continuous operator on a Hilbert space H, then

A is compact.

Proof. Let {z,} be any sequence in H with ||z,|| < 1. If we show {z,} has a weakly
convergent subsequence {z,}, the complete continuity of A would imply that Az,
is (strongly) convergent and hence A is compact. In a compact metric space every
sequence has a convergent subsequence. So, if the unit ball {z : ||z|| < 1} in H with
the weak topology were a compact metric space, then {z,} would surely have a
convergent subsequence. In Section 13 of Lecture 12 we constructed exactly such a

metric. ]

12. It can be shown, more generally, that if X is a reflexive Banach space then every
completely continuous operator on it is compact. In some books the terms “compact

operator” and “completely continuous operator” are used interchangeably.

Warning. The condition (20.3) is phrased in terms of sequences. These are enough
to capture everything about the strong topology but not about the weak topology.
If X is given its weak topology and Y its strong topology, then amap A: X — Y is
continuous if for every net z, converging weakly to z, the net Az, converges strongly

to Azx. It can be shown that the only such linear operators are finite-rank operators.

13. Theorem. If A is compact, then its adjoint A* is also compact.

Proof. Let A € By (X,Y). Let {g,} be a sequence in Y* with ||g,|| < 1. We have to

show that the sequence {A*g,} in X* has a convergent subsequence. Let S be the

unit ball in X. Then A(S) the closure of A(S) is a compact metric space. Regard
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gn as elements of the space C (A(S)) . Note that for all n

sup_|gn(y)l = sup |ga(y)l < sup |lgnll llyll < [|All.
yeA(S) yeA(S) yeA(S)
Thus the family {g,} is uniformly bounded in C (TS)) Next note that for all
yLy2€Y
|9n(y1) — 9n(y2)| < llyr — 32l.
So {gn} is an equicontinuous family. Hence by Ascoli’s Theorem a subsequence
{gm} converges to a limit g in the space C (m) . This convergence means that

the sequence g, (Ax) converges to g(Az) uniformly for z in S. That is the same thing

as saying that the sequence A*g,, converges to A*g in X*. [ ]
Exercise. Show that if A € B(X,Y) and A* is compact, then A is compact.

14. For Hilbert space operators Theorem 13 can be proved easily using the polar

decomposition.

When H is a Hilbert space By (H) is a closed, two-sided, *-closed ideal in B (H).
It can be proved (using the spectral theorem) that this is the only ideal in B (H)
with this property.

15. Theorem. Let H be a separable Hilbert space. Then By (H) is dense in By (H) .

In other words, every compact operator on H is a norm limit of finite rank operators.

Proof. Let {e,} be an orthonormal basis for H. Let H, be the subspace spanned
by the vectors ey,...,e,. Let P, be the orthogonal projection onto H,. Then AP,

is a finite-rank operator and
|A—AP,|| =||A(I — P,) | =: an, say.

Note that «, is a decreasing sequence of nonnegative numbers. So, a,, converges to

a limit & > 0. By the definition of a,,, there exists a unit vector z,, in H,J; such that
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|Az,|| > an/2. Since the sequence H, increases to H, the sequence z, converges
weakly to 0. So, if A is compact Ax,, — 0. Hence o, — 0. Thus A is the norm limit

of the sequence AP,. ]

16. Is the assertion of Theorem 15 valid for all separable Banach spaces? This
question turns out to be difficult. In 1973, P. Enflo answered it in the negative.
There exists a separable Banach space on which some compact operator is not a
norm limit of finite rank operators. Our proof of Theorem 15 suggests that if X has
a Schauder basis, then By (X) is dense in By (X). This is indeed the case. So the

space X in Enflo’s example does not have a Schauder basis.
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The Spectrum of a Compact Operator

Most of the spectral properties of a compact operator in a Banach space were dis-
covered by F. Riesz, and appeared in a paper in 1918 (several years before Banach’s
book). These results were augmented and simplified by the work of Schauder. What

follows is an exposition of these ideas.

Unless stated otherwise, X and Y will stand for infinite-dimensional Banach

spaces.

1. Recall Riesz’s lemma from Lecture 2. If M is a proper closed subspace of X, then
for each € > 0, there exists a unit vector x in X such that dist (x, M) >1—-¢c. If M

is finite-dimensional then there exists a unit vector = such that dist (z, M) = 1.

2. Theorem. Let A be a compact operator from X to Y. Then the range of A is

separable. Further, if ran A is closed, then it is finite-dimensional.

Proof. For each n, let S, = {r € X : ||z|| < n}. Then A(S,) is precompact. Every
compact metric space is separable. So A (S,,) is separable. Hence so is the countable
union

) A(Sn) = ran 4.

n=1

The Open Mapping Theorem tells us that if ran A is closed, then A is an open map.

So A (S,) is an open precompact set in ran A. Every point in ran A belongs to some
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A (Sp). Soran A is locally compact. Hence it is finite-dimensional. [ |

3. Example. The diagonal operator on /2 with diagonal 1,1/2,1/3,.... is compact

and its range is not closed. (Lecture 6, Remark 3.)

4. Corollary. Let A € By(X) and let A be a nonzero complex number. Then the

space ker (A — ) is finite-dimensional.

Proof. For each linear operator A and complex number A, the space N = ker(A—\)
is closed. It is easy to see that if A # 0, then A maps N onto itself. So if A is compact,

then by Theorem 2, N is finite-dimensional. [ |

5. If A is a compact operator on X (dim X = 00), then A cannot be invertible. So

the point 0 is always in o(A). It is a special point in the spectrum, as we will see.

6. Proposition. Let A € By(X). Then the point spectrum o,(A) is countable and

has only one possible limit point 0.

Proof. We need to prove that for each € > 0 the set
op(A) N{A: |A] > €}

is finite. If this is not the case, then there exists an ¢, an infinite set {\,} with
|An| > € and vectors z,, such that ||z,|| = 1 and Az, = Apz,. The vectors z,, being
eigenvectors corresponding to distinct eigenvalues of A, are linearly independent.
So for each n, the space M, spanned by {zi,...,z,} is an n-dimensional space.
By Riesz’s Lemma, for each n > 1, there exists y, € M, such that ||y,|| = 1 and

dist (yn, Mp_1) = 1. Since y,, € M,, we can write

Yn = 01T +02T2 + - + 0Ty,

Ay, = a1Aix1+ agdexy + - + @ ATy
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This shows that Ay, — Ay, is in M, _1. For n > m the vector Ay, — Ayn, has the
form A\,y, — z where z € M,,_. Since dist (y,, M,_1) = 1, this shows that

”Ayn - Aym“ > ‘/\nl > €.

But then no subsequence of {Ay,} can converge and A cannot be compact. |

7. Proposition. Let A € By(X). If A # 0 and A € 0(A), then A € g,(A).

Proof. Let A\ # 0 and suppose that A is an approximate eigenvalue of A. Then there
exists a sequence x, of unit vectors such that (A — A) z, — 0. Since A is compact,
a subsequence {Az,} of {Ax,} converges to some limit y. Hence {Az,,} converges
to y. Since A # 0, y is not the zero vector. Note that Ay = Ay. So A € o,(A). We
have shown that every nonzero point of the approximate point spectrum oapp(A)
is in 0,(A). Hence by Proposition 6 the set capp(A) is countable. This set contains
the boundary of o(A) (Lecture 17, Theorem 11.). Thus o(A) is a compact subset of
the complex plane with a countable boundary. Hence o(A) is equal to its boundary.
(Exercise). This shows that 0(A) = gapp(A). Every nonzero point of this set is in
op(A). [ |

8. Let A be an eigenvalue of any operator A. The dimension of the space ker (A — \)

is called the multiplicity of the eigenvalue .

The results of Sections 4-8 together can be summarised as the following.

9. Theorem. (Riesz) Let A be a compact operator. Then

(i) o(A) is a countable set containing 0.
(ii) No point other than 0 can be a limit point of o(A).

(iii) Each nonzero point of o(A) is an eigenvalue of A and has finite multiplicity.
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10. The behaviour of 0

If A is compact, then 0(A) = oapp(A) and 0 € g(A). The following examples

show that the point 0 can act in different ways. In all these examples the underlying

space X is la.

(i)

(i)

(iii)

(v)

Let A be a projection onto a k-dimensional subspace. Then 0 is an eigenvalue of
infinite multiplicity. The only other point in 0(A) is 1, and this is an eigenvalue

with multiplicity k.

Let A be the diagonal operator with diagonal entries 1,0,1/2,0,1/3,0,....
Then 0 is an eigenvalue of A with infinite multiplicity. Each point 1/n is an

eigenvalue of A with multiplicity one.

Let A = D the diagonal operator with diagonal entries 1,1/2,1/3,.... Then 0
is not an eigenvalue. The points 1/n are eigenvalues of A and 0 is their limit

point.

Let T be the left shift operator and A = DT} i.e.,

I3 T4
Az = (z9, =3

)

If Az = Az, then
Tp=(n—1'A\""'z; for alln.

If A # 0 such an x can be in [y only if z = 0. So A cannot be an eigenvalue of
A. A vector z is mapped to 0 by A if and only if z is a scalar multiple of e;.

So 0 is an eigenvalue of A with multiplicity one, and is the only point in o(A).
Let S be the right shift operator and A = SD; i.e.,

T
Az = (O,wl,g,...).

It is easy to see that A has no eigenvalue. So in this case 0 is the only point

in 0(A), and is not an eigenvalue. Note that the operators in (iii) and (iv) are



174 Notes on Functional Analysis

adjoints of each other. If we represent these two operators by infinite matrices,

then i 3
61 0 0
00 1/2 0
00 0 1/3

DT =

and SD is the transpose of this matrix. The first matrix has entries (1,1/2,1/3,...
on its first superdiagonal, and the second on its first subdiagonal. If we take
the top left n x n block of either of these matrices, it has zero as an eigen-
value of multiplicity n. One may naively expect that DT and SD have 0 as an
eigenvalue with infinite multiplicity. This fails, in different ways, in both the

cases.

11. Theorem. Let A be a compact operator on X and A any nonzero complex

number. Then ran (A — \) is closed.

Proof. By Corollary 4, the space ker (A — ) is finite-dimensional. Hence it is a

direct summand; i.e., there exists a closed subspace W such that
X =ker(A- X)W
(See Lecture 11, Section 19.) Note that
ran{A—-A)=(A- )X =(A- )W

If A— X\ were not bounded below on W, then A would be an approximate eigenvalue,
and hence an eigenvalue of A. This is not possible as ker (A - A\) N W = {0}. So
A — ) is bounded below on W; i.e., there exists a > 0 such that ||(4 — Mwl| > allw||

for all w € W. Let wy, be any sequence in W, and suppose (A — \)w, converges to y.
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For all n and m

(A = X)(wn - wm)” > allwn, — wnll,

and hence wy, is a Cauchy sequence. Since W is closed w, converges to a limit

w € W. Hence y = (A— A\)w is in (A — A)W. This shows that ran (A — ) is closed. ®

12. We know that A is compact if and only if A* is compact. We know also that
o0(A) = g(A*). In Section 10 we have seen an example where 0 is an eigenvalue of A
but not of A*. The nonzero points in the set 0(A) = o(A*) can only be eigenvalues
of finite multiplicity for either operator. More is true: each point A # 0 has the same

multiplicity as an eigenvalue for A as it has for A*.

Theorem. Let A € By(X) and let A # 0. Then

dim ker (A* — A) = dim ker (A — ). (21.1)

Proof. Let m* and m be the numbers on the left and the right hand sides of (21.1).

We show first that m* < m. Let z1,...,2,;, be a basis for the space ker (A — \).

Choose linear functionals fi,..., f,, on X such that f;(z;) = d;;. (Use the H.B.T.)

If m* > m, there exist m + 1 linearly independent elements g3, ..., gm+1 in the space

ker (A* — X) C X*. Choose yi,...,Ym+1 in X such that g;(y;) = d;;. (See Exercise

19 in Lecture 10.) For each z € X let Bx = Tznjl fi(x)y;. This is a linear operator of
i=

finite rank, and hence is compact. Note that

filz) if 1<j<m
(Bz,g;) =4 "’
0 if j=m+1.

Since g; € ker (A* — ),

(A= XNz, g;) = (z, (A" = N)g;) =0 for all j.
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Adding these two equations we get, for all z € X,

fiz) if 1<j<m

(A+B - X)z,g5) = (21.2)

0 if j=m+1.
Thus gn+1 annihilates ran (A + B — ). Since gm+1 (Ym+1) = 1, this shows
ran (A+ B —\) # X.

Hence A € 0(A+ B) and since A + B is compact A has to be an eigenvalue. This
is possible only if there exists a nonzero vector = such that (A+ B —-A)z =0. If
is such a vector, then from (21.2) f;j(z) = 0 for all 1 < j < m, and hence by the
definition of B we have Bx = 0. So = € ker (A — A). The vectors z; are a basis for
this space, and hence

T =0o1T1+ "+ Qply.
Using the relations f;(x;) = d;; we get from this a; = fj(z) =0 for all 1 < j < m.
But then z = 0. This is a contradiction. Hence we must have m* < m. Applying the
same argument to A* in place of A, we see that m**, the dimension of ker (A** — \)
is bounded as m** < m* < m. On the other hand, if J is the cannonical embedding
of X in X** then JA = A**J. Hence ker (A — AI) C ker (A** — AI) and m < m**.

Thus m = m*. [ ]

13. Corollary. Let A € By(X) and A # 0. Then

dim ker (A — A\) = codim ran (A — X).

Proof. From the relation defining adjoints
(A=Nz.y) = (z,(4" = N)y)

we see that ker (A* — ) = [ran (A — A)]*. Since ran (A — )) is closed (Theorem
11), dim [ran (A — A)]* = codimran (A4 — \) by Theorem 16 of Lecture 10. [

14. Fredholm Operators. Let A € B(X,Y). The quotient space Y/ran A is

called the cokernel of A, and written as coker A. If either ker A or coker A has finite
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dimension, we define the indez of A as the extended integer.
ind A = dim ker A — dim coker A.

If ker A and coker A both are finite-dimensional, we say that A is a Fredholm operator.

The index of such an operator is a finite integer.

We have shown that if A is a compact operator on X and A a nonzero complex

number, then A — ) is a Fredholm operator and its index is zero.

15. The Fredholm Alternative. From Theorems 9 and 12 we can extract the fol-
lowing statement, a special case of which for certain integral equations was obtained

by Fredholm.

Let A be a compact operator on X. Then exactly one of the following alternatives

1s true

(i) For every y € X, there is a unique z € X such that Az —x =y.

(ii) There exists a nonzero x such that Az —z = 0.

If the alternative (ii) is true, then the homogeneous equation Az — x = 0 has only a

finite number of linearly independent solutions.

The homogeneous equation Az — x = 0 has a nonzero solution in X if and only
if the transposed equation A*y — y = 0 has a nonzero solution in X*. The number

of linearly independent solutions of these two equations is the same.
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Compact Operators and Invariant Subspaces

Continuing the analysis of the previous lecture we obtain more information about

compact operators.

1. Let A € Byp(X) and let A # 0. For brevity let us write N; for the closed linear

space ker (A — )\)j ,7=10,1,2,.... We have a nested chain of subspaces
NoCNCNyC---CN;C---CX. (22.1)

Note that (A — A) N4 C N; for all j. Suppose for some p, Np = Npi1, then Ny, =
Npim for all m. This is an easy exercise. Using Riesz’s Lemma one can see that the

chain (22.1) is finite; i.e. there exists p such that
Npym = Np for allm. (22.2)

If this is not the case, then there exists a sequence y; of unit vectors such that

y; € N;j and dist (y;,N;—1) > 1/2. For n >m
Ayn = AYm = Ayn + (A = Nyn = (A = A)ym — Aym
The last three terms in this sum are elements of N,,_1. So
lAyn — Ayml| = |Al/2.

Thus the sequence {Ay,} has no Cauchy subsequence. Since [ly;|| = 1 and A is

compact, this is a contradiction. Therefore, the condition (22.2) must hold.
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2. Exercise. Let A and ) be as above. Let R; be the closed linear space ran (A—\).

We have a decreasing chain of subspaces
RyDRiDRy;D---DR; D---{0}. (22.3)
Note that (A — A\)R; = Rj41.
Show that there exists g such that

Rytm = R, for allm. (22.4)

3. The Riesz Decomposition Theorem. Let A be a compact operator on X and
let A # 0. Then there exists a positive integer n such that ker (A—\)"*! = ker (A—\)"
and ran (A — A\)"*! = ran (4 — A\)". We have

X =ker(A—A)"@®ran(4A - A", (22.5)

and each of the spaces in this decomposition is invariant under A.

Proof. Choose indices p and ¢, not both zero, satisfying (22.2) and (22.4). Let
n = max(p, q). Let y € ker (A — A\)" N ran (A — A\)". Then there exists = such that
y = (A — A"z, and (A — A\)"y = 0. But then (A — \)?"z = 0; i.e., T € ker (4 — \)?".
Since ker (A — A)?" = ker (A — \)" this means y = 0. Thus the two subspaces on the
right hand side of (22.5) have zero intersection. Let x be any element of X. Then
(A — Nz is in ran (A — A\)® = ran (A — A)?". So there exists a vector y such that
(A—MN"z = (A - \)?y. We have

z=(z—-(A-A)"y)+(A-A)"y.
The first summand in this sum is in ker (A — A)™ and the second is in ran (4 — A\)™.

This proves (22.5). It is clear that each of the spaces is invariant under A. ]

4. Corollary. Let A be a compact operator and suppose a nonzero number X is an



180 Notes on Functional Analysis

eigenvalue of A. Let n be an integer as in the Theorem above. Let

Ny = ker(A-\)",
Ry, = ran(A-M\)".

Then the restriction of A to Ny has a single point spectrum {A} and the restriction

of A to Ry has spectrum o(A)\ {\}.

Proof. The space N, is finite-dimensional and is invariant under A. The restriction
of A — X to this space is nilpotent. So ¢ (A - ’\’NA) = {0}. Hence o (AINJ = {A}.
The spectrum of the direct sum of two operators is the union of their spectra. The

point A can not be ina(A|RA) as Axz = Az only if x € N). ]

Note that the space N) is the linear span of the spaces ker (A — )\)j ,i=12....
Likewise R) is the intersection of the spaces ran (A — )\)j , j =1,2,.... So, the

integer n plays no essential role in the statement of this corollary.

5. The Riesz Projection. In the decomposition
X =N),® R,

obtained above, let Py be the projection on N) along R). This is called the Riesz
projection of A corresponding to the eigenvalue A. Since A is an isolated point of
o(A) we can find a closed curve I in the plane with winding number 1 around A and
0 around any other point of o(A). It turns out that Py has a representation

PA—L/F(A—o*dc.

27
Invariant subspaces

The Riesz decomposition theorem seems to give a decomposition of X into a

direct sum of generalised eigenspaces of a compact operator A. However, this is not
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the case. A may have no nonzero eigenvalue and then the Riesz theory does not
even tell us whether A has any nontrivial invariant subspaces. Our next theorem

says such a space does exist.

Let A € B(X). Let M be a (closed linear) subspace of X and let M be neither
the null space {0} nor the whole space X. Recall that the space M is said to be
invariant under A if A(M) C M. Let A be the set of all operators T that commute
with A. This is called the commutant of A and is a sub algebra of B(X). We say that
M is a hyperinvariant subspace for A if T(M) C M for all T € A.

6. Lomonosov’s Theorem. Every nonzero compact operator has a nontrivial

hyperinvariant subspace.

Proof Let A € By(X), A # 0, and let A be the commutant of A. If there exists
a nonzero point A in o(A), then the eigenspace ker (A — A) is invariant under all
T € A. So, we need to prove the theorem only when o(A) = {0}. Replacing A by
mA, we may assume ||A|| = 1. Let x¢ be any vector such that ||Azg|| > 1. Then
lzo]l > 1. Let D = {z: ||z — zo|| < 1} be the open ball of radius 1 centred at zo.
Since ||A|| = 1 and ||Azo]|| > 1, the closure A(D) does not contain the vector 0. For
each nonzero vector y € X consider the set Ay = {Ty: T € A}. This is a nonzero
linear subspace of X and is invariant under A. If we show that for some y the space
Ay is not dense in X, then its closure is a nontrivial hyperinvariant subspace for A.
Suppose, to the contrary, that for every y # 0 the space Ay is dense in X. Then,
in particular, for every y # 0 there exists T € A such that ||Ty — zo|| < 1. In other
words, y € T~Y(D) for some T € A. Note that the set T7!(D) is open since D is
open. So the family {T"}(D): T € A} is an open cover for X\{0}, and hence for

the set A(D). Since this set is compact (because A is compact) there is a finite set

{1, Ts,...,T,} in A such that

AD) | ) 17(D)
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In particular, Azg € TJI(D) for some 1 < i; < n. This means that T;, Arg € D
and AT;, Azg € A(D). So AT;, Azy € T;l(D) for some 1 < iy < n. This means that

T;,AT;, Azg € D. Continuing this process m times we see that

m—1

is in D, and since A commutes with the T’s

T, ---Ti, A™zg € D. (22.6)

m

All the T;; here are from the finite set {T1,...,T,}. Let ¢ = max {||T;|| : 1 < i < n}.
Then
[Ty, - - Ty AT < ™A™ = [[(cA)™ |-

The operator cA has spectral radius 0. So, by the spectral radius formula ||(cA)™||}/™

converges to 0, and hence ||(cA)™|| converges to 0. Thus

I T, - - - Tiy A™xo|| — 0

m

as m — oo. So from (22.6) the point 0 is in the closure of the set D. This is a

contradiction. [ ]

7. Each of the following statements is an easy corollary of Lomonosov’s theo-

rem.

1. Every compact operator has an invariant subspace. (This was proved by

Aronszajn and Smith.)

2. A commuting family of compact operators has a common invariant sub-

space.

3. Every operator that commutes with a nonzero compact operator has an

invariant subspace.
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Compact Operators in Hilbert spaces

The case of Hilbert space, as in most problems, is simpler. The case of normal
operators is especially simple and interesting. Before Riesz did it for Banach space
operators, Hilbert had made an analysis of the spectrum of compact self-adjoint
integral operators in the space Lo. These ideas were extended by E. Schmidt to

general Hilbert spaces—a term that came into existence later.

Let us recall that all our Hilbert spaces are assumed to be separable.

8. Hilbert—Schmidt Theorem. (The Spectral Theorem for Compact Op-
erators.) Let H be an infinite dimensional Hilbert space and let A be a compact
self-adjoint operator on H. Then there exist an orthonormal basis {e,} and a se-

quence of real numbers {\,} such that Ae, = Ane, for all n, and A\, — 0 as n — oc.

Proof. Most of the work for the proof has already been done. We know that o(A)
is real, and each nonzero point in o(A) is an eigenvalue of finite multiplicity. It
is easy to see that eigenvectors corresponding to distinct eigenvalues are mutually
orthogonal. (If Az = Az, and Ay = uy, then (A — p){(z,y) = (A\z,y) — (z,py) =
(Az,y) — (z,Ay) = 0.) For each eigenvalue of A choose an orthonormal basis for
the corresponding eigenspace. Let {e,} be the collection of all these eigenvectors
for all the eigenvalues. This is an orthonormal set whose closed linear span M is
invariant under A. Suppose the space M~ is nonzero. Since A is self-adjoint M~ is
also invariant under A. Let Ag be the restriction of A to ML. Then A is self-adjoint
and compact. If 0(Ap) contains a nonzero point A, then A is an eigenvalue of Ay
and hence of A. (Because Az = Agz = Az.) Since all eigenvectors of A are in M,
this is not possible. Hence o(Ap) = {0}, which means spr(A4g) = 0. Since Ay is
self-adjoint, this means ||Ag|| = 0, and hence A9 = 0. Thus for every € M+ we

have Az = Agz = 0, which implies z € M. Hence M = {0} and M = H.



184 Notes on Functional Analysis

We have shown that {e,} is an orthonormal basis for H and there exist real
numbers A, such that Ae, = A\ e,. We have seen earlier (see Sections 7 and 10 of

Lecture 20) that under these circumstances A, converges to 0. [ ]

9. With just one change—the ); are complex numbers—all assertions of the Hilbert—
Schmidt theorem are valid for compact normal operators. The proof is essentially

the same.

Thus every compact normal operator A has a special form

A= Z/\n<',en>en (22.7)

in which e, is an orthonormal basis and {\,} is a sequence of complex numbers

converging to zero. This is also written as

A=) Aneney. (22.8)
n
Here epe}, is the orthogonal projection onto the one-dimensional space spanned by

the vector e,,. The expression 22.8 is called the spectral decomposition of A.

If f is any bounded function on the set o(A) we define f(A) as
f(A) = Zf(’\n)enerr
n
This is a bounded operator.

In particular, if A is compact and positive, we can define its positive square root

Al/2 using the spectral decomposition.

10. The spectral theorem shows that every compact normal operator A has a reduc-
ing subspace—a closed subspace M such that M and M+ both are invariant under

A.

11. The Singular Value Decomposition. Let A be any compact operator on

H. Then there exist two orthonormal sets {e,} and {f,} in H, and a sequence of
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positive numbers {s,} converging to 0 such that

A=Y sulren)fu. (229)

Proof. The operator A*A is compact and positive. So there exists an orthonormal
set {en } and positive numbers s, such that A*Ae, = sflen. The s2 are all the nonzero
eigenvalues of A*A; the operator A* A vanishes on the orthogonal complement of the

space spanned by the {e,}. Let f, = ﬁ(Aen). Then

L (Aey, Aem) = —— (A% Aen, em) = G,

nSm SnSm

(.fna.fm) =

i.e., the set {f,} consists of orthonormal vectors. Every vector z in H can be

expanded as

z =7 (z,en)en +y,

n

where y € ker A*A = ker |A|. Using the polar decomposition A = U|A| we see that
Ay = 0. Thus Az = Y (z,en)Aen = Y sp{(T, €n) fn. ]
n

n

We may expand the sequence {s,} to include the zero eigenvalues of A*A and
the sets {e,} and {fn} to orthonormal bases. The numbers s, are called the singular
values of A. They are the eigenvalues of the operator |A|. It is customary to arrange

sp in decreasing order. We have then an enumeration
§51282>2--2>28,2---20

in which each s; is repeated as often as its multiplicity as an eigenvalue of |A].
Whenever we talk of the singular value decomposition we assume that the s; are

arranged decreasingly.

12. Exercise. Let M, be a multiplication operator on the space L3[0,1]. Then

M, is compact if and only if ¢ = 0 almost everywhere.
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The Invariant Subspace Problem

Let X be any Banach space and let A be any (bounded linear) operator on it.
Does there exist a (proper closed) subspace Y in X that is invariant under A? This
question is called the Invariant subspace problem and has been of much interest in

functional analysis.

If A has an eigenvalue, then the subspace spanned by any eigenvector is an in-
variant subspace for A. If X is finite-dimensional, then every operator A on it has
an eigenvalue and hence an invariant subspace. For the same reason every compact
normal operator in a Hilbert space has an invariant subspace. The spectral theo- .
rem (to be proved later in this course) shows that every normal operator (whether

compact or not) has an invariant subspace.

In 1949 von Neumann proved that every compact operator on a Hilbert space
has an invariant subspace. In 1954 Aronszajn and Smith extended this result to all
Banach spaces. For many years after that there was small progress on this problem.
(Sample result: if there exists a polynomial p such that p(A) is compact, then A has
an invariant subspace.) Lomonosov’s Theorem announced in 1973 subsumed most
of the results then known, had a simple proof, and seemed to be valid for almost
all operators. (One needs to ensure that A commutes with some nonzero compact

operator.) The proof of Theorem 6 given here is due to H. M. Hilden.

Around 1980 P. Enflo constructed an example of a Banach space and an operator
on it that has no invariant subspace. The same result was proved by C. J. Read,
who also gave an example of an operator with o invariant subspace on the more

familiar space [;.

The problem for Hilbert spaces remains unsolved.



Lecture 23

Trace Ideals

Let A be a compact operator on (an infinite-dimensional) Hilbert space H and let
s1(4) 2 52(4) 2+ > 0 (23.1)

be the singular values of A. The sequence s,(A) converges to 0. In this lecture we
study special compact operators for which this sequence belongs to the space £; or

the space ¢9.

Extremal Properties of Singular Values

The singular values have many interesting characterisations as solutions of some

extremal problems. One of them is the following,.

1. Lemma. Let A be a compact operator with singular values {s,{A4)} counted as
in (23.1). Then
$p(A) =min {||]A ~ F||: rank F <n—1}. (23.2)

Proof. For brevity we write s, for s,(A). Let A have the singular value decompo-
sition
A= Z 8n (-, en) fr- (23.3)

Let F be any operator with rank £ < n— 1. Then we may choose a unit vector z in
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the span of the vectors {ey,...e,} such that Fz = 0. We have

1A= Fll > (A = F)z|| > | Az]| = 1| }_ sj(z, ;) f5]-

=1

Using the Pythagoras Theorem, the last quantity above is equal to

. 1/2
( 55 |<~"7’ej>|2) :
i=1

n
Since Y |(z,e;)|* = 1, this quantity is bounded below by s,. So ||A — F|| > s,. If
i=1
we choose
F=) (. e)fs (23.4)

then rank F =n —1 and

This shows that |4 — F|| = sp. [

2. Corollary. Let A be a compact and B a bounded operator. Then

sn(AB) < sn(A)“B”v

sn(BA) < sn(A)[Bl.

Proof. Let A and F' be as in (23.3) and (23.4). Since rank FB < n — 1, we have

from Lemma 1

sn(AB) < |[AB — FB|| < [|A - F||||B|| = sn(A)||B.
This proves the first assertion. The second has a similar proof. [ ]
3. Corollary. (Continuity of singular values) Let A and B be compact opera-

tors. Then for all n

|sn(A) —sn(B)| < [[A - B].
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Proof. From (23.2) we have

$a(4) = min||A— F|| =min|B - F + A - B
< min|B - Flj+ |4~ BJ| = s(B) + | A - BJ.

Here the minimum is taken over all operators F' with rank F' < n — 1. Thus
sn(4) — sn(B) < [[A -~ B

The right hand side of this inequality is symmetric in A and B. Hence we have also
sn(B) — sn(4) < |4 - B|.

This proves the assertion. [ |

Trace Class Operators

Let A be a compact operator such that

o0

Z sn(A) < co.

n=1

Then we say that A belongs to C;, or that A is a trace class operator. In this case

we define [|A|]; as
o0

Al =) sa(A). (23.5)

n=1

The norm symbol is used in anticipation of what will be proved shortly.

4. Lemma. Let A be a trace class operator. Then for any two orthonormal sets

{zm} and {ym} we have

0
{AZm, ym)| < [ A1 (23.6)

m=1

Proof. Represent A as in (23.3). Then

Mg

D KAzm, ym| =
m=1

oo
< an Ty €n fnaym>

n=1

1

3
I

ani Ty €n H fn,ym>1

n=1

IA
NE

3
)
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Since all the summands are positive, the two sums may be interchanged, and this
double sum is equal to

[ e} [ e}

an Z [(Zms end| [{frs ym)| -

n=1 m=1

Using the Cauchy-Schwarz inequality, this is bounded by

00 ) 1/2 / oo 1/2
Z Sn <Z !(mm,en)|2) (Z |<fn,ym>‘2) .
m=1 m=1

n=1
Since e, and f, are unit vectors, by Bessel’s inequality this expression is bounded

by

oo
Y s =llAlh-
n=1

5. The trace. Let A € C; and let {z,,} be any orthonormal basis for H. Let
o0
trA= Y (AZm,Tm). (23.7)
m=1
Lemma 4 implies that this series converges absolutely and its terms may, therefore,
be rearranged. We show that the sum in (23.7) does not depend on the orthonormal

basis {zm}.

Theorem. Let A be a trace class operator with singular value decomposition (23.3).

Then for every orthonormal basis {z,,} we have

Z (AT, Tm) = an (fn,en)- (23.8)
m=1 n=1

Proof. Using (23.3) we have

e o]

00 oo
Z A-'L'mw'rm Z zsn xmaen fn,wm>

m=1 m=1n=1
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The order of summation can be changed by the argument in the proof of Lemma 4

and we have

M]3
NE

Sn (-Tmaen><fna-rm>

0o
z Al'rm xm =

m=1

3
[
s
3
I
_

sn <fn7 <en,xm>xm>

I
M]3
Nk

3
[
o
3
[
-

oC

$n{ fns Z (€n,Tm)Tm ).

m=1

I
8

3
1l
—

o0

Since {z,} is an orthonormal basis, we have e, = Y (eén,Zm)Tm. This proves the
m=1

theorem. [ ]

The number tr A defined by (23.7) is called the trace of A.

From Lemma 4 it follows that

|tr A] < || Al (23.9)

Warning. If A is an operator and

oo
3" [(Azm, )| < 0. (23.10)
m=1
for some orthonormal basis, then it is not necessary that A is trace class. (The right

shift S on 5 is an example.) For A to be trace class the series (23.10) must converge

for every orthonormal basis.
6. Theorem. The collection C; is a vector space and ||.||; is a norm on it.

Proof. Let A and B be two elements of C;. Then A + B is compact. Let

A+B= i sn(A+ B)(-,en) fn

n=1

be the singular value decomposition. Then

sn(A+ B) = ((A+ Ben, fn) < |Aen, fu)| + |(Ben, fa) -
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Hence

Y sn(A+B) < Y [{Aen, fa)l+ Y [(Ben, fu)|
= =1 n=1

n=1
< [lAll + 1Bl
This shows that A+ B is in C; and ||A + B||; < ||A]l1 + ||B|l1. The rest of the proof

is easy. ]
7. Theorem. The space C; with norm |.||; is complete.

Proof. Clearly ||A|| < ||Al|; for every A € C;. So if {A,} is a Cauchy sequence in Cy,
then it is a Cauchy sequence in the usual norm ||.| as well. Since A, are compact,
there exists a compact operator A such that ||A, — A|| goes to 0. We will show that
Aisin Cy, and ||A,, — A||; converges to 0. By Corollary 3, for each j we have

lim s;(A,) = s;(A).

n—oo

Let € be any positive number. By the diagonal procedure we can obtain a subse-

quence {Ax} such that
|s;(Ax) — 8;(A)| < /27 for all j.

This implies that

[e o)

gsa‘(!‘l Z(Sn (Ak) + ) ZSJ(A’C +e,

and hence A € C,. Now choose any n and let (4, — A) = 'Z sj(An — A)(- e5) f;
]_

be the singular value decomposition of the operator A, — A. Then for each positive

integer N

N N
Zsj(An—A) = ) ((An — A)ej, fj)
J=1

J=1
= Jim Z [((An — Ak)ej, ;)] (since Ay — A)
=1

< klim |An — Aklli  (by Lemma 4).
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(The last limit exists because {||An, — Ak|l1} is a Cauchy sequence.) It follows that
|An — A1 < klim |An — Agll1- Taking the limit as n — oo one sees that || A, — Al|;
—00

converges to 0. ]

8. Theorem. Let A be a trace class operator and B any bounded operator. Then

AB and BA are trace class and

IAB]|;

IN

Al B, (23.11)
1BAlx

AN

Al 1Bl (23.12)

Proof. Since A is compact, AB is also compact. Use Corollary 2 to complete the

proof. [ |

9. One of the important properties of trace in finite dimensions is that tr AB = tr BA

for any two matrices A and B. This remains true for trace class operators.

Theorem. Let A be a trace class operator and B any bounded operator. Then

tr AB = tr BA. (23.13)

Proof. We prove this for a special case first. Let U be any unitary operator, and
let {z,} be any orthonormal basis. Then the vectors y, = U*z, form another

orthonormal basis. We have

trUA = Y (UAzp,zn) = > (AZn,U*zy)
= Z(AUyn,yn) = tr AU.
So, the equality (23.13) is true when B is a unitary operator. The general case

follows from this because of the following lemma and the obvious fact that the trace

is a linear functional on C;. |
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Lemma. Every bounded operator is a complex linear combination of four unitary

operators.

Proof. First, let B be a self-adjoint operator with || B|| < 1. Let
1/2
Ur=B+i(I- B?) & (23.14)

It is easy to see that Uy are unitary operators. Clearly

1

B
2

Uy +U-).

If B is any self-adjoint operator, we may divide it by || B|| and reduce it to the special
case above. Thus every self-adjoint operator is a linear combination of two unitary
operators. Since every bounded operator is a linear combination of two self-adjoint

operators the lemma is proved. ]

If b is a real number with |b| < 1, then b = cos § for some 8 in [0, 7]. In this case

the equation (23.14) defines two numbers exp(+¢6) whose sum is 2 cos 6.

10. Summary. We have proved (most of) the following statements.

(i) The collection C, consisting of trace class operators is a 2-sided, *-closed ideal

in B(H).
(ii) There is a natural norm ||.||; on C; under which C; is complete.
(iii) Finite-rank operators are dense in (Cy, ||.||1)-
(iv) C; is not closed under the operator norm ||.||.

(v) The formula (23.7) defines a linear functional called trace on C;. This has the

property tr AB = tr BA.
(vi) If A € C; and X,Y are any two bounded operators, then

[XAY [l < I XIAlLY]- (23.15)
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If U and V are unitary operators, then

[UAV |1 = [|A]- (23.16)

11. Exercise. Let A be a self-adjoint, trace class operator. Show that tr A is the

sum of the eigenvalues of A each counted as often as its multiplicity.

(This statement is true for all trace class operators, not necessarily self-adjoint.

This is called Lidskii’s Theorem and its proof is somewhat intricate.)

Hilbert-Schmidt Operators

A compact operator A is said to be a Hilbert-Schmidt operator, or to belong to

the class Cq if
o0
Z s2(A) < .
n=1

Thus A € Cs if and only if A*A € C;.

12. Exercise. Prove the following assertions.

(i) Cy is a two-sided, *-closed ideal in B(H).
(ii) If A and B are in Cy, then
(A,B) :=tr AB* =) (AB*xn,z,) (23.17)

is finite for every orthonormal basis {z,} and is independent of the choice of

the orthonormal basis. This gives an inner product on C,.

(iii) The norm associated with this inner product is

oo 1/2
IAll2 = (tr AA*)Y2 = (Z sg(A)) . (23.18)

n=1

This is called the Hilbert-Schmidt norm. With this norm Cy is complete. ‘Thus

C, is a Hilbert space.
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(iv) If Ais in Cy, then it is in C3 and || A|| < ||All2 < ||4]):1-
(v) Finite-rank operators are dense in Cs.
(vi) Cg is not closed in B(H) with the ||.|| norm.
(vii) If A € C; and X,Y are bounded operators, then
[ XAY [l2 < [ X[ All21[Y [l (23.19)
If U and V are unitary operators, then

IUAV |2 = [|All2- (23.20)

13. Example. The integral kernel operator K defined in Section 10 of Lecture 3
is a Hilbert-Schmidt operator on L2[0,1]. To see this choose an orthonormal basis

{¢n} for Ly[0,1]. Then the family

Ymn(Z,y) = ‘Pm(x)m

is an orthonormal basis for Ly ([0, 1] x [0,1]) . We have

Kempn) = [ [ Kle.p)om(@ipn@ide dy

It follows that
1 1
K|z = tr K*K = / / K (z,y)[? de dy.
0 Jo

Schatten Classes

Let A be a compact operator and let 1 < p < co. We say A is in the class Cp if

[e o]

Z sP(A) < oo.

n=1

For such an operator we define

IAll, = (Zs )1/,,.
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For every compact operator A we define

[Alleo = s1(A) = || A].

Each C, is a 2-sided, *-closed ideal in B(H). It is complete under the norm ||.|[,.

There is an interesting analogy between the sequence spaces £, and the Schatten
spaces Cp. This goes as follows. The class of all compact operators is thought of
as being analogous to the space ¢y consisting of sequences that converge to 0. (The
singular values of a compact operator are in the space cg.) The space Cp, 1 < p < 00,

is thought of being analogous to the space £,. We state without proof some facts.

(i) For 1 < p < oo the space Cy, is the Banach space dual of Cy, where % + % =1.

(ii) The space C; is the Banach space dual of the space By(X) consisting of all

compact operators.

(iii) The space B(H) is the Banach space dual of C;.

Because of the noncommutativity of operator multiplication the spaces C, are

sometimes called noncommutative £, spaces.
Exercises. Here are two exercises arising from our discussion of singular values.

14. Let F, be the collection of all operators whose rank is at most n. Show that this

is a norm closed subset of B(H).

15. Let A be an n x n Hermitian matrix and let its eigenvalues be listed as
M(A) 2 Aa(A) = -+ = Mn(A).
Use Corollary 3 to show that if A and B are n x n Hermitian matrices, then

max |X;(A4) - A;(B)| < |4 - B.



Lecture 24

The Spectral Theorem -1

Let A be a Hermitian operator on the space C". Then there exists an orthonormal
basis {e;} of C" each of whose elements is an eigenvector of A. We thus have the

representation
n

A= Z)\j(',ﬁj)@j, (241)

Jj=1
where Ae; = Aje;. We can express this in other ways. Let Ay > Ag > --- > A be the
distinct eigenvalues of A and let mi, ma,...,m; be their multiplicities. Then there

exists a unitary operator U such that

k
U AU =Y \;P;, (24.2)
j=1
where P;, P, ..., P, are mutually orthogonal projections and
ok
P =1 (24.3)

7=1
The range of P; is the m;-dimensional eigenspace of A corresponding to the eigen-

value A;. This is called the spectral theorem for finite-dimensional operators.

In Lecture 22 we saw how this theorem may be extended to compact self-adjoint
operators in an infinite-dimensional Hilbert space H. The extension seemed a minor
step: the finite sum in (24.1) was replaced by an infinite sum. It is time now to go
beyond compact operators and to consider all bounded self-adjoint operators. The
spectral theorem in this case is a more substantial extension of the finite-dimensional

theorem. It has several different formulations, each of which emphasizes a different
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viewpoint and each of which is useful in different ways. We will study some of these

versions.

In Lecture 18 we studied multiplication operators. Let (X,S,u) be a o-finite
measure space. Every bounded measurable function ¢ on X induces an operator
M, on the Hilbert space La(u) by the action M, f = ¢f for every f € Lo(u). If ¢ is

a real function, then M, is self-adjoint.

If {H,} is a countable family of Hilbert spaces we define their direct sum
H=H1®H2® - =Dy Hn
as follows. Its elements consist of sequences
x = (z1,22,...)

where z; € H; and 3} ||z;||? < co. The inner product on H is defined as

00

(x,y) = Z(xm Yn),

n=1

and this makes H into a Hilbert space.

If {un} is a sequence of measures on (X,S) we may form the Hilbert space
®nLa(urn). Each bounded measurable function ¢ on X induces a multiplication op-

erator M, on this space by the action

M(Pf = <pf = (‘be‘Pf%w-)-

A very special and simple situation is the case when X is an interval [a,b] and
¢(t) = t. The induced multiplication operator M, is then called a canonical multipli-
cation operator. For brevity we write this operator as M. One version of the spectral
theorem says that every self-adjoint operator on a Hilbert space is equivalent to a

canonical multiplication operator.

1. The Spectral Theorem (Multiplication operator form). Let A be a self-

adjoint operator on a Hilbert space H. Then there exist a sequence of probability



200 Notes on Functional Analysis

measures {/,} on the interval X = [—||A||, ||A]]], and a unitary operator U from H
onto the Hilbert space @, La(u,) such that UAU* = M, the canonical multiplication

operator on @y La(pin).

The theorem is proved in two steps. First we consider a special case when A has
a cyclic vector. The proof in this case is an application of the Riesz Representation
Theorem or Helly’s Theorem proved in Lectures 7 and 8. We follow arguments
that lead from the finite-dimensional case to the infinite-dimensional one, thereby

reducing the mystery of the proof to some extent.

2. Cyclic spaces and vectors. Let A be any operator on H. Given a vector z let
S be the closure of the linear span of the family {x, Az, A%z,...}. We say that S is
a cyclic subspace of H with x as a cyclic vector. If there exists a vector zg such that
the cyclic subspace corresponding to it is the entire space H we say that A has a

cyclic vector xg in H.

3. Proposition. Suppose A is a self-adjoint operator with a cyclic vector in H. Then
there exist a probability measure p on the interval X = [—| A, ||A]|] , and a unitary
operator U from H onto Lo(u) such that UAU* = M, the canonical multiplication

operator in Lo(u).

Proof. Let z( be a cyclic vector for A. We may assume ||zg|| = 1. Using the Gram-
Schmidt procedure obtain from the set {xo, Az, A%zp,...} an orthonormal basis
{vo,v1,¥2,...} for H. Let S,, be the subspace apanned by the first n vectors in this
basis, and P, the orthogonal projection onto S,,. The sequence {P,} is an increasing
sequence that converges strongly to I. Let A, = P,AP,. Then ||A,| < ||A4]| and A,
converges strongly to A. The operator A, annihilates S;- and maps S, into itself.
Let A, be the restriction of A, to S,.

We apply the known finite-dimensional spectral theorem to the Hermitian oper-
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ator A, on the n-dimensional space Sp. Let Ap1 > Ap2 > -+ > Apg,, be the distinct
eigenvalues of A,. Then |\,j| < ||An|| < ||All, and there exist mutually orthogonal
projections with ranges contained in S, such that

kn
An =3 MijPj. (24.4)
j=1

There is no harm in thinking of P,; as projections on H; all of them annihilate St

Then the right hand side of (24.4) is equal to A,.

Given a measurable subset E of the interval X = [—|| A, ||A||] let
pn(E) = Y (Pnjzo, o). (24.5)
JiAnjEE

It is easy to see that u, is a probability measure on X concentrated at the points
{An1sAn2, .. s Ank,. }. (Use the properties of the projections P,; to check that puy is
nonnegative and countably additive, and p,(X) = 1.)

This gives us a sequence {u, } of probability measures on X. By the Montel-Helly
Selection Principle (Lecture 8), there exists a subsequence {u,} and a probability

measure 4 such that for every continuous function f on X

Jim [ fdun = [ fdu

Since the measure py, is concentrated at the finite set {An1,. .., Ank, } we have

kn
/fdun =Y f(Anj){PnjTo, To)-
j=1

Applying this to the functions f(t) =t", r =0,1,2,... we see that

kn

[ dun®) = 3= X Puyzo,a0). (24.6)

j=1
From the representation (24.4) we see that the right hand side of (24.6) is equal to

(AT xo, o). Since An~s—»A, we have
(Ao, a0) = Jim (Arzo,a0) = lim [ #dunlt) = [Cdute),  @47)

forr=0,1,2,....
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For r = 0,1,2,..., let ¢, (t) = t". The collection {¢r(t)} is a fundamental set
in Lo(X, ) while the collection {A"zo} is a fundamental set in H. Define a map U

between these two sets as follows
UA"zy)=¢r, 7=0,12,.... (24.8)
By the definition of the inner product in Lo(X, ) we have
(orpe) = [ £+ du(o).
From (24.7) we have, therefore
(r,s) = (A" 3xg, 20) = (A"T0, A%T0).

In other words

<U(Ar:170), U(As.'ro» = <Ar.'1)0, AS:I)()).

Thus the map U preserves inner products. Since {A"zp} is a fundamental set in H
we can extend U uniquely to a linear isometry from H into Lo(X, ). The range of an
isometry is always closed. In this case the range contains all polynomial functions,
and hence is equal to Lo(X, p). Thus U is a unitary operator. From the equation

(24.8) defining U we have
(UAU*)(¢r) = UA(A™zo) = U(A™ ' 20) = pr1.

In other words
(VAU 0,)(t) = pria(t) = tin(2).
Since the set {¢,} is fundamental in Ly(X, ) we have

(UAU*f)(t) = tf(t) for all f € La(X, p).

This proves the proposition [ ]

4. Proof of Theorem 1. Let z; be any unit vector in H and let S; be the closed

linear span of the set {z;, Az, A%z1,...}. If S = H, the theorem reduces to the
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case considered above. If S; # H, then S; is an invariant space for A, and so is
Si. Let x be a unit vector in Si- and let Sz be the closed linear span of the set
{xq, Az, A%z9,...}. An application of Zorn’s Lemma shows that H can be written

as a countable direct sum
H=8519S® - ®S, d---,

in which each S, is a cyclic subspace and the S,, are mutually orthogonal.
Proposition 3 can be applied to each cyclic space S, to get a measure y,. The

theorem follows from this. [ ]

Examples

5. Let H = C™ and let A be a Hermitian operator on H with distinct eigenvalues
Aly. .., Aq. Define a probability measure p on [—||A]|, ||A||] by the rule u({};}) = ;l-l
and p(E) = 0 for every set that contains none of the points A;. Then the space Lo(u)
is C". A typical element of this space may be written as f(A) = (f(A1),-.., f(An))-
The spectral theorem tells us that A is equivalent to the operator that sends f(\)
to Af(A) = (A f(A1), .. -s Anf(An)).

Note that in this example we could have chosen any probability measure y such
that p({\;}) =a; >0 and anl a; = 1.

j=

6. Let A be a Hermitian operator on C™ with some multiple eigenvalues. Arrange the
distinct eigenvalues as Aj,...,A; in such a way that their respective multiplicities
are m; > mg > --- > my. Pick up for each A; one eigenvector x;. Let H; be the
k-dimensional space spanned by these vectors. Let u; be the probability measure
on [—||A|l, |All] such that p;({\;}) = 1/k, 1 < j < k. Then La(1) = CF, the
space H; is isomorphic to this, and the operator A restricted to H; is equivalent to
the canonical multiplication operator on Lo(u;). Now consider the restriction of A
to the orthogonal complement ’H%. The eigenvalues of this operator are Aj,..., Ak

with multiplicities (m; — 1) > (mg — 1) > --- > (mg — 1). If £ is the largest index
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for which my > 1, then the eigenvalues Ag41,..., A no longer occur in this listing.
Pick up vectors y1,...,y, in Hi such that y; is an eigenvector of A corresponding
to A;. Let Ho be the /-dimensional space spanned by these vectors. Let up be
the probability measure on [—||A||, ||A]|]] such that pua({A;}) =1/ for 1 < j < £
The space Hy is isomorphic to La(u2), and A restricted to Ha is equivalent to the
canonical multiplication operator on Lg(uz). This process can be repeated, and we
get measures yp, i42, - . ., iy such that A is equivalent to the canonical multiplication

operator on Lo(u1) @ La(pz) -+ @ Lo(pr)-

7. Let A be a compact operator on an infinite-dimensional Hilbert space. Let
{0, A1, A2,...} be its spectrum. The idea of the above examples may be modified
to get a family of measures {u,} concentrated on the spectrum of A. The spectral
theorem for compact operators proved earlier in Lecture 22 is equivalent to Theorem

1.

8. Let H = La[—1,1] and let A be the operator on H defined as (Af)(z) = z2f(z).
Then A is a positive operator and o(A) is a subset of [0,1]. Fill in the gaps in

arguments that follow.

(i) The operator A has no cyclic vector. This can be proved as follows. Let sgn(zx)

be the function that takes the value 1 when £ > 0 and —1 when x < 0. For

any function f in H let g(x) = sgn(z)f(—z). Then

[ s@aF@ide = [ san(e) a1 Tl

The integrand is an odd function and so the integral is zero. This shows that

g is orthogonal to {f, Af, A%f,...}.

ii) Let Heven and H be subspaces of H consisting of even and odd functions,
odd
respectively. These two spaces are mutually orthogonal and each of them is a

cyclic subspace for A.
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(iii) Define a map U from Heven onto L2[0,1] as follows. For ¢ € Heven

1/2
Up)(t) = ‘pﬁ 7 ) tep) (24.9)

The inverse of this map takes a function f in L2[0, 1] to the function
U )(=) = [2]'"?f(a), =ze[-1,1],

Show that U is unitary. Check that UAU™ is the canonical multiplication

operator on L9[0, 1].

(iv) Use the formula (24.9) to define a map U from H 44 to L2[0,1]. In this case

the inverse of this map is

/2 f(2?) if >0,

U™l f)(z) =
) —|z|Y2f(z?) if z<O.

Show that U is unitary and U AU* is again the canonical multiplication oper-

ator on Ls[0,1].
(v) Thus we have shown
La[-1,1] = Ly[0,1] & Ly[0, 1]

and the multiplication operator f(x) — z2f(x) in Lg[—1,1] is equivalent to

the canonical multiplication operator in Ly[0,1] & L0, 1].

9. The spectral theorem, another form. One can replace the family {u,} oc-
curing in Theorem 1 by a single measure. The price to be paid is that the underlying
space [—||Al|, ||A||] is replaced by a more complicated space. One way of doing this is
as follows. Let X, = [—||A||,||A]|] for all n =1,2,.... Let X = U2, X,, where this
union is understood to mean a union of different copies of the same space. Let u be
the probability measure on X defined by the requirement that its restriction to the
nth copy in the union above is the measure p,,/2". Then u is a probability measure

on X and the space Ly(p) is isomorphic to the space @La(u,). The operator A is
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now equivalent to a multiplication operator M, in Lo(y), where ¢ is a real-valued

bounded measurable function on X.

Support of the spectral measures

The measures {u,} associated with A by the spectral theorem are called spectral
measures. They are measures on the interval X = [-||A]],]|All]. In the familiar
situation of Examples 5,6 and 7 we saw that these measures are concentrated on

o(A) and vanish on the rest of X. This is, in fact, true always.

Let i be a measure on a second countable Hausdorff topological space X with
its Borel o-algebra. Let E be the union of all open sets G in X for which u(G) = 0.
The set X\ E isscalled the support of u, and written as supp u. In other words supp u
is the smallest closed set F such that u(F’) = 0.

10. Exercise. (i) Let M be the canonical multiplication operator in La(X, 11). Show
that (M) = supp u. [Hint: If ¢ is any bounded measurable function, then o(M,,)
is the essential range of ¢. See Lecture 18.]

(ii) Let A be a self-adjoint operator with a cyclic vector and let u be a spectral

measure associated with it (as in Proposition 3). Then

supp 4 = o(A).

[If B=UAU"*, then A and B have the same spectrum.]

11. Theorem. Let A be a self-adjoint operator and let {u,, } be its spectral measures.

Then
0(A) = Up(supp pn.)
{(The set on the right hand side is called the support of the family {u,,} and is written

as supp {n}.)
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The uniqueness question

We saw that spectral measures associated with A are not unique. This is less

serious than it seems at first.

Two measures p and v on X are said to be equivalent if they have the same null
sets; i.e., u(F) =0« v(E) = 0. If u(E) = 0 whenever v(E) =0 we say u << v. (p

is absolutely continuous with respect to v.)

12. Exercise. (i) If 4 and v are equivalent measures, then the Hilbert spaces Lo(u)

and Lo(v) are isomorphic. The operator U defined by

UH)@) = %) f(a)

is a unitary operator from Lg(p) onto Lo(v). (dp/dv is the Radon—Nikodym deriva-
tive; it exists whenever p << v. )
(ii) Let M, and M, be the canonical multiplication operators on Lo(p) and Lo(v).
Then

UM U* = M,.

(iii) Conversely, suppose p and v are two measures on X, and there exists a unitary
operator U from Ly(p) onto Lo(v) such that UM,U* = M,. Then p and v are
equivalent.[To prove this proceed as follows. Show that U M,’fU * = Mk for all k =
0,1,2,.... Let p(x) = =¥ and let go = U(yp). Show that U(px) = @rgo. Since U is

unitary this shows that

/ oFdu(z) = / T @(z)dv(z), k=0,1,2,...

It follows that
[ f@du@) = [ 1(@)gh(z)av()

for all f € La(p). This shows that p << v.]

This leaves the question of “multiplicities” of the spectral measures: how often
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does a measure p,, occur in the sequence {u,} of spectral measures. This too has a

natural and pleasing answer, and we leave it at that for now.



Lecture 25

The Spectral Theorem -11

Look at the formulation of the finite-dimensional spectral theorem given in (24.2)
and (24.3). For infinite dimensional compact operators the finite sum is replaced
by an infinite sum. Going further we may replace the sum by an integral. The
second version of the spectral theorem says that every self-adjoint operator can be
represented by such an integral. The integration is now with respect to a projection-
valued measure (instead of an ordinary positive measure) and the resulting definite

integral is a self-adjoint operator (instead of a number.)

Projection-valued measures

Let (X, S) be a measurable space (any set X with a o-algebra of subsets S). Let
P(H) be the collection of all orthogonal projection operators in a Hilbert space H.
A projection-valued measure on X is a map F —— P(E) from § into P(H) with the

following properties:

(i) If {E,} is a countable family of mutually disjoint elements of S, then

P(UnEn) =Y P(En),
n
where the series on the right converges in the strong operator topology.

(it) P(X) = I, the identity operator in H.

1. Exercise. Some other properties of a projection-valued measure can be derived
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from properties of sums, differences and products of projections stated in Lecture

15..Prove the following:

(i) P(¢)=0.

(ii) P(E—F)=P(E) - P(F) if F C E.
(ili) P(E) is orthogonal to P(F) if E and F are disjoint.
(iv) P(E)P(F) = P(F)P(E) = P(ENF).

The multiplicative property (iv) is important. Let us indicate its proof. Write

E U F as a disjoint union
EUF=(ENF)YU(FNE)YU(ENF).
This shows that
P(EUF)=P(ENF)+P(FNE)+P(ENF).
Multiply on the left by P(F) and on the right by P(F) to get

P(E)P(EUF)P(F) = P(E)P(ENF')P(F)+ P(E)P(FnE')P(E)
+P(E)P(E N F)P(F).

The first two terms on the right hand side vanish (as P(F) L P(ENF') and P(E) L
P(FNE'").) Since E is a subset of EU F we have P(E)P(E U F) = P(E). So, the
left hand side is equal to P(E)P(F'). Similarly the fourth term on the right hand
side is equal to P(EN F).

If P(-) is projection-valued measure on (X,S) with values in P(H) we say P
is a projection-valued measure on X in H. For brevity, we will write pvim for a

projection-valued measure.
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2. Exercise. Let P, be a pvim on X in a Hilbert space H;. Let Hy be another
Hilbert space and U a unitary operator from H; onto Hz. For all measurable sets
E, let

Py(E)=UPRP (E)U*.

Then P; is a pvm on X in Hy. We say that P, and P, are unitarily equivalent pvim’s.

3. Exercise. Let {H,} be a family of Hilbert spaces and let H = H; @ H2& - - - be
their direct sum. Let P, be a pvm on X in H,. If x = (z1,2,...) is an element of
H, let

P(E)x = (Py(E)zy, Py(E)x,,. . .).

Then P is a pvm on X in H. We say that P is the direct sum of P, P,, ... and write
this as P = &, PF,.

4. The canonical pvm.

Let u be a measure on (X, S) and let H be the space La(u). For every f € La(u)
and E € S let

(P¥(E)) f = xef,
where x g is the characteristic function of the set £. Then P* is a pvm on X in the

space H = Lo(X,S, u). This is called a canonical pvm.

A little more generally, let {u,} be a family of measures on (X,S) and let
H = ®pLo(un). Let PHn be the canonical pvm on X in La(u,). Then the pvim

P = @, P! is called a canonical pvm.

5. Proposition. Let (X,S) be a measurable space and let £ — P(F) be a map

from S into P(H). For each unit vector v in H let
po(E) := (P(E)v,v) = | P(E)v|*. (25.1)

Then P is a pvm if and only if for every v p, is a probability measure on (X,S).
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Proof. It is easy to see that each u, is a probability measure if P is a pvm.
Conversely, suppose each pu, is a probability measure. If E and F are two disjoint

sets, then for all v
(P(EUF)v,v) = po(EUF) = py(E) + po(F) = (P(E)v,v,) + (P(F)v,v).

Hence

P(EUF) = P(E) + P(F).

Since P(.) is a projection operator, this means that P(E) L P(F) whenever E and
F are disjoint.

Now let {E,} be a family of mutually disjoint sets. Then {P(E,)} is a family of
mutually orthogonal projections. Hence the series § P(E,) converges strongly to
a projection. (The sequence of partial sums of thisns=elries is an increasing sequence

of projections.) Hence we have

(o ¢]

< > P(En)v,v> = S UPEo.v) = 3 palEn) = o (U321 Bn)
n=1 n=1

n=

—

= (P(UplER) U,’U>.

Thus P(-) is countably additive on S. This shows that P is a pvm. [ |

6. Exercise. Let P be a pvm on X in H. Given vectors u, v in H, let
pun(E) = (P(E)u,v).

Then p,, , is a complex measure on X.

Integration

Following familiar ideas of Lebesgue integration we may define an integral [ fdP
in which f is a complex function and P a pvm on X. This is done in the exercises

and propositions that follows.
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Start, as usual, with a simple function

k
5= aiXe,
i=1

in which {E;} are disjoint measurable sets that cover X and a; are complex numbers.

It is natural to define .
/s P =" a;P(E)).
i=1

This integral is written also as [ s(z)dP(z), or as [ s(z)P(dz). This is an operator
on H.

7. Exercise. Verify the following properties:

(i) For all simple functions s; and sg, and complex numbers o; and ag we have
/(a151 +a232)dP = o /Sldp—i-ag/deP.
(ii) f(slsg)dP = fsldP . fSQdP.
(ili) (s dP)* = [5dP.

(iv) If v is a unit vector in H and u, the measure associated with P according to

the equation (25.1), then
([ s aPyl = [ Isfdn.

(v) |J s dP|| < sup,ex |s(z)].

8. Now let f be any bounded measurable function on X. Then there exists a sequence
of simple functions {s,} such that s, converges uniformly to f. From the Property

(v) in Exercise 7, we see that for any m and n

I / s,dP — / smdP]| < sup|5n(x) — sm()|.
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This goes to 0 as n and m go to co. Thus { [ s,dP} is a Cauchy sequence in B(H).

Hence it has a limit
A= lim, [ sndP.
n—oo
Show that this limit does not depend on the sequence {s,} that was chosen to

approximate f. Thus we may define the integral [ fdP by putting

/ fdP = lim / sndP,
n—oo

where {s,} is any sequence of simple functions converging uniformly to f. The limit

here is the limit in the norm topology of B(H).

9. Exercise. Verify that [ fdP defined above satisfies the five properties analogous
to those proved in Exercise 7. (The supremum in Property (v) is now replaced by

the essential supremum of f.)
10. Note that [ fdP so defined is a normal operator on H. If f is real, this operator
is self-adjoint and if |f(z)| = 1, then it is unitary.

What we have called [ fdP is the integral over the entire space X. If E is any

measurable subset of X we put

[ 1aP= [(xaf)ap.

Other conventions of ordinary integration are adopted in an obvious way.

11. The Lebesgue Dominated Convergence Theorem

This most useful theorem of Lebesgue integration is true in this context:

Theorem. Let {f,} be a sequence of bounded measurable functions on X and

suppose there exists a number & such that

esssup | fn(z)| < k for all n.
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Suppose f, — f almost everywhere (with respect to the pvm P). Then the sequence
of operators {[ f,dP} converges strongly to the operator [ fdP.

Proof. We use the measures yu, defined in (25.1) to reduce the problem to one about
ordinary measures.

The assumption that f, — f except possibly on a set F with P(E) = 0 implies
that for every unit vector v, f, — f almost everywhere with respect to u,. Hence by
the (ordinary) Lebesgue dominated convergence theorem the integral [ |f, — f|2du,

converges to 0. By property (iv) of Exercises 7 and 9

I(f fadP = [ £aPYI? = [ 1fa— fPdus.

To say that this goes to 0 for all v is to say that [ f,dP converges strongly to [ fdP.
]

12. Exercise. Under the hypotheses of the theorem above it is not necessary that
[ fndP converges in norm to [ fdP. To see this let X = [0,1], H = L2[0,1], and
let P be the canonical pvin. For each n let f, be the characteristic function of the

interval [0,1 — 1/n]. Observe that [ f,dP is not a Cauchy sequence in B(H).

13. Exercise. Let P, and P, be two unitarily equivalent measures on X. Let

Py,(E) = UP,(E)U* for all E. Then for all bounded measurable functions f on X

/ fdP, = U( / FAP)U*.

Prove this first when f is a characteristic function, then a simple function, and finally

the general case.

14. Proposition. Let u be a measure on X and P* the associated canonical pvm
in La(u). Then for every bounded measurable function ¢ the integral [ ¢ dP* is the

multiplication operator M,.



216 Notes on Functional Analysis

Proof. It is to be proved that for all f € La(p)

( / o dP") f=M,J. (25.2)
When ¢ is equal to a characteristic function xg, then
/ ¢ dP* = P*(E)
by the definition of the integral, and

PHE)f = xef = Myf

by the definition of P#. Thus (25.2) is true when ¢ is a characteristic function.
Therefore it is true for simple functions (by linearity) and for bounded measurable

functions (by continuity). u

Corollary. Let p be the Lebesgue measure on X = [a,b] and P* the associated
canonical pvin. Let ¢(t) = t for all ¢t in X. Then the operator [ ¢ dP* is the canonical

multiplication operator in Lo(u). In other words

[(/t dP”(t)) f] (s) = sf(s) a.e. (u).

A similar assertion can be made for a family of measures {y, }. The operator [ ¢t dPH(t)

on the space ®,La(uy,) acts as

[( / " dP"(t)) f] (s) = s£(s).

We now have all the machinery to prove another form of the spectral theorem.

15. The Spectral Theorem (integral form). Let A be a self-adjoint operator
on ‘H. Then there exists a unique pvm on the interval X = [—| 4], || 4[] with values
in P(H) such that

A= /X A dP(N). (25.3)
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Proof. Recall the multiplication operator form of the spectral theorem. This says
that there exist a sequence of probability measures {u,} on X and a unitary operator
U from H onto the space Ho = ®La(un) such that UAU* = M, the canonical
multiplication operator on Hy. By the Corollary in Section 14 M = [t dPy(t), where

Py is the canonical pvm on X in Hy. In other words,
UAU* = / t dPy(t).
Let P be the pvm on X in H defined by
P()=U"R(-)U.

Then, by Exercise 13, we see that the representation (25.3) is valid. (We have used
the variable A here to show the theorem as a generalisation of the finite-dimensional
expression (24.2).)

It remains to be shown that the pvm P occuring in (25.3) is unique. Suppose @

is another pvm on X such that
A= / X dQ(N).
b'e
By the Property (ii) of Exercise 7 and Exercise 9 we have then
/ AdP()) = / AdQ(N), n=0,1,2,....
X X
Hence for all unit vectors v,
/ A"d(P(A)v, v) = / A d(Q(A\)v,v). (25.4)
X X

Now the integrals involved are with respect to ordinary probability measures. The

equality (25.4) shows that
(P(-)v,v) =(Q(-)v,v) for all v.

Hence P(:) = Q(). [

16. Exercise. Let P(-) be the pvm associated with A via (25.3). Then the family
P(-) commutes with A. [Let f be a characteristic function xg. Then [ f(A)dP(\) =
P(F) and this commutes with all P(E). Extend this to all f by the familiar routine.)
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Support of the pvm

Let P be a pvm on a Hausdorff topological space with its Borel o-algebra. Let
E be the union of all open sets G in X for which P(G) = 0. The set X\F is called
the support of P and is written as supp P.

17. Proposition. Let P be the pvmm associated with a self-adjoint operator A via
the spectral theorem. Then

supp P = o(A). (25.5)

Proof. Suppose A ¢ supp P. Then there exists € > 0 such that P(A—¢, A+€) = 0. Let
v be any unit vector and p, the measure defined by (25.1). Then p, is concentrated
on the complement of the interval (A — &, A +€). Hence |t — A| > € almost everwhere

with respect to u,. Since

A=Ayl = [ 1t = NPdu)

this shows that ||(A — A\)v||? > £2. This shows that A — A is bounded below by . So
A cannot be an approximate eigenvalue of A, and hence cannot be in g(A).
Now suppose A € supp P. Then for every positive integer n, the projection P(A—
%, A+ %) # 0. Let v, be any unit vector in the range of this projection. Then for any
set E contained in the complement of the interval (A — %, A+ %) we have y,,, (F) = 0.
Hence
9 9 A+1/n 9 1
A = Nyoall? = [ 1t = APdp, () = [ ft = AP, () < 5.
X A—=1/n n

Thus {v,} is a sequence of approximate eigenvectors of A, and hence A € 6(A). =

18. Exercise. Show that )\ is an eigenvalue of A if and only if the point A is an
atom of the measure P; i.e., the single-point set {\} has nonzero measure P({\}).

It follows that every isolated point of o(A) is an eigenvalue of A.



Lecture 26

The Spectral Theorem -II1

This lecture is a quick review of some matters related to the spectral theorem.

The spectral measures {i,} of Lecture 24 and the projection-valued measure
P of Lecture 25 associated with a self-adjoint operator A have as their support the
spectrum o(A). This set is contained in [—||A}|, || A]|] . A smaller interval that contains

o(A) is the numerical range of A defined as

W(A) = {(Az,z) : |z = 1} .

1. Proposition. Let A be a self-adjoint operator and let

a = min {Az,z), b= max (Az,z).
lel=l< > H-’v!!=l< )

Then the spectrum of A is contained in the interval [a, ] and contains the points a

and b.

Proof. It is enough to prove the proposition in the special case when a = 0; i.e.
when the operator A is positive. (Consider the operator A — a instead of A.) In this

case for every real number A\ we have
(A= Nz, z) > ~Az||.

So if A < 0, then A — X is bounded below and hence invertible. Thus o(A4) does not

contain any negative number. Since a = 0, the operator A is not invertible. Hence
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o(A) contains the point a. We know also that

spr(4) = [|4]] = max (A, z).

So o(A) is contained in [a,b]. Since o(A) is a closed set it contains the point b. ®

Functions of A

The spectral theorem makes it easy to define a function f(A) of the operator A

corresponding to every bounded measurable function f defined on o(A).

Let A be a self-adjoint operator with representation
A= A dP()) (26.1)
o(A)
given to us by the spectral theorem. Let f be any bounded measurable function on

0(A). Then we define f(A) as

f(4) = / Lo T 2PN, (26.2)

We could also have used the first form of the spectral theorem. If A is equivalent
to the multiplication operator M, then f(A) is equivalent to the multiplication

operator My.,.

If A is a positive operator, o(A) is contained in [0,00). Every point of this set
has a unique positive square root. So, we get from the prescription (26.2) a unique
positive operator A/2, the square root of A. In the other picture, the function
¢ representing A takes only nonnegative values. The operator A/2 is then the

multiplication operator corresponding to the function ¢!/2.

Operators commuting with A

Let A be a self-adjoint operator and let P(-) be the pvm associated with it.

Suppose B is any operator that commutes with P(E) for all measurable sets E. Then
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B commutes with [ fdP for all bounded measurable functions f. (Prove this first for
characteristic functions, then for simple functions, and then for all f.) Conversely,
suppose B commutes with A. Then B commutes with all powers A™. Let x and y be

any two vectors. Since A™ = [ A"dP()), we have
/)\"d(P()\)a:,B*y) = (A"z,B*y) = (BA"z,y) = (A"Bz,y) = //\"d(P(/\)Bx,y).
Since this is true for all n, we must have

(P(E)z, B*y) = (P(E)Bz,y),

Le., (BP(E)z,y) = (P(E)Bz,y),
for every measurable set E. This is true for all z,y. Hence BP(FE) = P(E)B for all
E.

The functional calculus

The spectral theorem is often stated as the “existence of a functional calculus”.
This means the following statements, all of which may be derived from what we have

proved.

Let A be a bounded self-adjoint operator on H and let X = [—||A]|,||A]|]. Then
there exists a unique homomorphism ¢ of the algebra L (X) into the algebra B(H)

that satisfies the following properties:

1. (1) =1, i.e. ¢ is unital.
2. If g is the “identity function” g(z) = z, then ¢(g) = A.
3. If f, is a uniformly bounded sequence of functions and f, converge point-

wise to f, then the operators ¢(f,) converges strongly to ¢(f).
4. o(f) = o(f)
5. [l < [1f lloo-

6. If B is an operator that commutes with A, then ¢(f) commutes with B for
all f.
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The essential and the discrete spectrum

In Proposition 17 of Lecture 25 we have seen that a point A is in the spectrum
of a self-adjoint operator A if and only if the projection P(A — €, A + €) is not zero

for every € > 0. This leads to a subdivision of the spectrum that is useful.

The essential spectrum oegss(A) consists of those points A for which the range of
the projection P(A—¢, A+¢) is infinite-dimensional for every ¢ > 0. If for some € > 0,
this range is finite-dimensional we say that X is in 04;5.(A), the discrete spectrum of
A. Thus the spectrum o(A) is decomposed into two disjoint parts, the essential and

the discrete spectrum.

2. Exercise. Let A be any self-adjoint operator. Prove the following statements:

(i) oess(A) is a closed subset of R.

(ii) ogjsc(A) is not always a closed set. (e.g. in the case of a compact operator for

which 0 is not in the spectrum but is a limit point of the spectrum.)

iii) A point X is in the set 04;..(A) if and only if X is an isolated point of (A
disc
and is an eigenvalue of finite multiplicity. Thus X is in oess(A) if it is either

an eigenvalue of infinite multiplicity or is a limit point of o(A).

There is another characterisation of the essential spectrum in terms of approxi-
mate eigenvectors. By Theorem 1 in Lecture 18 every point A in o(A) is an approxi-
mate eigenvalue; i.e. there exists a sequence of unit vectors {z,} such that (A— )z,

converges to 0. A point in oegg(A) has to meet a more stringent requirement:

3. Proposition. A point ) is in the essential spectrum of a self-adjoint operator A
if and only if there exists an infinite sequence of orthonormal vectors {z,} such that

(A — Az, converges to 0.
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Proof. If A\ € gess(A), then for every n the space ran P (/\ -1+ %) is infinite-
dimensional. Choose an orthonormal sequence {Z,x : kK = 1,2,...} in this space.
Then
(A = Nanll? < ;15 for all k.

(See the proof of Proposition 17 in Lecture 25.) By the diagonal procedure we may
pick up a sequence {z,} such that ||[(4A — A)z,||2 <1/n% forn=1,2,....

If A € 04jsc(A), then for some € > 0 the space ran P(A — €, + ¢) is finite-
dimensional. So, if {z,} is any orthonormal sequence, then this space can contain

only finitely many terms of this sequence, say z;,z2,...,znN. For n > N we have,

therefore, ||(A — A)z,||? > €2. Thus (A — A)z, cannot converge to 0. [ ]

In the finite-dimensional case the spectrum of every operator consists of a finite
number of eigenvalues. So, in the infinite-dimensional case we may think of the
discrete spectrum as an object familiar to us from linear algebra. The essential
spectrum is not so familiar. If A is a compact operator, then 0 is the only point it
may have in its essential spectrum. But, in general, a self-adjoint operator A can

have a large essential spectrum. Think of an example where g(A) = gess(A).

The following theorem says that adding a compact operator to a bounded self-

adjoint operator does not change its essential spectrum.

4. Wey!’s Perturbation Theorem. Let A and B be self-adjoint operators in H.
If A — B is compact, then oess(A) = gess(B)-

Proof. Let A € oess(A). By Proposition 3 there exists an infinite sequence of
orthonormal vectors {z,} such that (A — A)z, converges to 0. If y is any vector in
H, then (z,,y) converges to zero as n — oo. (Consider first the two special cases
when y is in the space spanned by {z,} and when it is in the orthogonal complement

of this space.) In other words z,—0. Since A — B is compact, (A — B)zn — 0.



224 Notes on Functional Analysis
(Theorem 10, Lecture 20.) Since
(B = N)an|l < [I(A = A)zall + [[(B — A)znll,

this shows that (B — A\)z, — 0, and hence A € gess(B). Thus oess(A) C oess(B).

By symmetry the reverse inclusion is also true. ]

One may note here that the spectral theorem for a compact self-adjoint operator

follows from this. (Choose B = 0.)

This theorem is important in applications where a compact operator is considered
“small” compared to a noncompact operator. The theorem says that the essential

spectrum is unaffected by such “small changes”.

Spectral Theorem for normal operators

If {A,,} is a family of pairwise commuting self-adjoint operators on a finite-
dimensional Hilbert space, then there exists a unitary operator U such that all the
operators UA,,U* are diagonal. This has an infinite-dimensional analogue that we

state without proof.

5. Theorem. Let A, As,...,A; be pairwise commuting self-adjoint operators
on H. Then there exists a projection valued measure on the product space X =
]'[;“:l [(—Il4;ll, | A;]l] with values in P(H) such that each operator A; has the repre-

sentation

Ajz/XAj dP(A, . M-

A consequence of this is the spectral theorem for normal operators. If A is
normal, then we have A = A; + iAy where A; and Ay are commuting self-adjoint

operators. We get from Theorem 5, the following.

6. Theorem. Let A be a normal operator on H. Then there exists a pvm P on C
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with values in P(H) such that
A= / 2 dP(2). (26.3)
The support of P is the spectrum of A.

The multiplication operator form of this theorem says that A is unitarily equiv-

alent to an operator of the form M, in some space La(u).

Spectral Theorem for unitary operators

Unitary operators constitute an important special class of normal operators. A
proof of the spectral theorem for this class is outlined below. The ideas are similar

to the ones used in Lectures 24 and 25.

Let U be a unitary operator. Then o(U) is contained in the unit circle. We may
identify the unit circle with the interval [—, 7] as usual.

Let = be any vector in H and for n € Z, let

an = Uz, ).

Then for any sequence of complex numbers 2y, 23, ..., we have
Zaj_kzjik = Z(Uj—kx,a:)zjfk
Jk Jk
= Z(Uja:, Ukm)zjzk
ik
= | szUj:mH2 > 0.

J

Thus the sequence {a,} is a positive-definite sequence. By the Herglotz Theorem

(Lecture 8) there exists a positive measure p, on [—m, 7] such that

™

Uz, z) = / ™ (). (26.4)

-
Using the polarisation identity we can express (U™x,y) for any pair of vectors z,y

as a sum of four such terms. This leads to the relation

™

Una,y) = [ edpiny (0) (26.5)

-
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where 15 4 is the complex measure given by

1 . .
iu’-‘”»y = Z (ll'a:+y - iu’:l)—y + lﬂz-{-iy - le,z_iy) .

7. Exercise. The measures i, satisfy the following properties

(i) Each pgy is linear in z and conjugate linear in y.

(ii) My = Py

(ili) The total mass of s, is bounded by ||z|| ||y||.

For any measurable set E of [—m, 7] let

(P(E)z,y) = pzy(E). (26.6)

From the properties in Exercise 7 it follows that P(E) is self-adjoint and countably
additive. To prove that it is a pvm we need to show that P(E)? = P(E) for all E.

We prove a stronger statement.

8. Proposition. The operator function P(-) defined by (26.6) satisfies the relation

. P(ENF) = P(E)P(F) for all E, F. (26.7)

Proof. Let n, k be any two integers. Then
U™z, y) = (U Uz, y).
So from (26.5) and (26.6)

/7r eMetftd(P(t)z,y) = /7r e™d(P(t)Ukz,y).

-7

This is true for all n. Hence

e*td(P(t)z,y) = d(P(t)U*z,y). (26.8)
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(If [ e™du(t) = [ e™™du(t) for all n, then the measures p and v on [—, 7] are equal.)
Integrate the two sides of (26.8) over the set E. This gives

[ xeedPey) = (PE* )

= (U*z,P(E)y) (since P(E)is self-adjoint)

/W#wwm@mmm (from (26.5) and (26.6)).

-7

This is true for all k. Hence,
Xg(t)d(P(t)z,y) = d(P(t)z, P(E)y).
Integrate the two sides over the set F. This gives
| xeixs@d(P®2,3) = (P(F)a, P(EYY).
Since XXz = XEnF, this shows that
(P(EN F)z,y) = (P(F)z, P(E)y) = (P(E)P(F)z,y).
This is true for all z and y. Hence we have the assertion (26.7). |

Thus P(-) is a pvi on the unit circle (identified with [—m,7]). The relations

(26.5) and (26.6) show that

™ .
(Urz,y) = / e™d(P(t)z,y) for all z,y.

-7

This shows that the operator U may be represented as
™ .
U=/e%mm (26.9)
-

where P is a pvm on the unit circle. The integral exists in the norm topology; the

proof given for self-adjoint operators in Lecture 25 works here too.

9. Exercise (von Neumann’s ergodic theorem). A proof of this theorem,
also called the L; ergodic theorem or the mean ergodic theorem, is outlined in this

exercise. Fill in the details.
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Let (X, S, ;1) be a measure space. A bijection T' of X such that T and T~! are
measurable is called an automorphism of (X,S). If uT~Y(E) = u(E) for all E € 8,

then 7 is called a measure-preserving map.

Let T be a measure-preserving automorphism. The operator U on Lo(u) defined
as (Uf)(z) = f(Tz) is called the Koopman operator associated with T. Show that
U is a unitary operator.

Use the representation (26.9) to show that

fHIT++ T (I 4+U 4+ U™ (/" Lﬂdp(t)) f.

n n —x {1l —e®)
The integrand is interpreted to be equal to 1 at ¢ = 0. As n goes to oo, the integrand
converges to the characteristic function of the set {1}. So, by the Dominated Con-
vergence Theorem, the integral converges to P({1}). This is the projection onto the
set {f : Uf = f}. Another description of this set is {f : fT = f}. Elements of this
set are called T-invariant functions. The mean ergodic theorem is the statement
1l
lim =Y fT7 = Pyf for all f € La(u),

n—oo
n =0

where Fj is the projection onto the subspace consisting of T-invariant functions.

10. Exercise. The aim of this exercise is to show that the set of compact operators

By(H) is the only closed 2-sided (proper) ideal in B(H). Fill in the details.

(i) Let Z be any 2-sided ideal in B(H). Let T' € 7 and let u,v be any two vectors
such that Tu = v. Let A be any rank-one opearator. Then there exist vectors
z and y such that A = (-, z)y. Let B = {-,z)u and let C be any operator such
that Cv = y. Show that A = CTB. Thus 7 contains all rank-one operators,

and hence it contains all operators of finite rank.

(ii) Suppose Z contains a positive operator A that is not compact. Then there exists

an £ > 0 such that the range of the projection P(g,00) is infinite-dimensional.
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(Here P is the pvm associated with A.) Let M be this range and let V be a

unitary operator from H onto M. Since A(M) = M, we have
V*AV(H) = VTAM) = V* (M) =H.
Show that for every x € H we have
IV*AVz|| > ez
Thus V*AV is invertible. Since V*AV € I, this means that Z = B(H).

(iii) Thus if Z is any proper 2-sided ideal in B(H) then every element of Z is a
compact operator and every finite-rank operator is in Z. Since By(H) is the

norm closure of finite-rank operators, if Z is closed, then it is equal to By(H).
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At 113

A*, 111

Aq — A, 103
Ag—A, 104
BVI0,1], 53
c(X),3
cio,1], 3
CT[0,1}, 4
Ly(X,S,u), 7
Ly[0,1],7
L[0,1], 7
Ry(A), 132
St 76

54, 85
W(A), 219
X/M, 19
X** 73
X*, 25

S], 77
B(X,Y), 21
B(X), 23
H, 83

dim X, 13

g2

£oo, O

£y, 5

J fdP, 214
oo-norm, 2
(x,y),, 82
codim, 77

ess ran o, 149
ind A, 177
ker, 87

ker A, 158
ran, 87
ran A, 158
spr (A4), 135
supp P, 218
supp 4, 206
tran i, 149
tr A, 190
t(E), 211
Hu(E), 212
p(A), 132
ag(A), 134
op(A), 139
oapp(4), 140
ocomp(A), 140
Odisc(4), 222
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O'res(A), 141

£/3 argument, 4

¢, 5

)
p-norm, 2
Sn, 185
sn(A), 187
rzly, 84

Tp, — x,, 67

w
By (X,Y), 164
Boo (X,Y), 164
C,, 189, 191
Cy, 195
Cp, 196
P(H), 209

absolutely continuous, 9
absolutely summable sequence, 20
adjoint, 111
of a matrix, 116
of an integral operator, 116
of Hilbert space operator, 113
algebra, 24
algebraic dimension, 46
algebraic dual, 25
analyticity
strong, 131
weak, 131

annihilator, 77

Appolonius Theorem, 85
approximate eigenvalues, 140

approximate point spectrum, 140
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arithmetic-geometric mean inequality, 2

automorphism, 124

backward shift, 150
Baire Category Theorem, 36
Banach-Alaoglu Theorem, 74
Banach-Steinhaus Theorem, 36
Banach algebra, 24
Banach limit, 34
Banach space, 1
basis

algebraic, 11

Hamel, 11

Schauder, 13

topological, 13
Bessel’s inequality, 93
bidual, 73
Bolzano-Weierstrass Theorem, 72
bounded below, 118, 139
bounded linear functional, 22
bounded linear operator, 21

bounded variation, 53

C*-algebra, 115

canonical multiplication operator, 199

canonical pvm, 211
Cartesian decomposition, 123

Cauchy-Schwarz inequality, 3, 83
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Closed Graph Theorem, 44 cyclic subspace, 200
co-isometry, 125 cyclic vector, 200
codimension, 77

diagonal operator, 147, 171
coker A, 176
compact, 165
cokernel, 176
differentiability
commutant, 181
strong, 129
compact operator, 163, 228
weak, 129
adjoint of, 167
dilation, 42
invariant subspace, 181
dimension, 13
product, 165
directed set, 70
Riesz decomposition, 179
direct sum decomposition, 87, 89
spectral theorem, 183
direct summand, 88
spectrum of, 172
discrete spectrum, 222
completely continuous, 166

dual

composition operators, 116

of £, 50
compression spectrum, 140

of £y, 51
condensation of singularities, 39

of C[0,1], 52
conjugate index, 2

of ¢g, 51

conjugate linear functional, 25
dual space, 25, 33

continuity

of adjoint, 115 eigenvalue, 134, 139

of inverse, 108 Enflo’s example, 169, 186

of operator multiplication, 106 essentially bounded, 6

strong, 129 essential range, 149

weak, 129 essential spectrum, 222
continuous spectrum, 141 essential supremum, 6
convergence, 67 eventually, 70

strong, 67

final space, 160
weak, 67

finite-rank operator, 164
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first category, 40

forward shift, 150
Fourier-Stieltjes sequence, 59
Fourier coefficients, 39
Fourier kernel, 26

Fourier series, 39, 96
Fourier transform, 26
Fredholm alternative, 177
Fredholmn operator, 177
frequently, 71

functional calculus, 221

fundamental set, 76

Gram-Schmidt Process, 95
Gram determinant, 100
Gram matrix, 100

graph, 44

Holder inequality, 2, 6
Hahn-Banach Theorem, 53, 68, 79

(H.B.T.), 28

for Hilbert spaces, 90
Hausdorff distance, 152
Helly’s Theorem, 200
Herglotz Theorem, 60
Hermite polynomials, 98
Hermitian, 119
Hilbert-Hankel operator, 128
Hilbert-Schmidt norm, 195
Hilbert—Schmidt operator, 195
Hilbert space, 83

separable, 95

hyperinvariant subspace, 181

ideal
compact operators, 228
Schatten, 197
trace class operators, 194
idempotent, 86
index, 177
initial space, 160
inner product, 82
inner product space, 81
integral kernel operator, 23
integral operator, 164
compactness, 164
invariant subspace, 126, 181
Invariant subspace problem, 186
Inverse Mapping Theorem, 43
isometric isomorphism, 47
isometry, 124
isomorphism

between Hilbert spaces, 96

Laguerre polynomials, 99

Laplace transform, 26
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Lebesgue Dominated Convergence The-

orem, 214

left shift, 107, 113, 139, 143, 150, 173

Legendre polynomials, 98
Lidskii’s Theorem, 195

linear functional
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positive, 56
unital, 57
linear operator, 21
locally compact, 17

Lomonosov’s Theorem, 181

Miintz's Theorem, 101
measure
absolutely continuous, 207
equivalent, 207
projection-valued, 209
support of, 206
Minkowski inequality, 3
Montel-Helly Selection Principle, 58, 75
multiplication operator, 149
canonical, 199
compact, 185
multiplicity, 172, 173

nets, 70
Neumann series, 109
norm, 1
equivalent, 15, 16
induced by inner product, 83
normal operator, 122
polar decomposition, 160
normed algebra, 24
normed linear space, 1
normed vector space, 1
norm topology, 103

numerical range, 219
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open mapping theorem, 42
operator
compact, 163, 167
completely continuous, 166, 167
function of, 220
Hermitian, 119
positive, 121
positive definite, 121
real and imginary parts of, 123
self-adjoint, 119
unitary, 123
orthogonal, 84
orthogonal complement, 88
orthogonal projection, 88, 125
orthonormal basis, 93
orthonormal set, 93
complete, 93

orthoprojector, 88

parallelogram law, 84
Parseval’s equality, 94
partial isometry, 160
partially ordered set, 12
partial order, 11
point spectrum, 139
polar decomposition, 155, 158
polarisation identity, 84
positive operator

square root of, 155

positive part, 155
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positive semidefinite, 121
precompact, 163
pre Hilbert space, 83
probability measure, 57
product topology, 66
projection, 44, 88
projection-valued measure, 209
canonical, 211
support of, 218
pvm, 210

Pythagorean Theorem, 84

quadratic form, 92

quotient, 19

Rademacher functions, 99

Radon-Nikodym derivative, 207

reducing subspace, 126, 184

reflexive, 73

resolvent, 132

resolvent identity, 133

resolvent set, 132

Riemann-Lebesgue Lemma, 67

Riesz’s Lemma, 17

Riesz-Fischer Theorem, 7

Riesz-Herglotz integral representation,
62

Riesz Decomposition Theorem, 179

Riesz Projection, 180

Riesz Representation Theorem, 55, 58,

64, 200
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for Hilbert spaces, 90
right shift, 104, 112, 135, 139, 143, 150,
160, 173

Schatten spaces, 197
Schauder basis, 14, 169
Schwarz inequality, 83
second dual, 73
self-adjoint, 119
separable, 8
sequence
positive definite, 59
sesquilinear form, 90
shift
backward, 150
forward, 150
left, 150
right, 150
weighted, 150
singular value decomposition, 160, 184
singular values, 185, 187
continuity of, 188
of a product, 188
Sobolev spaces, 9
Spectral Mapping Theorem, 137
spectral measure, 206
integration, 212
spectral radius, 135
spectral radius formula, 136

spectral theorem, 155, 198
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for compact operators, 183 invariant, 126

for normal operators, 224 reducing, 126

for unitary operators, 225 summable family, 93

in finite dimensi‘ons, 198 summable sequence, 20
integral form, 216 support, 206

multiplication operator form, 199

. thick range, 149
spectruni, 129, 134, 141

topological dual, 25

approximate point, 140
topology

boundary of, 143

norm, 67
compression, 140

of pointwise convergence, 66, 74
continuous, 141

strong, 67
discontinuity of, 152

usual, 67
of a diagonal operator, 148

weak, 67
of adjoint, 141

weak™, 74

of a multiplication operator, 149
topology on operators, 103

of a normal operator, 153

norm, 103
of normal operator, 146

strong, 103
of product, 145

uniform, 103

of self-adjoint operator, 146
usual, 103

residual, 141
weak, 103

upper semicontinuity of, 153
totally ordered, 12

square integrable kernel, 22
trace, 190, 191, 194

square root, 155
trace class operator, 189
strongly analytic, 131 .
translation, 42
strongly differentiable, 130 . . .
triangle inequality, 1
strong operator topology, 103 . ) .
trigonometric polynomial, 63

sublinear functional, 28
two-sided ideal, 166

subnet, 71
Tychonoff Theorem, 72, 74

subspace

Uniform Boundedness Principle, 68, 105
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(U.B.P.), 36
von Neumann’s Ergodic Theorem, 227

Walsh functions, 99

weak* compact, 58

weak* continuous, 76

weak* topology, 74

weakly analytic, 131

weakly differentiable, 130

weak operator topology, 103

weak topology, 66, 74, 79
metrisability of unit ball, 97
not metrisable, 69

weighted shift, 150

weight sequence, 151

Weyl’s Perturbation Theorem, 223
Young’s inequality, 2

Zorn’s Lemma, 12, 29, 30
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